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ABSTRACT. We construct new ancient compact solutions to the Yamabe flow. Our solutions are rota-
tionally symmetric and converge, as t — —o0, to two self-similar complete non-compact solutions to the

Yamabe flow moving in opposite directions. They are type I ancient solutions.

1. INTRODUCTION

Let (M, go) be a compact manifold without boundary of dimension n > 3. If g = @ﬁ go is a metric
conformal to gg, the scalar curvature R of g is given in terms of the scalar curvature Ry of gg by

n+42

R=¢ n2 (= &Ag¢+ Rop)

where Ay, denotes the Laplace Beltrami operator with respect to go and én = 4(n —1)/(n — 2).
In 1989 R. Hamilton introduced the Yamabe flow

99 _
ot

as an approach to give yet another proof of the Yamabe problem on manifolds of positive conformal Yamabe

—Ryg (1.1)

invariant, using the flow and the parabolic techniques. The Yamabe flow (1.1) is the negative L2-gradient
flow of the total scalar curvature, restricted to a given conformal class. This was shown by S. Brendle
[1, 2] (up to a technical condition in dim n > 6). Significant earlier works in this directions include those
by R. Hamilton [13], B. Chow [5], R. Ye [21], H. Schwetlick and M. Struwe [18] among many others. The
Yamabe conjecture, was previously shown by R. Shoen via elliptic methods in his seminal work [17].

In the special case where the background manifold M, is the sphere S™ and g is the standard spherical
metric g.., the Yamabe flow evolving a metric g = @ﬁ(-,t) ggn takes (after rescaling in time by a
constant) the form of the fast diffusion equation

_n42 _ _ n(n —2
(pn=2)t = Agnp — cnp, Cn = % (1.2)
Starting with any smooth metric go on S™, it follows by the results in [5], [21] and [L1] that the solution

of (1.2) with initial data gy will become singular at some finite time ¢ < T and g becomes spherical at
time 7', which means that after a normalization, the normalized flow converges to the spherical metric. In
addition, ¢ becomes extinct at T

A metric g = @ﬁ g5 may also be expressed as a metric on R" via stereographic projection. It follows
that if g = cfaﬁ (,t) gon (where g,,, denotes the standard metric on R™) evolves by the Yamabe flow (1.1),
then ¢ satisfies (up to rescaling in time by a constant) the fast diffusion equation on R”

n+2

(=8¢, p=t (13)
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Observe that if g = @ﬁ(-, t) g, represents a smooth solution when lifted to S™, then (-, t) satisfies the
growth condition
B() = O~ ),  as || = oo,

Definition 1.1 (Type I and type II ancient solutions). The solution g = @(-,t)ﬁ go to (1.1) is called
ancient if it exists for all time t € (—oo,T), where T < co. We will say that the ancient solution g is type

1, if its Riemannian curvature satisfies
lim sup (|t| max |Rm]| (,t)) < oo.
t——00 Mo

An ancient solution which is not type I, will be called type II.

The simplest example of an ancient solution to the Yamabe flow on S™ is the family of contracting spheres.
They are special solutions @ of (1.2) which depend only on time ¢ and satisfy the ODE

n+2

d@ n—2 _
a7
They are given by
n—2
B 4 =
pr0= (gen =) . pes (1.4

and represent a sequence of round spheres shrinking to a point at time ¢ = T'. They are shrinking solitons
and type I ancient solutions.

King solutions: They were discovered by J.R. King [14]. They can be expressed on R" in closed from
after stereographic projection), namely g = ¢, (-, t = J.n , where ¢ is the radial function
P s Pr

n—2

~ _ Cl(t) n
Prc(2:1) = <1+2b(t) EEE z|4> ,  ?eR (15)

and the coefficients a(t) and b(t) satisfy a certain system of ODEs. The King solutions are not solitons
and may be visualized, as t — —o0, as two Barenblatt self-similar solutions ”glued” together to form a
compact solution to the Yamabe flow. They are type I ancient solutions.

Let us make the analogy with the Ricci flow on S2. The two explicit compact ancient solutions to
the two dimensional Ricci flow are the contracting spheres and the King-Rosenau solution [14], [L5], [L06].
The latter one is the analogue of the King solution (1.5) of the Yamabe flow. The difference is that the
King-Rosenau Ricci flow ancient solution is type II, while the King Yamabe flow solution is type I.

It has been showed by Daskalopoulos, Hamilton and Sesum [3] that the spheres and the King-Rosenau
solution are the only compact ancient solutions to the two dimensional Ricci flow. The natural question to
raise is whether the analogous statement holds true for the Yamabe flow, that is, whether the contracting
spheres and the King solution are the only compact ancient solutions to the Yamabe flow. This occurs not
to be the case as the following discussion shows.

Indeed, in [7] the existence of a new class of type II ancient radially symmetric solutions of the Yamabe
flow (1.2) on S™ was shown. These new solutions, as t — —oo, may be visualized as two spheres joined by
a short neck. Their curvature operator changes sign. We will refer to them as towers of moving bubbles.

Since the towers of moving bubbles are shown to be type II ancient solutions, while the contracting
spheres and the King solutions are of type I, one may still ask whether the latter two are the only ancient



NEW TYPE I ANCIENT COMPACT SOLUTIONS OF THE YAMABE FLOW 3

compact type I solutions of the Yamabe flow on S™, equation (1.2). In this work we will observe that this
is not the case, as will show the existence of other ancient compact type I solutions on S™.

It is simpler to work in cylindrical coordinates, so let us first describe the coordinate change. Let
g = @$(~,t) gpn be a radially symmetric solution of (1.3). For any T' > 0 the cylindrical change of
variables is given by

pla,7) = (T =) 7Tr T §(y,t), @ =1Inlyl, 7= ~In(T — 1), (L6)
In this language equation (1.3) becomes
—2)2 -1 2
(@)r = ae +a QP = Bp, B= (n—27 1 ) . a= p—p = nz : (1.7)

By suitable scaling we can make the two constants « and S in (1.7) equal to 1, so that from now on we
will consider the equation

(‘pp)'r = Pzz + QOP — @ (18)

It is well known (c.f. in [20], Section 3.2.2 and [10, 9]) that for any given A > 0 equation (1.8) admits
an one parameter family of traveling wave solutions of the form

oa(z,7) = hr(z — A7), yi=x— AT
which admit the behavior

Ua(y) = O(e¥), as y— —o0. (1.9)
It follows that v := 1) satisfies the equation
Vyy + A (WP)y + 4P — =0 (1.10)

and they are unique up to translations of the self-similar variable y, given the (1.9). The solutions ¢y
define Yamabe shrinking solitons which correspond to smooth self-similar solutions of (1.3) when expressed
as metrics on R™ (the smoothness follows from condition (1.9)). It was shown in [10] that they are type
I ancient solutions. Solutions of (1.10) with A = 0 correspond to the steady states of equation (1.8) and
they represent geometrically the standard metric on the sphere.

When A > 0, solutions to (1.10) with behavior (1.9) define smooth complete and non-compact Yamabe
solitons (shrinkers) which all have cylindrical behavior at infinity, namely

Ua(y) =14 o(1), as y — +oo.

In [9] the asymptotic behavior, up to second order, of these solutions was shown. Let us next describe
this behavior for the case A > 1 which will be heavily used in this work. For values of A in the range
0 < A < 1, the behavior of the solutions vy was also studied in [9] and it is more complex as it differs for
dimensions 3 < N <6 and N > 6.

When A > 1, it is shown in Theorem 1.1 in [9], that there exists a unique solution ) of (1.10) which
is monotone increasing, satisfies

A(0) = 5 (1.11)

and has the asymptotic behavior
Ualy) =0(eY), as y— —oo and ¥r(y)=1—Cre ™Y +o(e™™Y), as y— +oo (1.12)
for some constants v, > 0 and Cy > 0 (depending on A). The exponent 7, satisfies the equation

V= Apy+(p—-1)=0 (1.13)
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and for A > 1 is given by the smallest of the roots of this equation, that is

Ap — /A?p? —4(p—1)

2
When A = 1, equation (1.10) admits the explicit Barenblatt solution

T = > 0. (1.14)

1 1/(p—1) 1
_ 1= 1.1
1/11(2/) (1+Cp€_(p_1)y) ’ p n—2 ( 5)

with ¢, chosen so that ¢ (0) = 1/2.
We will establish in this work the existence of a five parameter family of solutions @x x/ nn .k of (1.8)
with (\, N, h, ', k) € R% and A\, \ > 1, k > 0. Let us next summarize our construction. First, note that

because of the nonlinearity of the time derivative in (1.8) it is more natural to define our solutions in terms
of the pressure function

U= gp_m — gﬁ_(p_l)

which satisfies the equation

uZ+ (p—1) (u® —u). (1.16)

_ p
PUur = UlUgy —
p—1
This becomes also apparent when one looks at the King solutions (1.5), which in terms of the pressure
function v := go;(pfl) become polynomials in the radial variable r = |z|.

In terms of the pressure function, equation (1.16) admits an one parameter family (unique up to trans-
lations) of traveling wave solutions of the form uy(x,7) = vx(x — A7) with profile vy = w;(pfl), with )y
the solution of (1.10) as described above. It follows that v := v satisfies the equation

VVyy — v§+)\pvy+(p—1) (v? —v) =0. (1.17)

p—1
Imposing the condition that
UX (0) =2
which is equivalent to 1,(0) = 1/2, it follows from (1.12) that each vy satisfies the asymptotic behavior
oa(y) = 0(e~ P VY) as y— —co and wy(y) =1+ Cre Y +o(e” ), as y— +oo  (1.18)

with v, satisfying (1.13)-(3.10) and C) a constant uniquely determined in terms of A and p. In addition
each vy is monotone decreasing in y, since it is known that ) is monotone increasing. Notice also that in
terms of the pressure function ¢ :=1); (*=1 the Barenblatt solution in (1.15) are given by

vi(y) =1+ ¢ e” P DY, (1.19)

We will next describe the building blocks in our construction of the five parameter family wux x/ p ps 1 of
ancient solutions of equation (1.16), which will be the main focus in this work. Assume that

unp(z,7) == va(z — AT+ h) (1.20)

is a traveling wave solution of (1.16) for a parameter A > 1 and h € R and let uys ,/ be another such
solution for a different choice of parameters A’ > 1 and k' € R. Since equation (1.16) is invariant under
reflection x — —ux, it follows that

LAL)\/,h/((ﬂ, T) = U)\/’h/(*l‘,t) = ”U)\(*LL‘ — )\/7' + h/) (121)
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is also a solution to (1.16). It corresponds to another traveling wave of (1.17) which travels in the opposite
direction than wy/ /. The solution uy (-, 7) is monotone decreasing in = while @y p/(-, 7) is monotone
increasing. Moreover, it follows from (1.18) that wy 5, @, satisfy the asymptotics

unp(z,7) =0 P V) asz - —c0 and G g (z,7) = O(e® PV as & — +oo (1.22)
and also
U (2, 7) = 14 Cy e PEZATHR) o (eI @=ATHR)Y - ag 4 — A7+ b — 400, (1.23)
and
U e (z,7) =1+ Cy e EHENT=R) o @HNT=R)Y g g 4 N — b — —o0. (1.24)

with vy, va given by (3.10) and C > 0,Cy > 0 depending only on .
Equation (1.16) also admits an one parameter family of space independent ancient solutions & := &x(7)
which are the solutions of the ode

d -1
N == (€0 —¢m) (1.25)
and correspond to the cylindrical solution of the Yamabe flow. Solving this equation gives
1
&r(T) = (1.26)

1—ke5 ™

for a constant k& € R. From now on will take & > 0 which implies that & (7) > 1 and & (7) > 1, for k& > 0.
Also, since p > 1, we have

fk(T)zl—i-k‘epT?lT—i—O(e%T), as T — —oo. (1.27)

We will show the existence of five parameter class of ancient solutions uy ' p.n/ k of equation (1.16) with

MXN >1,k>0and h,h/ € R, which as 7 — —oco may be visualized as the two traveling wave solutions,
uy,p, (traveling on the left) and @y 5 (traveling on the right) and a cylinder & (7) in the middle. In fact,
we will show in section 4 that for 7 << 0, wx x nn k(- 7) satisfies

W N bk (1) Sunnnw gk (57) < w,J\r,A/,h,h/,k (- 7) (1.28)
with
Wy o g = MAX (va(z = AT 4+ h), &(7), va(—z = N7+ 1)) (1.29)

and
WY e = AT = AT (1= qe%T) +h) +ox(—z—XN7(1— qe%T) + 1)+ E&(r) -2 (1.30)

with ¢ = ¢(p) > 0. It is clear that wy ), ;, ;. is a subsolution of equation (1.16). The main observation
in our construction is that w;\r N.hht k 18 @& supersolution of equation (1.16) with the appropriate choice of
the parameter q.

Equivalently ox x p.p/ k i= “;,f\i,hgk defines a solution of (1.8) and we recall that p — 1 = ﬁ. Let
I b k(T) = @ﬁ,hﬁ',k (*,7) geyt denote the metric on the cylinder R x S"~! defined in terms of
OAN B ks WheTe gey 1= dz? + 9., denotes the standard cylindrical metric. We have seen that (1.8) is
equivalent to gx ann .k satisfying the rescaled Yamabe flow g, = —(R—1)g. In addition we will show that
©x b,k & When lifted on S™ defines a smooth ancient type I solution to the Yamabe flow on S™ x (—o0, T).

Our main result is summarized as follows.
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Theorem 1.1. For any (A, N, h,h', k) € R® such that \,\' > 1, k > 0, there exists an ancient solution
oxx.hh ok of (1.8) defined on R x (—o0,T), for some T = Ty y' pp k € (—00,+00], which as T — —o0
may be visualized as the two traveling wave solutions, wy ;, (traveling on the left) and s p (traveling on

the right) and a cylinder &, (1) in the middle. More precisely, it satisfies the bound

_n—2 _n-—2

(wi)\/7h,h/7k) 4 (',7—) S SO)\,)\,,h,h,,k (',7-) é (w;)\/7h,h/7k) 4 (',7—), fOTT << 0.
_a_
The metric gz hn k(T) = O350 w1 (5 T) Geyr when lifted on S™ defines a smooth ancient solution of
the rescaled Yamabe flow g = —(R—1) g, on S™ x (=00, T). This is a type I ancient solution in the sense

that the norm of its curvature operator is uniformly bounded in time —oo < 7 < 19, for all 9 < T.

Remark 1.1. It follows from Theorem 1.1 that the corresponding solution to the unrescaled Yamabe flow
(1.1) is a type I ancient solution in the sense of Definition 1.1.

Remark 1.2. [Similarities with the KPP equation and further discussion] Equation (1.8) resembles the

well known semilinear KPP equation
Pr = oz + f(¥) (1.31)

for a nonlinearity f(¢) which satisfies certain growth assumptions including f(¢) = ¢? — ¢ as in (1.8). It
is well known that equation (1.31) possesses a family of traveling wave solutions 1, A > A, with similar
behavior as those of equation (1.10) described above. F. Hamel and N. Nadirashvili showed in [12] the
existence of ancient solutions @ a/ pn % to (1.31) which are similar to those in Theorem 1.1. The method
in [12] exploits the semilinear character of equation (1.31). The error of approximation is estimated in a
rather precise manner by the corresponding solution of the linear equation ¢; = (. + f'(0) ¢. This is done
simply by using the heat kernel. The same method cannot be applied to the quasilinear equation (1.8),
which also becomes singular as * — +o00. Despite the singular nature of our equation, we are still able to
obtain similar precise bounds as in [12] by the construction of the appropriate super-sub solutions.

It would be interesting to explore whether similar methods, using barriers, can be used to provide
the construction of ancient solutions from solitons (self-similar solutions) in other parabolic PDE and in
particular in geometric flows.

In our previous work [6] we showed the existence of a four parameter family gx /5 5 of type I ancient
solutions of the Yamabe flow (1.1). These solutions correspond to the case k = 0 in our five parameter
family gx x.p.p/ 1, which is also covered by Theorem 1.1. The methods of the construction in [6], which are
based on integral bounds and a’priori estimates, are different than in this work. Our super-sub solution
method of this work allows us to obtain much sharper bounds on the solution as 7 — —oo. These bounds
are similar to those for the KPP equation in [12].

The outline of the paper is as follows. In section 2 we will review the construction of the King solutions
proven to exist in [14] and show their relevance to our construction. In section 3 we will show that
w,J\r,N,h,h/,k given by (1.30) defines a supersolution of equation (1.16) for an appropriate choice of parameters
q and d. This will constitute the main step in our proof. Section 4 will be devoted to the proof of the
existence of the ancient solution ux x/nn/ 1 as stated in Theorem 1.1. In the final section 5 we will show
that our solution defines a type I ancient solution of the Yamabe flow.
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2. THE KING SOLUTIONS

In this section we will review the existence and properties of the King solutions found in [14] and show
the similarities with our construction of ux ' n,n/ 1 as stated in Theorem 1.1.
One looks for a radially symmetric solution ¢, (z,t) of equation (1.3) such that the pressure function

u

Kk = @;(p_l) is a polynomial in r = |z| with coefficients depending on time ¢. It turns out that the

polynomial is of degree four, that is, @, has the form
T, (1) i= a(t) 1 (14 2b(t) 72 + ), r=|z|], ze R"

where a(t),b(t) are not defined explicitly but satisfy a system of ode’s (c.f. in [14] and [3]). In terms of
the rescaled variables and in cylindrical coordinates the King solutions are defined by a pressure function
of the form

. (z,7) = &(7) + ¢(7) cosh ((p — 1)z), r€e€R (2.1)
for some positive functions {(7),&(7) of rescaled time 7. The function u, satisfies equation (1.16) and a
direct calculation shows that this is equivalent to the system of ode’s

p&(r) =plp—-1)C(1)+(p—1) (&) &)
pl(r) =@-1D¢)(—1+(@+1)E&N).

In the case where (1) = 0, the above system is equivalent to the ode (1.25) which corresponds to space

(2.2)

independent solutions of (1.16). The non-trivial solution £(7) of this equation is given by (1.26) for a
parameter k > 0 and geometrically corresponds to cylinders evolving by the Yamabe flow.
In all other cases, a simple analysis shows that
Er)=1+ke T +0(77), (1) =ceP DT 4o V)7, (2.3)
for some parameters k > 0,¢ > 0.

Now let us relate the King solutions to the Barenblatt self-similar solutions (1.19) and our approximating

supersolutions wx x/ nn .k given by (1.30). Consider the approximating solutions defined by
wrpkp(T,T)=n(r—T—h)+vri(—x—7—h)+&(r) —2
with v; and & given by (1.19) and (1.26) respectively. It follows that
wiepk(2,7) = ce® VT cosh((p — 1) x) + & (7) (2.4)

for a parameter ¢ depending on h. Using the asymptotics (1.27) it follows that wx p 1 (z, 7) is the first order
approximation of (2.1) as shown in (2.3). This shows that that our approximations wy x/ p.n/ k given by
(1.30) is a natural extension of the King solutions to the case of A > 1 where the traveling waves (solitons)
vy are not given in closed form. We will see in the next section that the exponentially small term Ag e T
which is subtracted from the traveling wave speed A of the traveling wave vy in the definition (1.30), plays

an essential role into making w:\*' . h.n e 5O be a supersolution.

3. THE SUPERSOLUTION WY y, 1/ &
In this section we will show that
_1 —1
Wi =A@ = AT (L= qe T ) Fh) +on(—r =M (1—ge T )+ h) +&(T) =2 (3.1)

is a supersolution of equation (1.16) for every (A, X, h,h/, k) € R® with A, \’ > 1, K > 0 and h,h’ € R if
q = q(p) > 0 is chosen appropriately.
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To simplify the notation, we will fix for the remainder of this section (A, X, h, ', k) € R® as above and

we will simply denote by w := wj{)/\,’h’h,’k and

wy(x,7) :=va(x — AT(1 = qe™/?) + h), wa(7) := (1) — 1, w3(z,7) := vy (=2 — N7(1 — qe™/?) + 1).

Also, we will set

zi=x— (1 —qepr%lT) +h and z:=-z-N7(1 —qep%lT) +n.

(3.2)

We recall that vy, vy satisfy (1.17) and & satisfies (1.25). It follows that ws := &, — 1 satisfies the ode

p(ws)r = (p — 1) (w3 + ws).
We then have by (3.1) that
w = wy + we +wsz — 1.
Define next the operator

L(w) ::wwm—}%w +(p-1) (wQ_w)—pr.

A direct computation shows that

3
- (p - ]-) (Z Wi — 1) -p Z(wl)‘r>
i=1 i=1
3 3 3 3
= Z wz(wg)zz Z(wz)xz - Z% Z (wz)a:(w])z + (p - 1) Z Wi Wj
i,j=1 =1 i,j=1 i,7=1
3 3
—-3(p— I)Zwl+2(pf 1)—p <Z(wl)7>
Since
3
Y o(wi)e = D (wi)y + (wa)y = (wa)r = Ak + N ox) +gA(re 7 ) vh +g X (e ) 0},
i=1 i=1,3
and (w1), = v}, (w3)y = —v), we have
3
S (i) = (w2)r — (Awr)a = X (ws)a) +gA (17 7Y (wi)y — g N ("7 7 (ws),
Hence,
3 3 3 3
Liw) = 3" wi(w;)as — > (wi)aw — ]% 3 wi)alwy)e + (p—1) S wouw;
i,j=1 i=1 i,j=1 ij=1

3
-3(p-1) sz +2(p—1) = p(w2)r +p(A(w1)e — N (w3)z)

p—1 p—l
—pgA(re ™ 7)Y (w1)s +pg N (e 7 T) (w3)s.

(3.3)

(3.4)
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Since both vy, vy satisfy (1.17) and ws satisfies (3.3), the above yields

L(w) = w1 () s + wa(100)as + (03 = 1) (w02)z + (wn)) = 25 (1) (),

+2(p—1) (wiws — 1) =2(p—1) Y (w; — 1) +2(p — 1) wa(wy + ws)
1=1,3

p=1 _ p=1 .
—4(p—1Nwa—pgX(re 7 7) (w1)e +pg N (te 7 7) (w3)e.

Finally,
L(w) =(w3)ga(w1 + w2 — 1) + (w1)za(ws + w2 — 1) — %(wl)m(wi’))z
+2(p — 1) (wy — 1) (w3 — 1) +2(p — 1) wa (w1 + w3 — 2) (3.5)
—pg A (7e"7 7Y (wi)e +pa X (v 7Y (ws)s
Notice that (w1), = vy > 0 and (w2); = —v}, < 0, which implies that the last two terms in (3.5) are

negative. We will see in what follows that those two terms play a crucial role for making w a supersolution.
In fact, we will next use (3.5) to show that w is a supersolution of (1.16).

Lemma 3.1. There exists a number 19 << 0 depending on p and X\, X, h,h' k for which the function
w = w;x o defined as in (3.4) is a supersolution of equation (1.16), that is Lw <0 on R x (=00, 7).

Proof. The monotonicity of vy,vy implies that wq(z,7) is monotone decreasing in = and wa(x,7) is
monotone increasing in x. Hence, the asymptotic behavior in (1.18) implies that for each 7 << 0 there
exists a unique x(7) € R at which wq(z(7),7) = wa(z(7),7). In addtion, it follows from (1.18) that as
T — —00, the point x(7) satisfies the asymptotic behavior

T — VN Cx / )
z(T) = T+ In + h'vy — h +o(1). 3.6
(=220 (w8 iy i) +ol) (36)
and that at x = z(7) we have
wy(x(7),7) = wa(x(7),7) =1 — Cx v hoh & ed™ 4 o(e) (3.7)

with
g PN +(p—1)
p

and C)\,A’,h,h/,k depending on /\, )\/, h, h/, k.

Trying to show that Lw < 0, for all z € R, 7 < 19 << 0, we observe first that by symmetry it is sufficient

-1
to consider the region z < x(7), 7 < 79. Recalling that z := z— A7 (1 fqepT ")+ h, we will next distinguish
—1

between the three different cases 2 < —M, —M <z < M and M < z < z(r) — Ar(1 — qepT ™)+ h.
Case 1. z < —-M.

This implies < —M + A7 (1 — qepr%lr) — h and hence 2 > M — (A + N)7 (1 — qe%T) +h+Hh. By
(1.22) we have that in the considered region the following asymptotics (up to a constant, whether positive
or negative) hold

wi(z,7) ~ e~ P72, wa (1) = ke T T+ o(epp;lT), ws(x,7) ~ 1+ Cpe” W=,
As in [6] we can argue that up to a time independent constant (whether positive or negative), in the

considered region we have

wy ~ (W1)e, (w1) e ~ (W1)a, (w3g)g ~ eV, (ws) g ~ €V (3.9)
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On the other hand, since 2> M — (A+ X)7 (1 — qepT?1 ™)+ h+ 1, we have

e WE < 0PN )T — O(ex’wf) = O(epz-%l i) (3.10)

where the last equality holds because Ay, > p’%l.

Lets now analyze terms in (3.5). We claim the prevailing term is —(p — 1)q/\7'epT71 "(w1)s < 0, and that
the others can be absorbed in this one, at least when 7 << 0. It turns out the constants (whether positive
or negative) for the other terms in (3.5) are not important and hence we will only emphasize the behavior.
Using (3.9) and (3.10) we get

(w3) g (w1 + Wy — 1) ~ (w3)ggwy ~ o(e"T T)(w1),

and
(1) (w3 +wy = 1) ~ (W) (w3 = 1) + (wi)ows = 07 7) (w1)s
Similarly, we get
2 p=t .
_p _pl(w1)$(w3)w +2(p = 1)(wy = 1)(w3 — 1) +2(p — Dwa(wy + w3 —2) = Oe 7 7) (w1)e-
Combining the above finally yields

Lw) < —(p—1)gA Tepr%lT (w1)e + O(TBPP%IT (w1)z) <0
for 7 << 0.
Case 2. —M <z< M.

This is equivalent to —M + A7(1 — qepT_1 N—h<z<M+A(1- qe% ") — h which implies that
Z>-M—-A+XN)7r(1— qep%1 ")+ h+h'. By (1.22), in the considered region we have

a<wi(z,7)<b, we(r)= k:eijl T4 o(epT_lT), wy(x,7) ~ 14+ Cpe W2 77 = o(epT71 i)

for some constants a,b > 0. As before, we have
— z - z
(w3)z ~ e ™7, (W3) gz ~ e

up to a constant (positive or negative). Analyzing terms in (3.5) and using (3.10)
p—1 p—1

a; < (wl)z < bla ‘(wl)mx| < Cu (w?)):r = 0(6%7’)7 (u}3)1z = O(BT T)

we find
p=1 p=1 .
(03)za(wr + w2 —1) =o0(e 7 7),  (w1)zz(ws +w2—1)=0(e 7 7).
Similarly, we get

7%(“’1%(1"3)% +2(p — 1)(wy — 1)(ws — 1) +2(p — 1) wy (wy +ws — 2) = O("7 7).

Hence, for —M < z < M, we conclude

p—
P

Lw)< —(p— 1)q)\Tep7717 (w1) —}-O(TGPTAT) <—(p—1graiTe L +0(7'6pT717—) <0
for 7 << 0.

Case 3. Mgzgx(T)f)\T(lfqeijlT)Jrh-
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Using (3.6), in this case we have

M<z<a(r)—A(1—qes T)+h= _oow+e=1) C\ N, h, W, p)+o(1).

280

Also, M + Ar(1 — qe%T) — h <z < z(7) implies that
p=1 A+ XN)
2>—a:T—X7'1—eplT—|—h’=—L

> () = N7(1 - ge'5" ") A

It follows that in the considered region both z >> 1 and zZ >> 1, hence

T+ C\ N, bR p) + o(1).

wy, = 1+ Cp6_7*27 (wl)z ~ —Cpe_n“z, (wl)m ~ Cpe_wz
and
Wam L+, (un) ~ Gl (wa)as ~ G
up to a positive constant, with C, > 0, C]'D > 0. Analyzing terms in (3.5), we have
.,z B=L s —
W3) g —1) ~ NZe se e
(w3) ge(wy +we — 1) ~ Cre” W T4 Coe W22
with C7,Cs > 0. Note that
. ATy AFA) T po1
e T2 S e YTV S CB i
since Ayy > pp;l. Furthermore,
e I EtIAz < e"/A(I(T)*/\T)*’YA’(*x(”')*)"T) <C
due to a definition of x(7). Overall we have,
p=1 p=1
(W3)ga (w1 +wz —1) < Ce v " (wi)z =o0((re ? ) (w1)g).

Similarly we analyze other terms in (3.5) of the same form in the considered region and we also use that

pg N (Tep771 ") (w3), <0, to conclude that the dominating term is —pg A (7'epT71 ) (w1)y < 0, hence
Lw)<—(p—1) q)\Te%T (w1)z + 0(7‘6%7) <0
for T << 0.
Finally, above analysis in cases 1-3 yields that L(w) < 0, meaning that w is a supersolution as stated
in the Lemma. ]

4. THE EXISTENCE OF A FIVE PARAMETER FAMILY OF ANCIENT SOLUTIONS

In this section we show the the existence of a five parameter ancient solution wy x/ p.p/k of (1.16), as
stated in the next theorem.

Theorem 4.1. For any (A, X, h,h', k) € R® such that \,\' > 1, k > 0, there exists an ancient solution
Uk to (1.16) defined on R x (—o00,T), for some T = Ty x pn i € (—00,0]. Moreover,

w;,k/,h,h’,k(z’T) < Uk (2, T) < w;r,,\',h,h',k(xﬁ)

where wy ys g and w;tx’h’h,’k are defined by (1.29) and (1.30), respectively.
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Proof. We have seen in Lemma 3.1 that wIA, nw i 18 a supersolution of (1.16) for 7 < 79 with 7 << 0.
For any m € N with —m < 79, let u,, denote the solution of the initial value problem

puT:uum—p%ui—l—(p—l)(uz—u) zeR, 7>-m (4.1)
u(-, —m) = w:\ﬁ/\,)h,h“k(', —m) zeR
with exponent p = Z—f% > 1. By Lemma 3.1 and the comparison principle we immediately get that
’U,m(l‘,T) S w)t)\’,h,h’,k(m77—)’ —m S T S T0-

On the other hand, since vy(x — AT + h), v (—z — N7+ I’) and & (7) are all solutions to (1.16), it
follows that wy y, , 4 (2, 7) = min(vr(x — AT + h),§k(7), v (=2 — N'7 4+ 1)) is a subsolution of (1.16).
Furthermore, we claim that

Wy s ok (@T) Sz, 7),  forT <0 (4.2)
which readily gives

w):/\’,h,h’,k(wv —m) < Up (T, —m).

To see (4.2), we recall that vy is monotone decreasing. Also that since all vy, vy and & are larger than
equal to one, we have

w;t/\,)h,h,yk > max (vx(z — A7 (1 — qeijlT) +h), &(7), va(—z — AT (1 — qepp;lT) + h)).
Hence, on the regions where wy y, , 4/ (¥, 7) = vA(x — AT + h) and wy y, p, 4 (@, 7) = x (=2 = N7+ '),
respectively, we have
w;,)\’,h,h’,k(mﬂ—) =u(@—AT+h) Soa(z— AT (1- qe%l ") < w)t/\’,h,h/,k(x,T)
and
w;’)\,’h’h,’k(x, 7)=vy(—x = N7 +h) <vy(—z—-N7(1- qepT_lT) +h) < w)tx’h’h,’k(x,ﬂ.
Finally, on the region where wy ,, , ;s (2, 7) = & (7) we immediately have

W3y 1 (8 T) = E(T) S w3 g (@ 7).

It follows that (4.2) holds in all regions, thus wy y, , 4/ (¥, —m) = §(7) < um(z, —m) and by the com-
parison principle we wy y, h,7k(m, 7) < up(z, 1), for all 7 > —m. We conclude from the discussion above
that
w;,A’,h,h',k(fv?T) < up(x,7) < w,J\r,,\/,h,h/,k(maT)a —m < T < 7.

It follows from standard arguments in quasilinear parabolic equations that the sequence of solutions
{tm} fm<r} is equicontinuous on compact subsets of R x (=00, 7p), hence passing to a subsequence w,,, it
converges uniformly on compact subsets of R x (—o00,7p) to a smooth ancient solution wx x pp/k of (1.16).
In addition, u satisfies

w):)\’,h,h’,k(x,T) < Un ok (T, T) < w)t)\’,h,h’,k(mﬂ-)? —m < T < Tp. (4.3)
O

We will next observe that ux a5 .1 defines a smooth ancient solution of the rescaled Yamabe flow on
S™ X (7OO,T)\))\/7h’h/,k), for some mazimal time T)\’)\/th/,k S (7OO,+OO] at which UN N bRk < F00.
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_ 1
Corollary 4.1. Set ox x/ nn/ k= Uy 5 p pr gy Where ux x pnr i 05 an ancient solution of (1.16) given by

Theorem 4.1. Then, ©x x hn .k defines a solution of (1.8) which is equivalent to having a smooth solution
of the rescaled Yamabe flow g, = —(R — 1) g on S™ x (=00, Tx ' h,h' k)-

1

Proof. 1t is clear that @y x/ pp k= u;ﬁ Wk 1S @ smooth ancient solution of (1.8) which in addition
satisfies
i __1 _ 1
wA,/\',h,h',k(va) 1 < oan ok k(@) < w/\7/\,7h7h,7k(x,7) = zeR, —m< 71 <71 (4.4)

Notice next that w;’)\,’h’h,’k(-, T)fy%l and w;tx’h‘h,’k(-, T)iﬁ define positive smooth metrics, when lifted
on S™. Thus, (4.4) implies that <p>\,,\/,h7h/,k(ac,7')l, when lifted on S, also defines a smooth metric which
equivalent (up to dilation) to a solution of the rescaled Yamabe flow g, = —(R—1) g. Now standard results
imply that there exists a maximal time T x/ p p 1 € (—00, +00] up to which this solution is defined, which
means that ox x pn k(x,t) >0 for all ¢ < T x pop k-

U

5. GEOMETRIC PROPERTIES OF SOLUTIONS

In this last section we will derive the geometric properties of the ancient solution of the equation (1.8)
as constructed in Theorem 4.1. We have observed in Corollary 4.1 that the one parameter family of
metrics gaa pn k(7)== go/'ﬁvh’h,_k(-ﬁ) g.,. can be lifted to a smooth one parameter family of metrics
on S™ x (=00, T hn k) Which defines (up to dilation by constants) an ancient rotationally symmetric
solution of the rescaled Yamabe flow on S™, equation

0

5.9=—(B-1g (5.1)

We next prove the following result concerning the behavior of the Riemannian curvature of the metric

a N hohe ke (T) near 7= —o0.

_4
Theorem 5.1. The solution gx ' nnk(T) = @5 37 w1 (T) 9., defines a type I ancient solution to the

cyl

Yamabe flow in the sense that, for any o < T x/ nhn ks the norm of its curvature operator satisfies the
uniform bound

IRm (gx x .0 6)|l < C, for all T < 7. (5.2)

Remark 5.1. The statement of Theorem 5.1 exactly means that the unrescaled flow (1.1), whose scaling
by |t| yields to the equation (5.1), is a type I ancient solution according to the Definition 1.1.

Proof of Theorem 5.1. It is sufficient to prove the bound (5.2) for 7y << 0. Since our metric gx x p,p/ & 1S
conformally flat, the norm ||Rm|| of its curvature operator can be expressed in terms of powers (positive or
negative) of the conformal factor and its first and second order derivatives. On the other hand, since the
conformal factor (in any parametrization) satisfies a quasilinear parabolic equation, it follows by standard
parabolic estimates, that uniform upper and lower bounds away from zero on the conformal factor imply
uniform bounds on all its derivatives and therefore the desired uniform bound on ||[Rm||. By Corollary 4.1,
we have gx x nn b = wﬁ Jeyl, where @ is a solution of (1.8) and satisfies 0 < ¢ < 1, for all 7 < T x/ h,h' k-
Notice that in order to simplify the notation we have dropped the index A, N, h, b/, k from ¢y x p.p/ 1 and
simply denote it by . It follows by the discussion above that in the region where 1/2 < ¢ < 1 the bound
IRm|| < C readily holds. However, since ¢(z,7) — 0, as  — £o0, in the region where 0 < ¢ < 1/2 we
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will obtain the desired bound by lifting the metric gx s n,n,r on R™ and showing that in the considered
region if g\ hn b = @ﬁ Jan , then ¢ < ¢ < C for some positive constants ¢, C' which are uniform in 7.

Observe that is sufficient to establish the uniform bound on |[Rm|| for z < z(7), where z(7) is given
by (3.6), since in the remaining region the estimate could be proved in a similar manner. We go from
cylindrical to polar coordinates via the following coordinate change,

N _2 p—1
@(’277—) = (P(y77') |y‘ p=l, r= |y| =e2 ” (53)
where z :=x — A7+ h and &(z,7) := p(z + A7 — h). It follows by a direct calculation that ¢(y, 7) satisfies
the equation

(PP)r =D+ Brdr+7¢ (5.4)
for some constants « > 0 and 3,~. For any M > 0, the compact region |y| < 2M corresponds in cylindrical

coordinates to the region
2

p—1
Note that Ap > yx > vx — v, implying that Z (1) << z(7) holds, for 7 << 0.
Estimate (4.4) is crucial in proving our bound. Let us look first at the region & < Zs(7), which in polar

<A\t —h+ log 2M =: Zps (7).

coordinates corresponds to the region |y| < M. It follows from (4.4) that in this region we have

(1= oam (1) ¥x < @an hhrk < WA

for 7 < 79 with 79 << 0, where we recall that 1, is the traveling wave solution of (1.10) which satisfies
(1.12). In polar coordinates the above abound corresponds to

ey <o <O, for |yl <M, 71 <. (5.5)

Having (5.5), equation (5.4) is parabolic equation for (y,7) € B(0,2M) X (—00,7p), so standard parabolic
estimates applied to equation (5.4) imply that we have uniform bounds on all the derivatives of ¢ in
the region B(0, %) X (—00,271p). Since ¢7»—2 is the conformal factor of our metric g a p.p/k in polar
coordinates, by the previous discussion we have

[Rm(y,7)[| <C, Jy[ <M  7<2m

for a uniform constant C. Equivalently we have a uniform curvature bound, in cylindrical coordinates,
for all x < Zps(7). Observe that this estimate implies that the is curvature uniformly bounded in the tip
region of our ancient solution.

Now fix M > 0 and let us focus on the region Z /(1) < x < x(7) where our solution that turns out to
have the asymptotics of a cylindrical metric at 7 — —oo. More precisely, we have gx x/ nn k= <,0ﬂ4T2 Geyls
where ¢ is a solution of (1.8) and by (4.4) this region we may choose 79 << 0 such that

1/2 < p(x,7) < 1, for 7 < 79.

The equation satisfied by ¢ is therefore uniformly parabolic and hence we have uniform estimates on the
derivatives of ¢ in the inner region. As a result we have a uniform bound on |[Rm| for all 7 < 7 in that
region as well. This concludes the proof of our bound. O
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