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Abstract. We study the dynamics of vortices in an inhomogeneous Gross—Pitaevskii equation
0w = Au + E%(pg(m) — |ul?). For a unique scaling regime |ps(z) — 1| = O(loge™1), it is shown
that vortices can interact both with the background perturbation and with each other. Results for
associated parabolic and elliptic problems are discussed.
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1. Introduction. We consider the behavior of vortices in an inhomogeneous
Gross—Pitaevskii (IGP) equation
(1.1) iOu=Au+ Z(p*(z) — [u)u inQ,
’ v-Vu=0 on 99,

where Q is a bounded, simply connected domain in R?.

An important feature of solutions of (1.1) is the potential appearance of vortices,
points where u(z,t) : R? — C has a zero with nontrivial topological degree. We
concentrate on the case where there are n vortices of degree d; € {—1,1} at positions
aj(t) € R? for j =1,...,n. We will show below that solutions take the form

(e, 1) xjf[lpm (M)d .

is interpreted in the complex sense as % for z —a; =21 —aj1 +
i(z2—aj2) with p.(z) = 0 as [z —a;| — 0 and |u(z,t)|* ~ p*(z) away from the a;(t)’s.
In a sense identifying the location and degrees of vortices is sufficient to describe the
solution u(zx,t).

The IGP equation (1.1) arises in several contexts, including the behavior of su-
perfluid *He near a boundary, Bose-Einstein condensation (BEC) under a very weak
confinement potential, and nonlinear optics. In the first case it has been observed
experimentally that anomalous behavior of superfluid *He vortex filament motion in-
dicates that vortex tubes can become pinned to sites on the material boundary; see

[46, 38, 45]. Such pinning can be incorporated heuristically by the introduction of
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a potential p(z) in the Gross—Pitaevskii equation (see [34]) or complex Ginzburg-
Landau equations (see [15]). In the second case, IGP is a useful model in a BEC
in which the vortices interact both with each other and with the trap potential. In
the third case, IGP is useful in modeling optical vortices. See, for instance [3, 2, 34],
which are related to motion of vortices with nonvanishing total charge in inhomoge-
neous potentials and confinement.

The dynamics of vortices in Gross—Pitaevksii equations have been the subject of
much study in the past few decades. The connection between the vortex motion in
superfluids, where p(z) = 1, and simplified ODEs was made by Fetter in [11], and
it was shown that vortices interact with each through a Coulomb potential. On the
other hand, in BECs with nontrivial trapping potentials, p(x) = O(1), it was shown
by Fetter and Svidzinsky in [12] that vortices interact solely with the background
potential and are carried along level sets of the Thomas—Fermi profile.

On the other hand, it has been observed, both experimentally [14, 32] and nu-
merically [29], that vortices do interact with other vortices and with the background
potential. In one particularly interesting direction, experimentalists have generated
dipoles by dragging nonradially symmetric BECs through laser obstacles in [32] and
by the Kibble—Zurek mechanism in [14]. These bound dipoles interact in nontrivial
ways with each other and the background potentials. Reduced ODE models for the
dynamics of these vortex configurations can be found in [30, 41, 42, 44] and are in
good agreement with numerical simulations of the full equation (1.1) and with physi-
cal experiments [30]. The objective of our work is to place these widely studied models
on a rigorous footing.

We are interested in the critical asymptotic regime where vortices interact with
both the background potential p(x) and each other. In the following, we will take

p(z) = pe(x) with

(1.2) 1—p(2)] S

and show that asymptotic scalings of p.(z) outside of the range (1.2) induce dynam-
ics that are dominated by only the background potential or by only vortex-vortex
interactions.

1.1. Background potential. Following Lassoued and Mironescu [26] we write

u(z,t) = ne(z)w(,1),

where 7. is a minimizer of an energy (A.2) and consequently a nontrivial solution to

the elliptic PDE

’ v-Vn. =0 on 09,

then (1.1) is equivalent to the Schrédinger equation

e

(1—|w/®)w inQ,
v-Vw=0 on 0.

|

(1.4) { 20w = div(nZVw) + 2

The local and global well-posedness of (1.4) for fixed € can be established using a
variation of the argument in Brézis and Gallouet [7].
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Associated to (1.4) is a weighted Hamiltonian,

n 1, 2 77? 2\2
el (w) := Sz |[Vw|™ + 122 (1 — |w] ) :

consequently, el (w) is the standard gaugeless Ginzburg-Landau energy density as in
[4]. We set

B2-(w) = [ e (w)da

to be the total energy of the mapping w associated to background potential 7.. We
will be interested in an asymptotic range of p.(x)’s such that the resulting energy
feels both the background potential and the other vortices at the same order. As will
be elicited below, our regime corresponds to having the background 7. expanded in

the following way: n?(z) =1+ ﬁog(i? with Q:(z) = Qo(x) as e — 0.

1.2. Conservation laws. There is a set of conservation laws for (1.4), and to
write them down efficiently, we introduce some notation. For b,c € C set () =
% (bE + bc) and let us define

j(u) := (iu, Vu) = supercurrent,

1
J(u) :=det Vu = 3 curl j(u) = Jacobian;

then solutions satisfy the following differential identities:

(1.5) Lo (ol = 1) = div (2 (w),
(1.6) Ore (w) = div(n?(Vw, dyw)).

A third conservation law holds for the Jacobian, we which we now define, tensorially.
If the matrix J is given by J;; with Jo1 = —Ji12 = 1 and J1; = J22 = 0, then
curl F' = Jye0pFy,, and if J(w) = 3 curlj(w), then following Jerrard and Smets [16]
we have after a lengthy calculation

2
2 4e

1 1—|w|? 2
(1.7) (9,5(](10) == .,]]gjaj |:7]28k (’r)gagw,akw)] - Jgjaj [U?@gw] .
Multiplying by ¢ € C2(Q2) yields a conservation law observed in [16],

/¢8tJ(w)dm=/ J¢;0;010 (Orw, Opw) dz
s *

2 2)2

- / J0;0;0 [a’“;’ (agw,akw)Jramg(l'f')] de.

Q Ne de

The dynamics of a vortex can be inferred by choosing suitable test functions
¢ in (1.8) which elicit the vortex positions. Since we expect the Jacobian J(w) to
be roughly equal to a delta function, localized at the site of each vortex «, we can
choose ¢ = zpx(x — a), m € {1,2}, for smooth cutoff function x(z) = 1 in B,
and compactly supported in Bs,.. Integrating the left-hand side over the support
yields, formally, mé. On the right-hand side, the first term has support in an annulus
about each vortex, due to the structure of the test function, and since the energy
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concentrates outside of the support of the annulus, one sees that it generates an O(1)
vortex-vortex interaction term. The second term on the right-hand side has support
inside of a ball about each vortex, and since the energy tensor is large in this region
[24], it generates an O(|loge||V logn.|) vortex-potential interaction term. Therefore,
for a vortex to interact with both the background potential and other vortices, it
requires that |Vlogn.| = O(|loge|™") for both terms to be of the same order.!

In fact if |V log7.| < [loge| ™", then the vortex dynamics will be dominated by the
interaction with the background potential, as in [16], whereas if |V log n.| > |loge| ™",
then vortex dynamics will be driven by its interaction with the current generated by
fellow vortices; see [9].

1.3. Weak topology. In order to measure the distance of the vortices to the site
of the expected location of the vortices given by the ODE (1.11), we use the flat norm
W~11(Q). We denote the norm W11 unless this topology is used on a subdomain,
such as

lellyi 118, (a)) = sup / ¢dy such that ¢ € W™ (B, (a)) 3 .
IVollLoe (B, (a)) <1 B, (a)

We use a helpful estimate for concentrations in the flat norm; see Brezis, Coron,
and Lieb [6]. Define

1
(1.9) To = — min < min oy — «;|, mindist(a;, 09Q) ¢ ;
8 i#j T

then the following holds.

LEMMA 1.1. Suppose ay, & are points in Q. If

1
HZ b, — dide, - < 1"
then
szkfsak —dide, ||, = Do — &l
k
Proof. For a proof see [16], for example. d

Consequently, the flat norm provides a good way to measure the location of
singularities. Since the Jacobian, J(w), converges to a sum of weighted delta functions,
we will use W11 topology as a convenient metric to track vortex trajectories.

Associated to a set of locations «; € Q and degrees d; € {£1} we can define
a canonical harmonic map, w,, that describes the limiting harmonic map with pre-

scribed singularities,
i z—a; \¥
wy(a,d) = el <]> ,
11 |z — oy

j=1

where harmonic ¢, is chosen so that d,w.(a,d) = 0 on 9. We will use w, when
there is no ambiguity.

IThe third term on the right-hand side of (1.8) is negligible.
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1.4. Energy expansion. Given a collection of n vortices with centers a =
{ai1,...,a,}, the Hamiltonian E7<(w) can be expanded out to second order with
Els(w) = H. (o) + 02(1), where

n

H.(a) =" (r[loge| + mQo(a;) +70) + W (a, d),

Jj=1

which will be established in the sense of I'-convergence in Proposition 4.3. Here n will
be used throughout to represent the number of vortices, Qo () is the limiting rescaled
background perturbation, and W («, d) is the renormalized energy that arises in the
work of Bethuel, Brezis, and Hélein [4],2 given by

. . 1 2 " 1
W(a,d) = lim min — V| dx — mlog —
(o d) = Iy vEH" (2 (a);S") /Q(a)2| | Z &
deg(v;0Br(a;))=d;

j=1
= —WZ djdy log |aj — a| + boundary terms,
i#k
where Q,.(a) = Q\ U; Br(a;). In order to express the boundary terms, we define
G(a,d)=>75_, G(-,a;,d;), where
AG(-, aj,dj) = 21d;04; in  with G = 0 on 0.

If we set F(z,a;) = G(z, o, d;) — log |z — o], then we can fully express W («, d) as

(1.10) W(a,d) = —ﬂZdjdk log |a; — ag| + ﬂZde(aj, ag);
J7#k 3.k
see [4] and the appendix of [40].

1.5. Discussion. Rigorous results on vortex dynamics for Gross—Pitaevskii were
established when p(z) = 1 by Colliander and Jerrard [9] and also Lin and Xin [28],
which showed that vortices satisfy the Kirchoff-Onsager ODE for Euler point vortices.
When p(z) = O(1) there is a recent result of Jerrard and Smets [16] that showed that
vortices travel along level sets of the Thomas—Fermi profile. In the parabolic setting
there were rigorous results by Lin [27] and Jerrard and Soner [18] when p(z) =1 and
by Jian and Song [22] when p = O(1). Mixed dynamics with p = O(1) and further
forcing terms were discussed by Serfaty and Tice [39]. A variational proof of the
parabolic dynamics for p = 1 was given by Sandier and Serfaty [35].

1.6. Results. We wish to describe the dynamics of vortices in (1.4). If the
vortices are located at positions o;(t) with degree d; € {—1,1}, then the vortices
move via the ODE,

(1.11) mdicu,(t) = Va Ho(a, Qo),

where V4 = (92, —01)T and

(1.12) Ho(o, Qo) = W(a,d) + 7Y Qola).
j=1

2The authors of [4] study the case of Dirichlet boundary conditions. See the discussion in the
appendix of [40] for the derivation of W (e, d) with Neumann boundary conditions.
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Given the ODE generated by (1.11), we can define the collision time,

Teor = sup{rq(s) > 0 for all 0 < s < t}.
t>0

Then for any 0 < T < T,,; we can define

(1.13) Tomin i= té?&%] Ta(t)
which is the minimum vortex-vortex or vortex-boundary distance until time 7'. Clearly
Tmin > 0.

Our main result is the following, which captures both vortex-vortex and vortex-
potential interactions. An important hypothesis will be that the initial data has
control of the excess energy

(1.14) D (w,o) = B’ (w) — H.(a, Qo).

We will shorten the notation to D, when the w and « are readily apparent.

THEOREM 1.2. Let p? = 1+ ﬁgg?‘ , where the p. satisfies hypotheses of Proposi-
tion 1.6 with k > 4. Let {a?,dj} be a configuration of vortices such that ro, > 0,

d; € {—1,1} and suppose w?,0 < e < 1, satisfies the well-preparedness hypotheses
(1.15) 1T (wd) = 7Y~ djdao 11 = 0c(1) and De(wl,a®) = oc(1).

If w(t) is a solution to (1.1) with initial data w?, then there exists a time T > 0 such
that for allt € [0,T1,

TR N

, —
W-11(Q)

as € — 0, where the a;(t) are defined by (1.11), and T is independent of e.

Remark 1.3. An important function satisfying the conditions of Proposition 1.6
below is simply p. = po € H*T1(Q), where py is any fixed function such that Vp, has
compact support inside 2.

One important example that arises from Theorem 1.2 is dipoles that are scattered
by inhomogeneities; see Remark 1.5 below and section 5 for some illustrative numerical
simulations.

Under slightly less regularity assumptions, we have a similar result for the gradient
flow

1
(1.16) Otz = Aue + =5 (P2 = [ue|*)ue

1
llog e
with the limit equation

(117) de(t) = _VakHO(anO)v

THEOREM 1.4. Let p? =1+ ﬁ;gcg)‘ , where the p. satisfies hypotheses of Proposi-

tion 1.6 with k > 3. If {a?,dj} is a configuration of vortices such that d; € {—1,1}
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Ue

and if u2,0 < & < 1 satisfies (1.16) and w. = w satisfies the well-preparedness
hypotheses

(1.18)  [[J(wd) =7 djdaollyp—11 = 0=(1) and D-(wl,a’) = 0.(1) and rq, >0,
then there exists a time T > 0 such that for all t € [0,T],

HJ(wa(-,t)) — 7> diba,0) 0

. —
W-1.1(Q)

as € — 0, where the a;(t) are defined by (1.17).

Remark 1.5. There are straightforward adaptations of Theorem 1.2 to other con-
texts, including the following;:

e The Gross—Pitaevskii equation (1.1) on @ = R?. This can be achieved by
combining the methods here with the arguments in [5, 21]. In this case
vortices move according to the same ODE (1.11); however, the renormalized
energy W{(a,d) is the classical Coulomb potential,

W(a,d) = wadjdk log |av; — aul.
itk

e Mixed Ginzburg—Landau equations of the form

1 ) 1
(“OgE@ + z&t) Ue = AUE + ? (p?(x) — |UE|2> Ue

as studied in [23, 31] which results in a modified ODE
() — wdg(es X a(t)) = —Va, Ho(o, Qo).

In section 4 we present first and second order Gamma-convergence results for the
energy E7=(w.); see Proposition 4.1 and Proposition 4.3, respectively. These results
are similar to those found in [1], albeit ported to the case with critical inhomogeneities.

1.7. Properties of . = n.(pc). We collect here some information required on
the behavior of 7., as related to the background fluctuations p.. The discussion of the
proof will be given in Appendix A and is based on standard elliptic theory estimates,
so we simply state the results that we require for the vortex dynamics here.

We write

Qe
logel"

Pe 2
1.19 21+ =1+
( ) pE |10g€‘7 776

We will assume that p. — po(z) in H*(Q) with k& made precise below. Using results
such as [10] for the Dirichlet problem, we expect that p. and 7. should be quite close.
We make precise the nature in which that is true in the following proposition, which
will be proved in the appendix.

We remark here that the elliptic analysis required for the convergence that we
will implement in the appendix is somewhat nontrivial, as the overall ellipticity of
the underlying nonlinear elliptic problem is going to 0 in the limit as ¢ — 0. Hence,
estimates must be done with some care, especially to understand regularity up to the
boundary of our domain.
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PROPOSITION 1.6. Let p. be such that p. — po(z) in H*(Q), Vp. is compactly
supported strictly on the interior of Q for all € and €%p. — 0 in H*TL. Then, for Q.
as defined in (1.3), (1.19) satisfying Neumann boundary conditions on 092, we have
Q. — po in H*(Q). In particular, we have Q. — po in C*°(Q) with § > 0 for integer
k > 4 as required for the Schrédinger dynamics below and Q. — po in C1(Q), 6 > 0,

for integer k > 3 as required for the gradient flow dynamics.?
Remark 1.7. In the appendix, we will actually decompose 1. = 1+ “?T?E‘, in which
case
~ Q?
Qozhm 2Q6+7E 5
=0 [log €|

this convention slightly simplifies the resulting elliptic analysis.

Remark 1.8. Similar results hold assuming Dirichlet boundary conditions, but we
work here with Neumann as they are the most physically relevant.

2. Excess energy control. In this section we present an excess energy identity
similar to [9, 20]. The influence of the background requires some modifications, so we
give a full proof. The form of the estimate will be similar to that found in [5].

Recall from (1.9) the quantity

1
Tq = — min {min lo; — aj|,mindist(ai,89)} .
8 i#] i

Then, we have the next proposition.

PROPOSITION 2.1. Let w € HY(Q;C) and assume that there exists a such that
D.(a,w) < 1. Given 0 < r < r,, there exist constants g > 0 and po > 0 such that if
0<e<eg, and

= HJ(w) — WZdj(Saj _— < po,
then
jw) .|
(2.1) el (Jw]) + 2 |7 —J(ws)| dz < De+oc (1),
Q. (@) 8| |w]

where oy, (1) vanishes as €, — 0. We also have
(2.2) / el(jw|)dx < C,
Q
(2.3 @l <€ 1<p<2

Furthermore, there exists points {; € B, j5(j) such that

(2.4) HJ(w) —WZdj(ng

_— < Celloge]

3Note, by interpolation arguments, we can actually run the convergence argument which is
H3*(Q), where by -+ we mean - + v for any v > 0. We chose here to work with integer Sobolev
spaces for convenience. In fact, the sharp estimate would include Schauder theory estimates directly
on Hélder norms, but that would require uniform convergence in C!, which does not seem obvious
given that the VQ term appears to vanish in the limit, preventing the proof of uniform bounds of
higher regularity.
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and

(2.5) H Ok, Opw) — Oge Z g

< Clloge|™ 2,
[log |

W-1.1

where Sy is the Kronecker delta. Here C is a constant depending on Qq, 0, 7o, 1, D,
Lo, and €g.

Remark 2.2. Note that (2.2) and Rellich-Kondrachov imply

(2.6) [[w] = 1||Lq(Q) = Ocop

for all ¢ < +o0.

Proof. Although it is possible to get explicit control on the error o.(1) in (2.1)
by a careful analysis as in [20, 25], the weaker estimate (2.1) is sufficient to prove the
vortex motion law.

1. We first decompose the excess energy into

D, = EgE (w) - Hs(ay QO)

= /Qenf w)dx — Z (mlloge| +vo + mQo(e;)) + W(a)

Jj=1

-/ ) e (e [ e - wiw

Qo (a)
+ Z

:I+II+IH,

/ eds(w)dx — (m[loge| + 7o + 7Qo(c;))
Bs (a])

where o is appropriately chosen and o <17 < rg,.
We will control terms [—III by variants of estimates found in [20, 25, 16]. We
will choose

(2.7 o = max{|loge|” ® f}

in the following.
2. By a simple variation of a standard calculation (see, for example, [20]),

2

n?
2 | |w|

@8) % 5 - s +er<|w|>=e2€<w>—ezf<w*>+n§j<w*>~(j<w*>_J<w>),

|w]

and so our primary concern will be with estimating the integral of (2.8) on a suitable
subdomain 2, («). This last term can be rewritten as

ned ) (ﬂm) - ﬁ) = (12 = 1) j(w.) (j(u&) - ‘ﬂﬂjjf)

We now fix our po and g in order to be able to cite some estimates from [17,
20]. The tool we wish to use is in the proof of Lemma 4 in [20], which yields an
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estimate given some assumptions on the Jacobian and . Let K; be the constant in
the assumptions of Lemma 4 from [20], which depends only on .

We follow an argument in the proof of Theorem 6.1 of [5] for fixing these constants;
however, there are several new constraints, including the fact that the vortex ball
radius, o, cannot be too small due to the need to control terms like Hng — 1HL°°

117 (W)l Lo (2,
We first choose pg. Set pq such that

(2.9) 4p < /ji < min {r, J;;l}

e
3 77/2K12
sk-5 ), where Ky comes from the assumptions in Theorem 3 of [20], needed for
the localization result (2.4).
We now choose an g to allow us to use the necessary array of estimates. First,
we choose €5 so that for all € < e,

for all 0<pu<pq, e, up= min{%ﬁ,r2 }. We further restrict pp= min{uq,

_1 To
2.10 1 3 < mi — .
o e min {7

We then set 1 < &3 so that eE}(w) < /& for all € < e1. Indeed since n? > 3,
then El(w) < —1+E"% (w) < 4C|loge|, so there exists an €; such that eEl(w) <

min 72

4C¢e|loge| < /e for all € < &7. We next fix 9 < &7 such that

(2.11) 5logr—a < |1og€|7%
5

for all 0 < e < &y.
2 2 1
If u < |loge| 3, then we use s, = [loge| 3 and o = |loge|™ 3 in Lemma 4 of [20].
In particular (2.10) and (2.11) imply that the assumptions in Lemma 4 hold, and we
find

2

1 ] 1 _2 C _1
(212) < 7/ iw) _ j(wy)| dz + Clloge|® (\log5| 3 +\/§> + —|loge|™ 3
4 Ja, ()| |wl Ta
1 / jw) P
<2 )| o).
4 Ja,(a) | |wl o

If |log 5\7§ < u, then again the assumptions hold for Lemma 4 of [20], and choose
s¢ = pand o0 = \/pi so

[ i () - 1)) as

2

1 jw) ey »
(2.13) s4/ﬂa(a) 0| d+ (e VE) £ O
2
<if . H — jwa)| de -t ool
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Taking the sum over the two errors yields sufficient control on [, j(w.) -

(j(w*) - j|(ww‘)) dr.
Finally, we note

/ PRCEDECSS () - 1)) as

<O =22 e 13w e 2, ) (1 +/Q

1
min{|loge|?, /11
¢ Ero,
Qo (@)

flog 2

< 057M(1) (1 —I—/
Qo (a)

Combining these estimates together controls term I.
3. We control IT using the explicit control in Lemma 12 [20],

G(O‘)

Jw.) = ===

j(w.) - M‘dw)

|w]

/ el (wy)de — (W(a) + nmlog 1)
Qo (o) g

1 1
= 7/ n? |Vw,|* de — | W(a) + nrlog =
2 Qo () g
1 ) 1 ) o
<5 Vw, " de — (W(a)+nrlog = || +C|[1=n2||, 17w~ o)
2 Qo () g
2
o? 1 max{|logs|_% ph min{[loge[?,
<C5+C <C : C £ = 1).
-2 + o?lloge| — r2 + [log ¢| 0c(1)

4. We now consider term III. Recall that Q.(z) = |loge| (n2(z) —1). We set

)

q=(r,20) = inf e B, (zp) Q= () and &, = Treetrme)” Recall from (2.10) that

<u< g
<p< E

. <
W-1.1(Q)

-

|7 (w) = 7d;da, ||W71,1(Ba(aj)) < H‘J(w) - ”de‘sak

therefore, we can invoke Theorem 1.3 and Lemma 6.8 of [17]:

o Eo g

QE (U’ aj)
|log |

/ eéﬂ(w)dmelogNi —I—WO—CE—U logg—Cﬁ
Ba(aj) € g
> ﬂlogg + 0 + wlog(1 + ) — Celloge| — C/p,

SO

(2.14) / et (w)dz > mlog 74 Yo — 0e,u(1).
Bo (o) €
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Therefore,

o
/ els (w)dx — (77 log — + 70 + WQO(a))
Ba(a]) 6

> (1 + CM) (77 logg + Y — 05)77(1)> — (7‘(‘ lOgg + 7 + 7TQO(O[))

llog e
logo +1
—7lge(0, ;) — Qolay)| — CW
log |log €]
> —7lge(0, o) — Qoley)| — Toge| —0c,u(1),

and so (2.1) follows.
5. We next turn to the proof of (2.2) and (2.3). We first choose vortex balls
B, (a;); by (2.9),

(215) | T(w) = s |11 5, 0y = |7 (0) = 7D b,

and arguing as in step 4,

IN

< Ta
W-11(Q) b=

/ el (w)dz > wlloge| — C(rq, Qo).
ro ()

Therefore,

/ el (w)dx = E" (w Z el (w

Qry (@)
(2.16)
S DE + nYo + WZQO(O‘]') + W(a) + C(’ﬂ,,f’a, Q0)7
j=1
and so,
/ els (w)dx = E7¢ (w) — / els(w)dx — Z/ e”i dx
B, (@) Qr(c) j£k

(2.17) < 7lloge| + C(n, 7, Qo).

Finally, n? > 1, (2.17), and (2.15) allow us to use (4.27) in the proof of Proposition
4.2 in [17], which in turn implies

(2.18) /B( )e;(|w\)dx§C(n,ra,Q0).

Since 7 < r,, we can combine (2.1), 72 > 1, and (2.18) to get bound (2.2).
To prove (2.3) we use an L bound on each vortex ball B, («;) in Theorem 3.2.1
of [9]. Outside the vortex balls, We use use the decomposition argument; in particular,

since 2(x) > 3 then } [o, (@) \wl ) |2de < Ja, (o) €2 (w)dz < C(De, 74 from (2.16).

From Remark 2.2 and the above bound, one finds

j(w)
wl

i(w)

+
|w]

LP(Qrq ()

L2(Q, (@) (2 (@)

S C(TQ,Q07P)7

(1 — fwl)

17()l Lo @, (a)) < ‘
LP (Qry ()
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due to Remark 2.2. Combining the vortex ball bound with the bound in the excised
domain yields (2.3).

5. The restriction on g allows us to use Theorem 3 of [20], and estimate (2.4)
follows directly. To establish (2.5) we can follow the proof of Theorem 11 in [25],
along with the equipartitining result of [24], which lets us localize the stress-energy
tensor Vw ® Vw up to an error of order O(/|logel). |

3. Proof of Theorem 1.2. The proof of the vortex motion law entails first
establishing the smooth evolution of the vortex paths &;(¢) via the compactness the-
orems in section 2. The second step will compare the vortex paths with the ODE
(1.11).

3.1. Lipschitz continuity of the vortex paths.

PROPOSITION 3.1. Let {a9,d;} be a configuration of vortices such that d; € {—1,1}.
Let we, 0 < e < 1, satisfy (1.4) under well-preparedness condition (1.15). There exist
a time T >0, a sequence e, — 0, and &; € Lip([0, To], Q) such that £;(0) = a9 and

(3.1) sup | (we, (1)) = 7 3 dideyn |y g 0

as k — oo and t € [0, Tp).

Proof.
1. We first claim that for any T > 0, there exists an ¢ such that J(w.) is a
continuous function on [0, T] into L(Q). Since J(u) = —V+Ru - VZu then

[ (we(t)) = J(we(s)llpr < ClIVwe(t) = Vwe(s)][ g2 [|[Vwe(t) + Vwe(s)| 2 < Ceo—g (1),

since the solution map is a continuous function into H*(€2).
2. We use (1.8) along with the results in Proposition 2.1. Set

o lx—afl
(3.2) pil@) =ax [ 2 ),

where

(s) = 1 fors<1,
XS=9 0 fors>2.

Choosing 0 < r < s and using (1.8) and (1.15) we generate the bound

/ /apj(x)atJ(wE ,t))dxdt <CHV2<ijLOO/ / |V, (t | dx
r Q
HV%HL“’/ /e”s (we)dzds
|log e

§C|57T|ﬂ

and so
ml&i(s) = &) = /%(96) (0¢;(s) = Oe; (1)) dv
< C Vsl oo (ws(-,t))—ﬂzdﬂs&j(t) _—
ter,s w-+

9 LPa‘(fﬂ)@tJ(uJE(~,t))dmdt’
Q

(2.4)
< Cls—r|+o0(1).
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We can now employ a diagonalization argument. Taking subsequence ; C €, we
generate a dense, countable collection of times ¢ € [0,7], in which T" depends solely
on rq, such that the &;(t) satisfy £;(0) = a) with (3.1) as k — oc. Since the collection
is dense, we can take the limit as k¥ — co. The Lipschitz extension of the £;(t)’s on
[0, T] satisfy the same conditions.

2. Vortex dynamics. In this subsection we complete the proof of Theo-
rem 1.2. We use the Lipschitz paths £;(¢) generated along the subsequence ¢j from
Proposition 3.1. We will examine the differences between vortex paths and the ODE,
which will lead eventually to a Gronwall argument.

The proof requires two technical calculations. The first describes the gradient of
W () in terms of the canonical harmonic map wi.

LEMMA 3.2. Let o € Q; then w, = w.(-, ) and the renormalized energy W(«)
satisfy

(3.3) /,]]Makamapj(w*(-,a))mj(w*(~,a))gdx = — Zdjﬂgk&ccp(aj) (V%.W(oz))e,

where p € C*(Q) and V2 has support in a neighborhood of the a;’s.
Proof. See, for example, [9, 28] for a proof. 0

The second technical result proves weak compactness of the supercurrent away
from the vortex cores. This will be used to bound certain cross terms in the Gronwall
argument. The argument is along the lines of similar proofs in [9, 28], among other
places, and we sketch most of the argument.

LEMMA 3.3. Let we be a solution to (1.4) under the hypotheses of Proposition 3.1
and suppose X € C§°(2 x [0,T]) is a smooth vector field with support away from the
vortex paths. For any 0 < tg <1 and 7 > 0 with to + 1 < T, then

(3.4 /+ | x (WE ) j(w*v:(t))))dxdmo

as e — 0, where £(t) = (&1(t), ..., & (L)) are the Lipschitz vortex paths generated in
Proposition 3.1.

Proof. We sketch the argument in [23] for simplicity. Since

J(we(t)) J(we(t))

|we (t)] |we (1))

then we can control

/+/ ( G t>) ‘““’*W”)) dedt
/tw/X J|w5 (tt)| (1 = |we(t)]) dzdt

to+T1
/t QX J(we(t)) = j(w«(§(2)))) dwdt

—J(w.(§(t))) = (1 = fw=(O)]) + j(we(t)) — J(w«(£(%))),

to+T7
< Cellog el |X | 2 o o) + / /Q X - (j(we (8)) — j(w. (€(1)))) dadt.
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We now focus on the last integral.

By (2.3) in Proposition 2.1 the j(w,) are uniformly bounded in LP for all 1 < p <
2; furthermore, the j(w.(&(t))) are also in L for all 1 < p < 2. The uniform bounds
allow us to generate a Hodge decomposition, j(w.) — j(w«(£(t))) = VA5 (t) + IVRS(¢),
where the h5(t) € W'?(Q) and

Ahf(t) =divj(we(t)) in Q@ and 9,h5(t) =0 on 09,
AR5 (t) = 2(J(we(t)) — J(we(£(2)))) in @  and  h5(¢t) = 0 on ON.

We first claim that

to+71
(3.5) / X Vhfdxdt‘ —0ase—0.
Q

Since the vector X (t) € C§°(£2) at each time, we can define the unique Hodge decom-
position X = V¢ + JVy such that

Ap(t) =divX in Q@ and 09,¢(t) =0 on 9,
AyY(t)=curl X in Q@ and ¢ (t) =0 on 0.

We set ¢ to be the average of ¢ over €2, and consequently from the Neumann boundary
conditions on w,,

' /Q X - Vhedadt| = ) - VhS dadt
— @) div j(we(t))dzdt
V”E ( Ve 3(e) bl + / o9 ||1—|w| | dadt
2n2
< |log5| X £ xqo,77) + C€ 106X L2 [0,77) = 02(1)

where we used a Hodge decomposition of 0;X that arises from differentiating ¢ and
1 in time. In order to control the term with hj, we use elliptic estimates and bound

VA3 (D) » < C [T (we(t)) = J(ws (Ol -1 < C T (we(t)) = J(wa (D)) 1.0 = 0c(1).
This implies | ft°+T Jo X -IVhsdzdt| = o-(1), and the three bounds combine together
to yield (3.4). ad

With Lemmas 3.2 and 3.3 in hand, we can now turn to the proof of the main
result.

Proof of Theorem 1.2. Define
= log(t) = &0 =D ny(t)
J J

We will estimate the difference between the vortex paths &;, generated by (1.4),
and the positions a;, extracted by the ODE (1.11). We also let D.(w.(t),b(t)) =
E (we(t)) — W(b(t)) denote the time-varying excess energy.
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Recall from (1.11) that we will estimate the differences between vortex paths and
the ODE positions:

(3.6)

wéyj = —ijW(a) +7V+Qo(aj)

= —VEW(&) + 7V Qo(&) + VEW(E) — Vi, W(a) + 7V Qo(ey) — 7V Qo (&)
Choosing a time interval 0 < a < b < T and using (1.8), (3.2), (3.3), (3.6),

(MJ (b) - NJ( )

/!% V. W(a ‘ﬁ+w/\w%@ £)) — VQolay(t)] dt

+limsup//( )Jgpﬁpaqu[(aqwsk,agwgk)—(8qw*(§),8gw*(§))]dasdt
B Qg

k—o0

b ¢
+ lim sup / [/ JepOpp ((%wak,@ we, ) dx — TV QO(@)}
k—o0 B, (o ’r]ak

i)

+ lim sup / / Jep0 pwamsk( | Ek| ) dxdt
Br(a;)

k—o0
(37) =A+B+C+D+E.

We can control A and B using our Lipschitz bounds; in particular,
b

b
[ 19w o) - vWiasonde [ sw (9w (X100 - as(o]) de

a j:l&j—aj|<r. /4

(3.8) <C/Z@m

where we used Lemma 10 of [20] to control the Hessian of W (a), with a bound
dependent on r,. Likewise, we can use Appendix A on the regularity of n., to bound
b

b
(3.9) / IVQ(&;(1) = VQ(ay;(t))|dt < IIQollwzm/ p(t)dt.
We now turn to the control on C. For shorthand we define components j, =
‘(wa )
(T

[we, |

)i and ji = (j(ws(§)))x of the supercurrents, and since dywe, = (Ok|we, | +

ljk)| kl then

C < limsup
k—o0

b
//()Jgpﬁpaqgo@qwek8@|w5k|dxdt
Q- (a

k—o0

b
+ lim sup / / ( )Jepa,,aq@ (jq — JgsJe — j}) dxdt
a Qr(a

b
+ lim sup / / Jep0p0gp (j:; (je = 47)) dadt
()

k—o0

b
+ lim sup / /Q( )Jgpapaqcp((jq—j;)ﬁ) dxdt

k—oco

=C1 +Co +C3 + Cy,
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and since DEk- (wswg) = DEk- (wsma) + W(f) - W(a) + 7"-620(6) - 7TC?O(O‘)v then

21
Ci+C < / D, (we, . £(t))dt + ox(1)

(3.8),(3.9)
< C/ t)dt + oy (1),

since D, (we, (t), a(t)) = De, (w2, ,a%) = 0x(1). Weset X = Jppja0,040 or Jepj; 8,04,
both in C5°(£2 % [0,T7]), and then from Lemma 3.3, we have that limy_, o C3+C4 = 0;
note this is where we needed to consider the time-integral on (a,b).

Next we control D.

D < lim sup

k—o0 €k

b 1,2 .
| mhowen TG v uey

b Oqn?
/ / ( )Jgpapga ;zk (a[wgk,aqwak)—w|1ogek|5gq§:afj(t)} dzdt
B,.(a;

+ lim sup

k—o0

=D+ D,.

We can now bound

. aq772
D, < Thlzrlsotip HV <5pgp U?fk) . H(é)gwsk,aqwsk) — m|logex| beq 255_7. i
(2.5) 1 -2
< limsup M = or(1)
k—oo P
and

"10,Qe, (&)
2

€k

Dy < limsup/ — 9p,Q0(&;)| dt = ok (1).

k—o0

Finally, we bound & using (2.2):

B T
< / / |w . W ppar < — T _ or(1).
ra \log5k| Tq |log ek

Combining together estimates generates a differential inequality,

u@—mwsc/uwﬁ

and choosing b = a + § and dividing by  implies the classical Gronwall inequality
with 1(0) = 0. Therefore, u(t) = 0 for all 0 < ¢ < T. We can then restart the problem
at time T and continue the dynamics until r, — 0.

So far we have only shown the theorem for a subsequence. However, our argu-
ment can be applied to subsequences of any sequence of ¢, — 0, and as the limit
is independent of the chosen subsequence, we obtain convergence for ¢ — 0 without
taking subsequences. 0
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4. Second order gamma convergence and gradient flow. In this section
we collect and restate some of our results on the static energy in the spirit of I'-
convergence; compare [1] for the corresponding results for p. = 1. For dynamics, we
show that the approach of [35] can be adapted to treat the gradient flow as opposed
to the Schrodinger dynamics studied in the previous sections.

All of our arguments work with either Neumann or Dirichlet boundary conditions,
just as those in [1] and [35]. For simplicity, we assume Neumann boundary conditions
throughout and sometimes comment on changes necessary for the Dirichlet case.

4.1. Further I'-convergence results. We discuss I'-convergence properties for
E7<. From this, an analysis for the original energy

1 1
E.(u) = / ec(u)dx = / ~|Vul* + —2(p§ — |u|*)?dx
Q a2 4e
can also be deduced by the Lassoued—Mironescu result [26]

(41) Es(wns) = Es(ns) + E;]E (w)

that follows from the calculation
1 .
eelu) = eclne) + el (w) + 5 div ((fwf? ~ 1).Vn.).

If lw = |ul =71 =1o0n9Q or v-Vn. =0 on I, we can deduce (4.1) in the
Dirichlet or Neumann case, respectively. However, E.(7.) contributes very little to
the energy, and all the dynamically interesting information is encoded in EZ<(w), so
we concentrate on < in the following.

PROPOSITION 4.1. Let w. € H'(Q;C) be a sequence of functions with
Bl (w.) < Kiq|logel.

Then the Jacobians J(w.) are compact in W11 (Q) and for a subsequence,
J(we) = Jo =71 diba,,

where a; € Q are distinct points and d; € Z\ {0}. Furthermore,

. 1
lim inf @Eg (we) =7 |di| = [Tl a

with || J.||m < K.

Proof. Comparing with the standard Ginzburg-Landau energy E!, we clearly
have

(4.2) min min(n?, 12) B2 (we) < E" (w.) < maxmax(nZ, 12) B2 (we).
Q Q
As both the minimum and the maximum can be estimated as 1+ O(Ilo—;s'), we obtain
that the standard Ginzburg-Landau energy is bounded as
E;(ws) < K1|10g€‘ + CKl

This implies the compactness of J(w.); see [19, 37].
The lower bound for the energy follows from the standard Ginzburg-Landau lower
bounds and (4.2). d
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The following bound is the heart of the second order I'-convergence argument.
PROPOSITION 4.2. Let By, (a) C Q. If J(w:) — £md, in W LB, (a)), then

lim inf lim inf 2° (w.; B, ()) — 7 log g > 70 + 1Qo(a),

r—0 e—
where vy is the constant introduced in [4, Lemma IX.1].
Proof. We have shown this in step 4 of the proof of Proposition 2.1.

PROPOSITION 4.3. Under the assumptions of Proposition 4.1, if we have for some
K5 > 0 the sharper upper bound

EZ (we) < [|Je| mlloge| + Ko,

then J, =Y i | didq, with distinct o; and d; € {£1}.
Furthermore, (w.) are then bounded in W1P(Q) for all p € [1,2) and satisfy the
energy lower bound

3 3 MNe _ > . . .
11£n_>161f (EZ: (we) — mn|loge|) > nyo + Wiy, d;) + ngo(az),

where W is the renormalized energy defined in (1.10).
Also, there is K3 such that

lim sup % / (1 — Jw.|*)? de < K.
e—=0 €7 JQ

Proof. We clearly have E}(w.) < ||J.||[loge| + K4 with K, depending on K5 and
|.J«|| as well as on Q. Hence we can use Ginzburg-Landau arguments of Colliander
and Jerrard [9] or Alicandro and Ponsiglione [1] to obtain the claimed structure of J..
The L? bound follows from Proposition 2.1. Let now r > 0 be so small that B,(a;)
are disjoint and do not intersect 2. Then we apply Proposition 4.2 to obtain

lim inf lim inf E7¢ (wg; U Br(ai)) — mnlog g —ny — T Z Qo(a;) > 0.

r—0 e—=0

In Q,(a), we let w, be the optimal S valued map as in the definition of the Dirichlet
energy W, i.e., the function that minimizes the Dirichlet energy with cut-off radius
r > 0. Let w, be the subsequential weak limit of w.. Then |w.| = 1 a.e. and hence
by lower semicontinuity of the Dirichlet integral,

/ |Vw, [*dz < / |V, [2da < liminf/ |Vw, |*d.
Q(a) Q,(a) e=0 Ja ()

By (4.2), we deduce that also

1
limiglegE(we;Qr(a)) > 5/ [V, |*dz.

E—r Qy-(()é)

Using that

1 1
W(a,d) = lim f/ |Vw,|*dz — 7nlog — |,
r—0 2 Qr(a) T

we obtain the claimed lower bound.
The upper bound for the penalty term has been shown in Proposition 2.1. 0
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4.2. The gradient flow. Now we study the gradient flow analogue of (1.1),
(4.3) Togz 0w = Au+ (p*(z) = [uf)u i Q,
% =0 on ON.

Instead of deriving an equation of motion by studying the limits of the energy density,
we are going to use the method of I'-convergence of gradient flows. This has the
advantage that we will require slightly less regularity and convergence properties
for the potential term p(z) than in the Schrodinger part of this article. We will
follow closely the approach of Sandier and Serfaty [35] to obtain the convergence of
the gradient flow of E7° to that of F. In fact, the proof goes through with almost
no essential changes, and we will therefore assume the reader is familiar with the
argument and some of the notation of [35] and will mostly highlight the differences.

Again, we use the approach of dividing by the profile 7., leading to an equation
for we = 2=. As we assume Neumann boundary conditions d,n. = 0 for 7., then
Neumann bsoundary conditions d,u = 0 imply Neumann boundary conditions d,w. =
0. As before, we obtain

|log e

(4.4) %nf&wg = div(n?Vw.) + Zé(l — |we|?)w. in Q.
| % =0 on ON.

This is the gradient flow of E7= with respect to the scalar product on X. = L?(Q;C)
given by the quadratic form

1
2 2,12
- dz.
ol = g . vl
In fact, we have for ¢ € C*°(£2;C) the Gateaux derivative
et
dET (we; ¢) = /ansz -Vo¢ — E—‘;(l — |we[PHwe - pdz,

and on the other hand,

1
[log e

<8tw67¢>X5 = / U?atws¢d$a
Q

so integrating by parts we see that (4.4) is a gradient flow, more precisely, dyw. =
_VXE ng (’LU)

We will show that we can relate this gradient flow to that of F(«), where for
a=(a,...,an) €Q", a; # «j for i # j, we set

F(a) = W(a,d) + WZQO(%—)

Jj=1

and we will use the following metric on ) = R*" (the tangential space to Q"):

1613 =7 [6;1*.
j=1
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THEOREM 4.4. Assume that the profiles 1. solving (1.3) satisfy Q. = |loge|(n? —
1) = Qo in C'(Q).

Let (w ) be a family of solutions of (4.4) with initial data w°. Assume that w°
satisfy J(wl) = m>" d;d, 0 in Wb with dj € {+1}.

Let a(t) : [0,T™) — R2” be a solution of the system of ODEs
(4.5) ma(t) = =V, W(a(t),d) — mVQo(ay(t)),

where T™ = T(a") € (0,00] is the mazimal time of existence for (4.5), i.e., the
smallest time T' such that as t — T, we have ro) — 0.

If the initial data are very well-prepared, i.e., D.(0) = E" (w?) — H.(a®) — 0 as
e = 0, then for 0 <t < Ty, J(we(t)) = 7Y d;da, ) so we have convergence of the
gradient flow of E" to that of F. Furthermore, D.(t) = E7 (w.(t)) — H.(a(t)) — 0
so the data continue to be well-prepared. Finally, we have for T < T™ and any B;(t)
that are disjoint open balls contained in 0 and centered at o;(t) that

I .
(46) @/ /Q?]? |8twg - XBi(t)Oéi(t) . Vw5|2 dxdt — 0.
0

Remark 4.5. See Proposition 1.6 for conditions on the potential p. that imply the
convergence of (). assumed in the theorem. Note that we require less regularity and
convergence than for the Schrodinger case.

Proof of Theorem 4.4. The proof is mostly an exercise in changing E! to E7 in
the corresponding results in [35]. The main observation, which we will use repeatedly
below, is that for any sequence of f. € L?(Q) we have

an (1) /|f6\ to< [ inpas< (14502 [P

so in particular if [, n?|f:|?dz < Klloge|, then [, |f:|*dz < K|loge| + KC, and a
similar reverse inequality.
We note that any solution of (4.4) satisfies for t; < to

(e (12)) = B2 (0:(12) + o / PR

as follows from multiplying (4.4) with d,w. and integrating by parts. In particular,
s+ Bl (w.(s)) is weakly decreasing and

to
/ / n?|0swe |*dedt < Clloge|*.
ty JQ

Essentially verbatim as in [35, Lemma 3.4], we can show the existence of T > 0

such that actually
To
/ / n2|0ywe [*dxdt < Clloge|,
o Ja
which implies
To
/ / |0ywe|*dzdt < Clloge| + o(|logel).
o Ja

In addition, we also have for all ¢ € [0,Tp) with n = Y7 [d9| the estimate E7 (w.(t)) <
mnlloge| + C and so El(w.(t)) < mn|loge| + o(|loge|).
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We can now apply Propositions 3.2 and 3.3 of [35] to w. and obtain that (for

a subsequence) J(we (t)) — 7Y d;6y, (1)), where b; € H'(0,To; R?) with b;(0) = cv?,
i.e., the d; are constant. Corollary 7 of [36] now applies to show

>
hléri}glf |10g5| ; /\8tw€| dxdt WZ/ |b|*dt.

As |2 — 1] < uTgEl, this also implies

1 " 2 2 I
4.8 1iminf7/ /77 Oywe|“dxdt > w E / b;|2dt.
( ) 0 |10g€| " o E| T 8| " | |

The last equation is the lower bound part needed for the I'-convergence of gradient
flows argument.

The construction also proceeds almost verbatim as in Proposition 3.5 of [35]. Let
we satisfy J(we) = 7Y d;jdq,; and D, (we,a) < C and assume that ||V x, BV (we)||x, <
C. This implies that

4 2 C

1
div(n?Vw,) + Z—;(l — |Jw|P)we| dr <

n2
Qe

[log e[
We set .
fe = div(2Vee) + (1~ fuwe ).
and note that f. — 0 in L? and (iw,, f.) = (iwe, div(n?Vw,)). Furthermore
div j(we) = (iwe, div Vawe) = (iwe, div(nZVwe)) = V(nZ) - j (we).

By (2.2) we see |we| — 1. From (2.3) together with |V (n?)| — 0 we deduce div j(w.) —
0 in L?(Q)). From this point we can continue as in [35], as now both curl j(w.) and
div j(w,) have the same properties as the analogous quantities in [35].

Now let V € (R?)™ and let b(t) be a curve satisfying b(0) = « and 9;b(0) = V.
We claim that there exists a path v.(t) with v.(0) = w. and the properties

(4.9) 10:ve (0) 1%, = 10:(0)[13 + o(1),

(4.10) lim — \t o B (ve(t)) F(b(t)) + g(a) D

_ i‘
=00 dt = dtl=o

for some function g that is locally bounded in {a € Q™ : r, > 0}.

To construct this path in function space, we use the same “push” map as in [35].
Let B; = B,(«;) with p < r, be pairwise disjoint balls and define x; : & — 2 to be a
one-parameter family of diffeomorphisms that satisfies

Xxt(z) =z +tV; in B;.
With the phase corrector function v defined as in (3.24) of [35], set
ve (Xt (), 1) = we ()™,

The claim (4.9) follows as in [35], keeping in mind our observation (4.7).
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To calculate the energy change along this path, we change variables y = ()
and obtain with Jac(y;) denoting the Jacobian determinant,

El (ve) = /Q %W?(y)\ws(y)l2 + %Qy)(l — Jo=(y)*)?dy

= /Q (; (778 o Xt(l‘))Q ‘DXt_lv(wEeid)t)|2
o Xt 4 .
+M(1 — |we(z)[*) |Jac(xt)|) de.

We now differentiate in time and set ¢ = 0. When the derivative does not hit 7. o g,
the resulting terms can be dealt with exactly as in [35] by our observation (4.7). The
remaining terms are

1d
A :/Qm (o XV P

and

1d
Az = /Q o t:O(Us o xe)* (1 = |we|?)*da.
We note that in B;, %|t:0(77s oxt)? = V;-V(n?). Using the uniform conver-
gence Ilo—;s'V(nf) — VQo and the fact that the logarithmic part of the energy is
concentrated in the B; (recall Proposition 2.1 or (3.17) of [35]), we deduce that
A1 = 7>V, - VQo(oy) as e — 0. To show that As — 0, we recall (2.2) and
note that |V (n2)| — 0 uniformly in Q. Together with the results of [35] for the terms
not involving derivatives of 7., we deduce (4.10).

On the interval [0,7p), we can now apply Theorem 1.4 of [35] and obtain the
claim of Theorem 4.4 up to the time Ty. The global statement up to 7" follows as
in section 3.3 of [35]. 0

5. Numerical simulations of the vortex dynamics. Armed with the dy-
namical equation (1.11), we can simulate the flow of vortices and observe the impact
of the background potential at the scales we have studied in Theorem 1.2. For our
simulations, we have used the renormalized energy

W(a,d) = *TI'Zdjdk log |a; — aul,
ik
which is the correct expression for Q = R?; see Remark 1.5. This is an approximation
for the renormalized energy for Q = Bgr(0) for R > 1 sufficiently large compared to

|ae|. We will focus here on the case of the dipole (a pair of vortices of opposite charge)
interacting with potentials Qg = V; of the form

(5.1) Vi =e 7’ single Gaussian,
Vo = .225tanh(z) step function to different material background,
(5.3) Vs = e [F-@OP 4 o~lF+ L0 qouple Gaussian,
15
(5.4) V= Z e~ IF=GRI" Jattice of Gaussians.
j,k=—15
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Fia. 1. Dipole dynamics for di = 1, do = —1 plotted over contours of Qo for the cases of

1. The single Gaussian (5.1) with @1(0) = (—5.0,2.0), @2(0) = (—4.99,1.99) (top left). 2. A
smooth transition function (5.2) with &1(0) = (—5.0,—2.0), @2(0) = (—4.99,—1.99) (top right). 3.
A symmetric double-well Gaussian potential (5.3) with &1(0) = (—0.01,1.0), &(0) = (0.01,1.0
(bottom left). 4. A square lattice array of Gaussians (5.4) with &1(0) = (—5.0,—1.99), d2(0) =
(—4.99, —2.0).

=

While these potentials are not compactly supported, we can apply Theorem 1.2 by
truncating the potentials outside a suitably large domain without affecting the dy-
namics we are plotting.

Recall that in the absence of the background potential, dipole dynamics simply
move in a straight line perpendicular to that connecting the vortex centers at a speed
correlated to the vortex spacing.

Equations (1.11) for each choice of background are then plugged into the odel5s
ODE solver in MATLAB and integrated over time scales long enough to observe the
impact of the background potential on the dipole dynamics. The results are recorded
graphically in Figure 1.

Appendix A. Estimates on 1.. We provide here the details required to prove
Proposition 1.6. We seek to understand bounds on the function 7. defined by

1
(A1) An. = —;(pﬁ — n2)7e,

with Neumann boundary conditions, where p. represents the IGL background on a
bounded domain Q C R2.

Proof of Proposition 1.6. 1. We first claim there exists an H**2? solution for
keN.
We use a slightly different ansatz for p. and 7,.:

Pe =1+ Q- .
og ] og ]

pa:1+

Recall that we will assume that p, € H* for k > 2 with €25, — 0 in H**! as ¢ — 0
and Vpg is compactly supported strictly on the interior of Q2. The last assumption in
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particular will be used for simplicity to allow convergence upto the boundary, though
this likely can be relaxed. We first claim that 7. is the unique positive solution of the
following minimization problem:

1

1 2 2
A2 = 1 _ V 2 .2 d )
(A2) ne=arg min /Q 5 1Vil™ + 15 (02 =) de

Since we are working on a bounded set 2, such a nontrivial 1, exists in H' for
¢ sufficiently small and p. sufficiently bounded in H' using a direct method and
Rellich-Kondrachov. We can improve the regularity away from the boundary. In
particular if p. € HF, then 1. € H**2, even though the H**2 norm blows up as
¢ — 0. This follows from standard elliptic theory results involving nonlinear Sobolev
embeddings to bootstrap regularity; see, for instance, [8, section 2.4]. The existence
of Euler-Lagrange equations, strong solutions, and classical solutions follows.

As noted in (1.19) this is a slight shift of notation, as the Qg defined in the main
text is not quite the limit of this family of functions; rather it takes the form

_ 2
2Q. + Q: .
|log €|

QO = lim
e—0

The Euler-Lagrange perturbation equation is written as

5 Q- 25 22Q. @
A3) 0=¢e?AQ. +|loge| [ 1+ + e — e ’
(8.3 e loge] |log ] llog €] |log5|2 [log | |log€|2

Qe pe Qe
1 1 .
( + [log €| + 2|log ¢| + 2|loge|
Then we can write this as

1 ~ p~2 ) e2 >~ } ﬁ2 @2 @3
A4 1-— E+ € _iA — €+ € _ £ + 5 )
A8 (1 o (7 + opogm ) ~72) @ =+ 310~ e log

and so

2 ~ ~
_%AQE = ([35 - Qa)

2. We next establish e-dependent estimates on a model problem.

The required estimates follow by, for instance, carefully modifying [13, Theo-
rem 7.32], which draws upon ideas originally put forth by Nirenberg [33]. The proof
relies upon an analysis of regularity up to the boundary by flattening locally to the
half-plane and using the Green’s function there, application of difference operators
to gain regularity, and induction on regularity estimates for elliptic problems with
Neumann boundary problems. Essentially, the argument boils down to the fact that
the operator is coercive for each ¢, however. The equation also has a unique set of
solutions by the same property.*

4Perhaps the closest argument of this type for Neumann boundary conditions can be found in
[43, Chapter 5.7, Propositions 7.4 and 7.5], where it states that for a smooth enough domain Q C R?,
there exists a unique solution v to the elliptic equation (—A + 1)v = f in Q, 9v — ( on OS2, and

v
for all k = 0,1,2,..., given f € H*, we have HvHi]kJrz(Q) < CHAU”?—I’“(Q) +CH”H;1¢+1<Q>~

we need precise control on the constants of our estimate with respect to € for a perturbation of this
equation, which are not available by rescaling, we have included a proof for completeness.

Since
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To establish the bounds we need more precisely, we follow [13, Theorems 7.32 and
7.29], where the author studies Sobolev estimates on coercive elliptic equations. In
our setting, these equations take the form

2
L —ZA)w:f, dyw =0,

Low:= (1 +
flog =
on €2 smooth enough, for A a bounded function of the same regularity as p.
We will first consider this equation on half-balls of radius s with flat boundary,
say, N(s), where y parametrizes the boundary and z parametrizes the interior. We
claim we have an estimate of the form

(A.5) llwll grsz + [[wllan < C|If |l an-
To see this, we first claim that
(A.6) 107wl vy < I laeve)

with 7 < r, with v < k4 1. For v = 0, this is exactly the coercivity estimate.
Otherwise, we use an inductive argument constructed via difference operators inside
the Dirichlet form D(A]{w, A} Cw) for ¢ a cut-off to N that vanishes on the curved
part of the boundary of V. Commuting with the cut-off function and integrating by
parts when necessary, we observe

max |A|
TGl xioy + (1~ Syl ) 17 Gulave < DIATEw. Agw)

< CE| AL Cw| vy (L Lee vy + 107wl 22)

where then by induction we have

max | A]
lAyCwll mr vy + <1 ~ loge|

S Clfllar vy

) 1A Cwll oy < D(ATCw, AlCw)

Similarly, we claim that
(A7) loZwllz2 vy < I fllae vy

for 0 < v < k. This follows by instead putting all the derivatives onto f and using L?
instead of H' norms for the f term on the right-hand side.

At the boundary, we can then establish (A.5), again proven using induction. To
see this, we recognize that if + is a multi-index and 75 = 0 or 1, then the estimate
follows by (A.6) and (A.7). We will use the fact that

2 2
3310:—8—2 (f—l—;@iw—w).

If the number of derivatives on y is 0 or 1, we use the above estimate. For more than
that, we pull off the first two derivatives in y, make the substitution, then use the
inductive hypothesis.

Then, once such estimates are established on half-balls, we can create a sequence
of cut-off functions Uy = B(0, R), ..., Uy = Vo, Uj1 C Uj, where VoUVIU--- UV =
B(0, R) and V; can be mapped to a half-ball for j > 0 and Wy is an interior region.
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Letting ; be a cut-off to Uj;, on the interior we have

max |A|
E|wll a2,y 1) + ( - 1%T€|> lwllei ;1) < ENGwlm+2w,.) + 1w @0

< C||L¢wl| g
< Ol fllms + ¥ llwll g ;).

from which the result follows via induction. On regions identified with a half-ball, we
apply (A.5).

3. We can use the linear estimates (A.5) to generate a posteriori estimates on
the sequence. From the energetic formulation, we have using that n = p. provides a
natural set of bounds the observation

Ip2 = n2|I7> < 2% Vpe 7.

This gives _
1pe = Qllz2 < V2e|[Vie| 2

or .
1Qcllz> < Cllpe |l a2

By a similar line of reasoning, we know that
IVQellL2 < [|pell

and hence _
1Qcllzr < Cllpell -

We observe directly from (A.4) that

L1
" Jloge]

~ 1 ~
QeI + MQaH?{k) ;

~2
A ~ Pe
Q <C +
H e||Hk > <||Pe 2|10g€\ HH

which gives a uniform control on @E in H* via a boot-strapping argument. Similarly,
we can rearrange (A.4) to observe

g2 ~ ~ _82 - (ﬁg_ég) ~
(A.8) (1 - 2A> (QE - pg) = 5B L TSP o),
where
~ P 3Q. (@e(ﬁa + @e))
(A.9) PQespe) =5 + ==+ T ologe

Hence, applying the linear estimates, we easily observe

1Q = Aell s < C|1 e o,

which converges to 0 as ¢ — 0 for p. sufficiently regular. Note that we have used
here that Vp. has compact support in order to integrate by parts. To remove this
condition otherwise would require further work controlling the error terms relating to
boundary condition of p. and potentially restrict us to local convergence estimates.
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4. To finish the a posteriori convergence, we need to get to H* convergence. Recall
the equation

(1 - EQA)Q =49, auq = 07
which we rewrite as

(A.10) (g—g)—€Ag=0,  dyq=0.

We will replace ¢ with @E and g by the right-hand side of our elliptic equation.
For higher regularity, we have the formal calculation,

/wk(q—g)!Qd:ﬁ:52/8k(q—g)8kAqu
2 2
=< 1904 + 5 Jokallfa + 5 1041l

+e [ 9,0%q (0%q — 9"g) ds,
a0
where the boundary terms can be controlled by careful use of the Neumann boundary
condition and the equations.

To establish the result rigorously up to the boundary, we must repeat the argu-
ment as in step 2, but acting A} on both sides of (A.10) and then multiplying both
sides by A} (¢—g) and integrating. Specifically, we can consider the coercive Dirichlet
form

D(AFC(g — 9), AfC(g — g)) +&°D(ViAfCq, VAL ()

both in neighborhoods of the boundary as well as in the interior to get elliptic esti-

mates as in step 2. B

5. To see the uniqueness, let n; =1+ “(??_jg‘, j=1{1,2}, be icwo solutions to (A.1)
with Neumann boundary conditions for the same p. = 1 + UOPTEE‘ with p. € HF for
k > 2. Then set w = 11 — n2; w solves

{ —Aw = 5 (wp? — (0} —n3)

Note that 7§ —n3 = w (nf +mn2 +n3) = w3+ @(@1 + Qo) + —1(Q2 + Q1

|log e|?

Q2 + Q3)). Multiply by w and integrate over €, using the boundary condition

2
/|Vw|2 + ngdx

—— lgpe 3@+ + s (-3~ 01 ég)] iz
< gz (o Ieeie) (@[] ) 1+ @], ) 2 f woas

15 [
> 572 wdx

for € < g¢ depending on the norms of p, @j, and so ||w|| g = 0. d



IGP VORTEX MOTION 499

Acknowledgments. The authors wish to thank Sylvia Serfaty and Rafe Mazzeo

for helpful conversations throughout the development of this work and wish to thank
the anonymous referees for their comments that helped to improve the paper.

[15]
[16]
17
18]
[19]
[20]
[21]
[22]
23]
[24]
25]
126]

27]

REFERENCES

R. ALICANDRO AND M. PONSIGLIONE, Ginzburg-Landau functionals and renormalized energy:
A revised T'-convergence approach, J. Funct. Anal., 266 (2014), pp. 4890-4907.

F. ARECCHI, Space-time complexity in nonlinear optics, Phys. D, 51 (1991), pp. 450—464.

F. AreccHi, G. GIACOMELLI, P. RAMAZzA, AND S. RESIDORI, Vortices and defect statistics in
two-dimensional optical chaos, Phys. Rev. Lett., 67 (1991), 3749.

F. BETHUEL, H. BREZIS, AND F. HELEIN, Ginzburg-Landau Vortices, Progr. Nonlinear Differ-
ential Equations Appl. 13. Birkhduser Boston, Boston, MA, 1994.

F. BETHUEL, R. L. JERRARD, AND D. SMETS, On the NLS dynamics for infinite energy vortex
configurations on the plane, Rev. Mat. Iberoam., 24 (2008), pp. 671-702. ¢

H. Brezis, J.-M. CoroN, AND E. H. LIEB, Harmonic maps with defects, Comm. Math. Phys.,
107 (1986), pp. 649-705.

H. BrEzis AND T. GALLOUET, Nonlinear Schrédinger evolution equations, Nonlinear Anal., 4
(1980), pp. 677-681.

H. CHRISTIANSON, J. MARZUOLA, J. METCALFE, AND M. TAYLOR, Nonlinear bound states on
weakly homogeneous spaces, Commun. Partial Differential Equations, 39 (2014), pp. 34-97.

J. E. COLLIANDER AND R. L. JERRARD, Vortex dynamics for the Ginzburg-Landau-Schrédinger
equation, Internat. Math. Res. Notices, 1998 (1998), pp. 333-358.

M. Dos SANTOS, The Ginzburg-Landau functional with a discontinuous and rapidly oscillating
pinning term. Part I1: The non-zero degree case, Indiana Univ. Math. J., 62 (2013), pp.
551-641.

A. L. FETTER, Vortices in an itmperfect Bose gas. IV. Translational velocity, Phys. Rev., 151
Nov (1966), pp. 100-104.

A. L. FETTER AND A. A. SVIDZINSKY, Vortices in a trapped dilute Bose-Einstein condensate,
J. Phys. Condensed Matter, 13 (2001), R135.

G. B. FOLLAND, Introduction to Partial Differential Equations, Princeton University Press,
Princeton, NJ, 1995.

D. FreiLicH, D. Bianchi, A. KAUFMAN, T. LANGIN, AND D. HALL, Real-time dynamics of
single vortex lines and vortex dipoles in a Bose-FEinstein condensate, Science, 329 (2010),
pp. 1182-1185.

L. GiL, K. EMILSSON, AND G.-L. OprO, Dynamics of spiral waves in a spatially inhomogeneous
Hopf bifurcation, Phys. Rev. A, 45 (1992), R567.

R. JERRARD AND D. SMETS, Vortexr dynamics for the two dimensional non homogeneous Gross-
Pitaevskii equation, Ann. Sc. Norm. Super. Pisa, 14 (2002), pp. 729-766.

R. JERRARD AND D. SPIRN, Refined Jacobian estimates for Ginzburg-Landau functionals,
Indiana Univ. Math. J., 56 (2007), pp. 135-186.

R. L. JERRARD AND H. M. SONER, Dynamics of Ginzburg-Landau vortices, Arch. Ration. Mech.
Anal., 142 (1998), pp. 99-125.

R. L. JERRARD AND H. M. SONER, The Jacobian and the Ginzburg-Landau Energy, Calc. Var.
Partial Differential Equations, 14 (2002), pp. 151-191.

R. L. JERRARD AND D. SPIRN, Refined Jacobian estimates and Gross-Pitaevsky vorter dynam-
ics, Arch. Ration. Mech. Anal., 190 (2008), pp. 425-475.

R. L. JERRARD AND D. SPIRN, Hydrodynamic limit of the Gross-Pitaevskii equation, Commun.
Partial Differential Equations, 40 (2015), pp. 135-190.

H.-Y. JiaN AND B.-H. Song, Vortex dynamics of Ginzburg-Landau equations in inhomogeneous
superconductors, J. Differential Equations, 170 (2001), pp. 123-141.

M. KurzkE, C. MELCHER, R. MOSER, AND D. SPIRN, Dynamics for Ginzburg-Landau vortices
under a mized flow, Indiana Univ. Math. J., 58 (2009) pp. 2597-2621.

M. KURZKE AND D. SPIRN, Quantitative equipartition of the Ginzburg-Landau energy with
applications, Indiana Univ. Math. J., 59 (2010), pp. 2077-2092.

M. KURZKE AND D. SPIRN, Vortex liquids and the Ginzburg—Landau equation, Forum of Math-
ematics, Sigma, 2:el1, 2014.

L. LASSOUED AND P. MIRONESCU, Ginzburg-Landau type energy with discontinuous constraint,
J. Anal. Math., 77 (1999), pp. 1-26.

F. H. LiN, Some dynamical properties of Ginzburg-Landau vortices, Comm. Pure Appl. Math.,
49 (1996), pp. 323-359.



500

(28]

29]

[42]
[43]

[44]

[45]

[46]

F

M. KURZKE, J. L. MARZUOLA, AND D. SPIRN

.-H. LIN AND J. X. XIN, On the incompressible fluid limit and the vortex motion law of the
nonlinear Schrédinger equation, Comm. Math. Phys., 200 (1999), pp. 249-274.

S. MIDDELKAMP, P. G. KEVREKIDIS, D. J. FRANTZESKAKIS, R. CARRETERO-GONZALEZ, AND

=

H

J.

P. SCHMELCHER, Bifurcations, stability, and dynamics of multiple matter-wave vortex
states, Phys. Rev. A, 82 (2010), 013646.

. MiDDELKAMP, P. J. TOrRRESs, P. G. KEVREKIDIS, D. J. FRANTZESKAKIS, R. CARRETERO-

GONZzZALEZ, P. SCHMELCHER, D. V. FREILICH, AND D. S. HALL, Guiding-center dynamics
of vortez dipoles in Bose-FEinstein condensates, Phys. Rev. A, 84 (2011), 011605.

. Miot, Dynamics of vortices for the complex Ginzburg-Landau equation, Anal. PDE, 2
(2009), pp. 159-186.

. NEELY, E. SAMSON, A. BRADLEY, M. DAvis, AND B. ANDERSON, Observation of vortex
dipoles in an oblate Bose-Einstein condensate, Phys. Rev. Lett., 104 (2010), 160401.

. NIRENBERG, Remarks on strongly elliptic partial differential equations, Comm. Pure Applied
Math., 8 (1955), pp. 648-674.

. Y. RUBINSTEIN AND L. M. PISMEN, Vortex motion in the spatially inhomogeneous conser-
vative Ginzburg-Landau model, Phys. D, 78 (1994), pp. 1-10.

. SANDIER AND S. SERFATY, Gamma-convergence of gradient flows with applications to
Ginzburg-Landau, Comm. Pure Appl. Math., 57 (2004), pp. 1627-1672.

. SANDIER AND S. SERFATY, A product-estimate for Ginzburg-Landau and corollaries, J. Funct.
Anal., 211 (2004), pp. 219-244.

. SANDIER AND S. SERFATY, Vortices in the Magnetic Ginzburg-Landau Model, Progr. Non-
linear Differential Equations Appl. 70. Birkhduser Boston, Boston, MA, 2007.

. SCHWARZ, Three-dimensional vorter dynamics in superfluid He 4: Line-line and line-
boundary interactions, Phys. Rev. B, 31 (1985), 5782.

SERFATY AND I. TICE, Ginzburg-Landau vortex dynamics with pinning and strong applied

currents, Arch. Ration. Mech. Anal., 201 (2011), pp. 413-464.

. SPIRN, Vortex motion law for the Schrédinger-Ginzburg-Landau equations, STAM J. Math.
Anal., 34 (2003), pp. 1435-1476.

. STOCKHOFE, P. G. KEVREKIDIS, AND P. SCHMELCHER, FEuzxistence, Stability and Nonlin-

ear Dynamics of Vortices and Vortex Clusters in Anisotropic Bose-FEinstein Condensates,
arXiv:1203.4762, 2013.

STOCKHOFE, S. MIDDELKAMP, P. G. KEVREKIDIS, AND P. SCHMELCHER, Impact of anisotropy
on vortex clusters and their dynamics, Europhys. Lett., 93 (2011), 20008.

M. TAYLOR, Partial Differential Equations 1: Basic Theory, Appl. Math. Sci. 115, Springer,

P

New York, 2013.

. TORRES, P. KEVREKIDIS, D. FRANTZESKAKIS, R. CARRETERO-GONZALEZ, P. SCHMELCHER,
AND D. HALL, Dynamics of vortex dipoles in confined Bose-FEinstein condensates, Phys.
Lett. A, 375 (2011), pp. 3044-3050.

M. TSUBOTA AND S. MAEKAWA, Pinning and depinning of two quantized vortices in superfluid

E

He 4, Phys. Rev. B, 47 (1993), 12040.
. YARMCHUK AND R. PACKARD, Photographic studies of quantized vortex lines, J. Low Tem-
perature Phys., 46 (1982), pp. 479-515.


https://arxiv.org/abs/1203.4762

	Introduction
	Background potential
	Conservation laws
	Weak topology
	Energy expansion
	Discussion
	Results
	Properties of = (p)

	Excess energy control
	Proof of Theorem 1.2
	Lipschitz continuity of the vortex paths
	Vortex dynamics

	Second order gamma convergence and gradient flow
	Further -convergence results
	The gradient flow

	Numerical simulations of the vortex dynamics
	Appendix A. Estimates on 
	Acknowledgments
	References

