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Abstract. We study the origin of fifth forces in scalar-tensor theories of gravity in the so-
called Jordan frame, where the modifications to the gravitational sector are manifest. We
focus on theories of Brans-Dicke type in which an additional scalar field is coupled directly
to the Ricci scalar of General Relativity. We describe how the necessary diffeomorphism
invariance of the modified gravitational sector leads to a modification of the usual gauge
fixing term (for the harmonic gauge), as compared to Einstein gravity. This allows us to
perform a consistent linearization of the gravitational sector in the weak-field limit, which
gives rise to a kinetic mixing between the non-minimally coupled scalar field and the graviton.
It is through this mixing that a fifth force can arise between matter fields. We are then able to
compute the matrix elements for fifth-force exchanges directly in the Jordan frame, without
the need to perform a conformal transformation to the so-called Einstein frame, wherein the
gravitational sector is of Einstein-Hilbert form. We obtain results that are in agreement with
the equivalent Einstein-frame calculations and illustrate, still in the Jordan frame, the pivotal
role that sources of explicit scale symmetry breaking in the matter sector play in admitting
fifth-force couplings.
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1 Introduction

Without symmetries to prevent it, scalar fields that are realised in nature will inevitably
couple to any sector of a particle physics model that knows about gravity. This might, e.g.,
be through Higgs portals [1–6], through neutrino portals [7, 8] or through direct couplings to
curvature invariants, such as the Ricci scalar in the case of theories of Brans-Dicke type [9].
However, the ability to make Weyl rescalings in metric theories of gravity makes it difficult
to disentangle these various ways that scalar fields can couple to matter [10, 11]. Theories
of gravity in which scalar fields couple directly to curvature terms are often referred to as
scalar-tensor theories [12].

In fact, as far as quantum effects are concerned, any theory of gravity plus a scalar
field should be regarded as a scalar-tensor theory: if, e.g., we tune away a direct coupling
to the Ricci scalar at tree level or at a given energy scale, it will be regenerated by loop
corrections or the renormalization group running to another scale (see, e.g., refs. [13, 14]).
Hence, if we want to treat quantum field theories that know about gravity and involve scalar
fields, we should treat them in the so-called Jordan frame (or Jordan-like frames), wherein
all of the allowed couplings are present, be they to the gravitational or non-gravitational
sectors. The import is that the so-called screening mechanisms (see, e.g., [15, 16]) that
can allow scalar-tensor theories to evade local tests of gravity can similarly apply to Higgs-
portal theories [10, 17]. We will not take screening into account in this work, but examples
include the chameleon [18, 19], symmetron [20, 21] and Vainshtein [22] mechanisms, and their
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variants. For recent reviews on experimental and observational constraints (on screened) fifth
forces, see refs. [16, 23, 24].

One symmetry that can affect the way that additional scalar degrees of freedom from the
gravitational sector couple to matter is scale symmetry (or, in the local case, Weyl symmetry).
In general, these scalars will mediate fifth forces between matter sources, and new long-range
forces of nature are heavily constrained [16]. However, if the matter sector is scale invariant,
the classical fifth forces are suppressed. In the case of the Standard Model (SM) of particle
physics, the scale breaking term that plays a dominant role in allowing gravitational scalars
to couple to matter is the quadratic term of the SM Higgs potential. This becomes clear
when one works in the Einstein frame, as was described in ref. [10]. On the other hand, the
role played by the same operator is less obvious when considered in the Jordan frame.

A popular example of a model that exploits scale symmetry to prevent the emergence of
fifth forces is the Higgs-dilaton theory [25–39]. Therein, both the Higgs field and an additional
gauge-singlet scalar are non-minimally coupled to the Ricci scalar. The action has a global
Weyl symmetry, which is broken when the fields acquire vacuum expectation values (vevs)
along a particular trajectory in field space. Note that the structure of the Higgs potential
remains to be probed experimentally [40–47]. However, due to the dynamical origin of the
scale breaking, the massless mode does not couple to the matter sector, leaving a theory
devoid of fifth forces [36, 37, 48]. The role of explicit versus spontaneous (in this dynamical
sense) scale breaking in the emergence of fifth forces was described in ref. [10], where the
analysis was performed in the Einstein frame. In this paper, we will show explicitly how the
same arguments are borne out directly in the Jordan frame.

The merits of dealing with scalar-tensor theories in the Jordan frame are threefold:
first, there are theories for which an Einstein frame does not, in general, exist, such as Horn-
deski [49, 50], beyond Horndeski [51, 52] and DHOST [53, 54] theories. Second, as discussed
above, in an interacting quantum field theory, the Einstein frame may exist only at a par-
ticular energy scale, with loop corrections and the renormalization of couplings regenerating
Jordan-like frames. Third, the conformal transformation to the Einstein frame, and the sub-
sequent field redefinitions needed to bring the theory as close to being canonically normalized
as possible (notwithstanding any curvature of the field-space metric) must be performed on
a model-by-model basis and may not be easily automated.

In order to proceed directly in the Jordan frame, we will need to work with linearized
gravity, which cannot be decoupled (as it can be by construction if we work in the Einstein
frame) due to the presence of the non-minimal coupling. By this means, we are able to isolate
the kinetic mixings between the graviton and non-minimally coupled scalar field that can give
rise to fifth forces. Most importantly, we find that the non-minimal coupling, through its
effects on the geodesics of the spacetime, necessitates an update to the covariant derivative.
Focusing on the (would-be) harmonic gauge, we determine the fifth-force potential by means
of the non-relativistic limit of the scalar-mediated scattering matrix elements. Moreover, our
results agree with those obtained in the Einstein frame, as per ref. [10].

This paper is intended to be both explicit and pedagogical. As such, we begin in sec-
tion 2 with a review of previous studies on the relation between scale-symmetry breaking
and fifth forces. After properly identifying the symmetries of Brans-Dicke-type [9] scalar-
tensor theories in section 3, we define a so-called scalar-harmonic gauge, by updating the
harmonic gauge from Einstein gravity, and perform the subsequent linearization of the gravi-
tational sector. From there, we consider the fifth-force contributions to the Møller scattering
in section 4 and obtain the Yukawa potential from its non-relativistic limit, concentrating on
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systems where the scale symmetry is broken either explicitly or dynamically. Our conclusions
are presented in section 5. Additional details are provided in the appendix.

2 Fifth forces and scale symmetry in the Einstein frame

In this section, we review the Einstein-frame description of fifth forces, emphasizing the key
role of explicit sources of scale breaking in the matter sector in allowing fifth forces to couple
to matter fields. What follows is based heavily on ref. [10].

In the Jordan frame, the equations of motion for the class of scalar-tensor theories on
which we will focus can be derived from the following action:

S =
∫

d4x
√
−g

[1
2F (X)R− 1

2Z(X)gµν∂µX∂νX − U(X)
]

+ Sm[gµν , {ψ}], (2.1)

where the real scalar field X couples non-minimally to gravity through the function F (X)
and evolves subject to the potential U(X). Z(X) allows for a non-canonical kinetic term.
In addition, R is the Ricci scalar, defined in terms of the Jordan-frame metric gµν , and
Sm =

∫
d4x
√
−gLm is the matter action, containing the set of matter fields {ψ}. Throughout

this article, we employ the mostly plus signature convention (−,+,+,+).
We now have a choice: we can either work directly in the Jordan frame, as we will do

later in this article, or we can eliminate the direct coupling of the field X to gravity, by
making a Weyl rescaling of the metric, and work in the Einstein frame. Therein, the gravity
sector is of canonical Einstein-Hilbert form, and we may instead have direct couplings of
the field X to the matter sector. While calculations in the Jordan frame are complicated
by the need to treat gravity dynamically, those in the Einstein frame are complicated by
the Weyl rescaling itself and the need to rescale the matter fields, which must be done on a
model-by-model basis, as we will now describe.

The Weyl rescaling takes the form

gµν = A2(X)g̃µν , (2.2)

where g̃µν is the Einstein-frame metric, A2(X) = M̃2
PlF

−1(X) is the squared coupling func-
tion and M̃Pl is the reduced Planck mass of the Einstein frame. After some algebra, the
transformation (2.2) leads to the Einstein-frame action

S =
∫

d4x
√
−g̃

[1
2M̃

2
PlR̃−

1
2 g̃

µν∂µχ̃∂νχ̃− Ã4(χ̃)Ũ(χ̃)
]

+ Sm[Ã2(χ̃)g̃µν , {ψ}], (2.3)

where R̃ is the Ricci scalar built with the Einstein-frame metric g̃µν . In addition, Ã(χ̃) ≡
A(X(χ̃)) and Ũ(χ̃) ≡ U(X(χ̃)) are respectively the coupling function and potential expressed
in terms of the canonically normalized field

χ̃(X) ≡ M̃Pl

∫ X

X0
dX̂

√√√√Z(X̂)
F (X̂)

+ 3[F ′(X̂)]2, (2.4)

where the prime in F ′(X̂) indicates the derivative with respect to the argument. We see from
eq. (2.3) that, in the Einstein frame, matter fields still move on geodesics of the Jordan-frame
metric, potentially giving rise to deviations from Einstein gravity that can be interpreted as
a fifth force due to the exchange of fluctuations in the χ̃ field.
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If Ã2 can be expanded about unity, such that Ã2(χ̃) = 1 + 1
n!

χ̃n

Mn + . . . , we can similarly
expand the matter action to show that

Sm[Ã2(χ̃)g̃µν , {ψ}] = Sm [g̃µν , {ψ}] + 1
n!T

χ̃n

Mn
+ . . . , (2.5)

wherein we see that the field χ̃ couples to the trace of the energy-momentum tensor of the
matter sector T = g̃αβT

αβ. Expressing the fifth-force coupling in this way, however, obscures
the role that scale-symmetry breaking plays in the emergence of fifth forces [10], as we will
describe in the next subsection.

2.1 Fifth forces in the Einstein frame
The fifth forces that arise in scalar-tensor theories can be studied in multiple ways. For
instance, one can solve the classical equations of motion and extract the corrections to the
Newtonian potential from the spatial gradient of the solution (see, e.g., refs. [15, 16]). Equiv-
alently, we can work with the tree-level matrix element for the t-channel exchange of the
scalar mediator, from which we can then extract the non-relativistic potential (see, e.g.,
refs. [10, 55]).

We consider the following toy model, as constructed in ref. [10] and written in terms of
the Jordan-frame metric gµν :

Sm =
∫

d4x
√
−g

[
−1

2g
µν∂µΦ∂νΦ− 1

2g
µν∂µΘ∂νΘ− ψ̄i

↔
/∂ψ − yψ̄Φψ

−U(Φ,Θ) + 1
2µ

2
θA
−2(X)Θ2 − λθ

4! Θ4 − 3
2
µ4
θ

λθ
A−4(X)

]
, (2.6)

where
U(Φ,Θ) = λ

4!

(
Φ2 − β

λ
Θ2
)2
− 1

2µ
2
(

Φ2 − β

λ
Θ2
)

+ 3
2
µ4

λ
. (2.7)

The matter sector contains a would-be Higgs field Φ and a Dirac fermion ψ (a proxy for the SM

electron). The fermion kinetic term has been antisymmetrized, with
↔
/∂ ≡ eµaγ

a
→
∂ µ −

←
∂µe

µ
aγ

a

(where we make use of the vierbein eµa), so that we can omit the spin connection from
the action (see refs. [10, 37]). These two fields interact through a Yukawa coupling, which
gives mass to the fermion after the would-be Higgs sector undergoes symmetry breaking.
The additional Θ field has been introduced so that we can move smoothly between two
scenarios of scale breaking, and independently of the non-minimally coupled field X and its
dynamics: the first (β → 0) in which the scale breaking is explicit, due to the presence of the
dimensionful parameter µ in the potential of the matter fields; the second (µ→ 0) in which
the scale breaking is dynamical, arising along a particular trajectory in the Φ−Θ field space
without explicit scale-breaking terms appearing in the Lagrangian. The specific choice of
couplings between the Θ and X fields has been tuned so that these fields do not have a mass
mixing in the Einstein frame [see, e.g., eq. (2.13) below], while also allowing us to establish
a hierarchy between the masses of the three physical modes (see ref. [10]).

The two limiting cases for the distinct sources of scale breaking are as follows:

Pure explicit breaking (prototype SM Higgs sector) β → 0. In the limit in which
β → 0, the mixings between Φ and Θ vanish, decoupling Θ from the matter Lagrangian. We
are then left with the following potential in the Jordan frame [eq. (2.7)]:

U(Φ) = λ

4!Φ
4 − 1

2µ
2Φ2 + 3

2
µ4

λ
, (2.8)
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which is just the prototype of the SM Higgs potential, where we can see that the constant
term in the potential U ensures that the vacuum has zero energy density in the symmetry-
broken phase of the would-be Higgs sector. In this case, the term quadratic in Φ provides
an explicit source of scale breaking through the dimensionful mass parameter µ. As we will
show below, it is this term that plays the key role in allowing fifth forces to couple to the
fermion field ψ.

Pure dynamical scale breaking (prototype Higgs-dilaton model) µ → 0. In this
limit, all the sources of explicit scale breaking vanish from U(Φ,Θ), leaving a scale-invariant
potential. We therefore do not expect the conformal field X to couple to this potential in the
Einstein frame, leaving the fermionic sector free of fifth forces. The potential is reduced to

U(Φ,Θ) = λ

4!

(
Φ2 − β

λ
Θ2
)2
, (2.9)

and analogous potentials appear in Higgs-dilaton theories [25–39]. In those scenarios, how-
ever, both Φ and Θ are non-minimally coupled to the Ricci scalar in the Jordan frame (and
the dilaton is the light degree of freedom with the potential to mediate long-range forces),
whereas we will take only the additional field X to be non-minimally coupled. The classical
scale symmetry of this model is broken when the scalar fields Φ and Θ obtain non-vanishing
vevs, leading to the emergence of a scale. Since this scale appears indirectly through the
stabilization of the fields, we will refer to this as dynamical scale breaking [56]. In contrast to
the case of explicit scale breaking, the fifth force mediated by X will not couple to the matter
fields ψ. In what follows, we will show this by explicit calculation of the matrix elements. Al-
ternatively, this can be understood in terms of the existence of a conserved dilatation current
(see, e.g., refs. [37, 48]).

Let us now turn our attention to an explicit calculation of the fifth forces for this model.
First, we need to express the matter action in terms of the Einstein-frame metric g̃µν . To do
so, we must perform the conformal transformation defined previously in eq. (2.2). This gives

Sm =
∫

d4x
√
−g̃

[
−1

2Ã
2(χ̃)g̃µν∂µΦ∂νΦ− 1

2Ã
2(χ̃)g̃µν∂µΘ∂νΘ− Ã3(χ̃)ψ̄i

↔
/̃∂ ψ

−yÃ4(χ̃)ψ̄Φψ − Ã4(χ̃)U(Φ,Θ) + 1
2Ã

2(χ̃)µ2
θΘ2 − λθ

4! Ã
4(χ̃)Θ4 − 3

2
µ4
θ

λθ

]
, (2.10)

where χ̃ ≡ χ̃(X) is the canonically normalized field [cf. eq. (2.4)] and
↔
/̃∂≡ ẽµaγa

→
∂ µ−

←
∂µẽ

µ
aγ

a =
Ã(χ̃)eµaγa

→
∂ µ −

←
∂µe

µ
aγ

aÃ(χ̃).
To leave the matter sector as close to being canonically normalized as possible, we

redefine the fields according to their classical scaling dimensions, such that

φ̃ ≡ Ã(χ̃)Φ, θ̃ ≡ Ã(χ̃)Θ, ψ̃ ≡ Ã3/2(χ̃)ψ. (2.11)

With this, the Lagrangian becomes

L̃m =− 1
2 g̃

µν∂µφ̃∂ν φ̃+ g̃µν φ̃∂µφ̃∂ν ln Ã(χ̃)− 1
2 g̃

µν φ̃2∂µ ln Ã(χ̃)∂ν ln Ã(χ̃)

− 1
2 g̃

µν∂µθ̃∂ν θ̃ + g̃µν θ̃∂µθ̃∂ν ln Ã(χ̃)− 1
2 g̃

µν θ̃2∂µ ln Ã(χ̃)∂ν ln Ã(χ̃)

+ Ũ(φ̃, θ̃, χ̃)− ¯̃ψi
↔
/̃∂ ψ̃ − y ¯̃ψφ̃ψ̃ − 1

2µ
2
θ θ̃

2 + λθ
4! θ̃

4 + 3
2
µ4
θ

λθ
, (2.12)

– 5 –



J
C
A
P
0
2
(
2
0
2
2
)
0
1
6

where

Ũ(φ̃, θ̃, χ̃) = λ

4!

(
φ̃2 − β

λ
θ̃2
)2
− 1

2µ
2Ã2(χ̃)

(
φ̃2 − β

λ
θ̃2
)

+ 3
2Ã

4(χ̃)µ
4

λ
. (2.13)

Thus, we can see that the redefinitions from eq. (2.11) eliminate all the couplings of χ̃ in
the fermionic sector and in the pure Θ potential from the last line of eq. (2.12). However,
the same does not apply to Ũ(φ̃, θ̃, χ̃), since it contains dimensionful parameters. Moreover,
as explained before, the only terms coupling to χ̃ in the Einstein frame are the ones which
break the scale symmetry explicitly.

Keeping the calculation as generic as possible, we now expand the coupling function as

Ã2(χ̃) = a+ b
χ̃

M̃
+ c

χ̃2

M̃2 +O
(
χ̃3

M̃3

)
, (2.14)

where M̃ is an energy scale, and a, b and c are dimensionless constants, which will be defined
for specific models. After including the original kinetic energy term for χ̃ from eq. (2.3) and
making a further redefinition ∂µχ̃ →

√
1 + θ̃2 + φ̃2 ∂µ ln Ã(χ̃), the non-gravitational part of

the Einstein-frame Lagrangian can be written up to second order in M̃−1 as

L̃ =− 1
2 g̃

µν∂µχ̃∂νχ̃−
1
2 g̃

µν∂µφ̃∂ν φ̃+ 1
2 g̃

µν φ̃

M̃

(
b+ 2ac χ̃

M̃
− b2 χ̃

2M̃

)
∂µφ̃∂νχ̃

− 1
2 g̃

µν∂µθ̃∂ν θ̃ + 1
2 g̃

µν θ̃

M̃

(
b+ 2ac θ̃

M̃
− b2 χ̃

2M̃

)
∂µθ̃∂νχ̃− Ũ(φ̃, θ̃, χ̃)

− ¯̃ψi
↔
/̃∂ ψ̃ − y ¯̃ψφ̃ψ̃ − 1

2µ
2
θ θ̃

2 + λθ
4! θ̃

4 + 3
2
µ4
θ

λθ
· · · , (2.15)

where

Ũ(φ̃, θ̃, χ̃) = λ

4!

(
φ̃2 − β

λ
θ̃2
)2
− 1

2µ
2
(
φ̃2 − β

λ
θ̃2
)(

a+ b
χ̃

M̃
+ c

χ̃2

M̃2

)

+ 3
2
µ4

λ

(
a+ 2ab χ̃

M̃
+ (2ac+ b2) χ̃

2

M̃2

)
. (2.16)

We see that there are both kinetic and mass mixings of φ̃ and θ̃ with χ̃. However,
fifth forces arising through kinetic mixings when these involve a field with non-zero mass are
suppressed due to the additional momentum dependence (∝ q2) that occurs for each insertion
into the matrix element of the kinetic mixing operator. As a result, the mass mixing will
provide the dominant fifth force. Moreover, since we are free to choose µ2

θ � µ2, the θ̃ field
can be decoupled from the long-range fifth forces. We can then focus solely on the mixing
between the would-be Higgs field φ̃ and the conformally coupled scalar χ̃, as we will do in
the next subsection.

2.2 Fifth forces

As a concrete example, we will now specialize to the Brans-Dicke theory [9], whose Jordan-
frame action is

S =
∫

d4x
√
−g

[
X

2 R−
ω(X)
2X gµν∂µX∂νX

]
+ Sm[gµν , {ψ}]. (2.17)

– 6 –
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Figure 1. Diagrammatic representation of the infinite series of diagrams contributing to the Møller
scattering in the Einstein frame.

After performing the conformal transformation to the Einstein frame and canonically nor-
malizing the fields (the explicit calculation can be found in ref. [10]), we find that the coupling
function takes the form

A2(X(χ̃)) =M2
Pl
X

= exp
[
2 χ̃
M̃

]
, (2.18)

wherein we have taken ω(X) = ω to be a constant and defined

M̃2 = 2(2ω + 3)M̃2
Pl. (2.19)

Thus, the Brans-Dicke model amounts to taking a = 1, b = 2 and c = 2 in eq. (2.14). It then
follows from eq. (2.16) that the Einstein-frame potential is

Ũ(φ̃, θ̃, χ̃) = λ

4!

(
φ̃2 − β

λ
θ̃2
)2
− 1

2µ
2
(
φ̃2 − β

λ
θ̃2
)(

1 + 2 χ̃
M̃

+ 2 χ̃
2

M̃2

)

+ 3
2
µ4

λ

(
1 + 4 χ̃

M̃
+ 8 χ̃

2

M̃2

)
− 1

2µ
2
θ θ̃

2 + λθ
4! θ̃

4 + 3
2
µ4
θ

λθ
. (2.20)

The fields acquire the vevs

vφ̃ = ±
(

6µ2 + βv2
θ̃

λ

)1/2

, vθ̃ = ±′
(

6µ2
θ

λθ

)1/2

, vχ = 0, (2.21)

where the ′ indicates that the choice of sign for the two non-vanishing vevs is independent.
Expanding around the vevs (φ̃ → vφ̃ + φ̃, θ̃ → vθ̃ + θ̃ and χ̃ → vχ̃ + χ̃) and recalling that
the main contribution to the fifth forces is given by the mass mixing between φ̃ and χ̃, the
operator of interest from eq. (2.15) is given by

L̃ ⊃ αMφ̃χ̃ = 2µ2 vφ̃

M̃
φ̃χ̃. (2.22)

We are now in the position to calculate the matrix elements for the fifth force.
We proceed by considering the scalar contributions to the Møller scattering (e−e− →

e−e−) for our fermion ψ. These arise from the series of diagrams shown in figure 1. The
external fermions couple only to the would-be Higgs field, represented by a continuous line,
which then oscillates into a χ̃ particle (dashed line) via the mass mixing term from the
Lagrangian [eq. (2.22)]. The ellipsis represents the infinite series of insertions of the mass
mixing.
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The resulting matrix element is given by

iM
(
e−e− → e−e−

)
⊃ ū (p1, s1) (−iy)u (p3, s3)

× i

t−m2
φ̃

 ∞∑
n=0

(iαM)2n

 i

t−m2
φ̃

n ( i
t

)n
× ū (p2, s2) (−iy)u (p4, s4) . (2.23)

Since we assume the scattering fermions to be distinguishable, we need only consider the t-
channel exchange, where t = −(p1−p3)2 is the usual Mandelstam variable. Also, u(p, s) and
ū(p, s) are respectively the Dirac four-spinor and its Dirac conjugate, with spin projection s.
The resulting non-relativistic potential is given by

Ṽ (r) = −y2
∫ d3Q

(2π)3 e
iQ·x Q2

Q2
(
Q2 +m2

φ̃

)
− α2

M
≈ − y

2

4π

1− α2
M
m4
φ̃

 e−mhr

r
− y

2

4π
α2

M
m4
φ̃

1
r
, (2.24)

where mh is the mass of the would-be Higgs boson and the potential has been expanded to
leading order in α2

M. Isolating the fifth-force contribution and plugging in αM, as extracted
from eq. (2.22), we find

Ṽ5(r) = − 1
4πr

m2
e

M̃2
Pl2(2ω + 3)

4µ4

m4
φ̃

, (2.25)

where we have chosen the fermions to represent electrons with mass me. Notice that, since
the fifth-force mediator is massless, the potential has a similar form to the usual Newtonian
gravitational potential.

To study how the different mechanisms of scale breaking affect the modification to the
Yukawa potential [eq. (2.25)], we need only recall that the mass of the φ̃ field is given by

m2
φ̃

= 2µ2 +
βv2

θ̃

3 . (2.26)

Pure explicit scale breaking (SM toy model) β → 0. In this limit, the mass of the
φ̃ field reduces to

m2
φ̃

= 2µ2, (2.27)

agreeing with the numerator of the fraction in the potential (2.25). Hence, the modification
to the Yukawa potential becomes independent of the Higgs mass, and we find

Ṽ5(r) = − 1
4πr

m2
e

M̃2
Pl2(2ω + 3)

. (2.28)

Such a contribution to the non-relativistic potential can lead to significant deviations in
the inferred gravitational force. A comprehensive review on the different tests and bounds
on fifth forces can be found in ref. [16], where the authors mainly focus on the chameleon
model, which applies to our results given that we consider only up to second order in the
field fluctuations. In particular, the most stringent constraint at Solar System scales is given
by the Cassini spacecraft [57], setting a bound on ω � 40, 000. Bounds at cosmological
scales are less stringent,1 such as those based on Cosmic Microwave Background data from

1Even though Solar System scale tests are more constraining than cosmological ones, they are more affected
by higher-order terms, making it possible to avoid the bounds through screening mechanisms.

– 8 –



J
C
A
P
0
2
(
2
0
2
2
)
0
1
6

Planck [58], which are consistent with ω > 692 at the 99% confidence level. Therefore, in the
absence of any screening mechanism, we can see that a fine tuning of the value of ω in the
case of pure explicit scale breaking is necessary to achieve an agreement with experiments.

Pure dynamical scale breaking (Higgs-dilaton model) µ → 0. In this case, the nu-
merator of the modified Yukawa potential [eq. (2.25)] tends to zero, whereas the denominator
tends to

m2
φ̃

=
βv2

θ̃

3 . (2.29)

Hence, even though classically scale-invariant theories might break the scale symmetry dy-
namically, the fifth forces still do not couple to the fermionic sector. It is important to
remark that the vev of the would-be Higgs field φ̃ field [eq. (2.21)] does not vanish in the
limit µ → 0, such that the mass-generation mechanism for the elementary fermions is pre-
served (with me = yvφ̃). More generally, we see that the fifth-force coupling is proportional
to the ratio µ/mφ̃, such that we can suppress fifth forces by combining explicit and dynamical
scale-breaking mechanisms [10].

For this tree-level example, the transformation to the Einstein frame and the subsequent
calculation of the matrix elements were easily tractable. This may not be the case, in general,
however. In the next section, we will describe in detail how we can proceed directly in the
Jordan frame (or Jordan-like frames), without performing the conformal transformation and
subsequent field rescalings.

3 Linearized scalar-tensor gravity

If we wish to proceed directly in the Jordan frame, it is necessary to treat the metric dynami-
cally and to work with linearized gravity, as we can in the weak-field limit. We will first review
the linearization of Einstein gravity, which has been widely studied (see, e.g., refs. [59–61]).
We will then generalize this procedure to actions with non-minimal couplings of Brans-Dicke
type, taking care to consider the differing symmetries of this class of scalar-tensor theories.

3.1 Standard gravity

Gauge symmetries reflect the redundancies of a theory, so we need to break these symmetries
through a gauge fixing term to fully describe the field theory we are working with. We
therefore take the Einstein-Hilbert action to be of the form

SEH =
∫

d4x
√
−g

[
MPl

2

2 R+ Lgf

]
, (3.1)

where we have included the gauge fixing terms via Lgf .
As we will justify later, we choose to work with the harmonic gauge, since it can be

expressed at the level of the Lagrangian. The harmonic gauge is defined such that

∇µ∇µ = ∂µ∂µ, (3.2)

where ∇µ is the usual covariant derivative in General Relativity. This constraint is uniquely
satisfied by setting

Γµ = gαβΓµαβ = 0, (3.3)
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where Γµαβ are the Christoffel symbols. Therefore, the gauge fixing term for the harmonic
gauge becomes

Lgf = −MPl
2

4 gαβΓαΓβ. (3.4)

To linearize gravity, we must make small perturbations of the metric around a constant
background. In this paper, we will assume this background to be flat, such that

gµν = ηµν + hµν , (3.5)

where ηµν = diag(−1, 1, 1, 1) is the Minkowski metric. We then arrive at the following weak-
field expansions:

√
−g ≈ 1 + 1

2ηµνh
µν , (3.6a)

R(1)
µν = 1

2 (∂ρ∂µhνρ + ∂ρ∂νhµρ −�hµν − ∂µ∂νh) , (3.6b)

R(2)
µν = 1

2h
ρσ∂µ∂νhρσ − hρσ∂µ∂(νhρ)σ + 1

4∂µh
ρσ∂νhρσ

+ ∂σhρν∂[σhρ]µ + 1
2∂σ(hσρ∂ρhµν)− 1

4∂
ρh∂ρhµν

−
(
∂σh

σρ − 1
2∂

ρh

)
∂(µhν)ρ , (3.6c)

Γµ(1)
αβ = 1

2η
µλ(∂αhλβ + ∂βhαλ − ∂λhαβ), (3.6d)

where the exponent in parenthesis shows the order in the metric fluctuations h. With these
ingredients, we can then determine the expansion of the terms in eq. (3.1) up to second order:

√
−gMPl

2

2 R = MPl
2

2

(
1 + 1

2ηµνh
µν
)

[Rµν(ηµν − hµν)]

= MPl
2

2

(
R(1) −R(1)

µν h
µν + 1

2R
(1)ηµνh

µν +R(2)
)
, (3.7a)

√
−gLgf =−

√
−gMPl

2

4 gαβΓαΓβ = −MPl
2

4 ηαβη
µνΓα(1)

µν ησρΓβ(1)
σρ , (3.7b)

√
−gLm(gµν) = 1

2h
µνTµν + Lm(ηµν), (3.7c)

where we have re-introduced the matter sector, giving rise to the contributions from its
energy-momentum tensor Tµν .

Making use of the results in eqs. (3.6b) to (3.6d) and integrating by parts, we obtain
the following expression for the Lagrangian up to second order in hµν :

L = M2
Pl

4

[1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν
]

+ M2
Pl

2 [∂µ∂νhµν −�h] + 1
2h

µνTµν + Lm(ηµν). (3.8)

The first term corresponds to the kinetic energy of the graviton and can be canonically
normalized by rescaling it such that hµν → 2hµν/MPl. We draw attention to the second
term, containing second derivatives of the graviton field, which can be removed on integrating
by parts and setting the boundary terms to zero. In contrast, the analogous term for the
scalar-tensor theory will not vanish, and it will be the source of the fifth forces in the Jordan
frame, as we will show in the next subsection.
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3.2 Jordan frame
We now repeat the linearization for Brans-Dicke-type scalar-tensor theories. The action in
this case will have a non-minimal coupling to the Ricci scalar, such that

S =
∫

d4x
√
−g

[
F (X)

2 R+ L′gf −
Z(X)

2 ∂µX∂
µX − U(X)

]
+ Sm[gµν , {ψ}], (3.9)

where, once again, we have included a gauge fixing term L′gf . Most importantly, this term
will not be the same as in standard gravity [cf. eq. (3.4)], since the scalar-tensor action
does not have the same symmetries as the Einstein-Hilbert one, given that the non-minimal
coupling affects the (non-null) geodesics. This requires us to upgrade the usual harmonic
gauge condition.

The first change is to replace the constant prefactor MPl
2 by the non-minimal coupling,

such that
− MPl

2

4 gαβΓαΓβ → −F (X)
4 gαβΓαΓβ. (3.10)

Second, we want to make sure that the gauge condition reflects the symmetries of the action,
which are modified relative to the Einstein-Hilbert case.2 Thus, the scalar-tensor equivalent
of the harmonic condition must be defined via

DµDµ = ∂µ∂µ, (3.11)

where Dµ is the covariant derivative as constructed with respect to the Jordan-frame action.
This is the focus of the next subsection.

3.2.1 Updating the covariant derivative
We know that General Relativity must be symmetric under diffeomorphisms. Thus, we will
study which conditions the covariant derivative must satisfy in order to leave the action
invariant under transformations of the form

gµν → gµν +Dµξν +Dνξµ, (3.12)

where Dµ is generically defined when acting on a four vector Y ν as

DµY ν = ∂µY ν + gµρΓνρσY σ + CµY ν , (3.13)

and Cµ contains the possible contributions of X to the isometries of the spacetime.
To find whether the action is symmetric under diffeomorphisms, we first need to vary

the gravitational part of the action [eq. (3.9)] with respect to the metric, leading to

δS = −
∫

d4x
√
−gF (X)

2 Gµνδg
µν , (3.14)

where Gµν is the Einstein tensor and we take the small variation of the metric δgµν to be
given by the isometry from eq. (3.12). Since we expect this transformation to be a symmetry
of the action, δS should vanish, i.e.,

δS = −
∫

d4x
√
−gF (X)GµνD(µ ξ ν) = 0, (3.15)

2We might be tempted to work with only the first modification in eq. (3.10) for the updated gauge fixing
term. While doing so does not affect the non-relativistic limit for the fifth forces, this choice significantly
complicates the calculations and leads to apparent deviations from the corresponding Einstein-frame results
in the relativistic limit.
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where the parentheses indicate the symmetrization of indices, such that

D(µ ξ ν) = 1
2(Dµξν +Dνξµ). (3.16)

Inserting the covariant derivative from eq. (3.13) and integrating by parts, we find

δS =
∫

d4x
√
−g[∇ν(F (X)Gµν)− F (X)GµνCν ]ξµ = 0, (3.17)

where
∇µY ν = ∂µY

ν + ΓνµσY σ (3.18)
is the covariant derivative of standard gravity. Since both ∇ν and Gµν only depend on the
metric, they will still satisfy the Bianchi identity, leading to

∇νGµν = 0. (3.19)

However, as ∇ν also acts on F (X), the perturbed action will take the following form

δS =
∫

d4x
√
−g[∇νF (X)− F (X)Cν ]Gµνξµ = 0. (3.20)

Note that, for a constant F (X), this equation would vanish, showing that the geodesics of
the Einstein-Hilbert action are in agreement with those from standard gravity, encoded in
∇µ. However, to have a vanishing perturbed action in the Jordan frame, we need

Cν = ∂νF (X)
F (X) . (3.21)

Hence, we see that the non-minimal coupling of X alters the isometries of the spacetime.
The new contribution Cµ to the covariant derivative can be also expressed as a modifica-

tion of the Christoffel symbols [i.e., as a (1, 2)-form]. While this full expression is not needed to
update the harmonic gauge condition, it is useful for explicit calculations of geodesics. While
the derivation of the (1, 2)-form can be done by studying the symmetries of the Jordan-frame
action, one can instead (since we know that it exists) use the Einstein frame as a shortcut,
where standard gravity is recovered. Since we already know the symmetries of the Einstein-
frame action, we can fix the gauge in that frame and then undo the coordinate transformation.
In this way, we will get the corresponding set of symmetries for the Jordan frame.

For instance, Weyl transforming the covariant derivative of the vector Yν from the
Einstein to the Jordan frame, we find that

∇̃µYν → DµYν = ∂µYν − ΓρµνYρ + CρµνYρ, (3.22)

where
Cσµν = − 1

2F (X)
[
2δσ(µ∂ν )F (X)− gµν∂σF (X)

]
. (3.23)

This is the correction to the Christoffel symbols coming from the breaking of the weak
equivalence principle. Moreover, taking the trace of this term, we find that it is consistent
with our previous result:

gµνCσµν = ∂σF (X)
F (X) = Cσ. (3.24)

Thus, in contrast to standard gravity, where the geometry of spacetime is exclusively
modified through the Christoffel symbols, the non-minimal coupling of the field X alters the
isometries, accounting for the breaking of the weak equivalence principle.
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3.2.2 Gauge fixing and obtaining the generic linearized Jordan-frame
Lagrangian

Having derived the scalar-tensor covariant derivative, we can now continue upgrading the
harmonic gauge from eq. (3.10). Returning to eq. (3.11), the harmonic condition imposes

DµDµ = gµν
[
∂ν∂µ − Γσµν∂σ + Cσµν∂σ

]
= ∂µ∂µ. (3.25)

Thus, to satisfy the scalar-tensor harmonic gauge, it follows that

Γµ − ∂µF (X)
F (X) = 0. (3.26)

Following the same logic as in eq. (3.2), we now replace each Γα from eq. (3.10) by the new
constraint. With this, we introduce the scalar-harmonic gauge via

L′gf = −F (X)
4 gµν

[
Γµ − ∂µF (X)

F (X)

] [
Γν − ∂νF (X)

F (X)

]
. (3.27)

It is important to point out that this is not the first time this gauge has been used.
For instance, it is mentioned by Fuji and Maeda [12] and used in a number of papers where
the authors employ the background covariant DeWitt condition [62–64]. However, here, we
have presented a different way to find the gauge symmetries of the Jordan frame. Moreover,
unlike in previous papers, we define the gauge fixing term using the complete metric, which
allows us to perturb consistently to higher orders in the fluctuations.

Note also that we have been able to define this Jordan-frame gauge fixing term because
we already had the standard gravity condition defined at the Lagrangian level [eq. (3.4)]. This
might be problematic when working with other gauges that are defined only after gravity has
been linearized. For instance, the Newtonian gauge does not have a full metric expression;
it is defined by setting certain modes of the graviton to zero. Therefore, we cannot apply
our gauging method in this case, which could lead to misinterpreted results when going to
higher orders in the perturbations, since additional terms should appear because of the new
symmetries of the action.

For the gauge fixing term in eq. (3.27), it proves convenient to divide it into three parts:

(i) a contribution to the graviton kinetic energy:

LG = −F (X)
4 gµνΓµΓν ; (3.28)

(ii) a contribution to the kinetic mixing:

LKM = 1
2Γµ∂µF (X); (3.29)

(iii) a contribution to the X kinetic energy:

LSF = − 1
4F (X)gµν∂

µF (X)∂νF (X); (3.30)
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such that
L′gf = LG + LKM + LSF. (3.31)

Inserting this gauge fixing term into eq. (3.9) and linearizing the action similarly to the
standard gravity case, we obtain the following expansion up to second order for the associated
Lagrangian:

L = F (X)
4

[1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν
]

+ F (X)
2 [∂µ∂νhµν −�h]

+ F ′(X)
2

[
∂λhλµ −

1
2∂µh

]
∂µX − 1

2

[
Z(X) + F ′(X)

2F (X)

2]
gµν∂µX∂νX − U(X)

+ 1
2h

µνTµν + Lm(ηµν). (3.32)

The would-be total derivative term in the case of standard gravity, corresponding to the terms
involving second derivatives of the metric fluctuations, no longer vanishes on integration by
parts. Moreover, it creates an additional kinetic mixing term that, once added to LKM, yields

L = F (X)
4

[1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν
]

+ F ′(X)
4 ηµν∂µh∂νX

− 1
2

[
Z(X) + F ′(X)

2F (X)

2]
ηµν∂µX∂νX − U(X) + 1

2h
µνTµν + Lm{ηµν}. (3.33)

This is the generic effective Lagrangian of the linearized theory in the Jordan frame. When the
function F (X) is constant, the expression reduces to that of General Relativity, as expected.
Thus, the main difference is the new kinetic mixing term, and it is this which can lead to
fifth forces between matter fields.

In contrast to the Einstein frame, the main contribution to the fifth-force coupling, as
analysed in the Jordan frame, is via the kinetic mixing and not a mass mixing. This comes
from the fact that the graviton propagator (∝ 1/q2) cancels the momentum dependence of
the mixing vertex (∝ q2) in every oscillation between the field X and the graviton, such
that, unlike the case of a massive field, there is no additional momentum suppression in the
non-relativistic limit. In the next section, we will calculate explicitly the fifth forces that
arise through this kinetic mixing in the Jordan frame.

4 Fifth forces in the Jordan frame

Having derived the general expression for the Lagrangian up to second order in the metric
fluctuations for the Brans-Dicke-type scalar-tensor theories in eq. (3.33), we now turn our
attention to specific models to see how the fifth forces arise from the kinetic mixings between
the graviton and the non-minimally coupled field X. We will show that the results agree
with those obtained previously in the Einstein frame.
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The action corresponding to eq. (2.17), with a matter sector given by eqs. (2.6)
and (2.7), is

S =
∫

d4x
√
−g
[
X

2 R+ L′gf −
ω(X)
2X gµν∂µX∂νX −

1
2g

µν∂µΦ∂νΦ

− 1
2g

µν∂µΘ∂νΘ + 1
2µ

2
θ

X

M̃Pl
Θ2 − λθ

4! Θ4 − 3
2
µ4
θ

λθ

X2

M̃2
Pl

− ψ̄i
↔
/∂ψ − yψ̄Φψ − U(Φ,Θ)

]
, (4.1)

where U is given by eq. (2.7). Note that we have already substituted in eq. (4.1) for the
Brans-Dicke model functions [9], with

F (X) = X, Z(X) = ω(X)
X

. (4.2)

We assume that ω(X) is a slowly varying function that can be taken effectively constant.
We now proceed to linearize the Lagrangian, making use of the results from the preceding

section. Substituting eq. (4.2) into eq. (3.33), we thus find

L = X

4

[1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν
]
− 1

2
2ω + 1

2X ηµν∂µX∂νX −
1
2η

µν∂µΦ∂νΦ

+ 1
4η

µν∂µh∂νX − U(Φ,Θ)− 1
2η

µν∂µΘ∂νΘ + 1
2µ

2
θ

X

M̃Pl
Θ2 − λθ

4! Θ4 − 3
2
µ4
θ

λθ

X2

M̃2
Pl

+ 1
2h

µνTµν − ψ̄i
↔
/∂ψ − yψ̄Φψ + · · · . (4.3)

where the ellipsis indicates terms higher than second order in hµν .
When linearizing around the background solution for X, namely vX , it is possible to

canonically normalize all the fields, including the graviton. To do so, we assume the back-
ground value of X to vary very slowly compared to the other fields. This is a reasonable
assumption, given that the tightest constraints from the analysis of the Moon’s orbit [65]
set the Planck mass to be almost constant at late times, a result that can be obtained by
considering the impact of the late-time Hubble friction on the evolution of X. Defining

X = χ2

2(2ω + 1) (4.4)

and making the replacement hµν → 2hµν/MPl, where

M2
Pl =

v2
χ

2(2ω + 1) , (4.5)

the Lagrangian then takes the form

L = 1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν − 1
2η

µν∂µχ∂νχ−
1
2η

µν∂µΦ∂νΦ + 1√
2(2ω + 1)

ηµν∂µh∂νχ

− 1
2η

µν∂µΘ∂νΘ + U(Φ,Θ) + 1
2µ

2
θ

χ2

M̃ ′2
Θ2 − λθ

4! Θ4 − 3
2
µ4
θ

λθ

χ4

M̃ ′4

+ 1
MPl

hµνTµν − ψ̄i
↔
/∂ψ − yψ̄Φψ + · · · , (4.6)
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where
M̃ ′2 = M̃2

Pl2(2ω + 1). (4.7)

Note thatM2
Pl is the effective gravitational coupling in the Jordan frame, while M̃2

Pl is the one
defined in the Einstein frame. Even though they belong to different frames, the conformal
transformations appear to have forced them into the same Lagrangian. However, as we will
see, this is not the case as the M̃2

Pl dependence cancels out, leading to a final result in terms
of M2

Pl, as expected. The next step is to diagonalize the mass matrix so that we can isolate
the expected massless mode that can mediate any long-range fifth force.

4.1 Diagonalization
By considering the mass mixing terms from eq. (4.6), we can construct the following mass
matrix:

m2 =

 m2
Φ −AmΦ 0

−AmΦ m2
Θ −Bmχ

0 −Bmχ m2
χ

 , (4.8)

where

m2
Φ = λv2

Φ
3 , m2

Θ = β2

2λv
2
Θ + µ2

θ

M̃ ′2
v2
χ, m2

χ = µ2
θ

M̃ ′2
v2

Θ, (4.9a)

v2
Φ = 6µ2 + βv2

Θ
λ

, v2
Θ = 3µ2

θ

λθM̃ ′2
v2
χ, v2

χ = λθM̃
′2

6µ2
θ

v2
Θ, (4.9b)

A2 = β2

2λv
2
Θ, B2 = µ2

θ

M̃ ′2
v2
χ. (4.9c)

Diagonalizing this mass matrix, we obtain a new set of fields φ, θ and σ, whose squared mass
eigenvalues are

m2
φ,θ =

m2
Φ +m2

Θ +m2
χ ±

√
(−m2

Φ −A2 +B2 +m2
χ)2 + 4A2B2

2 , m2
σ = 0, (4.10)

wherein we see the anticipated massless mode σ.
To determine how the original fields depend on these three modes, we need to find the

eigenvectors of the mass matrix (4.8). After some algebra, we can show that

φ = Nφ


βvΘvΦ

3(m2
Φ−C+D)

1
µ2
θvΘvχ

M̃ ′2(m2
χ−C+D)

 θ = Nθ


βvΘvΦ

3(m2
Φ−C−D)

1
µ2
θvΘvχ

M̃ ′2(m2
χ−C−D)

 σ = Nσ


βvΘ
λvΦ
1
vχ
vΘ

 , (4.11)

where Nφ, Nθ and Nσ are normalization factors, and

C =
m2

Φ +m2
Θ +m2

χ

2 , D =

√
(−m2

Φ −A2 +B2 +m2
χ)2 + 4A2B2

2 . (4.12)

For the fifth-force contribution to the Møller scattering, we need only expand the χ and
Φ fields in terms of the massless eigenmode, since they are the only ones coupling to the
fermion and graviton directly. The relevant expansions take the forms

χ = a

Nφ
φ+ b

Nθ
θ + c

Nσ
σ, Φ = a′

Nφ
φ+ b′

Nθ
θ + c′

Nσ
σ, (4.13)
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Figure 2. The diagrams that contribute to the Møller scattering in the Jordan frame.

where {a, b, . . .} are constant coefficients, which should not be confused with those appearing
in eq. (2.14). Since we are interested in the massless mode, we only need to determine c and
c′, and, after some algebra, we have

c = θ3 − φ3
(θ1 − φ1)(σ3 − φ3) + (σ1 − φ1)(φ3 − θ3) , (4.14a)

c′ = − θ1 − φ1
(θ1 − φ1)(σ3 − φ3) + (σ1 − φ1)(φ3 − θ3) , (4.14b)

where the subscripts refer to each component of the eigenvectors defined in eq. (4.11), without
the corresponding normalizing factor N{φ,θ,σ}. We are now in a position to derive an expres-
sion for the effective Lagrangian in terms of the massless mode and subsequently calculate
its contribution to the Møller scattering.

4.2 Non-relativistic fifth-force potential

After diagonalizing the mass terms in the Lagrangian, we have found all the different ways
that the long-range fifth forces can couple to the matter fields. From the linearization of
scalar-tensor gravity, the fifth forces arise through the kinetic mixing between the graviton
and the σ field. In addition, after diagonalizing the mass terms, a new coupling between
the massless mode and the fermion field appears as a result of their Yukawa interaction
with the Φ field. Thus, there are four distinct Feynman diagrams contributing to the Møller
scattering, and these are shown in figure 2.

The terms in the Lagrangian relevant to the fifth force are as follows:

LJF = 1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν − 1
2η

µν∂µσ∂νσ

+ cN−1
σ√

2(2ω + 1)
ηµν∂µh∂νσ − yc′N−1

σ ψ̄σψ + 1
MPl

hµνTµν + Lm(ηµν), (4.15)

and the resulting Feynman rules are summarized in figure 3.
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• Graviton propagator [61]

= iPµνσρ

k2

Pµνσρ = 1
2 (ηµσηνρ + ηνσηµρ − ηµνηρσ)

• σ field propagator

= − i

k2

• Kinetic mixing

= i
ηµνk

2√
2(2ω + 1)

• Gravitational interaction [66]

= i
ηµντµν
MPl

τµν = 1
4
[
(p+ q)µγν + γµ(p+ q)ν − 2ηµν

(
/q + /p− 2me

)]

• Fermion-fermion-σ interaction

= i
yc′vχ

cMPl
√

2(2ω + 3)

Figure 3. Feynman rules for the Lagrangian [eq. (4.15)] with an explicitly broken scale symmetry,
where γµ are the gamma matrices. To a good approximation, we can take cN−1

σ ≈ 1, since M̃ � 1.

Since the structure of all the diagrams is very similar, we will describe only the contri-
bution from figure 2(a) in detail. The matrix element for this process is

iM(a) = ū(p1, s1)
(
i
τµν
MPl

)
u(p3, s3)

(
i
Pµνab

t

)
(iηabαKt)

(
i

t

)

×
[ ∞∑
n=0

(iαKt)n
(
iηcdP

cdefηef
t

)n
(iαKt)n

(
i

t

)n]

× (iαKηght)
(
iP ghσρ

t

)
ū(p2, s2)

(
i
τσρ
MPl

)
u(p4, s4), (4.16)

where, as before, t = −(p1 − p3)2, u(p, s) and ū(p, s) are respectively the Dirac four-spinor
and its Dirac conjugate, with spin projection s. Note that, for clarity, we have isolated each
vertex and propagator with parentheses. For convenience, we have also defined the parameter

αK = 1√
2(2ω + 1)

. (4.17)
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Equation (4.16) can be simplified by making use of the following identities for Pµνσρ:

ηµνP
µνσρ = −ησρ, ηµνP

µνσρησρ = −4, (4.18)

and we find that we only have vertices involving the trace of τµν , as we would have expected
from eq. (2.5).

Working in the non-relativistic limit and choosing the fermions to represent electrons
with mass me, such that pµ ∼ qµ ≈ (me,~0), the spinors satisfy

ū(p, s)γµu(q, s′) = 2meδµ0δss′ , (4.19)

in which case, using the expression for τ = ηµντµν extracted from figure 3, we have

ū(p, s)τu(q, s′) = −2m2
e. (4.20)

The matrix element then reduces to

M(a) = − 1
M2

Pl

4m4
eα

2
K

t

[ ∞∑
n=0

(
−4α2

K
1
t

)n]
δs1s3δs2s4 = − 1

M2
Pl

4m4
eα

2
K

(1 + 4α2
K)t

δs1s3δs2s4 . (4.21)

To extract the non-relativistic potential, we take t = −Q2 (where Q is the exchange
momentum), and the contribution to the Yukawa potential is

V(a)(r) = − 1
M2

Pl

m2
e

(4 + α−2
K )

∫ d3Q
(2π)3 e

iQ·x 1
Q2 = − 1

4πr
m2
e

M2
Pl2(2ω + 3)

. (4.22)

The contributions from the remaining processes in figure 2 are

V(b)(r) = V(c)(r) = − 1
4πr

(
c′vχ
cvΦ

)
m2
e

M2
Pl2(2ω + 3)

, (4.23a)

V(d)(r) =− 1
4πr

(
c′vχ
cvΦ

)2 m2
e

M2
Pl2(2ω + 3)

, (4.23b)

and the sum of all the contributions to the Yukawa potential is

V5(r) = − m2
e

4πrM2
Pl

(
1 + vχγ

vΦ

)2

2(2ω + 3) . (4.24)

After some algebra, we can show that

γ = c′

c
= − βv2

Θ
λvχvΦ

, (4.25)

and, using the fact that v2
Θ = (λv2

Φ − 6µ2)/β, we obtain the following final expression

V5(r) = − 1
4πr

m2
e

M2
Pl2(2ω + 3)

4µ4

m4
Φ
, (4.26)

where we recall that
m2

Φ = 2µ2 + βv2
Θ

3 . (4.27)
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This is in perfect agreement with the result in the Einstein frame3 [eq. (2.25)]. Notice
therefore that we also find that the fifth force vanishes in the absence of explicit scale breaking
(µ→ 0), as we did in the Einstein frame.

Before concluding this work, we consider in the next subsection the full expressions for
the matrix element of the Møller scattering away from the non-relativistic limit.

4.3 Møller scattering for purely explicit scale breaking (β → 0)

For simplicity, we will work in the purely explicit scale-breaking limit (i.e., β → 0). We
consider the spin-averaged squared matrix element

|M|2 = 1
4
∑

spins
|M|2, (4.28)

After some algebra, we find the t-channel contribution

|MJF|2 = M̃4

M4 |MEF|2

= 1
4M4t2

Tr
{[3

2(/p1 + /p3)− 4me

]
(/p3 +me)

[3
2(/p1 + /p3)− 4me

]
(/p1 +me)

}
× Tr

{[3
2(/p2 + /p4)− 4me

]
(/p4 +me)

[3
2(/p2 + /p4)− 4me

]
(/p2 +me)

}
, (4.29)

showing the same frame covariance as in the Yukawa potential, in the sense that the Jordan-
and Einstein-frame results differ only byM → M̃ .4 The mass scales are related to the Planck
masses of each theory through M2 = 2(2ω + 3)M2

Pl.
Including the u-channel contribution (u = −(p4−p1)2), and taking the ultra-relativistic

limit (i.e., me → 0), we obtain:5

|MJF|2 = M̃4

M4 |MEF|2 = 81
(
t2 + u2)

16M4 . (4.30)

We thus see that the scalar-harmonic gauge from eq. (3.27) leads to a perfect agreement
between frames.

5 Conclusion

In this paper, we have studied the fifth forces that can arise in scalar-tensor theories of gravity
by considering the tree-level matrix elements directly in the Jordan frame. To do so, we had
to perturb both the metric and the matter fields, requiring a consistent linearization of the
modified gravity sector.

We have shown that the fifth forces arise through a kinetic mixing between the graviton
and the non-minimally coupled field in the Jordan frame. For the specific model described

3Since conformal transformations modify the rulers used to measure distances, we must compare dimen-
sionless quantities, which are unaffected by coordinate transformations. This could, e.g., be the ratio of the
fifth-force potential to the standard Newtonian potential. This is to say that the expressions for the potentials
should match but with M̃Pl for the Einstein frame and MPl for the Jordan frame.

4Had we not used the updated harmonic gauge condition in eq. (3.27), we would have found agreement up
to an additional numerical multiplicative factor.

5To calculate the traces of the product of the gamma matrices, we used the Mathematica package Feyn-
Calc [67–69].
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in this work, we have illustrated how the diagonalization of the mass matrix of the scalar
sector yields an additional direct coupling between the massless fifth-force mediator and the
fermion through the original Yukawa coupling of the would-be Higgs field. By this means,
we were able to illustrate from the Jordan-frame perspective the role played by sources of
explicit scale breaking in the matter sector in allowing fifth forces to couple to matter fields.

In addition, we have shown that a full evaluation of the symmetries of the modified
gravitational action is crucial for consistently updating the usual gauge fixing conditions. By
imposing diffeomorphism invariance on the gravitational action in the knowledge that it can
be mapped to Einstein gravity, we obtained a redefinition of the covariant derivative, wherein
the breaking of the weak equivalence principle is manifest. In this way, we were led to an
update of the usual harmonic gauge — the so-called scalar-harmonic gauge [see eq. (3.27)]
— providing results in perfect agreement with those found in the Einstein frame.

While this gauge fixing term is not completely new, we have been able to define it at
the level of the full metric. Up to second order, one can equivalently define the gauge using
the DeWitt background condition [62–64]. However, there are additional operators at order
three and four in the graviton and additional scalar fields, which are captured by our full
metric expression.

This work forms a basis for considering the consistent gauging and performing pertur-
bative analyses of fifth forces in other modified theories of gravity, including and especially
those for which an Einstein frame does not exist. This may form the focus of future works.

Note added. While preparing the arXiv preprint of this work for journal submission, a
thesis was uploaded to the arXiv [70], where similar techniques are used for the derivation of
the scalar-harmonic gauge [eq. (3.27)].

Acknowledgments

The authors thank Clare Burrage for helpful discussions. This work was supported
by the Science and Technology Facilities Council (STFC) Consolidated Grant [Grant
No. ST/T000732/1] and STFC studentship [Grant No. ST/V506928/1]; a United Kingdom
Research Innovation (UKRI) Future Leaders Fellowship [Grant No. MR/V021974/1]; a Not-
tingham Research Fellowship from the University of Nottingham; and a Leverhulme Research
Fellowship [Grant No. RF-2021-312].

A Understanding the fifth-force couplings at the Lagrangian level

In this appendix, we provide further details of how the theory from eq. (4.15) behaves in the
two scale-breaking limits: explicit and dynamical. To this end, we diagonalize the kinetic
terms by making the following transformations of the graviton and massless mode:

hµν → hµν + cN−1
σ√

4cN−1
σ + 2(2ω + 1)

σηµν , σ → −
√

2(2ω + 1)√
4cN−1

σ + 2(2ω + 1)
σ. (A.1)
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This leads to the Lagrangian

L = 1
4∂µh∂

µh− 1
2∂ρhµν∂

ρhµν − 1
2η

µν∂µσ∂νσ

− 1
MPl

cN−1
σ√

4cN−1
σ + 2(2ω + 1)

σT + y
c′N−1

σ

√
2(2ω + 1)√

4cN−1
σ + 2(2ω + 1)

ψ̄σψ

+ 1
MPl

hµνTµν + Lψ(ηµν) + . . . . (A.2)

Herein, we see that the massless mode couples both to the trace of the matter energy-
momentum tensor and directly to the fermion field through a Yukawa coupling. We can now
consider the two limits:

Explicitly broken scale symmetry (β → 0). As we can see, the new Yukawa coupling
depends linearly on c′, which, from eq. (4.14b), is proportional to θ1 − φ1. Extracting each
term from eq. (4.11), we obtain

φ1 = βvΘvΦ
3(m2

Φ − C +D)
, θ1 = βvΘvΦ

3(m2
Φ − C −D)

, (A.3)

such that there is no overlap between Φ and σ in the limit β → 0 and c′ vanishes. It follows
that the Yukawa coupling of σ arises through the dynamical scale breaking. In addition, we
can show that

cN−1
σ ≈ 1, (A.4)

such that
L ⊃ 1

MPl
√

2(2ω + 3)
σT, (A.5)

from which we readily recover the result for the Yukawa potential of the Brans-Dicke-type
model [eq. (2.28)] in the purely explicit scale-breaking limit.

Dynamically broken scale symmetry (µ → 0). In this limit, neither of the interaction
terms vanish. Instead, as we will now show, they exactly cancel against one another. In the
non-relativistic limit, the trace of the energy-momentum tensor is

T ≈ meψ̄ψ, me = yvΦ, (A.6)

where we have chosen the fermions to represent electrons of mass me. The two interaction
terms can therefore be combined such that

L ⊃ − mecN
−1
σ

MPl

√
4cN−1

σ + 2(2ω + 1)

(
1 + vχγ

vΦ

)
ψ̄σψ, (A.7)

where MPl is defined in eq. (4.5). Using the result for γ from eq. (4.25), we have

L ⊃ − mecN
−1
σ

MPl

√
4cN−1

σ + 2(2ω + 1)

(
1− vχ

vΦ

βv2
Θ

λvχvΦ

)
ψ̄σψ. (A.8)

Subsequently recalling that

v2
Θ = λv2

Φ
β
− 6µ2

β
, (A.9)
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we can rewrite the large parenthesis in eq. (A.8) to give

L ⊃ − mecN
−1
σ

MPl

√
4cN−1

σ + 2(2ω + 1)

(
1− 1 + 6µ2

λv2
Φ

)
ψ̄σψ. (A.10)

Since vΦ remains finite in the limit µ → 0, we indeed see that the two interaction terms
exactly cancel in the limit of purely dynamical scale-symmetry breaking, such that the fifth
force mediator σ decouples from the matter fields, as expected (see, e.g., refs. [10, 37]).
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