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1. Introduction.

1.1. State of the art and contributions. Standard adaptivity aims to ap-
proximate some unknown exact solution u at optimal rate in the energy norm; see,
e.g., [15, 20, 37| for adaptive finite element methods (FEM), [18, 19, 21, 23] for adap-
tive boundary element methods (BEM), and [13] for an overview on available re-
sults. Instead, goal-oriented adaptivity aims to approximate, at optimal rate, only
the functional value g(u) (also called quantity of interest in the literature). Goal-
oriented adaptivity is usually more important in practice than standard adaptivity.
It has therefore attracted much interest also in the mathematical literature; see, e.g.,
[6, 8, 9, 16, 24, 27, 35] for some prominent contributions. However, as far as con-
vergence and quasi-optimality of goal-oriented adaptivity is concerned, earlier results
are only [7, 33], which are concerned with FEM for the Poisson model problem, the
work [25], which considers FEM for more general second-order linear elliptic PDEs,
but is concerned with convergence only, and the work [17], which considers point er-
rors in adaptive BEM computations. We note that the analytical arguments of [7, 33]
are tailored to the Poisson equation and do not directly transfer to the more general
setting of [25], and that [17] relies on the symmetry of the variational formulation, so
that the quasi-optimality analysis for goal-oriented adaptivity has also been named
as an important open problem in the recent work [12].
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This work considers the simultaneous adaptive control of two error estimators
Nux and 7, , which satisfy certain abstract axioms from section 2.4 below. As in [7,
25, 33], the estimator product 7, 47 « is designed to control the error in goal-oriented
adaptivity. This is discussed in section 1.2 and demonstrated in sections 4—6 for
various model problems and FEM (resp., BEM). We analyze two adaptive mesh-
refining algorithms: While Algorithm A is a variant of the algorithms from [33, 25],
Algorithm B has been proposed in [7]. Both algorithms are proved to be linearly
convergent with optimal rates in the sense of certain nonlinear approximation classes.
Overall, the contributions and advances of the present work can be summarized as
follows:

e We give an abstract analysis for optimal goal-oriented adaptivity which ap-
plies to general (nonsymmetric) second-order linear elliptic PDEs in the spirit
of [20], which even extends the problem class of [25].

e While the linear convergence of Algorithms A-B holds for all marking param-
eters 0 < 6 <1 (Theorem 12), optimal convergence rates are asymptotically
guaranteed for 0 < 6 < Oop¢ (Algorithm A), resp., 0 < 0 < Oop¢/2 (Algo-
rithm B) for some a priori bound 0 < op¢ < 1 which depends on the given
problem (Theorems 13 and 16). Note that such restrictions also apply to the
available results for standard adaptivitiy [13, 15, 20, 37].

e The analysis avoids any (discrete) efficiency estimate and thus allows for
simple newest vertex bisection, while [7, 33] follow [37] and require local
bisech-refinement. As first observed in [3] and later used in [20, 13], the
convergence and quasi-optimality analysis relies essentially on reliability of
the error estimator, while efficiency is only used to characterize the estimator-
based approximation classes in terms of the so-called total error, i.e., error
plus data oscillations (Lemma 19). For the Poisson model problem, we thus
obtain, in particular, the same result as [33] but under weaker requirements.

e Unlike [7], our proofs avoid any assumption on the resolution of the given
data as, e.g., a saturation assumption [7, eq. (4.4)]. In particular, we give the
first general quasi-optimality proof for the algorithm from [7], even for the
Poisson model problem.

e Unlike [33, 7, 17], we do not require the symmetry of the weak formulation.
Instead, we generalize the quasi-orthogonality property from [13]. In particu-
lar and unlike [25], our analysis does not enforce the condition that the initial
triangulation be sufficiently fine, since we do not exploit the regularity of the
dual solution.

e Finally, and inspired by [13], our approach is a priori independent of the
model problems and covers general linear second-order elliptic PDEs in the
frame of the Lax—Milgram lemma, discretized by FEM (resp., BEM) with
fixed-order polynomials.

Although we shall verify the mentioned estimator axioms only for standard FEM
and BEM discretizations, we expect that they can also be verified for discretizations
in the frame of isogeometric analysis; see, e.g., [30] for some goal-oriented adaptive
IGAFEM.

1.2. Goal-oriented adaptivity in the framework of the Lax—Milgram
lemma. The following introduction covers the main application of the abstract theory
we have in mind. Let X be a Hilbert space with norm ||-|| x, and let a(-,-) : XxX - R
be a continuous and elliptic bilinear form on X. For given continuous linear functionals
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fyg € X*, we aim to approximate g(u), where v € X is the unique solution of
(1) a(u,v) = f(v) forallveX.

Let X, C & Dbe a finite-dimensional subspace associated with some triangulation 7,
of the problem related domain €2 C R4, Let U, € X, be the unique Galerkin solution
to

(2) a(U,, Vi) = f(Vi) forall V, € X,.

Furthermore, let z € X be the unique solution to the so-called dual problem

(3) a(v,z)=g(v) forallveX.

Let Z, € X, be the corresponding Galerkin solution to

4) a(Ve,Z,) =g(Vi) forall V, € X,.

Then it follows that

() lg(u) —g(U)| = la(u = Uy, 2)| = |a(u = Uy, 2 = Z)| S lu = Usllx |z = Zi| x-

Here and throughout, < abbreviates < up to some generic multiplicative factor C' > 0
which is clear from the context. Finally, suppose that the Galerkin errors on the right-
hand side of (5) can be controlled by computable a posteriori error estimators, i.e.,

(6) lu=Ullx S ux and [z = Zillx S 72
Under these assumptions, we are altogether led to

(7) lg(u) = g(Us)| S Nux Mz 5

Overall, we thus aim for some adaptive algorithm which drives the computable upper
bound on the right-hand side of (7) to zero with optimal rate.

1.3. Outline. In section 2, we propose two algorithms and outline the main
result. Moreover, we provide the abstract framework in terms of four axioms for the
estimators. Section 3 proves optimal convergence rates for each algorithm. In section
4, we apply the abstract theory to conforming goal-oriented FEM for second-order
elliptic PDEs. Section 5 covers goal-oriented FEM for the evaluation of some weighted
boundary flux, whereas section 6 considers goal-oriented adaptivity for BEM.

2. Adaptive algorithms for the estimator product. We suppose that each
admissible triangulation 7T, (see section 2.2 below) allows for the computation of the
error estimators 7y x, w € {u, z}, with local contributions 7, (T") € R for all T € T,.
To abbreviate notation, we shall write

1/2
Do = Nwx(Te)s  NwxUs) = < Z T]w,*(T)2> for w € {u, 2} and all U, C 7T..

TeU,

We consider two adaptive strategies (Algorithms A-B) which only differ on how ele-
ments are marked refinement in step (II):
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Adaptive algorithm. INPUT: Initial triangulation 7y, marking strategy (fixed
below).
Loorp: For all £=0,1,2,3,... do (I)—(III):
(I) Compute refinement indicators 7,.¢(T) and n, ¢(T') for all T' € Ty.
(IT) Determine a set My C Ty of marked elements.
(IIT) Let Tyy1 := refine(7y, My) be the coarsest refinement of 7; such that all
marked elements T" € M, have been refined.
OuTPUT: Sequence of successively refined triangulations 7y and corresponding error
estimators 1, ¢, 7..¢ for all £ € Ny.

Remark 1. In the frame of section 1.2, the computation of 7, ¢ and 7, ¢ in step (I)
usually requires solving the primal problem (2) and the dual problem (4) to obtain
Up (resp., Zy).

The following marking strategies are designed to drive the estimator product
Nu,«Nz,« t0 zero with optimal rate. This includes, in particular, the problem class
from section 1.2 but also covers point errors in adaptive BEM computations; see our
recent work [17].

2.1. Marking strategies. First, we propose a modified version of the marking
strategy from [33] which allows for more aggressive marking, i.e., fewer adaptive steps.

Algorithm A. PARAMETERS: 0 < 0 <1, Crark, C) e > 1.
MARKING: For all ¢ = 0,1,2,3,..., step (II) of the adaptlve algorithm reads as
follows:

(i) Determine sets M, C T, and M, C T, of up to the multiplicative factor

Chark minimal cardinality such that
(8) 0773,5 < 77u7l(Mu,E)2 and 9773,5 < UZ,Z(MZJ)Q-

(ii) Choose /\7@ € { My e, M. ¢} to be the set of minimal cardinality and choose
My C My UM, such that My C My and #M, < C! - #M,.

Remark 2. In our numerical experiments below, we choose M, as follows: Having
picked M ¢ to be the minimal set amongst M, , and M., ¢, we enlarge ./\/l ¢ by adding
the largest #/\/lg elements of the other set; e.g., if #M,, , < #M ¢, then M, consists
of My, plus the #M,, , largest contributions of M. ;. This yields C] , , = 2.

Remark 3. For C] ., = 1 and hence M, = My, the marking strategy of Algo-
rithm A coincides with that of [33]. In various numerical experiments, we observed,
however, that the described variant with C/ . , = 2 leads to improved results.

Remark 4. In [25], the authors consider Algorithm A but define My := M, ¢ U
M. ¢ in step (ii). While this also leads to linear convergence in the sense of Theo-
rem 12, [25] only proves suboptimal convergence rates min{s, ¢} instead of the optimal
rate s + t in Theorem 13; see [25, sect. 4]. We note that the strategy of [25] leads
to linear convergence 1y ¢+n < Cq"nye and 1, ¢y, < Cq"n, ¢ for either estimator
and all /,n € Ny, where C > 0 and 0 < ¢ < 1 are independent constants, while the
optimal strategies considered in this work only enforce 1y ¢4-n7z 040 < Cq" Ny 00,0 for
the product.
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Second, the following algorithm has been proposed in [7] for goal-oriented adaptive
FEM for the Poisson problem. We note that [7] requires a saturation assumption for
the related data oscillation terms in the case of nonpolynomial volume forces (see [7,
eq. (4.4)] and [7, Thm. 4.1]), which is proved unnecessary by our analysis.

Algorithm B. PARAMETERS: 0 < 0 <1, Cpark > 1.
MARKING: For all ¢ = 0,1,2,3,..., step (II) of the adaptive algorithm reads as
follows:
(i) Assemble refinement indicators pe(T)? := nue(T)?n? , + n2 m2.(T)? for all
TeT,. ’ ’
(ii) Determine a set My C 7, of up to the multiplicative factor Ciarx minimal
cardinality such that

9) 007 < pe(My)*.

2.2. Mesh-refinement. We suppose that the mesh-refinement is a determin-
istic and fixed strategy, e.g., newest vertex bisection [38]. For each triangulation
T and marked elements M C T, we let T’ := refine(7, M) be the coarsest tri-
angulation, where all elements T € M have been refined, i.e., M C T\T'. We
write 77 € refine(7T) if there exist finitely many triangulations 79, ..., 7(") and sets
MG C TG such that T = 7O, 77 = 70 and TU = refine(70-D, MU-1)
for all j = 1,...,n, where we formally allow n = 0, i.e., T = T & refine(T). To
abbreviate notation, let T := refine(7y), where 7y is the given initial triangulation of
Algorithms A-B.

2.3. Main result. Let Ty := {7 € T : #7 —#7o < N} denote the (finite) set
of all refinements of 75 which have at most N elements more than 7y. For s > 0 and
w € {u, z}, we write w € Ay if

= su N +1)° min )<oo,
a= sup (V1) i s

[[w]
where 7, , is the error estimator associated with the optimal triangulation 7, € Ty .
In explicit terms, ||w|/a, < co means that an algebraic convergence rate O(N~*) for
the error estimator is possible if the optimal triangulations are chosen.

For either algorithm, our main result is twofold: First, we prove linear convergence
(section 3.1): For each 0 < ¢ < 1, there exists some n such that for all £ € N it
holds that 1y ¢+n 02,040 < ¢Mu,eNze. Second, we prove optimal convergence behavior
(section 3.3): With respect to the number of elements N ~ #7, — #7o, the product
Nu,e Nz,¢ decays with order O(N’(S“)) for each possible algebraic rate s +t > 0, i.e.,
l[ulla, + llz]la, < oo.

Remark 5. Since our analysis works with the estimator instead of the error, it
avoids the use of any (discrete) efficiency bound. Unlike [7, 33], this allows us to use
simple newest vertex bisection. Moreover, Lemma 19 below states that for standard
FEM our approximation classes A coincide with those of [7, 15, 33] which are defined
through the so-called total error (i.e., error plus data oscillations).

2.4. Axioms of adaptivity. Recall the notation of section 2.2. Let d(-,") :
T x T — Ry denote a distance function on the set of admissible triangulations which
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satisfies

Caimeoo (T, T") < du(T . T') + Ao (T', T") for all T, 7", T" €T,
dy(T,T") < Caisgdo(T',T) forall 7,7 €T,

with some uniform constant Cyiss > 0; see also Remark 8 below.
The convergence and optimality analysis of the adaptive algorithms requires the
following four azioms of adaptivity [13], where (A4) is relaxed when compared to [13]:
(A1) Stability on nonrefined elements: There exists Cs, > 0 such that for all
Te € T and all 7, € refine(7,) the corresponding error estimators satisfy

|7]w,*(7: N 71) - nw,o(ﬁ N 7;)| < Ostb dlw(7: 37;)

(A2) Reduction on refined elements: There exist 0 < greq < 1 and Creg > 0 such
that for all 7, € T and all T, € refine(7,) the corresponding error estimators
satisty

nw7*(7;\7;)2 S Qred nw7o(7:\7;)2 + C'red dlw(,]: 77;)2~

(A3) Discrete reliability: There exists Crel > 0 such that for all 74 € T and all
T. € refine(7,) there exists Ry, (Te, Tx) € To with To\7x € Ry (T, Tx) such
that

dlw(ﬁ 77:) S Orcl 77'UJ7£(R'UJ(7:771)) and #Rw(ﬁa 7;) S Crol #(7:\71)

(A4) Quasi-orthogonality: Let Ty, be the (possibly finite) subsequence of triangu-
lations 7T, generated by Algorithm A or B which satisfy

(10) On s, < Mot (Te, \Te,41)°

Then, for all € > 0, there exists Coren(e) > 0 such that for all n < N, for
which T, ,...,Ti, are well-defined, it holds that

N
Z (dl'w (72]‘4_1 772]‘)2 - En'?u,fj) S Corth(f) T]’?U,En'
j=n

We recall some observations of [13].

LEMMA 6 (quasi-monotonicity of estimator [13, Lem. 3.5]). There exists a con-
stant Cmon > 0 which depends only on (A1)—(A3) such that for all T, € T and
all T, € refine(T,) it holds that 7]12”7* < Cron 775;,.-

LEMMA 7 (optimality of Dorfler marking [13, Prop. 4.12]). Suppose stability (A1)
and discrete reliability (A3). For all 0 < 0 < fopt := (1 + C2,C2))71, there exists

rel

some 0 < Kopy < 1 such that for all Ty € T and all T, € refine(7T,) it holds that
(11) 775;,* < Kopt 77121;70 = 0775;,. < Nw,e(Ru(Ts, 7;))27

where Ry, (Te, Ts) is the set of refined elements from (A3).

Remark 8. (i) In the setting of section 1.2, let w € {u, z}, with W, € {U,, Z,}
being the corresponding Galerkin solution for 7, € T. The abstract distance is then
usually defined by d, (T , T5) = a(Wy—We, Wy —W)¥/2 ~ ||W, — W, || x; see sections
4-6 below.
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(ii) Suppose that the bilinear form a(-, -) is additionally symmetric, and let ||v|| :=
a(v,v)/? denote the equivalent energy norm on X. Then nestedness &,, C &, C X}
of the discrete spaces for all £k > m > n implies the Galerkin orthogonality

Wi = Wanll? + [[Win = Wall? = [[Wie = Wo||* for all k > m > n.

This and (A3) imply

N N
Z dlw(ﬁ]url 77}]' )2 = Z (l”ijNJrl - Wéj |||2 - |||WéjN+1 - W€j+1 |||2)
j=n j=n
2 (A3) 2
< AWeyy ~Wel? S ..

This shows the quasi-orthogonality (A4) with € = 0 and Copp(g) = C2

rel”

2.5. Generalized linear convergence. The following estimator reduction is
first found in [15] for T, = T¢41 and, e.g., proved along the lines of [13, Lem. 4.7].

LEMMA 9 (generalized estimator reduction). Let 0 < 6 < 1. Let T, € T and
Tet1 € refine(Ty). Suppose that the refined elements satisfy the Dérfler marking
(12) 97712%@ < N (Te\Te41) %

Then there ezist constants 0 < gest < 1 and Cest > 0 which depend only on (A1)—(A2)
and 6 such that for all T, € refine(Ty41) it holds that

(13) 7]121;7* S Gest 7]121;74 + Ocst dlw (71 772)2-

The following result generalizes [13, Prop. 4.10] to the present setting. We note
that (A3) enters only through the quasi-monotonicity of the estimator (Lemma 6).

PROPOSITION 10 (generalized linear convergence). Let Ty be a sequence of suc-
cessively refined triangulations, i.e., Ty € refine(Ty—1) for all ¢ € N. Let 0 < 6 < 1.
Then there exist 0 < qeony < 1 and Ceony > 0 which depend only on (Al)—(A4) and 0
such that the following holds: Let ¢,n € Ny, and suppose that there are at least k < n
indices £ < U1 < by < -+ < Ll < £+ n such that

(14) 97751,@]. < N, (Te,\Te,41)° forall j=1,.. k.
Then the error estimator satisfies

(15) ,'7121)7€+n < CCOHV q!fonv ,'7121)76'

Proof. To abbreviate notation, set ¢y := £. Note that T,,, € refine(7g,41).
Therefore, the estimator reduction (13) shows for all € > 0 and all 0 < j < k that

k
Z Ufu,eiﬂ <

i=k—j i

(qestni)gi + Cestdlw (7}1+1 ,7%)2)

J

Il
- M-

= ((QCst + Ocstg)ni;ji + Cest (dlw (721’4-1 5721‘)2 - 577121;7&))'

i=k—j
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Choose ¢ < (1 — qost)C’;Stl so that kK := 1 — (gest + Ceste) > 0. For 0 < j < k, (A4)
shows that

I\

k
K Z 77121)7€H1 S n%u,ék_j + Ces (dlw(ﬁwrl 772i)2 - 577121)7&)
—k—j

(16) et

K2

< (14 CestCortn (2))02 4

Hk—j°

With C := (1 + Cest Cortn(€))/k > 1, mathematical induction below shows that

3

k
(17) ni,ek <(1-0c7ty Z ni)gi forall 0 < j <k.
—k—j

To see (17), note that the case j = 0 holds with equality. Suppose that (17) holds for
j < k. This induction hypothesis and (16) show that

J k
2y <1-0" S 2, =<1—01>J<< > ni,ei> —ni,ek_w))
=k—

i 7 i=k—(j+1)
(16) , k
< @-oThyH ST 2,
i=k—(j+1)

which proves the validity of the induction step. Hence, the assertion (17) holds for all
j < k. By use of Lemma 6, (17) for j = k — 1, and (16) for j = k, we obtain

an k k
Coonlatin SNop, < (1— chkEt Zﬁi,zi <(1-chHHt Z’LQMM
1=1 1=0
(16)

< (1-chelen? =1 -CcThre/a - 072,

This concludes the proof with Ceony = CCon/(1 — C71) and geony = (1 —C~1). O

3. Optimal convergence of adaptive algorithms. Throughout this section,
we suppose that the error estimators 7, , and 7., satisfy the respective assump-
tions (A1)-(A4) of section 2.4. Without loss of generality, we suppose that n, ¢ and
7, satisfy the axioms (Al)—-(A4) with the same constants.

Remark 11. The axioms (A1)-(A4) are designed for weighted-residual error esti-
mators in the frame of FEM and BEM. For optimal adaptivity for the energy error, it
is sufficient that for w € {u, z} the error estimator 7,, ¢ used in the adaptive algorithm
is locally equivalent to some error estimator 7, » which satisfies (A1)—(A4), i.e.,

e,w(T) S New(we(T))  and - 7,0(T) S Neaw(we(T)) - for all T € T,
where w;(T") denotes a patch of T; see [13, sect. 8]. Then the convergence (Theorem 12)
as well as optimality results (Theorems 13 and 16) remain valid. We leave the details to

the reader, but note that this covers averaging-based error estimators and hierarchical
error estimators, as well as estimators based on equilibrated fluxes; see [13, 29].
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3.1. Linear convergence. The following result is independent of Cy,ark, and we
may formally also choose Crnark = 00 = CJ . ... Discrete reliability (A3) only enters
through the quasi-monotonicity of the estimator (Lemma 6). In the frame of the
Lax—Milgram lemma from section 1.2, the quasi-monotonicity already follows from
classical reliability (6); see [13, Lem. 3.6].

THEOREM 12. For all 0 < 0 < 1, there exist 0 < qiin < 1 and Cy, > 0 which
depend only on (A1)—(A4) and 0 such that Algorithms A-B are linearly convergent in
the sense of

(18) N, b+n"z,04n S Clinq]?}nnulnz,f fOT’ all ‘€7 n e NO~

Proof of Algorithm A. In each step of Algorithm A, the set M ;j satisfies either
the Dorfler marking (8) for 7, ; or for n, ;. With Mj C M; C T;\Tj41, this implies
for n successive meshes T;, j = ¢,...,{+n, that T;\T;;1 satisfies k-times the Dorfler
marking (14) for 1, ; and (n — k)-times the Dérfler marking for 7, ;. Proposition 10
thus shows that

2 k 2 2 n—k,b 2
nu,f—i-n S OCOUV 9conv nu,f as well as nz,£+n S C1COHV 9conv T]z,l'

Altogether, this proves
2 2 2 k 2 2
nu7€+n nz,ZJrn < CCOl’lV dconv nu,ﬁ 7727@'

This proves (18) with g, = qiﬁv and Ciin = Ceonvy- a
Proof of Algorithm B. Note that p7 = 2173)67727@. Therefore, (9) becomes

20m7 20 < ue(Me)? 02 0 + 15 g 120 (M)
In particular, this shows that
Onz o < nue(Me)? or 0n2 , < n. (M)

Arguing as for Algorithm A, we conclude the proof. 0

3.2. Fine properties of mesh-refinement. Unlike linear convergence, the
proof of optimal convergence rates is more strongly tailored to the mesh-refinement
used. First, we suppose that each refined element has at least two sons, i.e.,

(19) #(T\T')+ #T <#T' forall T € T and all 7' € refine(T).

Second, we require the mesh-closure estimate

£—1
(20) #To — #7T0 < Cmesn »_#M; forall £ €N,

=0

where Chesn > 0 depends only on 7y. This was first proved for two-dimensional
newest vertex bisection in [10] and later generalized to arbitrary dimension d > 2
in [38]. While both works require an additional admissibility assumption on 7o, this
has at least been proved unnecessary for two dimensions in [28]. Finally, it has
been proved in [15, 37] that newest vertex bisection ensures the overlay estimate,
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i.e., for all triangulations 7,7’ € T there exists a common refinement 7 & 7' €
refine(7) Nrefine(7”) which satisfies

(21) HTOT) <#T +#T —#To.

We note that for newest vertex bisection the triangulation 7 @ 7 is, in fact, the
overlay of 7 and 7’. For one-dimensioal bisection (e.g., for two-dimensional BEM
computations in section 6), the algorithm from [2] satisfies (19)—(21) and guarantees
that the local mesh-ratio is uniformly bounded. For meshes with first-order hanging
nodes, (19)—(21) are analyzed in [11], while T-spline meshes for isogeometric analysis
are considered in [34].

3.3. Optimal convergence rates. Our proofs of the following theorems (The-
orems 13 and 16) follow the ideas of [33] as worked out in [17]. We include it here for
the sake of completeness and a self-contained presentation.

THEOREM 13. Suppose that the mesh-refinement satisfies (19)—(21). Let 0 < 0 <
Oopt := (1 + C2,C%))~. Then Algorithm A implies the existence of Copy > 0 which
depends only on 0, Cmesh, Cmark, Cl s and (Al)~(A4) such that for all s,t > 0 the
assumption (u, z) € Ay X Ay implies that, for all £ € Ny,

14+s+t

(22) e < TFm s kel GHTe = #70) 7+
~ Qlin s

i.e., Algorithm A guarantees that the estimator product decays asymptotically with

any possible algebraic rate.

COROLLARY 14. Assume that the estimators both have finite optimal convergence
rate, i.e.,

Smax = sup{s > 0 : ||Julla, < o0} < 00 and tmax :=sup{t >0 : ||z]ja, < 0} < 0.

Then, for any 0 < 8 < Spmax and 0 < t < tmax, there exist subsequences such that, for
all j €N,

Mo S #HTop — #7T0)7° for allk €N as well as 1.0, S (#Te, — #T0) ™",

where the hidden constants additionally depend on smax — s > 0 (resp., tmax —t > 0).

Proof. Let 0 < S < Smax- Choose ¢ > 0 with s := 5§+ 26 < spax and t :=
tmax —€ > 0. By the choice of tmax, it holds that n, ¢ L (#7T¢— #76)’(““““); see [13,
Thm. 4.1(ii)]. Hence,

VC >0Vl eNIk>C n,p>C(#Tk — #’76)7(tmax+€).

Consequently, there exists a subsequence with 7, ¢, > (#7¢, — #To)~ (tmaxt2) - With
Theorem 13, the same subsequence satisfies

(22)
Dt < Mutp o0 #Te, — #T0) ot < (T, — #To) ™ (T Htmaxte)
(#Te, — #7T0) .

The same argument applies to an appropriate subsequence of 7, 4. ad

The heart of the proof of Theorem 13 is the following lemma.
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LEMMA 15. For any 0 < 0 < Oope == (1 + C2,C2,)"! and £ € Ny, there ewist
C1,Cy > 0 and some T, € refine(Ty) such that the sets Ry (Te, Tx) and R (Te, Tx) from
the discrete reliability (A3) satisfy that, for all s,t > 0 with (u,z) € As X A,

(23)
max{#Ru(’U,ﬂ), #Rz(nvﬁ)} <Ci (02”u|

1/(s+t) ( —1/(s+t).

adlzlay) N, 07),0)

Moreover, Ru(Te, Tx) or R.(Te, Tx) satisfies the Dérfler marking; i.e., it holds that

(24) 012, < e (Ru(Te. )" or 002, < neo(R(Te, o)) ™.

The constants C1,Cs depend only on 6 and (A1)-(A3).

Proof. Adopt the notation of Lemma 7. For ¢ := C;(lmnopt Nu,eNz,0, the quasi-
monotonicity of the estimators (Lemma 6) yields &€ < Kopt 7u,0m2,0 < [[u]|a,[|2]/a, < 0.
Choose the minimal N € Ny such that |Jul|a,| 2]|a, <& (N + 1)t Choose Tz, , Tz, €
Ty with 7y ¢, = ming, ety Nu» and 1, o, = ming, ety 1. Define Tz := T2, @ T, and
Ty := T ® Tp. Then Lemma 6, the definition of the approximation classes, and the
choice of N give

T, x Mz, % < Omon"]u,sl'r]z,52 < Cvrnon(]\] + 1)_(S+t)||u|

Ag Z”At S Omons = Ropt Tu,£7z,¢-

This implies 7., , < Kopt 775 4 OF 17, < Kopt 112 4, and Lemma 7 hence proves (24). Tt

remains to derive (23). First, note that

(A3) (19)
(25)  max{#Ru(Te, Tx), #R:(Te, To)} < Cra #(T\Tx) < Cral(#Tx — #7To)-
Second, minimality of N yields

1/(s+t)€—1/(s+t) _ C( )—1/(s+t)7

N < ([lul

A Z”At) N, ez,

with C = (Jufla,[l2]a)" T (Criukopt) VT = (Crnontigpy llulla. ll2lla)" 0.
According to the choice of Ty, the overlay estimate (21) yields

(26)
(21) (21) et
#Te —#Te < #T- —#To < #Te, +#Te, — 24 To < 2N <20 (Nuenz,e)” /0.

Combining (25)—(26), we prove (23) with C; = 2Cye; and Co = Ciyon/Kopt- a

Proof of Theorem 13. According to (24) of Lemma 15 and the marking strategy
in Algorithm A, for all j € Ny, there hold the implications

Mj = — #Mu,j < Cmark #RU(TJ7 7;)7

u7j
MZJ - #Mz7j S Cmark #Rz(Tjaﬁ)

M,;

This yields

1

o G M S M= min(#Mu # M)

< Chark maX{#Ru(ﬁ; 7;) y #Rz (735 7;)}
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With the mesh-closure estimate (20) and estimate (23) of Lemma 15, we obtain

(20) -1
#72 - #76 < Omosh Z #MJ
j=0
(23) £—1
<’ Chnest ConarkCloancC1 (Calull, 1211+ 3 (e ) /40
7=0

Linear convergence (18) implies
Mt < Chin Qg Nugn,; for all 0 < j < ¢

and hence

—1/(s+t) < Cll'/(s+t)q(f—j)/(s+t)

lin (77u7é77z7é)_1/(s+t)'

(Tu.j12.5)

With 0 < ¢ := ql-/ (s+6) 1, the geometric series applies and yields

lin

-1 -
Z(n“vjnaj)_l/(sﬂ) < ORLOH () TV G0 qu—j
B Jj=0
Cin —1/(s4)
< e o) O,

~ lin

Combining this with the first estimate, we obtain

CmeshCmarkCI/nar Cl s /(s
#Te — #To0 < o el L (CiinCy [[ulla, 1211a) O (u,ens.e) 7/ CF0.
lin
Altogether, we prove (22) with Copy = max{ClinC2, Cresh CmarkCrari C1 }- 0

THEOREM 16. Let Oopt := (1+ CyppCrel) . For any 0 < 0 < o /2, Algorithm B
guarantees optimal algebraic convergence rates in the sense of Theorem 13 and Corol-
lary 14.

Proof. Arguing as for Algorithm A, we only need to show that (27) remains valid.
Note that 0 < 26 < fop¢. Therefore, estimate (24) of Lemma 15 yields

200 5 < My (Ru(T3 T2))" or 20m2 5 <.y (Ra(T, T2))
Either for R; := Ry (7;,Tx) or for R; := R.(T;,T) this implies
005 =201, 12 5 < g (Ry)* 02 5 + i 5 12,5(Ry)? = pi(Ry)%.
According to the marking strategy in Algorithm B, we obtain
#M; < Criark#Rj < Crnark max{#Ry(T;,Tx), #R=(T;,T:) }s
which is (27). Hence, the claim follows with Copy = max{CiinC2, CmeshCrmarkCi}. 0O

Remark 17. Our numerical experiments below do not show that Algorithm B
leads to suboptimal convergence rates for large 6, whereas Algorithm A still is optimal.
However, this has been observed in [17] for the point evaluation in adaptive BEM
computations.
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4. Goal-oriented adaptive FEM for second-order linear elliptic PDEs.
In this section, we prove that our analysis implies convergence and optimality of
goal-oriented AFEM for general second-order linear elliptic PDEs.

4.1. Model problem. Let Q C R? be a bounded Lipschitz domain with polyg-
onal boundary. For given f1,g1 € L?(Q) and f,, g, € L?(£;R?), define

f(v) = / fiv—fy-Vvdr and g(v):= / g1v — gy - Vudz.
Q Q
We aim to compute g(u), where u € Hg () solves the weak formulation

(28) a(u,v) := / (AVu-Vo+b-Vuv + cuv)de = f(v) for allv € X := Hj(Q),
Q

where A € WHe(Q;RLXY), b € Whoo(Q;RY), and ¢ € L>(92). We suppose that
a(+,-) is elliptic on Hg(£2) so that the problem fits in the framework of section 1.2.
To formulate the residual error estimators in (31)—(32) below, we additionally require
that div f,, div g, exist in L?(Q) elementwise on the initial mesh 7y and that the edge
jumps satisfy [f5-n], [gy-n] € L*(9T) for all T € To. (For instance, this is satisfied if
f2, 9, are To-piecewise constant.) Note that the corresponding differential operator

L is nonsymmetric as

(29)
Lw = —div(AVw) + b - Vw + cw # —div(AVw) — b - Vw + (¢ — divb)w =: LT w.

Remark 18. For the ease of presentation, we focus on (homogeneous) Dirichlet
conditions. We note that the extension to mixed Dirichlet—-Neumann-Robin boundary
conditions is easily possible; see [3, 13, 22] in the frame of the standard AFEM.
However, our analysis currently requires that the Dirichlet data belong to the coarsest
trace space S'(To|r) so that uw — U, (resp., z — Z;) are admissible test functions.
The latter fails for general inhomogeneous Dirichlet conditions. We believe that the
rigorous analysis of this problem is beyond the current work and requires further ideas
beyond those of the standard AFEM [3, 13, 22].

4.2. Discretization. For a regular triangulation 7, of Q and p € N, define
PP(T,) := {V € L?(Q) : V]r is polynomial of degree < pforall T € T,}. Let
U, Z € X, := SH(T,) == PP(T) N H} () be the unique FEM solutions of (2)
(resp., (4)), i.e.,

(30a) U, € S§(T.) such that a(U,, V)= f(Vi) forall V, € S§(T),
(30b) Z, € S(T,) such that a(Vi,Z,) =g(V,) for all V, € SH(T,).

4.3. Residual error estimator. For T' € T,, let hy := |T|*/? and L|r (resp.,
L7|7) be the natural restriction of £ (resp., L) to T. Then the residual error
estimators read as

(31) M (T)* := hT|ILI7Us — f1 = div folZa(ry + hrl[[(AVUL + £2) - 0]l T2 orn0)
(32) 0:x(T)? := DZ|ILT 720 — g1 — div g2 72y + hr[[(AVZe + g2) - 1] T 20700
Reliability (6) holds; see, e.g., [1, 39]. Therefore, section 1.2 yields

(33) |g(u) - g(U*)| s N,z %
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Moreover, efficiency and the Céa lemma prove that A, from section 2.3 coincides with
the approximation class based on the total error (see [7, 15, 33]). The following result
is proved in [20, Lem. 5.1] for f, = 0 = g, but holds verbatim in the present case.

LEMMA 19. Let w € {u, z}. Then there holds that w € A if and only if

N +1)° mi i -V w(V; < 00,
£2§0<< #1 i (i o *'X*"SC’(*))) b

where 08¢y «(Vi)? = Y req. 05Cuw « (T, Vi)? and

osci (T, V;) = hi||(1 = T ) (Llr Vi — fr — div £2) 1 Z2(r)
+hr (1 =T Y (AVV: + £o) - nll1720rna),
osc? (T, V) = hz|(1 =TI *)(LT |2 Vs — g1 — div go) | F2(a)
+hr||(1 =T DAV, + g2) - 0]l 72 0rm0) -

Here 1% : L?(T) — PY(T) denotes the L?-orthogonal projection onto polynomials of
degree q and 113 : L?(0T) — P4(Ssr) denotes the L2-orthogonal projection onto
(discontinuous) piecewise polynomials of degree q on the faces of T.

4.4. Verification of axioms. For newest vertex bisection [38], the assumptions
of section 3.2 are satisfied. It remains to verify axioms (A1)—(A4), where d,(T¢, 7%) :=
a(Wy =W, Wy —W,)/2 = |Wy — W 1 () and Wy (resp., W,) are the corresponding
FEM approximations of w € {u, z}.

THEOREM 20. The conforming discretization (30) of the model problem of section
4.1 with the residual error estimators (31)—=(32) satisfies (A1)—(A4) for bothw € {u, z}
with qrea = 27¢ and Ruw(Te, T) = Te\Tx. Therefore, Algorithms A-B are linearly
convergent with optimal rates in the sense of Theorems 12, 13, and 16 for the upper
bound in (33).

Proof of Theorem 20, (A1)—(A3). The work [15] considers some symmetric model
problem with b = 0 and ¢ > 0 as well as fy = 0 = g,. Stability (Al) and reduc-
tion (A2) are essentially part of the proof of [15, Cor. 3.4]. The discrete reliability (A3)
is found in [15, Lem. 3.6]. Both proofs transfer verbatim to the present situation. O

LEMMA 21. In the setting of Theorem 20, there holds that
(34) th ||Uoo_UEHH1(Q) =0= lim ||Zoo_ZEHH1(Q)
—00 £— 00

for certain Uy, Zoo € H& (Q). Moreover, there holds that at least Uy = 0 0T Zoo = 2.

Proof. Adaptive mesh-refinement guarantees nestedness X, C X, for all 7, € T
and T, € refine(7¢). As in [13, sect. 3.6] or [5, Lem. 6.1}, the Céa lemma thus implies
a priori convergence, i.e., there exist Uy, Zoo € Xop := UEGN0 X, C HL(Q) such that

Hm [Uso = Uelli() =0 = Jim 1 Zoo — Zel| ()

This proves (34). For w € {u, 2z}, let ¢, ,, denote the subsequences which satisfy

9"7’121)751“71 S nw7é'u7,n (Mw7é'u7,n)2 fOl“ a’]'l ne N'
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There holds that #{¢, , : n € N} = oo for at least one w € {u,z}. While this is
obvious for Algorithm A, it follows for Algorithm B from the proof of Theorem 12.
For this particular w, (34) implies dy(7Tz, .1 Tew.,.)? — 0 as n — oo. Moreover,
Lemma 9 states that

T]12U7éw,n+1 < chm%u,gwm + OCStdlw(ﬁw,n-H ’ﬁw,n)Q for all n € N.

These observations and elementary calculus yield 7., , — 0 as n — oo; see, e.g.,
[4, Lem. 2.3]. Reliability (6) of 7, ¢ proves that lim, ;. ||w — Wy, . [|g10) = 0, i.e.,
w=Ws. 0

Proof of Theorem 20, (A4). With Lemma 21, the proof of [20, Lem. 3.5] shows
the weak convergence in H}(2) for Weo € {Uno, Zoo }:
Woo - Wén W5n+1 - WE

—0 and
[Weo = W, [l (0) We, s — We, |l ()

n

—0 as/{ — oo.

Define dy(To ,+) := a(Weo — (+), Wao — (-))/2. With this, [20, Prop. 3.6] applies for
the primal as well as the dual problem and shows that, given any 0 < § < 1, there
exists js € N such that all j > js satisfy

(35) dlw(ﬁ 1 7%-)2 S Ld]-w(Too ,72~)2 _dlw(Too 772- 1)2~
i+ J 1_5 J i+

The discrete reliability (A3) and the convergence (34) yield

(36) dlw(Too ,ﬁj) = khm dlw(ﬁk ,ﬁj) < Crelnw7€j~
—00

With (35)—(36), the quasi-monotonicity from Lemma 6 (since (A1)—-(A3) have already
been verified) implies for § = 1 —1/(1 +eC.?) and hence 1/(1 — §) = 1 +C,.7 that

N
> (A(Tap  T2y)? = eCrf du(Too s Ta, ))

rel

j=n
(35

S Z << rel) (Too,ﬁ ) _(ﬂw(Tooaﬁj+1)2>

) Js—1

+ Z d]'w(nj+1 77Zj)2
j=n
a7l (36)

(37) (TOO 772 r Z nw £ S 1 + jé)cfelcmonni;jn-

Another application of the reliability (36) shows that

Y 2 (36) al 2 2
Z 72J+1 772 ) - 5nw7€j) S Z (dlw(ﬁwrl 77}]) gcrcl dl (TOO ’ﬁj) )
j=n j=n

(37)

< (1+ jé)cfolcmonni,en-

This proves (A4) with Couen(e) == (1 + js)C?

rel

Cmon D
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0.08

0.08

0.04

F1G. 1. Ezample from section 4.5: The initial mesh To (left) and the triangles Ty (bottom left)
and Ty (top right) are indicated in gray. Shown is an approzimation to the primal solution (middle)
and dual solution (right) on a uniform mesh with 256 elements, where the singularities of both are
clearly visible.

4.5. Numerical experiment I: Goal-oriented FEM for the Poisson equa-
tion. As proposed in [33, Ex. 7.3], we consider the Poisson model problem (i.e.,
A =1, b=0, and ¢ = 0) on the unit cube Q = (0,1)> C R2, while a non-
symmetric second-order elliptic operator is considered in section 5.5. Figure 1(left)
shows the initial mesh 7g together with the triangles T := conv{(0,0), (3,0), (0, 1)}
and T, = conv{(1,1),(3,1),(1,3)}. Choosing fi = 0, f5 = (x1y,0), g1 = 0,
g> = (x1,,0), where x,, for w C R? denotes the characteristic function, the right-
hand sides of the primal problem (1) and dual problem (3) are

dv dzx, resp., g(u)=— ou dx.
T, 81;1

flv) =~

Ty 81‘1

Figure 1 also shows some approximations of the primal and dual solutions, where
the singularities of u along conv{(},0), (0, 3)} (resp., z along conv{(3, 1), (1, 1)}) are
clearly visible.
We consider and compare five adaptive mesh-refining strategies:

e the goal-oriented algorithm from [33], i.e., Algorithm A with C/ , =1,

e Algorithm A with C} , , = 2 as described in Remark 2,

e Algorithm B originally proposed in [7],

e standard adaptivity for the primal problem, i.e., Algorithm A with M, :=

Mu,lv

o standard adaptivity for the dual problem, i.e., Algorithm A with My := M ,.

To compare these strategies, we compute the cumulative number of elements

L
(39 New = S #T;

Jj=0

which is necessary to reach a prescribed accuracy of 1, ¢n.,¢ < tol. Since the overall
runtime depends on the entire history of adaptively generated meshes, the definition
of Neum reflects the total amount of work in the adaptive process.

Overall, we find that the goal-oriented adaptive algorithms lead to optimal con-
vergence behavior 1, 1,0 = O(N73) for p = 3 (see Figure 2), while standard adap-
tivity for the primal or dual problem only leads to 1y, = O(N~2) for p = 3
(not displayed). Figure 3 visualizes some adaptively generated meshes, and standard
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Algorithm A Algorithm A
: :

, estimators

estimators
3,

Nu 1 el

e

——nunz

107’ —6— error 1 107"

_O(N73)

—-- o(N—3/2y
.

error resp.
3,
T

L L 1072 L L L

10°
number of elements N = #7T,

10

10°
number of elements N = #7T,

Algorithm B Algorithm B
T T

e

T

, estimators

estimators
3,

A,
a
o
g
Bms L Nu 10
E P
e Nunz X
107t —6— error 1 [ —— R
—o(NT3) —o(N—3)
--- o(NT3/2) ---ovT1
10 T S 10 5 3
10 10 10 10

10° e
number of elements N = #T) number of elements N = #T)

Fig. 2. Ezample from section 4.5: Estimators n, ¢ and n, g, estimator product ny, ¢n. ¢, and
goal error |g(u) — g(Up)| as output of Algorithms A-B with 6 = 0.5 (left), resp., estimator product
for various 6 € {0.1,...,0.9} as well as for 6 = 1.0, i.e., uniform mesh-refinement (right).

Algorithm [33] Algorithm A Algorithm B AFEM (primal) AFEM (dual)

#T3g = 1,022 #Too = 1,146 #To0 = 1,094 #To2 = 1,010 #To2 = 1,010

Fic. 3. Ezample from section 4.5: Meshes generated by goal-oriented algorithms as well as
standard (nongoal-oriented) AFEM driven by the primal error estimator (resp., the dual error esti-
mator) for 6 = 0.5.

adaptivity clearly fails to resolve the singularities of the primal and dual solutions si-
multaneously. This is also reflected in Figure 4, where we plot N¢ym over the marking
parameter 0.1 < 6 < 0.9: For tol = 107° and p = 3, Neum is smallest for Algo-
rithms A-B and § = 0.8. For tol = 10~* and p = 2, Ny is smallest for Algorithm A
and 6 = 0.6.

5. Goal-oriented adaptive FEM for flux evaluation.

5.1. Model problem. Let 2 C R? be a bounded Lipschitz domain with polyg-
onal boundary I' := 99Q. Given f; € L*(Q) and f2 = 0, let u € H}(Q) be the solution
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10° - - - - - - - 10°

—— Algorithm [33] —_ | —— Algorithm [33]
Algorithm A Algorithm A
10"t —— Algorithm B 9 10 —— Algorithm B
adaptive algorithm for primal problem adaptive algorithm for primal problem
- - - adaptive algorithm for dual problem - - - adaptive algorithm for dual problem
0.1 012 013 0‘4 0‘5 0.‘6 017 015 09 0.1 0‘2 0.‘3 014 U‘.S 016 0‘7 0.‘3 0.9
parameter 6 parameter 6

Fic. 4. Ezample from section 4.5: To compare the adaptive strategies, we plot the cumulative
number of elements Neum = Z§:0 #7T; necessary to reach a prescribed accuracy ny ¢n.,¢ < tol over

0 €{0.1,...,0.9} for p=3 and tol = 1075 (left), resp., p =2 and tol = 10~* (right).

to (28). For A € H'/?(I'), we aim to evaluate the weighted boundary flux
(39a) g(u) == /F(AVu) -nAds.

For smooth u, g(u) can be rewritten as

(39Db) g(u) = /Qdiv(AVu)z dx + /Q AVu-Vz=a(u,z)— f(z) =: N,(u)

for all z € HY(Q) with z|r = A. Since the right-hand side is well-defined for u €
H}(Q), this is a valid generalization of the flux [24, sect. 7]. Let z be the unique
solution of the following inhomogeneous Dirichlet problem:

z € HY(Q) with z|[pr = A such that a(v,2) =0 for all v € H}(Q).

Then it holds that N, (u) = —f(2).

5.2. Discretization. With the notation of section 4.2, consider SP(7,) :=
PP(T,) N HY(Q) and S§(T,) := PP(T,) N H} (). Let U, be the unique FEM solution
of

(40a) U, € S§(T.) such that a(U,, Vi) = f(Vi) forall V, € S§(T).

Suppose that A € SP(To|r) := {Wo|r : Vo € SP(To)} belongs to the discrete trace
space with respect to the initial mesh 7y. Let Z, be the unique FEM solution of

(40b) Z, € SP(T.) with Z,|r = A such that a(V,,Z,) =0 for all V, € S{(T,).
To approximate N, (u) from (39), define
(41) Nz (Us) = =f(Z,).
LEMMA 22. There holds that
IN2(u) = Nz w(Us)] < Chuxllu = Usllmr @Iz = Zallmr )

where Cayx > 0 depends only on a(-,-).
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Proof. Since z — Z, € H}(Q), there holds that

IN2(u) = N (Ui)| = |f(2) = f(Z)] = [f(z = Z)| = |a(u, 2 — Z,)|
=la(u—Us,z = Z)| S lu = Uil Iz — Zul | 1(00)»

where we used the definition of z and Z,. 0

5.3. Residual error estimator. With A € SP(7|r), the residual error estima-
tors remain the same as in (31)—(32) with g = 0 and f, =0 = g,, i.e.,

(42) (1) = W7 || LIrUs = fillZz(r) + hrl[AVU 2l 2 orn0),
(43) TIz,*(T)Q = h?rHET|TZ*||2L2(T) + hr||[AVZ, - n]”%%a”mﬂ)-

Lemma 22, together with the reliability of 7y, ,» for w € {u, z} (see, e.g., [3, Prop. 3]
for the inhomogeneous Dirichlet problem for z), implies

(44) IN=(u) = No (U] S sz -

5.4. Verification of axioms. For newest vertex bisection, the assumptions of
section 3.2 are satisfied. It remains to verify axioms (A1l)-(A4), where d,,(7¢,7Tx)
= a(Wg - W*, Wy — W*)l/z =~ HWg - W*HHI(Q).

THEOREM 23. The conforming discretization (40) of the model problem of section
5.1 with the residual error estimators (42)—(43) satisfies (A1l)—(A4) for bothw € {u, z}
with qrea = 27 % and Ruw(Te, Ti) = Te\Tx. Therefore, Algorithms A-B are linearly
convergent with optimal rates in the sense of Theorems 12, 13, and 16 for the upper
bound in (44).

Proof. For the primal problem, (A1)—-(A4) follow from Theorem 20. For the dual
problem, (A1)—(A2) follow from Theorem 20, since the estimator did not change. The
discrete reliability (A3) is proved in [3] for general A € HY(T'). For A € SP(To|r),
the proof simplifies vastly and shows that R.(T¢, T) = T¢\T.. To see the quasi-
orthogonality (A4), choose a discrete extension A € S'(Tg) with Ajp = A. Consider
the solution Z? € S¥(T,) of

a(Vi, Z20) = —a(Vi, A)  for all V, € SE(T,).

Then there holds that Z, = Z¥ + /AX, and consequently d.(7¢, ., ,7¢;) =~ | Ze;,, —
Zo 1) = HZ?J_+1 - Z?j || zr1.(c2)- Since Z? is the solution to a homogeneous Dirichlet

problem, the proof of (A4) follows analogously to that of Theorem 20. d

5.5. Numerical experiment II: Flux-oriented adaptive FEM for
convection-diffusion. We consider a numerical experiment similar to [32, sect. 5.3]
for some convection-diffusion problem in two dimensions. Throughout, we use lowest-
order FEM, i.e., p=1. Let Q = (0,1)? C R%. Set A = vI, with v > 0 the diffusion
coefficient, b = (y, % —x), which is a rotating convective field around (%, 0), and ¢ = 0.
With divb = 0, it holds that

L=-VvA+b-V and L'=-vA-b-V.

We set f(v) = 0 and consider nonhomogeneous Dirichlet data on 92 for the primal
problem, a pulse, defined by the continuous piecewise linear function

6($—%) if%§x<%7y:0’
0 otherwise .
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Note that up;, trivially extends to some discrete function up;, € S*! (7o) if 7o is chosen
appropriately. Therefore, we can rewrite the problem into a homogeneous Dirichlet
problem. To that end, write u = ug + upi; with ug € H&(Q) and solve

a(ug,v) = f(v) — alupi,v) for all v € Hy(Q).

Note that the additional term on the right-hand side is of the form divA + A for some
To-elementwise constant A and some A\ € L?(Q2). A direct computation shows that
the weighted-residual error estimator with respect to g coincides with 7, ¢. Arguing
as in the proof of Theorem 23, we see that the estimator satisfies axioms (A1)—(A4).
Altogether, the problem thus fits in the frame of our analysis.

The primal solution corresponds to the clockwise convection-diffusion of this
pulse. We choose the boundary weight function A : 9Q — R as the shifted pulse

6(%—%) if%§$<%vy:05
Az,y)=46(1-2) if2<z<l,y=0,
0 otherwise.

The dual solution corresponds to the counterclockwise convection-diffusion of this
pulse. For small v, the (primal and dual) pulses are transported from 92 into
and eventually back to 92, where a boundary layer develops. The uniform initial
triangulation 7y ensures that the (primal and dual) Dirichlet data belong to the
discrete trace space S*(To|r).

For v = 1072 and a large range of values of § € {0.1,...,0.9}, Figure 5(left) shows
that Algorithm A yields the optimal convergence rate O(N 1) for the flux quantity
of interest and lowest-order elements p = 1, while uniform mesh-refinement appears
to be slightly suboptimal. Algorithm B leads to similar results (not displayed).

To compare the overall performance of the different algorithms, Figure 5(right)
visualizes the cumulative number of elements Neym (see (38)) which is necessary to
reach a prescribed accuracy of 1, ¢n.¢ < 104, We observe that Ngum is smallest
for relatively large values 6 > 0.5, with Algorithm [33] being less efficient than Algo-
rithms A and B. Overall, Algorithm A with 6 = 0.6 seems to be the best choice.

Figure 6 illustrates the effect of varying v € {1073,1075}. Because v is relatively
small, both the primal and the dual solutions have significant boundary layers. The
optimal convergence rate of the estimator product is observed for the indicated values
of v; however, the preasymptotic regime is longer for smaller values of v. This is to
be expected, as the hidden constant in (44) depends on the reliability constants for
the estimators, which in turn depend on v.

6. Goal-oriented BEM. In this section, we extend ideas from [21] and prove
that our abstract frame of convergence and optimality of goal-oriented adaptivity
applies also to BEM.

6.1. Model problem. Let I' C 90 denote some relatively open boundary part
of the Lipschitz domain Q C R, d = 2,3. Given F,A € H(I'), we aim to compute

(45) g(u) == /Au ds,
r
where u solves the weakly singular integral equation

(46) Vu(z) := / G(z,y)u(y)dy = F(z) almost everywhere on I'.
r
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Algorithm A
!

10°
107
10°
& —1.0 2
3 g
B 0.9 2
E 10 0.8 Z 10
2 0.7
o
0.6
o 0.5
—04
—0.3
107 —0.2 —— Algorithm [33]
—0.1 ) Algorithm A
J—— oY — Algorithm B
10” L L . 10°

! L L L L L .
10° 10° 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

b ‘O; 1 N *‘OAT

number of elements N = #7, parameter 0

Fi1G. 5. Ezample from section 5.5 for p = 1 and v = 1073: Estimator product as output

of Algorithm A for various 0 € {0.1,...,0.9} as well as for 6 = 1.0, i.e., uniform refinement

eft) and cumulative number of elements Neum := D i i necessary to reach a prescribed accu-
left) and lati b 1 ts N, 0 #T; vt hap ibed

Tacy My eNze < 1074 over 6 € {0.1,...,0.9}.

Here G : R?\ {0} — R denotes the Newton kernel

—s-logl|z —y| ford=2,
G($7y) = {i ford:B
dr|x—y :

The single-layer operator extends to a linear and continuous operator V : H~1/2(I") —
HY2(T), where HY2(I') := {9|r : © € H'(Q)} is the trace space of H'(Q) and
ﬁ*1/2(l") denotes its dual space; see, e.g., [31, 26, 36] for the functional analytic
setting. For d = 3 as well as supposing that diam(Q2) < 1 for d = 2, the induced
bilinear form

a(u,v) == Vu, v) := /(Vu)(x)v(x) dz  for u,v € X := H V(T
r

is continuous, symmetric, and H~1/2(I')-elliptic. In particular, |[v]|? := a(v,v) defines
an equivalent norm on H~/2(T"). The problem fits in the frame of section 1.2. More
precisely and according to the Hahn-Banach theorem, (46) is equivalent to (1), where
the right-hand side of (1) reads as f(v) := [. Fvdz. Moreover, the goal functional
from (45) satisfies g € H~/2(I')* = H/2(I), where the integral is understood as the
duality pairing between H—1/2(T') and its dual H'/2(T).

6.2. Discretization. Let 7, be a regular triangulation of I' into affine line seg-
ments for d = 2 (resp., flat surface triangles for d = 3). For each element T € 7Ty, let
v : Tyet = T be an affine bijection, where the reference element is Tyo¢ = [0, 1] for
d = 2 (resp., Trer = conv{(0,0),(0,1),(1,0)} for d = 3). For some polynomial degree
p > 1, define

X =PP(Te) :={Vi:T =R : Vioqr € PP(Tyet) for all T € T, },

where PP (Tyet) := {q € L?(Tyet) : q is polynomial of degree < p on Tret}. Let Uy, Z,
be the unique BEM solutions of (2) (resp., (4)), i.e.,

(47a) U, € PP(Ty) such that a(U,, Vi) = f(Vi) forall V, € PP(T),
(47b) Z* S Pp(ﬁ) such that a(‘/*, Z*) = g(‘/*) for all V* c Pp(ﬁ)
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, Algorithm A (v = 107 3)

error resp., estimators

2 3

10 10°
number of elements N = #7T, #Too = 28,839

, Algorithm A (v = 1079)
; ;

estimators

Nu
- s
O - nunz
—— error
‘Orﬁ’—O(Nfl)
f---ow—1/2)
- .

error resp.,

10° 10

10° !
number of elements N = #7T, #T34 = 20,361

Fic. 6. Example from section 5.5: To study the robustness of the goal-oriented algorithm with
respect to the diffusion coefficient v = 1073 (top) and v = 1075 (bottom), we plot My ¢, Ns,¢, and
Nu,eNz,¢, as well as the goal error |N.(u) — N, (Uy)|, as output of Algorithm A with 6 = 0.6 over
the numbers of elements #T; (left). We show some related discrete meshes with > 20,000 elements

(right).

6.3. Residual error estimator. The residual error estimators from [14] for the
discrete primal problem (2) and the discrete dual problem (4) read as

(48) 1us(T)* = hr V(WU = F)l[2¢ry and  1:u(T)? = he[[V(VZi — M) 127

The error estimators satisfy reliability (6); see, e.g., [14]. The abstract analysis of
section 1.2 thus results in

(49) lg(u) — g(U)| < Duxz,x-

6.4. Verification of axioms. With two-dimensional newest vertex bisection
[38] for d = 3 (resp., the extended one-dimensional bisection from [2] for d = 2),
the assumptions of section 3.2 are satisfied. It remains to verify (Al)-(A4), where
dw(Te, To) = We = Wil = [We = Wil g-/2ry-

THEOREM 24. The conforming discretization (47) of the model problem of section
6.1 with the residual error estimators (48) satisfies (A1)—(A4) for both w € {u,z}
Wwith Greqa = 2~V and Ry(Te, To) = {T € Ty - 3T € T\T, TNT # 0}, ie.,
refined elements plus one additional layer of elements. Therefore, Algorithms A-B
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04 T T T T T = dual

primal |

031

0.2

01

ok

01}

—02F

—03F

. . . . . . .
02 0.4 06 08 1 12 1.6 1.8 2
-04

.
L L L L L 1.
“02  -01 o 0.1 02 03 0.4 parameter domain 0 < s < 2

Fic. 7. Ezample from section 6.5: Domain Q2 with initial triangulation To (left) and the primal
and dual solutions plotted over the arc-length (right), where s =1 (resp., s = 0.25) corresponds to
the reentrant corner (resp., zo).

are linearly convergent with optimal rates in the sense of Theorem 12, 13, and 16 for
the upper bound in (49).

Proof. Assumptions (A1)—(A2) and (A3) are proved in [21, Props. 4.2 and 5.3] for
the lowest-order case. The general case is proved in [18]. The quasi-orthogonality (A4)
follows from the symmetry of a(-,-) and (A3); see Remark 8. O

6.5. Numerical experiment with conforming weight function. Let Q C
R? with diam(Q2) = 1/v/2 be the L-shaped domain from Figure 7. On the boundary
I := 09, consider ¢(z) := /3 cos(2a/3) for polar coordinates r(z), a(x) with origin
(0,0). Let K : H/2+3(T') — H'/2+5(T), for all —1/2 < s < 1/2, be the double-layer
potential which is formally defined as (n, denotes the outer unit normal on I' at y)

Kpa) = o [ g q,

2m Jr oyl
Consider the model problem (46) with
F:=(K+1/2)¢.
It is known [26, 31, 36] that (46) is equivalent to the Laplace—Dirichlet problem
AP =0 in Q) subject to Dirichlet boundary conditions P = ¢ on T,

and the exact solution of (46) is the normal derivative u = 9, P of P. The initial
mesh 7p is shown in Figure 7. As weight function A € S'(7p), we consider the hat
function defined by A(z¢) = 1 and A(z) = 0 for all other nodes z of Ty (the node zg
is indicated in Figure 7).

For the lowest-order case p = 0 and § = 0.5 in Algorithm A, Figure 8 shows the
convergence rates of the error estimators ,, 7., their product n,7., and the error in
the goal functional |g(u) — g(Ug)|. Moreover, we compare the convergence rate of the
estimator product for different values of 8 € {0.1,...,0.9}. For either choice of 8, we
observe the optimal convergence rate (#7;) /2 for the respective error estimators as
well as (#7;)~2 for the error in the goal functional.
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Algorithm A o Algorithm A
107 1
1071 E
107 ——0.1 E
3 0.2
ciol 03 ]
F g 0.4
S el —05 ]
E — 06
Lo
L —B—0. 0 —os 3
—O—un- —09
7 —6— error 107 —— 1.0 3
— o) — oW
[ ----O(N%?) 0% = = =O(N~%2) E
1010 10 10° 1010 10° 10°
number of elements N = #7T; number of elements N = #7T
Fia. 8. Ezample from section 6.5: Estimators and goal error |g(u) — g(Up)| as output of

Algorithm A for 6 = 0.5 (left), resp., estimator product 1y ¢m. ¢ for various 6 € {0.1,...,0.9} as

well

2]

3]

[4]

as for 6 = 1.0, i.e., uniform refinement (right).
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