RATIOS OF ARTIN L-FUNCTIONS

LEONHARD HOCHFILZER AND THOMAS OLIVER

Abstract. We study the cancellation of zeros between the Riemann zeta function and cer-
tain Artin L-functions. To do so, we develop a converse theorem for Maass forms of Laplace
eigenvalue 1/4 in which the twisted L-functions are not assumed to be entire. We do not
require the conjectural automorphy of Artin L-functions, only their established meromorphic
continuation and functional equation.

1. INTRODUCTION

This paper studies cancellation of zeros between the Riemann zeta function and the Artin
L-functions associated with 3-dimensional Artin representations. The motivations are two-
fold. Firstly, our main Theorem offers modest evidence for the Grand Simplicity Hypothesis
(which implies that unrelated pairs of L-functions cannot have common zeros in the critical
strip). Secondly, as we shall explore, the proof of our main Theorem offers an interesting
connection with the question of Langlands functoriality for Artin representations.

A typical L-function is a Dirichlet series L(s) converging in a right half-plane, admitting
continuation to C, and satisfying a standardised functional equation with respect to s — 1—s.
The functional equation for L(s) is best expressed in terms of its completion A(s), which has
the form A°L(s) []_, T'(A;s+p;) for a positive real number A, and, for i € {1,...,r}, positive
real numbers \; and complex numbers p;. The degree of L(s) is the number d =27 | \;,
which is independent of the representation for A(s). In the case of automorphic L-functions,
the numbers \; may be taken to be %, and the number d is a positive integer. An L-function
is described as primitive if it cannot be expressed as a product of lower degree L-functions.

This paper is about the simultaneous zeros of two distinct completed L-functions A4 (s)
and As(s). For j € {1,2}, let d; denote the degree of A;(s). If dy —dy < 1, then, unless
Aq(s) divides Ay(s) as a completed Euler product, the quotient Ay(s)/A;(s) has infinitely
many poles [MM94], [BP98], [Sri03], [Bool5]. Furthermore, if do —d; < 0, then quantitative
bounds were established for the number of poles. If dy — dy = 2, then Ay(s)/A1(s) is known
to have infinitely many poles only in special cases [Rag99], [NO20]. In this paper, we restrict
ourselves to Artin L-functions such that dy — d; = 2. We will prove:

Theorem 1.1. Let ¢ be a 3-dimensional Artin representation of Gal (@/Q), let ¢ be complex
conjugation, and let p the dimension of the (+1)-eigenspace for ¢(c). Denote by L(s, ¢) (resp.
A(s, ¢)) the Artin L-function (resp. completed Artin L-function) associated to ¢, and by ((s)
(resp. &(s)) the Riemann zeta function (resp. completed Riemann zeta function). If p > 1,
and L(s, ¢) is primitive, then A(s, @)/&(s) has infinitely many poles.

We contrast Theorem 1.1 to the well-known theorem that, if (x(s) is the Dedekind zeta
function of Galois extension K/Q, then (x(s)/((s) is entire. The essential difference is that
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Ck(s) is in fact divisible by ((s). The proof of Theorem 1.1 closely follows the strategy used
in [NO20, Corollary 1.2], which states that A(Sym?f,s)/&(s) has infinitely many poles for
a non-CM Maass form f. In particular, we argue that, were the quotient to have finitely
many poles, it could be identified with an automorphic L-function. This identification yields
a contradiction in the form of an inadmissible linear dependence between Euler products, as
we shall see in Section 4. Arguing this way requires the development of a suitable converse
theorem with rather minimal hypotheses, for example, allowing for meromorphic twists and
non-standard Euler factors. This is achieved in Section 3, following some preliminary cal-
culations in Section 2. In particular, Section 2 develops an explicit analytic continuation of
the Gauss hypergeometric function and establishes a connection to twisted L-functions.

We conclude this introduction with Examples and Remarks exploring the hypotheses and
consequences of Theorem 1.1. The relevant theory of Artin L-functions can be found, for
example, in [Neu99, Chapter 7|, or [IK04, Section 5]. We will use the following notation
throughout:

(1.1) Pa(s) = /2T (g) .

We note that the completed Riemann zeta function is &(s) = I'r(s)((s). Let ¢ be as in
Theorem 1.1. The representation ¢ factors through a number field F' and the Artin L-
function L(s, ¢) is defined by an Euler product of the form:

[F:Q]

(1.2) L(s,¢) =[] H (1 — a;Normpg(p)~*) %,

where the product is over the prime ideals p in the ring of integers of F', and, for i €
{1,...,[F : Q]}, the complex numbers «; are either roots of unity or zero. With ¢ and p
as in Theorem 1.1, let furthermore m denote the dimension of the (—1)-eigenspace of ¢(c).
The completed Artin L-function is then:

(1.3) A(s, ¢) = T'r(s)"Tr(s + 1) L(s, ¢).
Note that a 3-dimensional Artin representation ¢ satisfies p > 1 if and only if:
I'r(s)? =3
A(S,(b) B R(S) ) p_ )
(14) 6y = M) Ta(s)Ta(s + 1), p=2
Tr(s+ 1) p=1L1

for some Dirichlet series L(s).

Example 1.2. Let ¢ be as in [LMFDB, Artin Representation 3.229.4t5.a.a], that is, the
3-dimensional Artin representation having the smallest conductor on the LMFDB. The asso-
ciated Artin L-function L(s, ¢) is primitive with gamma factor I'g(s)I'r(s+1)2. Theorem 1.1
asserts that infinitely many non-trivial zeros of ((s) are not also zeros of L(s, ¢).

Remark 1.3. The assumption in Theorem 1.1 that L(s, ) be primitive is a useful short-
hand, but can be reformulated to taste. It is intended as a proxy for the assumption that ¢
is an irreducible representation. Indeed, conjecturally, the Artin L-function attached to an
irreducible Galois representation is the L-function of some cuspidal automorphic representa-
tion (and hence primitive). On the other hand, our assumption can be formulated without

resorting to primitivity or irreducibility. Indeed, L(s, ¢) may be written as an Euler product
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as per equation (1.2). We denote the Euler factor at a prime ideal p by L,(s, ¢), which
is a reciprocal polynomial in p~® where p is a rational prime divisible by p. In the proof
of Theorem 1.1 it would suffice that there exists a rational prime p such that, within the
polynomial ring C[p~*], the product Hp‘p Ly(s,¢)"! indexed by prime ideals of F over p is
not divisible by 1 — p™*, that is, the reciprocal Euler factor of the Riemann zeta function at
.

Remark 1.4. Whilst Artin L-functions are not generally known to be automorphic, the
Brauer induction theorem implies that they are ratios of Hecke L-functions. That is, a
single Artin L-function may itself be written as a quotient of Artin L-functions. The weak
Artin conjecture claims that the same Artin L-function is holomorphic away from a pole
at s = 1 corresponding to the multiplicity of the trivial representation and so in particular
has finitely many poles. On the other hand, a theorem of Booker asserts that if the Artin
L-function of a 2-dimensional Galois representation is not automorphic, then it has infinitely
many poles [Boo03, Corollary]. These claims are not a contradiction to Theorem 1.1. In
fact, we expect the Artin L-function of a 2-dimensional Galois representation expressed as
a ratio of Hecke L-functions to fail the assumptions of Theorem 1.1. Indeed, subject to
the strong Artin conjecture, all Euler factors would be reciprocal polynomials in p~*, which
cannot happen under our assumptions.
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and we acknowledge the careful reading of this paper by an anonymous referee whose efforts
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2. PRELIMINARIES

In this section we introduce hypergeometric functions and twisted L-functions. The rela-
tionship between these functions will become apparent in the sequel.

2.1. Gauss Hypergeometric function. Let a denote a complex number. For Re(a) > 0,
we recall the gamma function:

['(a) :/ ettt
0

For Re(a) < 0, I'(a) is defined by meromorphic continuation. In particular, I'(a) has no
zeros in C and simple poles at a € Z<,. For k € Z>(, the Pochhammer symbols are defined
by:
(a)o=1, (a)p=ala+1)(a+2) - (a+k—1).
For a ¢ Z<,, we have (a)y =I'(a + k)/T'(a). The digamma function is defined to be:
["(a)
U(q) —
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and has simple poles at a € Z<g. Recall the following identity":
1

(2.1) - =VY(a+1)—¥Y(a).
a

Summing equation (2.1) over a € {1,...,k}, we get:

(2.2) Hy =91+ k)— (1),

where, for £ € Z>,, we denote by Hj the kth harmonic number, that is, H) = 25:1 1/a.
Recall the Euler—-Mascheroni constant:

(2.3) v = klim (Hy —log(k)) = —¥(1).
—00
Combining equations (2.2) and (2.3) we deduce:

For k > 0, the Pochhammer symbol (a + 0); is a polynomial in 6 with constant term (a)j
and degree k. We may therefore write:

(2.5) (a+0)k = (a)e »_ Hi(a,m)s™, Hy(a,0)=1.

Expanding the product (a4 6), = (a+0)---(a+k — 1+ ), we see that:
(

H “Ma+ny) 1
(2.6) Hi(a,m) 0<n1<m2;;m<k—l (@) 0<n1<;§;m<k—lIIZ&(G_%7”)'
For k > 1, equation (2.6) with @ = m = 1 implies:
H(1,1) = Hy.
On the other hand, replacing a by a4+ n in equation (2.1), summing over n € {0,...,k— 1},
and applying equation (2.6) with m = 1 we observe:
Hy(a,1) =VY(a+ k) — V(a).

Consider complex numbers a, b, ¢ such that ¢ ¢ Z<,. For |w| < 1, the function oF (%.°|w)
is defined by:

(2.7) DIy (90| w) = Zwk (Z)'l(cg?:k
k=0 '

The series in equation (2.7) converges absolutely for |w| < 1. For |w| > 1, the function
oF) (%.%|w) is defined by analytic continuation. For example, if « —b ¢ Z and |w| > 1,
then”:

ol b —a)

r ( —a)

ela),(a—c+1),

(2.8) 21 (0 [w) = (—w)™" kK(a=b+1),

00
w
k=0

+

—~

[e.9]
) ['(a=b)T(c) Z wk (0) (b—c+1),
['(a)T(c—b — E'(b—a+1),
Imathworld. wolfram.com /DigammaFunction.html
Zwolfram.com /HypergeometricFunctions/Hypergeometric2F1/02/02/0001/
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Each of the sums in equation (2.8) converge absolutely for |w| > 1. Furthermore®:
2F1 ( a,ca | w) = lim 2F1 ( @ g’+6 | w) .
6—0

Lemma 2.1. For complex numbers a,c such that ¢ ¢ Z<o, and a real number w such that
|lw| > 1, we have:

(2.9) 281 (e w) =1lim »  [[(0)Ax(0) + L'(=0) Br(0)]
where )

o —a (a)k(a —c+ 1)kF(c)
(2.10) Ak(0) = w ) e S N ST —a)
and
(2.11) By(6) = w*(—w) 51 (a+0)k(a—c+1+0)I'(c)

K1+ 0)l(a)l(c—a—19) "
Proof. Replacing b by a + § in equation (2.8), we get:

(a)r(a—c+ 1)x(c)
k(1 —0)['(a+6)'(c—a)

[e's)
2F1 @ “+5|w E F — 7(1
k=0

+ZF k() 5o @+ 0 (a—c—i—l—i—cs)kf(c).
EN146)kl'(a)l(c —a — 0)

Taking the limit as  — 0, we deduce equatlon (2.9). O

Lemma 2.2. For integers k > 0 and n > 1, we have:

(2.12) (n)e = O (K" (k= 1)),

wn which the constant is independent of k.

Proof. Note first that (1); = k! and so equation (2.12) is trivial in this case. We proceed by
induction on n. To that end, assume that (n); = O (k"(k — 1)!) and compute:
nn+1)(n+2)---(n+k)

n

_ (“ k) () = O (K (k — 1))).

n

m+1l)g=Mn+1)(n+2)---(n+k)=

0
Let Dy(1/2) denote the disc in the complex plane with centre 0 and radius 1/2.

Lemma 2.3. For complex numbers a,c such that ¢ & Z<p, and w € Ro_y, the sums
Y oreo Ax(0) and 777, Bi(6) converge uniformly to holomorphic functions on Dy(1/2).

In light of Lemma 2.3, we will write:

(2.13) A) =" A6), BG) = Bi(o)

3wolfram.com /HypergeometricFunctions/Hypergeometric2F1/02/02/0001/
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Proof. Consider first A(d). Since the gamma function is non-zero on the complex plane,
there exists X; € R such that, for all § € Dy(1/2), we have:

1
(2.14) m‘ < X;.
For all £ > 1 and 0 € Dy(1/2), we observe:
(2.15) ‘ L (PO B
(1=0)k| ~ (1/2)r — (k—1)!

Consider ny € Z~q (resp. ng € Z) such that ny > |a| (res. ny > |a—c+1]|) and subsequently
|(a)k] < (n1)g (resp. [(a+ ¢ — 1)g| < (n2)k). Applying equation (2.12) with n € {ny,ns}, we
deduce that:

(2.16) (@r=0E" k-1, (a—c+1)p=0 Kk —1)).

Substituting equations (2.14), (2.15), and (2.16) into equation (2.13), we deduce, for all
k> 1and 6 € Dy(1/2), that:

[Ak(0)] = O (Jw|™ kM=)

in which the implied constant is independent of k. Noting that, since |w| > 1, the sum
> oo lw|TFEM 21 converges, the Weierstrass M-test thus implies that A(d) converges ab-
solutely and uniformly on Dy(1/2). Since each Ag(d) is holomorphic on Dy(1/2), Morera’s
theorem implies that A(J) is holomorphic.

We now consider B(¢§). Similarly to equation (2.14), we see that there is some X, such
that, for all 6 € Dy(1/2), we have:

1
(2.17) 'm < Xo.
Similarly to equation (2.15), for all £ > 1 and § € Dy(1/2), we have:
(2.18) ’ L o 2
1+, ~ (E=1)!

Similarly to equation (2.16), we furthermore note that, for all £ > 1 and § € Dy(1/2), there
are ng,ny € Z~q so that:
(2.19) (a+0)r =0k (Ek-=1)), (a—c+1+09) =0 K" (k—1)),

Since {(—w)*5| = O(1), substituting equations (2.17), (2.18), and (2.19) into equation (2.13),
we see that:

|B(0)] = O (Jw| k™47

in which the implied constant is independent of k. Noting that the sum Y2 |w| *kmstma—t
converges, the conclusion follows from the Weierstrass M-test and Morera’s theorem as

before. O
Lemma 2.4. For 6 € Dy(1/2) and k > 0, we have:

1 1
(2.20) (15 Hid) = O (),

(1£6), K

wn which the implied constant depends on k.
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Proof. For h # —1, we observe:

(2.21) 1 =1—h+ U
' 1+h 1+h

Combining equations (2.5) and (2.21) with o = 3% _ (1) Hy(1,m)é™, we deduce:

1 1/ 1 1 0?2
2.22 _ L)L (-
22) G55, k!<1+h> k!( h+1+h)

k
1 1 . o R?
= o7 (LF Hi(a,1)0) + 4 <— mzzz(il) Hi(a,m)o™ + - +h> .
Since |0| < 1, we note:
k
(2.23) ‘— > (1) Hy(a,m)s™| = O (5)
m=2

in which the implied constant depends on k. On the other hand, for § € Dy(1/2), equations
(2.15) and (2.18) imply that:

1 < 2
(1£0), = (k— D)

in which the implied constant depends on k. Multiplying equation (2.24) by h% = O (§?), we
deduce:

(2.24)

= 0(1),

h? 9
2.25 =0 (67).
(2.25) n o 00
Equation (2.20) follows upon substituting equations (2.23) and (2.25) into equation (2.22).

O

Theorem 2.5. For complex numbers a,c such that ¢ ¢ Z<q, and w € R._1, we have:

(2.26) o F) (@9 w) = (—w) ™ a)i(é_a Zw “_)C“) (20 (k + 1)

—\I/(a+k)—\I’(a—c—l—l—{—k)—{—\l’(a—c—i— 1) = ¥(c—a)+log(—w)).

The sum in equation (2.26) converges absolutely for w < —1.

Proof. Substituting equation (2.13) into equation (2.9), we get:

(2.27) Sy (7 |w) = lim [[(3)A(8) + T(~0)B(3)]
Around 6 = 0, we recall®:
(2.28) D(&6) = 45—+ 0().

4wolfram.com/GammaBetaErf/Gamma,/06,/01,/01/01/
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Substituting equation (2.28) into equation (2.27), we obtain:

(2.29) oFy (“.*|w) = lim M

Jm 3 —Y(A(S) + B(d)) + O(6 - (A(9) +B(5)))]

6—0

_ lim (M) — 1im (A(3) + B(5)).

For each k& > 0, we introduce:
a)k(a —Cc+ 1)kF(C)
(kDT (a)T(c —a)

(2.30) Cr = Ak<0) — Bk(0> — w—k(_w)—a(

Since A(J) and B(9) are continuous, we calculate:
(2.31) 7 lim (A(6) + B(6)) = 7 (A(0) + B(0) = 27 Y _ C:.
k=0

Recall from Lemma 2.3 that A(J) and B(d) are holomorphic for § € Dy(1/2). Since A(0) =
B(0), we deduce that:

232) (M) . <A<6> — A(0) - B(5) + B<o>> _ 4(0) - B'(0),

Substituting equations (2.31) and (2.32) into equation (2.29), we see that:

(2.33) oFy (| w) = A'(0) = B'(0) — 2y Y Ch.
k=0

Around § = 0, we observe:

(2.34) L ! (1—6TU(a))+ 0 (6%).

LCla+9) TY(a)
We recall from equation (2.20) that:

11 )
(2.35) =T (1+6Hy) + O (%) .
Substituting equations (2.34) and (2.35) into equation (2.10), we see that:
(2.36) Ap(0) = Cr + 6 (Hy — ¥(a)) Cr + O (6%) .

From equation (2.36), it follows that:

AL(0) = lim (Ak(‘s) —_ A’“(O)) = (H}, — U(a)) Cy.

6—0 0

Since, for 6 € Dy(1/2), each Ax(0) is holomorphic and >",~ , Ax(d) converges uniformly to
A(6), we may differentiate term-by-term to get:

(2.37) AN(0) =) AL(0) =D (Hy — () Gy

Replacing a by ¢ — a and § by —6 in equation (2.34), we find:

(2.38) e _1a_5> _ F(Cl_a) (146U(c—a) +0 ().
8




We recall from equation (2.20) that:

1 1 ,
(2.39) T30, H (1—6Hy) + 0 (8°).

From equation (2.5), we know:

(2.40) (a+0), = (a)y 1+ 6(T(a+k)—T(a))) + O(5°),

Replacing a by a — ¢+ 1 in equation (2.40), we obtain:

(241) (a+c—1+8p=(a+c—1)y(14+0(¥(a—c+14+k)—TV(a—c+1)))+0(6),

Substituting equations (2.38), (2.39) (2.40), and (2.41), into equation (2.11), it follows that:

(2.42) Br(0) = (—w)°Ch + (—w) 20Ck (~Hp + V(a+ k) + ¥(a —c+ 1+ k)
—V(a—c+1)+V(c—a)— V(a))+ O (5%).

Noting that —w > 0, writing (—w)° = exp(—d log(—w)), and taking the Taylor expansion
of the exponential function, we conclude:

(2.43) (—w)™® =1—dlog(—w) + O (6?).

Substituting equation (2.43) into equation (2.42), we deduce:

(2.44) By(0) =Cp +0C, (—Hpy+¥Y(a+k)+VY(a—c+1+k)
—VU(a—c+1)+¥(c—a)— U(a) — log(—w)) + O (6%) .

From equation (2.44), it follows that:

B(0) = lim (B’“(é) -

6—0 1)

-6

Bk(0)> =Cy(—Hy+VY(a+k)+V(a—c+1+k)

—V(a—c+1)+¥(c—a)— ¥(a) — log(—w)).

Since, for 0 € Dy(1/2), each By(0) is holomorphic and »",-, Bx(d) converges uniformly to
B(9), we may differentiate term-by-term to get:

(2.45) B'( ZCk —Hy4+U(a+k)+P(a—c+1+k)
—V(a—c+1)+VY(c—a)— VY(a) —log(—w)).
Subtracting equation (2.45) from equation (2.37) we find:
(2.46) A'(0) — B'(0) = iC’k (2Hy, —V(a+k)—VY(a—c+14+k)+¥(a—c+1)
—V¥(c—a)+log(—w)),

Substituting equation (2.46) into equation (2.33), it follows that:

(2.47) oF1 (%% |w) :iCk(ZHk—Z'y—\I/(a+k:)—\I/(a—c+1+k)+\ll(a—c+ 1)
) —V(c—a)+log(—w)).



The result follows upon substituting equations (2.4) and (2.30) into equation (2.47). O

2.2. Additive twists. Given a Dirichlet character 1) and complex sequences {a, }> ;, {b,}22 |,
we introduce:

(2.48) L(s,40) = > w(n)ann™®, Ly(s, ) =Y d(n)byn~

If, for some o € R, we have |a,/|, |b,| = O (n?), then the Dirichlet series L¢(s, 1) and
L,(s,1) converge for Re (s) > o + 1. We highlight that, in equation (2.48), the subscript f
(resp. g) corresponds to the Dirichlet coefficients {a, }°°; (resp. {b,}22 ;). This notation is
suggestive of what follows, in which {a, }°°; (resp. {b,}5° ) emerge as the Fourier—Whittaker
coefficients of a Maass form denoted by f (resp. g).

Fix N € Z-o and a Dirichlet character x mod N (not necessarily primitive). In the
sequel we will assume that, for all primitive Dirichlet characters 1 modulo ¢ coprime to N,
the functions L¢(s, ) and L,(s,1) admit meromorphic continuation to C, and, for some
e € {0,1}, satisfy:

(2.49) Ag(s,) = (—1)6%x(qu)“??(q?m%SAgu s,

where 7(¢¥) = >, Loa qw(a)e%”% is the Gauss sum, the constant e, € {0, 1} is chosen such
that ¢(—1) = (—1)%, and

(2.50) Ap(s,9) =Tr(s +[e+€])’Ly(s,¥), Ag(s,¥) = Tr(s + e+ €y])*Ly(s, ),

where, for an integer k, we denote by [k] € {0,1} the unique choice such that k = [k] mod
2. In the case that ¢ = 1 is the trivial character, we omit it from the notation, that is:

(2'51) Lf(sv 1) = Lf(5>’ Af(sa 1) = Af(s)u Lg(87 1) = LQ(S>’ A9(87 1) = Ag(s)'
For r € Z>, denote by cos™) the r*" derivative of cos. For a € QX, the additive twist of
L (s) by a is the Dirichlet series:

(2.52) Ly (s, cos(” Zcos (2mna) a,n”°.

We define the completed additive twists by:
(2.53) Ay (s, a, cos(”) =T (s+[e+7])° Ly (s, cos(’")) ,

where I'g(s) is as in equation (1.1). We define L¢(s, o, sin) (resp. Ag(s, a,sin)) as in equa-
tion (2.52) (resp. equation (2.53)) with cos replaced by sin, and note that A(s,a,sin) =
—A (s, a, cos(l)). Taking the Fourier expansion of a primitive Dirichlet character ¢» mod ¢,
we deduce

(2.54) Ag(s, ) = (—i)EwM Z Y(—b)A, (s, g,cos(%)> .



The inverse relationship is

(2.55) Ay (S,CL/,COS(T)) = Z T(V)As (5,9)

N (—1)r/2 [Af(s) - q%lAf(s,wo)] , T even,
0, r odd,

where 1y denotes the principal character mod ¢. Combining equation (2.49) with equa-
tion (2.55), we deduce the following.

Proposition 2.6 (Proposition 3.4 in [NO20]). Let a = ¢ for a € Z and ¢ coprime to
N. If As(s, ) satisfies functional equation (2.49) for all primitive Dirichlet characters 1 of
conductor ¢, then Ay (3, a, COS(T)) satisfies the following functional equation:

(256) Ay (5,0, cos®) = (—1) ENTXD S~ v (1 )

q- 1 1 mod q
Y#o
Y(=D=(=1)"
N (—1)7/2 [Af(s) - qf’lAf(s,wo)] , T even,
0, r odd.

3. CONVERSE THEOREMS

For real u # 0, we will write K (u) := Ky(|u|), where, for u > 0, Ky(u) is the K-Bessel

function: .
IREEY g
2 Jo t

By H we denote the upper half-plane. Consider complex sequences {a,}>° ;, {b,}>2, such
that |a,|, |b,| = O(n?) for some o € R.g. Given € € {0, 1}, define a_,, = (—=1)%ay, b_,, =
(—1)¢b,, and introduce, for z = x + iy € H:

(3.1) f(2) = folz) + [(2), 9(2) = 9o(2) + 3 (2),
where:
f(z) = %Z YK (2mny) exp(2ming),
(3.2) s
g(z) = 3 Z bn/yK (2mny) exp(2min),
n#0

and, with As(s) and Ay(s) as in equation (2.51):
1

(3.3) fo(2) = = Res,—o Ap(s)y? + Res,—o sA;(s)y? logy,

s)
go(z) = — Ress—g Ag(s)y% + Res,— sAg(s)y% log y.

In this Section, we will prove:
11



Theorem 3.1. Let N be a positive integer, let x be a Dirichlet character mod N, let € €
{0,1}, and let a,, b, be sequences of complex numbers indexed by n € N such that |a,|, |b,| =
O (n%) for some 0 < o < 1. For all q relatively prime to N, and all primitive Dirichlet
characters 1 modulo q, define A¢(s,v) and A,(s,v) as in equation (2.50). Let P be a set
of odd primes such that {p € P : p = u (modv)} is infinite for every u,v € Z-o with
(u,v) =1 andpt N for any p € P. Whenever the conductor q of ¢ is either 1 or a prime in
P, assume that As(s, 1) and Ay(s,v)) continue to meromorphic functions on C, and satisfy
equation (2.49). If there is a non-zero polynomial P(s) € C[s| such that P(s)As(s) continues
to an entire function of finite order, then the functions Ag(s) and Ay(s) have at most double
poles in the set {0,1}, the functions f(z) and g(z) defined by equation (3.1) are weight 0
Maass forms onTo(N) of parity €, nebentypus x (resp. X) and eigenvalue % and, furthermore,

f(z) =g(—=1/Nz) for all z € H.

Remark 3.2. Whilst the L-functions associated with irreducible 2-dimensional Galois rep-
resentations satisfy several conditions in Theorem 3.1, they are not yet known to have only
finitely many poles and so we do not draw any conclusions about their automorphy. That
said, Theorem 3.1 combined with the analogue for holomorphic modular forms [BK14, The-
orem 1.1] implies [Boo03, Corollary] which says that if the Artin L-function of an irreducible
2-dimensional Galois representation is not automorphic, then it has infinitely many poles.

We will prove Theorem 3.1 by showing that the assumptions imply that the twists are
entire and bounded in vertical strips, at which point we may apply:

Theorem 3.3 (Theorem 3.1 in [NO20]). Let a,,b, be sequences of complex numbers such
that |a,|, |bn] = O (n?) for some o € R, and let N, x, €, and P be as in Theorem 3.1.
Assume that:

(1) If e = 0, then A¢(s) and Ay(s) continue to holomorphic functions of finite order on
C —{0,1} which are bounded in vertical strips with at most double poles in the set
0.1,

(2) If e =1, then As(s) and Ay(s) continue to entire functions of finite order which are
bounded in vertical strips,

(3) For all primitive characters 1 of conductor g € P, the functions As(s, ) and Ay(s, 1)
continue to entire functions of finite order which are bounded in vertical strips,

and, for all primitive characters 1 of conductor ¢ € P U {1}, the functions As(s,) and
Ay(s,%) satisfy equation (2.19), then the functions f(z) and g(z) defined by equation (3.1)
are weight 0 Maass forms on T'o(N) of parity €, nebentypus x (resp. X) and eigenvalue }1

and, furthermore, f(z) = g(—1/Nz) for all z € H.

Remark 3.4. The assumption that 0 < ¢ < 1 in Theorem 3.1 is stronger than the as-
sumption that 0 < ¢ in Theorem 3.3. The assumption made in Theorem 3.1 is sufficient for
application to Theorem 1.1, but it can presumably be relaxed with some additional tech-
nicalities. Following the argument below, the assumption that ¢ < 1 can be avoided until
after Corollary 3.11.

We begin with the following Lemma:

Lemma 3.5 (Lemma 4.2 in [NO20]). Make the assumptions of Theorem 3.1. Let z € H

and write w = %. We have:

12



(34 f(2) -3 (_i) _ w)f 7{ M) o8 (5

211

- w2) Im(z)%’sds,

where the integral is taken so that the contour encloses all poles” of A(s).

Remark 3.6. Lemma 3.5 was originally stated in terms of a parameter v which was assumed
to be non-zero, though this assumption was never used in the proof and the statement remains
valid as stated above. In particular, the integrand in equation (3.4) is rapidly decaying as
|s| — oo in a vertical strip, and this is an essential part of the proof.

From now on, we consider o € Q~q, and set z = a(1+iy) € H. Equation (3.4) now reads:

(3.5) fz)—3 (_Niz) _ (zy__l)gj[Af(s) JF ( iﬁ%

211

—y7?) (ay)}ds,

S

Suppose that y € (0,1). Replacing w by —y~2 in equation (2.26), multiplying by (2y~1) (ay)z~,
and noting that 2°I" (3 + €) = /7 for € € {0, 1}, we get:

N st ste B 1, A (-1 ky2k+§
(3.6) (29 1) 2F1( 2%+62 -y 2) (ay)z™* = /T a2 Z%Gk@)
k=0
- (—2log(y) + Ji(s)),

where, for k € Z>(, we define:

(53°), (52)
(37) Gk(s) = 25 ek —s ek’

LT (F5)
and
(3.8) Ju(s) = 2(k+1)— ¥ <S;€ +/<;> —p <#+k> + U (#)

_\1,(1+6_3>.
2

Though it is not reflected in the notation, we mention that the functions defined in equa-
tions (3.7) and (3.8) depend on e. Note that Gy(s) is entire, and the product Ji(s)Gy(s) has
only removable singularities. For 0 < y < 1, we deduce from equation (3.6) that:

s+e s+e

9 @) 2R (5T |-y et

bo—1 1\k,2k+1 1
= V7 bt 30 S Guls) (~2lox(s) + (9) + O (5 loxt)).

k=0

By assumption, there is a polynomial P(s) € Cl[s] so that P(s)Af(s) is entire. We make no similar
assumptions about the twists Ay(s,v), 1 # 1. This will be relevant again in equations (3.11) and (3.12).
13



For s in a fixed compact set, the error term can be chosen independently from s. Integrating
equation (3.9) around a contour enclosing all poles of A¢(s), we obtain:

2 —1\e s+e ste
(3.10) w]{Af(s) 2F1< £ 5

— y‘2> (ay)2~*ds

271

I
VRS

—2log(y)Zi () + fk(a)> y%""% +0 (y%f”r% log(y)) ,

where

(.11) L) = (-1 4 o f ASIGu(s)at s,
and

(3.12) Lia) = (-1 s 5 ARSI Gu(s)at s

The functions in (3.11) and (3.12) depend on .

Definition 3.7. For any open interval (a,b) C R denote by M(a, b) the set of meromorphic
functions which are holomorphic on a < Re (s) < b except for at most double poles at each
s € Z, and which are bounded on the strips {s € C : Re(s) € [¢,d], |Im (s)| > 1} for each
compact [¢,d] C (a,b). Furthermore, let H(a,b) denote the set of f € M(a,b) such that f
is holomorphic at each s € Z.

Given a € Q, from now on we will write 5 = —1/Na.

Lemma 3.8. For a € Q- and ¢, € Z~, the following function is in ‘H (% — 20y, oo):

el N e N~ (2mN)TR(1 - 5)?A, (s 4t 5, cos®
(3.18) Ma(s)=(Na®)™3 3 i 3 t!PR(1—8—2(Lt/2J)2 |

€{0,1 t=0
a€{0,1} t=a+¢e mod 2

lo—1 / =
_ 1 Ti() Ti (@)
€, _¢€ (e) s ; k 2
— i 7 Ay (s, a,c08') + ’;:0 Y + Groke )’

where [£/2] denotes the largest integer m < ¢/2.

Proof. Replacing y by ay in [BCK19, Lemma 2.4], for y € (0, 3] and o € Z~, we get":

200—1

. 1 : (2miNa)t
314 e — — O 200—1 —a
(3.14) g( N(a+m.y)) W)+ Dt Y
ac{0.1} tEa-‘erI(I)lOd 2
1 FR(l—S')2Ag (s’+t,ﬁ,cos(“)) ( y )éSId .
Comi s
20 JRe(sh)=2 Tr(1—s —2[t/2]) Na

6Equaution (3.14) was originally stated for a function constructed using a Maass form, though the proof
demonstrates that it remains valid for g. The chosen contour Re(s’) = 2 requires that o < 1, however could
be replaced with Re(s’) =1+ o + ¢, for any ¢ > 0.
14



Denote by 1(o1) the indicator function for the interval (0,1). For y > 0, we introduce the
following function:

20p—1

B Y (2miNa)?
(B15) Faly):= D " >,
ac{0.1} tEa-ff:I(I)lOd 2
1 Tr(1 —s')%A, (5’ —l—t,ﬁ,cos(“)) ( Yy )é—s' s’
B s
271 Re(s')=2 FR (1 — s — 2Lt/2J)2 Na
lo—1
. , ~ 1
— fla+iay) + 1o (y) Z (—210g(y)1k(a) + Ik(a)> 2
k=0

Using equations (3.5), (3.10), and (3.14), and noting that y2°+zlog(y) = O (y*1) as
y — 07, we deduce that F,(y) = O (y**7!) as y — 0%. On the other hand, shifting
the contour in equation (3.15) to the right, we see that F,(y) decays rapidly as y — oo.
Using the theory of Mellin transforms, we deduce that the following integral transform is in

H (% — 20y, oo):
M (F.) (s) = / ) Fa<y><ay>s-%%

The result follows upon identification of M (F,) (s) with M, (s), which is achieved as follows.
Firstly, note that:

lo—1
o ~ 1 s 1dy
310) [ 10y (~210g ) Zula) + D) 1 HapyE Y
B k=0
oo lo—1 _ dy
—ah [ 10y Y (<208 (9 Tela) + Tufa) y
0 k=0

Secondly, using Mellin inversion, we calculate:

20p—1

o0 Y (2miNa)t
(3.17) / >y
ac{0.1} tEathE_glOd 2
L T ) i
210 Jre(sy=2  Dr(1—s —2[t/2])" Na y
0 (21iNa) ' Tg(1 — s)2A (s+1t,8,cos@)
g— 1 —a g y My
= (Na?)* 2 Z i Z o (l_s_2 Lt/QJ)Q .
ac{0.1} tzaje:r?lon o

15



In order to evaluate the remaining integral, we will apply [GR15, 6.561(16)] with u = s — 1,
v =0, and a = 2w, which is valid for for Re(u + 1 + v) = Re(s) > 0:

S

2)2 = o *Tg(s)?.

(3.18) s /0 h K(2my)ysdy—y = (ma)™T (

For n > 0, we recall that a, = (—1)°a_,. Using equations (3.2), (2.53), and (3.18), for
Re(s) > 1+ 0 > 0, we compute:

oo _ v d
/ Ffla+iay)(ay) =2
0 Yy
v d

1
= / 5 Z an/ay K (2mnay) exp(2mina) (ay)®™ 2 &
0 Y

n#0

s o0 d
_4 Z a, exp(2mina)|n|~* / K(27rozy)ys—y
2 s 0 Y

aF — . . _ > dy
—L N0, (exp(2 1) exp(—2 s [ Keray)yY
(3.19) 5 ;a (exp(2mina) + (—1)° exp(—2mina)) n /0 (2may)y™~

o0

o d
=a’i"¢ Z ay, cos'9 (2mina)n~* / K(QWay)ys—y
0 Y

n=1

=i ¢ Z ap cos'® (2mina)n " Tg(s)?
n=1

=i~ 7Ly (s, COS(E)) Tr(s + [e +¢€])?

=i TNy (s, a, COS(E)) .

Since the functions in equation (3.19) extend to meromorphic functions on Re(s) > 2 —

2(y, the identity remains valid within this larger domain away from any poles. Combining
equations (3.15), (3.16), (3.17), and (3.19), we deduce that M, (s) = M (F,) (s). O

Let § = 2 € Q%, where (u,v) = 1 and v > 0. As in [BK14, NO20], we introduce the
infinite set

Tg::{ge(@m:pzumodv,pep}.
u

The set T is unbounded by assumption on P. An important property is that if A\ € T then
A (s, Aﬁ,cos(r)) = A, (s,ﬁ,cos(”)). Given ty € Z>, choose ¢y € Z~ such that 20y > t,.
Consider any subset T C Tj such that |Tsy| = M > 20, > t;. By the theory of
Vandermonde determinants, for each A\ € T}z 5; there exists ¢, € C such that

(3.20) D AT =0,(t), te{01,...,M~1},

)\GTB,M
where d,(t) is the Kronecker delta function.
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Lemma 3.9. Let o € Q~, to € Z>o, T C Tp of size M > 2{y > ty, and choose ¢y € C to
satisfy equation (3.20). The following function is in H (to + % — 20y, oo):

)" — 2 ([e+to))
(3.21) ¢ letol(NQ2)smaq o (2m0)"° T (L — s + to)*A, (s, 52 cos(l+toD)
to!l'r (1 — 5+ [to])

- Z cyNZE 2ol [(—iF)EAf (s —to, ™, cos(e))

AETg
-1 [/ = -1 -1
_ 1 Ik(Oé)\ ) Ik(CY)\ )
—(\ 1. \s—to—35 2 ]
( Oé) Z(S—t0+2k+ (S—t0+2]{?)2

k=0

Proof. The function in (3.21) is equal to ZAGT&M N2 1N  (s— 1), where Myio(s —
to) is as in equation (3.13). The result is a consequence of Lemma 3.8. For the first term we
apply (3.20) as follows:

20p—1

91 Y (2miNA " a)!
S e (N () IS —
= O

Tr(1 —s)*Ay (s +t, A8, cos™)
Tr(1—s—2[t/2))
—[e+to] (Na ) (27TiNO‘)tOAg (5 + o, B, COS([EHOD) Ir(1 — 5)2.
folls (1 — 5 — 2 [10/2])?
To deduce equation (3.21), we use that tg — 2 |to/2]| = [to]. 0

For t € Z, we define the following subset of M(a, b):
M,(a,b) = {h € M(a,b) : h is holomorphic at s € 2Z +t + 1}.
Taking M = 2{p+1, Lemma 3.9 implies that the following function is in My, (tg — M + g, oo):

(2i) T (L = 5+ o)A, (5, 3, cost-D)
to!T= (1 — s + [to])”
— (—im)* Z C)\)\2S_2t0_1Af (8 — 1o, Oz)\_l,cos(€)) )

)\ETB,M

(3.22) i ltol(Na2)mzq 0

Proposition 3.10. Let ¢ € PU {1} and let § = Niq for some b € Z such that (b, Nq) = 1.
Under the assumptions of Theorem 3.1, for any r € {0, 1}, the functions Ay (s, B, cos(r)) and
A, (s, 5, COS(T)) continue to elements of M (—00, 00).

Proof. Consider first the function A, (3 B, cos(’”)) If ¥’ = —bmod Ng, then A, (s B, cos(’”)) =
A <5, Ji’, , cos! ) Without loss of generality, we may therefore assume 5 < 0 and —b € P.

Let ¢ € P — {q} satisty (b,¢') = 1. Write 5/ = N ~ and o/ —N—ﬁ. Since  and 8’ have
the same numerator, the intersection T N 7T} is mﬁmte For ty € Z>( we can thus choose a

set Tyy C TN T with M >t elements and we can find ¢, € C such that equation (3.20) is
17



satisfied. Evaluating the function in equation (3.22) at 8 and /' and taking the difference,
we deduce that the following function is an element of My, (to - M+ g, oo):

FR(l — S+ t0>2
T (1— s+ [t)])?

Z"[e-&-to] i eto pes 1 “
=y AGZTM X207 (A (s = to, X" cos@) — Ay (s — tg, A", cos))

(3.23) (a7 1A, (s, B, COS([e+to])) — TN (s, cos([“fto])))

Note that the poles of I'r(s) lie in the region Re(s) < 1. By assumption we have that
a, = O (n7), for some o > 0. For all A € T}, we see that As (s, a™h cos(e)) is holomorphic
for Re(s) > o 4+ 1. Using equation (2.56), we deduce that the following function is in

H (—OO, to — O'):

Ay (s — tg,aX ", cos! ) Ay (s — to, ' X7, cos'® ))
For every ty € Z>o, equation (3.23) thus implies that the following function continues to an
element of M,, (to - M+ g, to — a):

FR(l — S+ t0)2
T (1 — s+ [to])?
The function in equation (3.24) is independent of T);. Taking M to be arbitrarily large, it
follows that the function in equation (3.24) is in My, (—o0,tyg — o). We observe that the
zeros of the following function have order 2 and are contained in the set 2Z>q + 1 + [to):

r(1 — s+ tg)?

Tg (1 — s+ [to])*
Dividing the function in equation (3.24) by that in (3.25), we conclude that the following
function is in M (—o0,ty — 0):

a?s—to—lAg (5767 COS([€+tOD) _ O/Qs—to—lAg (S, 5/) COS([E—HOD) )

(3_24) (OCQSftO*lAg (s,ﬁ, COS([etho})) _ O/zs—to—lAg (37 5/7 COS([6+t0D)) _

(3.25)

Since o # o/, varying t, > 0 implies that A, (s, 3, cos“tD) continues to an element in
M (—00,ty — o). Since [to+e€] depends only on the parity [to], taking ¢y arbitrarily large whilst
keeping [to] constant implies that A, (s, B, cos([fﬂo})) is in M(—00,0). Reversing the roles
of f and g and repeating the argument above, we find the same for Ay (3, B, cos([“rto])). O

Corollary 3.11. Let ¢ € P U {1} and let § = § for some b € Z such that (b,q) = 1.

Under the assumptions of Theorem 3.1, for any r € {0, 1}, the functions Ay (s, B, cos(’”)) and
A, (s, B, cos(T)) continue to elements of M(—00, 00).

Proof. As in the proof of Proposition 3.10, we may assume that § < 0 and —b € P. Let
to € Zso, M > t; and consider T C Tj of cardinality M satisfying (3.20). We have
a = —x& and so, if A € Tp /s, then aA™ = —Nip. Applying Proposition 3.10, we see that
Ay (s— to, aX™!, cosl?) continues to an element in M(—00, 00). By equation (3.22) we know
that A, (3, G, cos([5+t0])) is in M (to - M + %, oo) for ty € {0,1}. Taking M to be arbitrarily
large, we conclude that A, (s, B, COS(T)) is in M(—o00, 00). Reversing the roles of f and g and

repeating the argument above, the same follows for A, (s, B, cos(r)). OJ
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Taking b = ¢ = 1 in Corollary 3.11, we see that A¢(s) and A,4(s) are holomorphic away from
at most double poles at s € Z and bounded in vertical strips. On the other hand, recall that
the Dirichlet series defining L¢(s) and Ly(s) in equation (2.48) converge for Re (s) > 1+ o,
and so As(s) and Ay(s) are holomorphic for Re (s) > 1 + 0. The functional equation (2.49)
moreover implies that As(s) and Ay(s) are holomorphic for Re (s) < —o. In Theorem 3.1 we
assume that 0 < o < 1, and so we deduce that A¢(s) and Ay(s) are holomorphic away from
at most double poles at s € {0,1}. In particular, we see that assumption (1) in Theorem 3.3
is valid.

Lemma 3.12. Assume that o € Qs and § = —1/Na are such that, for » € {0,1},
the functions A, (s, B, cos(T)) and Ay (s, «Q, cos(’”)) continue to elements of M(—o0,00). For
So € Z<1, choose ty € Z~y such that [ty] = [s¢] and write j = %(to —50). Let T s C Tp be a
set of size M > 20y > to— so+3/2 > to — so = 27 > 0 and choose ¢, € C satisfying equation
(3.20). If e = 1, then

(3.26) im Z A0 20 Res (s — so) Ay (s —to, A", sin)
)\GT&A{
(27Ti)tOFR(1 — 5o -+ to)Q

— i7[1+t0]<Na2)807%a7t0 2
tO!FR (1 — So + [to])

Resy—s, (s — s0)Ag (s, 8, cosl 7))

+ (—1)j£a50_t0_1 ((50(30)6*;(1) Ress—1(s —1)A¢(s) +00(s0)G;(1) log(ar) Ress—1 (s —1)Af(s)

~Gi(1) Y e log(/\)Resszl(s—1)Af(s)—|—Gj(l)éo(SO)ResszlAf(s))

/\GT@]\{

Proof. Specifying e = 1 in equation (3.21), recalling that A(s, a,sin) = —A (s, a, cos(l)), and
multiplying by (s — sg) we get:

(2mi)" T (1 — 5 + £0)2(s = s0)A, (5, B, cos((-+0D)
to!FR (1 — s+ [to])Q

— Z N2 201 [m(s — so)Ay (s —to, XL, Sin)

)\ET@M

— () R (s — ) X_: ( T(ar™h) y Ti(aX™h) ) ]

=0 S — t(] + 2k (S - t() + 2]€)2

(3.27) i HOl(N?) 20
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Since sg > tg—20y+ %, Lemma 3.9 implies that the function in equation (3.27) is holomorphic
at s = so. Taking its residue, we deduce:

(3.28) im Res;—s, Z AN TR (5 so) Ay (s —to, a7, sin)

)\ET@M

1

= Ress—s, [i“*td (Na?)s 2q 710

(2m1)"*Ta (1 — s+ to)2(s — s0)A, (s, 3, cos(0a))
to!FR (1 — S+ [to])2

+2 3 ea(Aa) 0L (aN ),

AETL-;’]\{

where, we have used

lo—1 - — -
o Ti(aX™) Tr(aX™)
s—to 3 _
(3.29) Res,—g, [(/\O‘> <S SO) — (S —to + 2k 2 (3 —tp + 2k)2

— 2(Aa)*0 05T (aA ),

1
which holds because j € Z satisfies 0 < j < £y, and appears because A25~200—1 (\~1q)* 7072 —

(Aa)*~~2. As per the discussion following Corollary 3.11, we know that A #(s) is holomor-
phic away from integer points in the range —1 < —0 < s < 14 0 < 2. It follows that:

e e =3 RYCLCL

~ (-1

ﬁ - Resisy [Ar()G(s) (@A™

pe{0,1}

where G, (s) is as in equation (3.7) with € = 1. Since Gj(s)(oc)\_l)%_s is entire and A¢(s) has
at most double poles at s € {0, 1}, it follows that Af(s)Gj(s)(oz)\*l)%_s has at most a double

pole at s € {0,1}. In fact, Gj(s)(a/\*l)%_s has a simple zero at s = 0 and so the product
A¢(s)Gj(s) has at most a simple pole at s = 0. For s close to 0, we note the expansion:

(3.31) Gj(s) = %\/j{ws +0(s),

in which the implied constant depends on j. Substituting equation (3.31) into equation
(3.30), we deduce:

(3.32) Zj(aX!) = (271'; [(a)\_l)% (1/2);(j — 1)! Ress— sAf(s)

+ T (G;.(1)(ax1>*% +G,0) 1og(ax1)(ax1>*%) Res,_i1(s — 1)A;(s)

]

+vT Gj(l)(oz)\_l)_% Ress—1 Af(s)] .
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The functions (s—so)Ay (s — to, aA ™!, sin) and (s—sg)A, (s, B, cos! D) have at most simple
poles at s = sg. Therefore, substituting equation (3.32) into equation (3.28), we have:

(3.33) im Z Ao 20" Reg (s — so) Ay (3 —to, a1, sin)

AeTg, M

(2mi)OTR(1 — 5+ to)?
to'T'w (1 — 5 + [to])*

(1/2),

= [+l (N @20z g0 Ress—sy (5 — 50)Ay (s, 3, cosll! 1))

+ (—1)]'#0480_'50 Z AP T Res g sA ()
T s
+ (—1)]Wa 0ot N AT [ (1) Resoi (s — 1)A4(s)
)\ET[}YM
+G;(1)log(a) Ress—i1 (s — 1)Af(s) — G;(1) log(X) Res—1(s — 1)A s (s) + G;(1) Res,—1 Ag(s)].
Equation (3.26) follows from equation (3.33) using equation (3.20), upon noting that d;,(to —
S0) = do(so) and that the second term on the right hand side of (3.33) vanishes since
—t0>80—t0—1>—2£0. O

Lemma 3.13. Given ty € Z>o and 5 € Q*, consider ¢, € Z~ so that 2y > tgand Tz C 15
of cardinality M > 2{y > t,. There exists Ao € T such that the vectors ()x_t)/\eTﬁ Ui} and

(Ao log()\))/\eTB Ul are linearly independent, for ¢ € {0,1,..., M —1}.

Proof. Consider any \g € T3\{1}. For t € {0,1,..., M — 1}, consider the (M + 1) x (M +
1)-matrix with columns given by the vectors ()x_t)/\eTﬁ wupop and (AT 1og(A))ser, oo
Expanding along the \g—row we see that the determinant of this matrix has the form:

(3.34) Mg log(No)e 4+ P(A\g 1Y),

where ¢ is a non-zero constant’ and P(x) € Clz]. Suppose for a contradiction that the
expression in equation (3.34) vanishes for all \g € Ts\{1}, that is:

A P(A )
(3.35) = oglu) Ao € Tp \ {1}.
Since the set Tj is unbounded, it follows that we may choose )¢ to be arbitrarily large. The
right hand side of (3.35) will always either tend to 0 or £o00 as Ay — 00, depending on P
and ty. This is a contradiction since ¢ # 0. 0

In particular, for all z € C, there exists A\g € T3, ¢\, € C and ¢, € C associated to each
A € T3 such that

(3.36) > e Tlog()) =z, Y e =6,0), tefo,1,... . M—1}

/\€T57MU{)\0} )\ETBJMU{A()}

Lemma 3.14. Make the assumptions of Theorem 3.1. If € = 1, then As(s) and A,(s) have
at most simple poles at s € {0, 1}.

"More precisely, ¢ is the determinant of the Vandermonde matrix with columns (A1) NETs a1 for t =
0,...,M—1.
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Proof. By assumption, A¢(s) and A4 (s) are holomorphic for Re (s) > 2 > 140 and Re(s) <
—o < 0. Using the functional equation (2.49), we see it suffices to show that:

(3.37) Ress—1(s — 1)A¢(s) = Ress—1(s — 1)A,(s) = 0.
We will show that Ress_i(s — 1)A¢(s) = 0. Reversing the roles of f and g will yield that
Res;—1(s — 1)A4(s) = 0.

For g € P U {1}, consider 8 = —ﬁ, so that a = ¢. Given a subset T ) C T containing

M elements, choose ¢y € C satisfying equation (3.20). Take A = p € Tj 1, so that aA™! =

%. For ty € Z-1, our assumptions on {a,}2%; and o imply, using equation (2.56), that

As(s—tg, @71, sin) is holomorphic at s = 0. For all ty € Z~4 such that [to] = 0, substituting
so = 0 into equation (3.26) gives:

-1/2 (27Ti)t0 Tg(1 + 1)
to!Tr (1)
T
()"
= Giup(l) D &N 1og (\) Reseoa(s = 1)Ag (5) + Grya(1) Resyy Ay (5) |

)\ETQ,M

(3.38) iN

Ress—o sA, (s, 3, sin)

= (1) * 55 |Gl a(1) Resur (s — 1A () + Gryya(1) log (a) Resea(s = 1A (5)

By Lemma 3.13, for any z € C we can find \g € T3 and cy,c), € C such that equation
(3.30) is satisfied. The proof of Lemma 3.12 remains valid if we replace Tj ps by T U{ Ao}
In particular, equation (3.38) holds with z/\eTB,M exA " log(\) replaced by an arbitrary
complex number. Since Gy, /2(1) # 0, we conclude that Res,—1(s — 1)As(s) = 0. O

Lemma 3.15. Make the assumptions of Lemma 3.12, so that, in particular, we have ¢ = 1

and [to] = [so]. We have:

3.39) im Resg—g NZE 20N (5 — ¢, X7t sin
0 f

AETB,]M
(2mi)TR(1 — s+ t)?

A, (s, B, cos(lFto)
to!FR (1 — S+ [to])2 7 ( )

= Res,—s, {i[1+t°](Na2)81/2at°

NG
(4)?

+ (_1)'7‘%Gj (1)a® " log(a)do(so) Ress—1 As(s)

+(—1)

G,(1)aso ot Z cxA " log(\) Resgs—1 Af(s)

AETg M

+ (—1)J \/7_1— Jj(].)Gj(].)O[SO_tO_l(SO(So) R685:1 Af(S)

Proof. For j as in Lemma 3.12, we compute:

1 i Ik(o&\_l) 1
(340)  Resisy |()7072 ) 7 S | = log(Aa) (M)t (a7,
k=0
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By Lemma 3.14, the function As(s) has at most simple poles. Simplifying equation (3.32)
accordingly, we get:

(3.41) Zax) = (-1)/(ax )4 Y7 S Res,y (),

Substituting equation (3.41) into equation (3.40), we obtain:

lo—1 _
1 Ik(a)\ 1)
42 _ o)’ to—3 E __TRANT S
(342)  Resumsg [( ®) L (5 — to + 2k)?

J so—to a0~ to— 1\/_G<)
= (=1) log(Aa)A 2(]') Ress—1 As(s).

On the other hand, we observe:
X T )

— So—to—lf' —1 )
stk | O ™)

(3.43) Ress—s, [()\a)s_to_l

k=0
Mimicking the computation of Z;(aA™!) presented in the proof of Lemma 3.12, we deduce:
(344) L= Z Res,y [A5(5);(5)Gy()(aA )3 7*]

! pe{O 1}

where J;(s) is as in equation (3.8), both with e = 1. Since Aj(s) has at most simple poles,
equation (3.44) implies™:

(3.45) T(ax~) = (1) 2T (a%A*%Jj(O)Gj(m Res,_o As(s)
+a 2 AT;(1)G;(1) Res,_y Af(s)) .
Substituting equation (3.45) into equation (3.43), we get:
ly—1

(3.46) Res,—s, [(Aa)s—to—l >

k=0

Zi(aX™)
S — to + 2k

— (—1) (Aa)so—to*% (a%A—%Jj(O)Gj(O) Res,_o A(s) +a~3A3J;(1)G,(1) Res,_, Af(s)) .

8Note that J;(s)G;(s) has a removable singularity at s = 0, and limy o J;(s)G;(s) # 0. Abusing notation,
we write J;(0)G,(0) = limg_,o J;(s)G,(s).
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The function in equation (3.21) is holomorphic at sg. Taking the residue of this function at
s = s¢ and applying equations (3.42) and (3.46), we obtain:

(3.47) im Res;—s, Z c,\)\zs’%’l/\f (s —to, a1, sin)

AETg M
271) TR (1 — s+ t)?
to!Tr (1 — s + [to])?

= Resg—s, {Z-[ltho](Naz)slmato( A, (s, 8, COS([1+t0]))

+ (=1) VT G;(1)aro ot Z A log(A) Ress=1 As(s)

1\2
) XeTp

+ (=1)/ \/iGj(l)as"_to_llog(a) Z A0 Resg—1 Ay (s)

|
) )\ETB,M

+ (—1)j ﬁ Jj(O)Gj(O)OéSO*tO Z C)\)\Soitoil RGSSZO Af(S)

2
) NET s

+ (—1) ﬁ J; (DG (1)t Z A0 Rese—1 As(s).

1)2
(]) )‘GTB,M

Equation (3.39) follows from equation (3.47), using equation (3.20) and noting that d;,(to —
S0) = 0p(So) as in Lemma 3.12. O

Proposition 3.16. Make the assumptions of Theorem 3.1. If € = 1, then Af(s) and A,(s)
are entire and bounded in vertical strips.

That is, assumption (2) in Theorem 3.3 is valid.

Proof. Since Af(s) and Ay(s) are in M(—o00,00), it suffices to prove entirety. Mimicking
the argument surrounding equation (3.37), we see it suffices to show that Res,—1 Af(s) =0
(reversing the roles of f and g will yield that Ress—y Ay(s) = 0).

Consider tyg € Z-; such that [tg] = 0, let @« € Q¢ and § = —1/Na be such that,
for r € {0,1}, the functions A, (S,B,COS(”) and Ay (s,a,cos(r)) continue to elements of
M(—00,00), let M > to+ 3/2, let T be a set of size M, and, for A € Tp 5, choose ¢y
satisfying equation (3.20). We may apply Lemma 3.15 in the case that s = 0. For A € Ty,
our assumptions on ¢y, {a,}°2, and o imply, using equation (2.56), that A(s —tg, aA™!, sin)
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is holomorphic at s = 0. Taking so = 0, equation (3.39) simplifies to:

1/2 (27Ti)tOFR(1 — S + t0)2
to!Tg (1 — s+ [to])?

7—Gt0/2(1) Z e log(\) Ress—1 Af(s)

)\ET@]\{

(3.48) — Resy—q |iN™ Ay (s, 8, cos(l+1oD)

w /T
+(=1)= @Gto/2(1) log(cr) Ress—1 Ay (s)
/T
+(—=1)2 (%)—!)QJtO/Q(l)GtO/2<1) Ress—1 Af(s).
We conclude that Res,—1 Af(s) = 0 via an argument analogous to that presented in the final
paragraph in the proof of Lemma 3.14, using (3.48) in place of equation equation (3.38). [

Lemma 3.17. Let o, 5,7, sg, to, J, M, c) be as in Lemma 3.12. If ¢ = 0, then

(3.49) Z AN Res g (s — so) Ay (s — to, X ™", cos)

)\ETg,M
s0-1/2,5~t0 (27m0)"°T'r(1 — s + to)*
to!FR (1 — So + [t0]>2

+ 50(50)(—1)3'“(

= il Na?) Res,—s, (s — s0)7y (s, 5, COS([tOD)

)' so—to—
Tja 0=~ Resy—1 (s — 1)Af(s).
Proof. The proof is similar to that of Lemma 3.12. In place of equation (3.28), we get:

Res;—s, Z AN (s = s)Ag (s — to, X, cos)

)‘GTB,]VI

= Res,—s, z"[tO](Naz)s’%a’to(

2mi)"0 T (1 — 5 + t0)2(s — s0) Ay (s, B, coslioD)
to!Tr (1 — s+ [to])2

+2 Z CA(/\a)SO_tO_%Ij(a)\_l).

/\GT,&M

We may compute Z;(aA™!) as in equation (3.30). When e = 0, the function G(s) has a
double zero at s = 0, and a single zero at s = 1. For s close to 1, we have the expansion:

r(%) :—3;1+0<(1;S)2>,

and so:
—1)i+1(1/2).
(3.50) Zi(ar™) = %(a)\_l)_é Res,_1(s — 1)A(s).
We conclude as in the proof of Lemma 3.12, noting again that d;,(to — so) = do(s0)- O
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Lemma 3.18. Make the assumptions of Theorem 3.1. If ¢ is a primitive Dirichlet char-
acter with conductor ¢ € P, then the twisted L-functions Af(s, ) and Ay(s, ) extend to
holomorphic functions except for at most simple poles in the set {0, 1}.

Proof. Mimicking the argument surrounding equation (3.37), we see it suffices to show that
Ress—g sA4(s,1) = 0 (reversing the roles of f and g will yield that Ress—g sAf(s, ) = 0).
Given sy € Z1, choose £y, M,ty € Z~1 such that M > 20y > tqg— so+ % For o € Q-9 and
B = —1/Na choose Tz C Tj of size M, and, for each A € T}, choose ¢, € C satisfying
equation (3.20). Since so > to — 20y + 3 the functlon in equation (3.21) is holomorphic at
s = So. Multiplying this function by (s — 5p) and taking the residue at s = sg, we see that:

(ZWi)tOFR(l — So + t0)2
to!FR (1 — S0 —|— [to])2
= Z AT (i)  Resyes, (5 — 50)Ay (s — to, aA™", cos ))

)‘GTE,]VI

(351) iOI(Nat)oba CS.man (5 = 50) A (5. 8, cos{4D)

The remainder of the proof is split into five steps.

Step 1: Additive twists (e = 1). First set § = %}, for some b < 0 such that (b, Nq¢) = 1.
For A € Tj, it follows that aA\™' = 1% for some p = b mod Nqg. Using our assumptions
on o, to, {an}>>;, and o, we deduce from equation (2.56) that As(s — to,a\ ™!, sin) is
holomorphic at s = sg. It follows that the expression in the right-hand side of equation
(3.51) is zero. Choosing t, of different parity to sg, we get [e + to] = [so]. Therefore
Res;—s, (s — s0)A, <s, Al,’ cos(l*) ) =0 for all sy < 1.

If instead b > 0, and still satisfying (b, Nq) = 1, then we can take b’ € P with ¥ =

—bmod Ng, so that we have A, <s cos([SO])) = Ay (s, —]i’,—/q,cos([s(’])) Combining the

» Ng»
cases b < 0 and b > 0, we observe that Res,—s,(s — s9)A, (s, ﬁ,cos([é’o})) =0 for all = =
with (b, Nq) = 1.

Taking ¢y of the same parity as s, we may apply equation (3.26) and Proposition 3.16 to
obtain

(27Ti)tOFR(1 — So + to)Q
tO!FR (1 — So + [to])Q
=m Z e A0 20" Reg, o (5 — so) Ay (s —to, a7, sin) )

)\ET@M

(8.52) i (Ve 2a Res;—s, (s — s0)Ag (s, 3, cos100D)

If g = Niq, for some b € Z such that (b, Nq) = 1, then, using equation (2.56), we conclude
as above that the right-hand side of equation (3.52) vanishes. Hence, for all sy < 1, we have
Ress—s, (s — s0) A\, <s, Mo cos([“rs(’])) =0.

On the other hand, if 8 = g for some b < 0 such that (b,q) = 1, then A\™'a = Nip for some
prime p = —b mod ¢ and the right-hand sides of equations (3.51) and (3.52) vanish. Thus,

applying equation (3.51) with so = 0 and ¢, = 3, we obtain that Res,—q sA, (s, T cos) =0,

and, applying equation (3.52) with sy = 0 and ¢, = 2, we infer that Res,—o sA, <5, o sm) = 0.
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Step 2: Additive twists (¢ = 0). Consider two negative rational numbers 3,3’ with the
same numerator. For ty € Z-; we can choose, as in the proof of Proposition 3.10, a set
Ty C Tp N Ty of size M as in Step 1, and we can find ¢, € C such that equation (3.20)
is satisfied. For sq € Z.1, applying equation (3.51) to both § and 3, then subtracting, we
compute:

271)OTR(1 — 8¢ + tg)?
t()!PR (1 — 5o —f- [to])2
—a?0 70 Res, (s — s9)A (s, 8, cos D))

= Z A0 Res [(s — 50) (Af (s —to, a1, cos) — Ay (s — to, A7, cos))] ,

(3.53) i3

(a0~ Res,—y, (s — s0)Ay (s, 5, cos([to]))

AeT
where we write o/ = —1/Nf'.
Consider 8 = & and f' = % for some b < 0 and ¢ € P such that ¢ # ¢ and

Nq

(b,Nq) = (b,Nq') = 1. Since sy — ty < —o, equation (2.56) implies that the difference
Ap(s —to, a1 cos) — Ay(s — to, @’ A1, cos) is holomorphic at s = so. Thus the last line of
equation (3.53) vanishes, so that:

a7 Res,_y (s — s0)Ay (s, 53, cos([tO])) = o7 T Res,_y, (s — s0)Ay (5,5, COS([tOD) .

Replacing tg by another integer of the same parity does not alter the residues on either side of
the above equation. Choose ¢, of different parity to sg, so that [to] = [so+1]. Since o # o/, by
varying ¢, whilst preserving its parity, we deduce that Res,—, (s — so)A, (s, B, COS“SOHD) =0
for all so < 1. The condition that b < 0 can be relaxed by mimicking the argument presented
in Case 1.

On the other hand, choosing ty to have the same parity as sg, equation (3.49) applies to
both # and 3’. Subtracting these cases of equation (3.49), and noting that

Res;—s, [(s — Sp) (Af (s — to, A", cos) — Ay (s — to, o/)\_l,cos))] =0,
we obtain:

(3.54) 50(30)(—1)j% (a0t — /00" Res,_q (s — 1)A4(s)

% (27T’i>tOFR<1 — 8o + t0)2

= il Vs~ S
to!Tr (1 — so + [to])

(onsO_tO_l Resg—s, (s — s0)Ag (s, 5, cos([tO]))

— a7 Res, g, (s — s0)Ay (5,8, cos([tOD) ),

where j = $(to — so). In the case that sy < 0, the first line of equation (3.54) vanishes. It
follows that:

b
070 Rese—g, (5 — S0) A, (s, N’ COS([SOD)

b
_ qlzso—to—l Resy_s, (5 — SO)Ag (57 ]\]—q/’ COS([SOD) )

By varying t, we see that Res,—s,(s — s0)A, (3 cos([501)> =0 for so < 0.
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Consider = %’ for b < 0. In this case, we have \™la = Nip for A € T;. We conclude from
the previous paragraph that Ress— sA; (s — 3, \"'a, cos) = 0, and so equation (3.51) with

sp = 0, and ¢y = 3 implies that Res,—¢ sA, (s, g, sin) =0.

Step 3: Odd character twists. Combining Step 1 and Step 2, we have shown that, for € €
{0,1}, we have Res,—o sA, (s, g, sin) = — Res,— sA, (s, g, cos(1)> = 0. Varying b mod ¢ and

summing, we deduce from equation (2.54) that, for any odd character ¢ of conductor ¢, we
have Res,—g sAy4(1), s) = 0 as required.

Step 4: Even character twists (e = 1). It was shown in Step 1 that Res,—q sA, (5, g, cos) =0.

Varying b mod ¢, we deduce from equation (2.54) that, for any even character ¢ of conductor
q, we have Res,—o sAy4(1), s) = 0 as required.

Step 5: Even character twists (e = 0). When so = 0 and t; = 2, the left-hand side of
equation (3.49) vanishes. Equating the right-hand side of equation (3.49) with zero, and
multiplying by 202, we observe:
(271)*T'r(3)?

(3.55) N~z P

Ress—o sAy(s, 5,cos) = —Ress_1(s — 1)Af(s).

Equation (3.55) implies that Ress—g sA, (s, g, cos) does not depend on b coprime to ¢q. For

a primitive even character ¢, we may write A,(s,?) as a sum of A, <8, g, cos) using equa-

tion (2.54). Multiplying by s and taking the residue at s = 0, we get a constant multiplied by
2 b mod ¢ ¥(b) which is zero by character orthogonality. It follows that Ress—g sAy(¢,s) = 0
as required. O

Lemma 3.19. Let «, 3,1, so, tg, M, c) be as in Lemma 3.12. If e = 0, then:

(3.56) Ress—s, Z c,\)\25_2t°_1Af (5 —to, a7, cos)

)\ET@M

1 \to _ 2
— j~[to] (NO;)SO*Q ! (277:? llog(NQQ) I'r(1 — so +to)

FR (1 —So+ [to])

5 Resa—e (5 — s0) A (s, 8, cos(le))
0

i FR(l — S+ t0)2
ds FR (1 — S+ [to])2

Resg—s, (s — s0)Ay (S, B, cos([t(’}))

$=80

5 Res,—g, Ay (s, B, cos([t‘)])) ]

i FR(l — S0 + t0)2
FR (1 — S0 + [to])

F (=170 (o) (5 ()C(5)

B Ress—1(s — 1)Af(s)

s=

— 2d0(s0) (il)] log(a) Ress—1(s — 1)As(s) + 50(80)% Res,—1 Af(s)] .
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Proof. Proceeding as in the proof of Lemma 3.15, we observe:

(3.57) Resys, [(Mf“’% Z_: (Szfﬁi 2)/<; * 2(3%(51236)2”

k=0

= (M) 02T (aA™h) + 2log(ad) (@A) 02T (aA ™),

where j as in Lemma 3.12. We may evaluate Z;(aA™!) as in equation (3.50). On the other
hand, recalling that Af(s) is holomorphic away from at most double poles in the set {0,1},
we compute:

fj(a)\—l) = (—l)j (3/‘)%2 Z Res,—, [Af(S)Jj<S)Gj(5)(a)\_l)%_s ’
p€{0,1}

where G;(s) is as in equation (3.7) and J;(s) is as in equation (3.8), with e = 0. Since
J;(s)G;(s) has a double zero at s = 0, but is non-zero at s = 1, we deduce

B Ress—1(s — 1)Af(s)

s=

358) Tax™) = (-1/lax )Y (di (1(8)G(5)
— J;(1)G;(1) log(aA™") Resg—y (s — 1)Af(s) + J;(1)G;(1) Resg—y Af(s)> :

Observing the evaluation /7 J;(1)G;(1) = (1/2); 5!, and using equations (3.50), (3.57),
and (3.58), we obtain

lo—1 - — -
o (A1) Ir(ar™h)
o | Y a2 2
Ress—s, ax(Aa) ? (s—t0+2k’+ (s —to + 2k)?

B Ress—1(s — 1)Af(s)

S=

1/2), (1/2);

— 250(30)< 7 log(cr) Ress—1(s — 1)A¢(s) + do(s0) 7

Ress—1 Af(s)

)

in which we note that the log(\) terms cancel. On the other hand, we compute directly:
QWi)tOFR(l — S+ t0)2

A, (5,8, ([tol)}
(st e (5 8cos™)

2 FR(l — 5o + t0)2
[bgwo‘ e (1= 50 & 1]

Res;—s, i~ [to] (Non)S*% ofto(

=

(2mi)to
to!

= 4~ lto] (Noﬂ)so_E at

d FR(]_ — S + t0)2
dsTg (1 — s+ [to])2

s=50

FR(l — Sg + to)Q
FR (1 — Sy + [to])
29
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By assumption sq > tqg — 20y + %, and so the function in equation (3.21) is holomorphic at

s = s9. Equation (3.56) follows by taking the residue of this function at s = sy. O

Proposition 3.20. Make the assumptions of Theorem 3.1. If v is a primitive Dirichlet
character with conductor ¢ € P, then Ag(s,) and Ay(s,) are entire and bounded in
vertical strips.

That is, assumption (3) in Theorem 3.3 is valid.

Proof. Since A¢(s, ) and Ay(s, 1) are in M(—o00, 00), it suffices to prove entirety. Mimicking
the argument surrounding equation (3.37), we see it suffices to show that Res,_o A,(s,7) =0
(reversing the roles of f and ¢ will yield that Ress—o Af(s, 1) = 0).

Given sy € Z1, choose £y, M,ty € Z~1 such that M > 20y > tqg— sg+ % For oo € Q-9 and
= —1/Na choose T C Tp of size M, and, for each A € T} 3, choose ¢y € C satistying
equation (3.20). As in the proof of Lemma 3.18, function in equation (3.21) is holomorphic
at s = so. Taking the residue at s = sy, we get:

L4 (27ri)t0FR(1 — S+ t0)2

3.59) Res,_y, |i T(Na?) 2a A, (s, 8, costlettoD
( ) 0 ( ) to!FR (1 —s + [to])Q g ( )

= Ress—s, Z AN (—im) Ay (s — to, e, cos(e))

AT, M

Following the strategy from Lemma 3.18, we split the remainder of the proof into five steps.

Step 1: Additive twists (¢ = 1). Consider first § = Niq for some b < 0 coprime to Ng.
Using our assumptions on sg, to, {a,}22,, and o, we deduce from equation (2.56) that
A(s — tg,aX™!,sin) is holomorphic at s = sq. In particular, the right-hand side of equation
(3.59) is zero. Choose t, of different parity to sg, so that [e 4+ to] = [so]. In the proof of
Lemma 3.18, it was demonstrated that A, (s, 3, cos*)) has at most a simple pole at s = s,.
Therefore, the left hand side of equation (3.59) is equal to

(27Ti>tOFR<1 — So + to)g
tO!FR (1 — Sy —+ [to])2

It follows that Ress—s, A, (s, B, cos([so)]) =0 for all sy < 1.

In the proof of Lemma 3.18 it was established that the function A, (s, B, cos([1+80})) has
at most a simple pole at s = so. Taking ¢, of the same parity to sy, we may apply equation
(3.26) to obtain:

z'_[EHO](Naz)SO_%a_tO Ress—s, Ay (s, 5, cos([SOD) .

(27Ti)tOFR<1 — S+ t0>2

(360) i7[1+t0](Na2)3071/2a7t0 5
to!FR (1 — S+ [to])

ResS:So Ag (87 57 COS([1+30]))

= Resg—, [iT Z cA)\QS_QtO_lAf (s — to, oz)\_l,sin)

)\ETﬁ,]u

The second line of equation (3.60) vanishes, and so Res,—s, A, (s 4 cos([1+80})) = 0 for all

’N_q’
so < 1.
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If, instead, 8 = Niq for some b > 0 such that (b, Nq) = 1, then we may reduce to the case
b < 0 as in the proof of Lemma 3.18.

Consider g = g for b < 0 coprime to ¢, so that Ata = Nip for a prime p = —b mod ¢q. As
above, the second lines of equations (3.59) and (3.60) vanish. Applying equation (3.59) with
so = 0, to = 3 gives Ress—g A, <s, g,cos> = 0, and applying equation (3.60) with sy = 0,

to = 2 gives Res,—o A, <s, g, Sin> =0.

Step 2: Additive twists (e = 0). Consider § = Niq with b < 0, and let 8’ € Q¢ have the same
numerator. For ¢y € Z>( we can choose as in the proof of Proposition 3.10 a set T C TNTj
with M as in Step 1, and we can find ¢y € C such that equation (3.20) is satisfied. Taking
to of different parity to sg, equation (3.59) applies to both § and /. Subtracting these cases

of equation (3.59), we get
(2mi)TR(1 — s+ t)?
to!FR (1 — S+ [to])Q

- (a®07 " Res,_y, A, (s, 8, cosTol) — o207 00" I Reg A, (s, 8, cosltToD)

(3.61) i Mol =03

= Res;—s, Z N2l (Af (s —to, /X7, cos) — Ay (s — to, A", cos))] ,

ATy

where we have written o/ = —1/N " and used the fact that the functions A, (s, B, cos([”s‘ﬂ))
and A, (s, o4 7COS([HSOD) have at most a simple pole at s = sg (which was established in
the proof of Lemma 3.18). As per the argument following equation (3.53), the last line of
equation (3.61) vanishes. It follows that:

a0~ Res,_y Ay (s, 5, cos([”SO])) = o070 T Res,_y, Ay (5,7, cos(“*sf)])) .

Varying ¢y, whilst keeping the same parity, we deduce that Res,—s, A, (s, %}, cos([1+50])> =0,

for all sp < 1 and b < 0 coprime to q.
Taking to of the same parity as sg, equation (3.56) applies to both 5 and §'. Arguing as
above, we are lead to:

b b
>0 Res,_,, A (s, N_q’ cos([SD])) = ¢** "7 Res,_y, A (s, NG’ cos([301)> )

Varying ty, we conclude that Res,—s, Aq (s, Niq,cos([s()])) = 0 for all s < 0. If, instead,

b= Ni for some b > 0 such that (b, N¢) = 1, then we may reduce to the case b < 0 as in

the proof of Lemma 3.18.

Consider 8 = g with b < 0, so that A\ la =

paragraph, we find that Ress_oAs (s — 3, A ', cos

for A\ € Ts. As per the previous
= 0. From Lemma 3.18 we know

— 3l

Res;—o s, (s, g,sin) = 0. Applying equation (3.59) with sy = 0 and ¢, = 3, we there-

fore see that Ress—o A, (s, g, sin) =0.
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Step 3: Odd character twists. Combining Step 1 and Step 2, we have shown that, for € €
{0,1}, we have Res;— A, (3, g, sin) = —Res,_o Ay (s, g,cos(l)> = 0. Varying b mod ¢ and
summing, we deduce from equation (2.54) that, for any odd character ¢ of conductor ¢, we
have Res;—o A,(1, s) = 0 as required.

Step 4: Even character twists (e = 1). It was shown in Step 1 that Res,—o A, (3, g, cos) =0.

Varying b mod ¢, we deduce from equation (2.54) that, for any even character ¢ of conductor
q, we have Res;—o A,(1), s) = 0 as required.

Step 5: Ewven character twists (¢ = 0). When sy = 0 and tg = 2, the left-hand side of
equation (3.56) vanishes. Substituting in equation (3.55) and dividing through by a3, we
see that:

I'r(3)?
Ir(1)2

(3.62) Res;—o Ay(s, B, cos)
. FR(B)Q d FR(B — S>2
__ <log(N) Tr(1)? | ds T(l —5)

v 2 d

N s )G )

> Ress—o sAy(s, 3, cos)

s=0

Ress—1(s — 1)Af(s).
s=1
Since we make the same assumptions as in Lemma 3.18, equation (3.55) holds. Substituting
equation (3.62) into equation (3.55), we deduce that Res;—o sAy(s, 3, cos) does not depend
on b coprime to ¢g. Therefore Res,—g A (s, 3, cos) is also independent of b coprime to g. As in
the proof of Lemma 3.18, it follows from equation (2.54) and character orthogonality that,

for even primitive characters ¢, we have Res,—o A4(s, 1) = 0.
0

Altogether, we have established that the assumptions of Theorem 3.1 imply those of
Theorem 3.3.

4. PROOF OF THEOREM 1.1

We will use the notation of Section 1. From equation (1.4), we recall the quotient L(s) =
L(s,$)/¢(s), and, denoting by ¢ the contragredient to ¢, we introduce analogously L(s) =
L(s,$)/((s). Both L(s) and L(s) may be written as Dirichlet series:

L(s) = iann_s, L(s) = i Cn” .
n=1 n=1

One can compute the Dirichlet coefficients a,, (resp. ¢,) of L(s) (resp. L(s)) by first ex-
panding each factor in equation (1.2) (resp. the analogous equation for gz~5) as a geometric
series, and subsequently performing the necessary Dirichlet series manipulations. Doing so,
we deduce that a, = O(n?) (resp. ¢, = O(n?)) for all o > 0.
For any primitive Dirichlet character ¢» modulo ¢, the Dirichlet L-function L(s,) has
completion A(s, 1)) = I'r(s + €,)L(s, ), where €, € {0,1} is such that ¢)(—1) = (—1)%. As
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reviewed in [BCT03, Chapter 1], the completion A(s, ) satisfies the functional equation:

(4.1) A(s, ) = zfﬂ(ff’) 3A(L — s,40).

Recall that p (resp. m) denotes the dimension of the (+1)-eigenspace (resp. (—1)-eigenspace)
of ¢(c), and consider first the case that p € {1,3}. Let N denote the conductor of ¢, and
let P denote the set of odd primes coprime to N. For any primitive ) mod ¢ € P, the
tensor product representation ¢ ® 1) (resp. ¢ ®1)) is a 3-dimensional Artin representation of
Gal(Q/Q), with completed L-function A(s, ¢ ®@1)) = I'r(s+ €,)PTr(s+ [ep + 1)) L(s, g @1)).
Similarly to equation (1.4), we have

A(S, ¢ ® ¢) p—1 m -
Al RE el TRl 1)) and(n
) As,0®9) 3
<resp. W = Tr(s+ )" ' Tr(s + [ey + 1))™ 2 cnth(n)n” )

As reviewed in [BC*03, Chapter 4], the completed Artin L-function A(s, ¢ ® 1) satisfies a
functional equation of the form:

(4.3) A(s, ¢ @) = (5,0 @ V)AL — 5,6 ®@1)).

Appling the formulae in [Del73, Section 5], we get

(4.4 (5.6 9 8) = wl@) (N S (V)

for some character y mod N (not necessarily primitive), for some w(¢) = w(¢ ® 1) with
absolute value 1. According to [Del73, Section 3.11], we may write w(¢) as a product of local
factors w(¢) = [], wy(¢y), in which the index v varies over the places of F'. Denoting by
Woo (¢) (resp. woo(¢)) the product over the archimedean (resp. non-archimedean) places,
we have w(¢) = Weo(P)W<oo (). Using [Kna94, equations (3.6), (3.7)], at each archimedean
place we may infer the local epsilon factor from the corresponding gamma factor written in
canonical form. Doing so, we ultimately calculate wq.(¢) = ™.

Combining this with equations (4.3) and (4.4), we deduce that A(s, ¢ ® 1) satisfies the
functional equation:

1/2—s

(4.5) A(s, ¢ @ ¥) = weas(@)i™ >V x()(N) (N¢*) """ Al = 5,6 @ ).
For each primitive ¢ mod ¢ € P, dividing equation (4.5) by equation (4.1), using equa-
tion (4.2), and noting that i™ 2% = (—1)™/>~%_  we recover equation (2.49) with b, =

Weoo(@)ey, and € = m/2 € {0,1}. Assuming for a contradiction that A(s, ¢)/£(s) has finitely
many poles, Theorem 3.1 implies that L(s) = Ly(s) for some weight 0 Maass form f. There-

fore, we may write:
= Z akhk(z) + Z 5gEg(Z)
k ¢
for cuspidal Hecke eigenforms hj; and Eisenstein series Ey. It follows that:

(46) Lf(S) = Z akLhk (S) + Z 5@LE£(S
k 14
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By construction L(s) is equal to the quotient L(s, ¢)/((s), and so:

(4.7) L(s,¢) = ((s)Ly(s) = (s) { D anln,(s)+ Y BeLr,(s)
k V4

Since we assumed that L(s,¢) was primitive, and ((s) has an Euler product, it cannot
happen that L;(s) has an Euler product. Since each Ly, (s) (resp. Lg,(s)) does have an
Euler product, it follows that #{k} + #{¢} > 1. Equation (41.7) therefore contradicts the
main theorem [KMPO06], which establishes the linear independence of Euler products in a
large axiomatic class including Artin L-functions and automorphic L-functions.

The case p = 2 is similar. Indeed, in this case, the gamma factor in equation (1.4) is
equal to (half of) the gamma factor I'c(s) = 2I'r(s)I'r(s + 1) for a holomorphic modular
form. Dividing equation (4.5) by equation (4.1), we get [BK14, equation (1)]. If the quotient
A(s, ¢)/&(s) had only finitely many poles, then [BK14, Theorem 1.1] would imply that it is
the completed L-function of a weight 1 modular form and we may argue as above.
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