FACTORIZATION IN COMMUTATIVE BANACH
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ABSTRACT. Let A be a (non-unital) commutative Banach algebra. We
consider when A has a variety of factorization properties: we list the (ob-
vious) implications between these properties, and then consider whether
any of these implications can be reversed in various classes of commu-
tative Banach algebras. We summarize the known counter-examples to
these possible reverse implications, and add further counter-examples.
Some results are used to show the existence of a large family of prime
ideals in each non-zero, commutative, radical Banach algebra with a
dense set of products.

1. INTRODUCTION

Let A be a (non-unital) commutative Banach algebra. We wish to examine
when A factors in a variety of senses. Our main results are counter-examples
to a number of questions that have been raised. Indeed, we shall list seven
such factorization properties, called (I)-(VII), and note that each of these
immediately implies the next one. We shall also, in §4, discuss two other ‘lo-
cal’ factorization properties, called (A) and (B) (where (A) = (B)); these
properties are relevant for Esterle’s classification of commutative, radical
Banach algebras that is given in [14]. We shall then discuss whether or not
any of these implications can be reversed when we restrict attention to par-
ticular classes of commutative Banach algebras. We shall show that several
cannot be reversed, but we leave open other possible reverse implications.
A summary in §6 describes our knowledge at the present time.

We shall concentrate on two particular classes of commutative Banach
algebras A: first, on the case where A is semi-simple (so that A is a Banach
function algebra), and in particular when A is a maximal ideal in a uniform

algebra on a compact space, and, second, on the other extreme case where A
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is a radical Banach algebra. We shall also seek results in the special case that
our commutative Banach algebra is separable, and when it has the special
form of a maximal ideal in a class of uniform algebras that generalize the
uniform algebra R(X) for a compact subset X of the complex plane, C; in
this latter case most of the stated properties are equivalent to each other.

In the remainder of this introduction, we shall first recall some basic
properties of the commutative Banach algebras that we shall consider, and
then list our factorization properties (I)~(VII) and note the known implica-
tions and counter-examples between them.

In §2, we shall give some results about factorization for uniform algebras,
mainly related to Gleason parts in the character space of the algebra.

In §3, we shall discuss the theory of extensions of uniform algebras and
prove our main theorem that there is a maximal ideal M in a uniform algebra
such that null sequences in M factor, but M does not have a bounded
approximate identity.

In §4, we shall introduce the two ‘local’ factorization properties, called
(A) and (B), and discuss their relation with the factorization properties
already discussed; in particular, we shall exhibit a separable maximal ideal
in a uniform algebra that satisfies condition (B), but not condition (A).

Finally, in §5, various factorization results will extend Esterle’s class-
ification theory of commutative, radical Banach algebras from [14] and will
lead to a proof that, for a non-zero, commutative, radical Banach algebra R
such that {ab : a,b € R} is dense in R, there is a family F of prime ideals
in R with |F| > ¢ and such that no member of F is contained in any other
member of F.

For background concerning Banach algebras, see the monograph [6]; how-
ever we shall be concerned here only with commutative Banach algebras.
(In fact, versions of the properties that we shall discuss do apply to general
Banach algebras.) As we said, a particular interest will be the class of uni-
form algebras; the classic texts on these algebras are those of Browder [3],
Gamelin [16], and Stout [33]; more recent texts include [19].

1.1. Notation. We make the following standard definitions:
I =[0,1] is the closed unit interval in the real line R;
Rt={zeR:z>0}and R ={z €R:z > 0};

Q is the set of rational numbers; further, Qt = {z € Q : x > 0} and
Qf*={z€Q:x >0}
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D ={z € C:|z| < 1} is the open unit disc in the complex field, C; and
also T = {z € C: |z| = 1}, the unit circle.

For z € Cand r > 0, we write D(z, r) for the open disc {( € C: |( — z| < r}.
Forne N, weset N, ={1,...,n} and Z} = {0,1,...,n — 1}.

The cardinality of a set S is |S|; the first infinite ordinal is w, and the
first uncountable ordinal is w;.

An algebra is always linear and associative and taken over the complex
field; the identity of a unital algebra A is e4, and the character space of an
algebra A is denoted by ® 4. The algebra formed by adjoining an identity,
also called e4, to a non-unital algebra A is denoted by A* (and A* = A
when A is unital). For an algebra A, we set A* = A\ {0}.

The (Jacobson) radical of an algebra A, defined to be the intersection
of the maximal modular left ideals of A, is denoted by rad A; it is an ideal
in A, and the algebra A is semi-simple if rad A = {0} and radical if A has
no maximal modular ideals, and so rad A = A. Suppose that (A, ]| -]|) is a
Banach algebra. Then rad A is a closed ideal in A; when A is commutative,

rad A={ac A: lim ||a"]|*/" =0}.
n—ro0

Let A be an algebra. An element a € A is nilpotent if a™ = 0 for some
n € N. For a subset S of A and n € N, we set

S[n}:{al"'an:ala..-7anes} and Sn:hﬂS[n]?

so that S” is the linear span of SI™. The set S is nil if all of its elements
are nilpotent, and S is nilpotent if S = {0} for some n € N. (In fact, a
Banach algebra that is nil is also nilpotent [6, Theorem 2.6.34].)

The closed unit ball centred at 0 of a normed space E is denoted by
Epy and the dual space of E is E', so that Ef1] is compact in the weak-x
topology, o(FE', F).

Let £ and F be Banach spaces. The projective tensor norm|| - ||, on
E ® F is defined by

2]l = inf{z Izl lysll = 2 =D _z;@y;,n e N} (€ E®F),
j=1 j=1

where the infimum is taken over all representations of z as an element of
E®F. Then (E®F,| -|,) is a normed space; the Banach space which is its
completion is denoted by (E® F, || -||.); it is the projective tensor product
of £ and F.

Let X be a non-empty, locally compact space (always taken to be Haus-
dorff). The function that is constantly equal to 1 on X is 1x. We write Cy(X)
and C'°(X) for the spaces of all complex-valued, continuous functions on X
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that vanish at infinity and which are bounded on X, respectively, so that
C*(X) is a unital algebra with respect to the pointwise algebraic operations
and Cy(X) is an ideal in C®(X). For f € C%(X), we write

Zx(f) ={z e X: f(z) =0},
the zero set of f on X. We define

[flx =sup{|f(2)| 2 € X} (f€C(X)),

so that | - |y is the uniform norm on X and (C°(X),|-|y) is a commutative,
unital Banach algebra. In the case where the space X is compact, we write
C(X) for Co(X) = C¥(X).

Let S be a non-empty set, and let E be a subset of C°. The weakest
topology 7 on S such that each f € E is continuous with respect to 7 is the
E-topology on S} it is denoted by 7.

A function algebra on a non-empty, locally compact space X is a non-
zero subalgebra A of C'*(X) that separates strongly the points of X, in the
sense that, for each z,y € X with x # y, there exists f € A with f(z) =0
and f(y) = 1, and is such that the given topology on X is 74. (In the case
where A is a subalgebra of Cy(X) that separates strongly the points of X
the topology 74 is necessarily equal to the given topology |6, Proposition
4.1.2|.) A Banach function algebra on X is a function algebra A on X with
a norm | -| such that (A, -||) is a Banach algebra. Suppose that X is
compact. Then a uniform algebra on X is a closed subalgebra of C'(X) that
separates the points of X and contains the constant functions, so that a
uniform algebra is a unital Banach function algebra on X; such a uniform
algebra A is trivial if A = C(X).

For each Banach algebra A, the set &4 U {0} is a weak-*-closed subset
of Ah], and so ® 4 is locally compact; each Banach function algebra is semi-
simple and, for each non-zero, commutative, semi-simple Banach algebra A,
the space ® 4 is non-empty and A is isomorphic (by the Gel’fand transform)
to a Banach function algebra on ®4, and so we can regard A as a Banach
function algebra on ®4 with A C Cy(P4).

Let A be a Banach function algebra on a non-empty, locally compact
space X. The evaluation characters on A are denoted by e, for x € X, so
that

&(f) = flz) (f €A,
and the map x +— ¢,, X — &4, is a homeomorphic embedding; further, we

have || f]| > |f|yx (f € A). The algebra A is natural if each character on A
has this form, that is, the above embedding is a surjection, in which case
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A is a subalgebra of Cy(X) and each maximal modular ideal of A has the
form

My ={feA:f(x)=0} ={feA:e(f)=0}
for some z € X; M, is a Banach function algebra on X \ {z} whenever
|X| > 2. The Banach function algebras that we shall consider will usually
be natural.

For example, let X be a non-empty, compact set in C", where n € N.
Then R(X) denotes the space of functions in C'(X) that are the uniform
limits on X of the restrictions to X of functions of the form p/q, where
p and ¢ are polynomials and Zx (¢ | X) = (), so that R(X) is a uniform
algebra on X. The character space of R(X) is identified with the compact
subspace of C™ that is the rationally conver hull of X. Further, A(X) de-
notes the uniform algebra of continuous functions on X that are analytic
on the interior of X, so that R(X) C A(X). In the case where n =1, R(X)
and A(X) are always natural. See |6, §4.3] and [33, §29], for example.

We shall also consider a class of uniform algebras defined by O’Farrell
in [27|. Let X be a non-empty, compact set in C. Then Cy is the class of
uniform algebras A on X such that, for each z € X and each f € A, there
is a sequence (g,) in Cy(C) such that, for each n € N, g, | X € A and g,
is analytic on a neighbourhood of z and such that lim, ;.. g, | X = f in
A. The class Cx clearly contains R(X), and it contains A(X) by a theorem
of Arens [6, Lemma 4.3.15]; as in [6, Theorem 4.3.14], each member of Cx
is natural on X. We shall see in Theorem 2.4 that properties (I)~(VI) that
we are considering are mutually equivalent for all maximal ideals in the
algebras of this class.

A Banach function algebra A is regular if, for each proper, non-empty,
closed subspace F' of &4 and each x € &4 \ F, there exists f € A such
that f(z) = 1 and f | FF = 0, and A is normal if, for each non-empty,
compact subspace K of &4 and each non-empty, closed subspace F' of &4
with K N F = (), there exists f € A such that f(z) = 1 (x € K) and
f(z) =0 (z € F). In fact, every regular Banach function algebra is normal
(see |6, Proposition 4.1.18(ii)| or |33, Theorem 27.2|).

Let A and B be algebras, and set A = A ® B, the linear space that is
the tensor product of A and B. Then there is a unique product on 2 with
respect to which 2 is an algebra and such that

(al &® b1)<a2 ® bg) = a1a9 ¥ blbg (CL17CL2 € A, bl,bg S B) .

In the case where A and B are Banach algebras, 2l is a normed alge-
bra with respect to the projective tensor norm |- ||, and its completion
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(A® B, ||-|.) is a Banach algebra [6, Theorem 2.1.22]. There is a unique
bounded linear operator

A ARA o A

such that m4(a ® b) = ab (a,b € A), and then 7,4 is an algebra homo-
morphism and 74(A® A) is a subalgebra of A and a Banach algebra with
respect to the quotient norm from (A® A, | - ||.).

Let (F, : n € N) be a sequence of non-empty sets such that, for each
n € N, there is a map 0, : E,yy — E,. Then ((F,,0,) : n € N) is a
projective sequence and the projective limit of the sequence is defined to be

lim prOj(En, Hn) - {(xn) € HTLGNETL : Hn(xn+1> = Tn (’I’L € N)} .

The image of the projection from lim proj(E,,6,) into F; is denoted by

lim(E,.6,).

We shall use at some future points the following version of the famous
Mittag-Leffler theorem; it is proved by a small variation of the proof given
in [6, Corollary A.1.25].

Theorem 1.1. Let ((E,,0,) : n € N) be a projective sequence consisting of
complete metric spaces E,, and continuous maps 0, and let X,, be a subset
of £, for each n € N. Suppose that

X, CO0,(Xni1) (neN).

Then X is contained in the closure of l'gl(En,Qn). 0

1.2. Factorization properties. In this section we shall delineate the fac-
torization properties that we shall consider. The list of properties has some
overlap with a similar list in |6, §2.9, p. 325].

Our first property related to factorization in commutative Banach alge-

bras involves approximate identities.

Definition 1.2. Let A be a commutative Banach algebra. Then an ap-
proximate identity (AI) for A is a net (e,) in A such that lim,e,a = a
for each a € A; the Al (e,) is a bounded approximate identity (BAI) if
sup, ||es]| < oo, and a contractive approzimate identity (CAI) if |le,| < 1
for each v.

For example, let V be the Volterra algebra that is discussed in |6, §4.7].
Thus V is the Banach space (L'(I), || - ||;) with the truncated convolution
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product specified by

(L1) (f * )(t) = / f(s—tg(tydt (tel)

for f,g € V. Then V is a separable, commutative, radical Banach algebra
with a contractive approximate identity.

(I) Let A be a commutative Banach algebra. Then A has property (1) if
A has a bounded approximate identity.

Let A be Banach function algebra on a non-empty, locally compact space
X. Then x € X is a peak point for A if there exists f € A such that
f(x)=|flxy =1and |f(y)| <1 (y € X\ {z}), and z is a strong boundary
point for A if, for each open neighbourhood U of z, there exists f € A with
f(z) =flx =1 and |f[x\py < 1. In the case where X is metrizable, every
strong boundary point for A is a peak point for A.

Let A be a uniform algebra on a non-empty, compact space X. Then the
set of strong boundary points for A is called the Choquet boundary of A,
and is denoted by I'y(A). A closed subset L of X is a closed boundary for A
if [fl, = |flx (f € A); the intersection of all the closed boundaries for A is
a closed boundary, called the Silov boundary, ['(A) |6, Definition 4.3.1(iv)];
by [6, Corollary 4.3.7(1)], T'(A) = Ix(A).

The following characterizations of maximal ideals in uniform algebras
with property (I) (and several other characterizations) are given in [6, The-
orem 4.3.5], save that the implication (b) = (c) is from |9, Theorem 4.1].

Proposition 1.3. Let A be a uniform algebra on a non-empty, compact
space X, and take v € X such that M, is non-zero. Then the following
conditions on x are equivalent:

(a) LS FO(A) ;
(b) M, has a bounded approzimate identity;

(c) M, has a contractive approximate identity. 0

In particular, we can reformulate property (I) for non-zero maximal

ideals in uniform algebras as follows:

(I) Let M, be a non-zero maximal ideal in a uniform algebra A. Then

M, has property (1) if x is a strong boundary point with respect to A.

In [9], a Cole algebra was defined to be a natural uniform algebra A
on a non-empty, compact space X such that I'o(4) = X. It was a long-
standing conjecture, called the ‘peak-point conjecture’, that C'(X) is the
only Cole algebra on a compact space X. The first counter-example was
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due to Cole [4], and is described in [33, §19]; an example of Basener [1],
also described in [33, §19], gives a compact space X in C? such that R(X)
is a non-trivial Cole algebra. Further, Feinstein [15] obtained examples of
non-trivial, regular Cole algebras on compact, metrizable spaces.

Let (£, -||) be a Banach space. Then a null sequence in E is a sequence
() in E such that lim,,_, ||z,|| = 0; the space of null sequences in FE is
denoted by co(FE), and co(FE) is itself a Banach space for the norm defined
by

[zl = sup{flznl - n € N} ((z2) € co(E)) .

Definition 1.4. Let A be a commutative Banach algebra. Then null se-
quences in A factor if, for each null sequence (a,) in A, there exist a € A
and a null sequence (b,) in cq(A) such that a, = ab, (n € N).

The above condition, from [6, Definition 2.6.11|, is important in auto-
matic continuity theory.

(IT) Let A be a commutative Banach algebra. Then A has property (II)
if null sequences in A factor.

The following result is one form of the famous Cohen’s factorization
theorem; more general forms of this theorem are given in [6, §2.9].

Theorem 1.5. Let A be a commutative Banach algebra. Suppose that A
has a bounded approximate identity. Then null sequences in A factor, and

so (I) = (1) for A. O

Examples of separable Banach function algebras for which null sequences
factor, but which do not have a bounded approximate identity, were given
by Willis in [36, Examples 3, 5, and 6]; see also [6, Example 2.9.47|. However
these examples are not maximal ideals in any uniform algebra. It was shown
by Dixon in [12] that a separable Banach algebra for which null sequences
factor has an approximate identity. The following theorem will be proved
in §3.

Theorem 1.6. There is a non-zero maximal ideal M in a uniform algebra
such that null sequences in M factor, but such that M does not have a

bounded approximate identity.

Thus (II) # (I) in the class of maximal ideals of uniform algebras. How-
ever, our example M is not separable. Let M be a separable maximal ideal
in a uniform algebra such that null sequences in M factor. Then we do not
know whether M necessarily has a bounded approximate identity.
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Let A be a commutative Banach algebra, and let R be a non-zero, com-
mutative, radical Banach algebra. Then A ® R is also a commutative, radical
Banach algebra. Indeed, take elements a € A and = € R. Then

(e @ @), = lla" @ 2" = lla"[[ ="  (n€N),

and hence a ® = € rad (A® R); the remark then follows because the linear
span of the set {a ® x:a € A, x € R} is dense in A® R.

Suppose that null sequences in A factor and that R has a bounded ap-
proximate identity; for example, we could take R to be the Volterra algebra.
Then it is also true that null sequences in the radical Banach algebra A® R
factor; this is stated by Willis in [36, p. 619]. We prove this result.

Proposition 1.7. Let A and B be commutative Banach algebras such that
null sequences in A factor and such that B has a bounded approzimate
identity. Then null sequences in AR B factor.

Proof. We may suppose that A and B are non-zero. Take a null sequence
(2, :n € N) in A® B; we may suppose that z, # 0 (n € N).

Take n € N, and choose a,;, € A and b,; € B for i € N such that
Tp = ooy ni @by, and

[e.e]
1/2
D Manll Ionall < llall, + = Han /
i=1
We may suppose that ||a, ;|| = ||xn||71r/2 for each 7 € N, and then

> 1
> 1bnall < llall* +
=1

For each n € N, choose a sequence (a,; : ¢ € N) in the interval [1, c0)
such that lim; . a,,; = 0o, but such that we still have

- 1
Zan,i 1| < H‘T”’|71r/2 +
i=1

Next choose a bijection ¢ : N — N x N. Then (a;(lk)ag(k) : k € N) is a null
sequence in A, and so there exist a € A and a sequence (u,; : n,i € N) in
A such that a,; = au,; for n,7 € N and such that lim;_, 04;(1,6)%(@ = 0.
On the other hand, ((a,ibn;:7 € N):n € N) is an element of S := ¢o(E),

where

Ez{(yz)ryieB (i € N), l(wa)ll, = ZH%H<OO},

so that E is a Banach space and S is a space that is a Banach B-module such
that BS is dense in S. By the version of Cohen’s factorization theorem given
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in |6, Theorem 2.9.24], there exist b € B and ¢, ; € B for n,i € N such that
S o2 @ |len]] < oo for each n € N, such that lim,, o0 > o) g |[cnill = 0,
and also such that b,; = bc,,; (n,i € N).

For each n € N, we see that

o0 oo

D Ml llenall = ZO@?} [[tn il i [ i

i=1 ;

(supa | vor(k H) Zam llcn.ill < oo,

IN

and so we can set

= i Up i ® Cn,i (TL < N)

to obtain a sequence (,) in A® B. The above calculation also shows that
we have lim,, . ||yn]|. = 0, and so (y,) is a null sequence in A® B. Since
T, = (a®@0b)y, (n € N), it is clear that the null sequence (z,, : n € N)
factors in A® B, as required. 0

Let A be a non-zero, separable, commutative Banach algebra such that
null sequences in A factor, but A does not have a bounded approximate
identity, and let R be a non-zero, separable, commutative, radical Banach
algebra with a bounded approximate identity (such as the Volterra algebra).
Assume that A® R has a bounded approximate identity. Then, by [13,
Theorem 8.2], A has a bounded approximate identity, a contradiction. Thus,
as in |36], we obtain a separable, commutative, radical Banach algebra in
which null sequences factor, but which does not have a bounded approximate
identity, and hence (IT) # (I) in the class of separable, commutative, radical
Banach algebras.

Definition 1.8. Let A be a commutative algebra. Then pairs in A factor if,
for each aq,ay € A, there exist a, by, by € A such that a; = ab; and ay = abs.

(IIT) Let A be a commutative Banach algebra. Then A has property (I11)
if all pairs in A factor.

Trivially (II) = (III). However, we do not have an example of a commu-
tative Banach algebra that satisfies (IIT), but not (II).

Definition 1.9. Let A be an algebra. Then A factors if A = AP? and A
factors weakly if A= A%

(IV) Let A be a commutative Banach algebra. Then A has property (IV)
if A factors.
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Trivially (I1I) = (IV).

It was shown by Ouzomgi in [29] that there are maximal ideals M, in
the (non-separable) algebra H>°(DD) of all bounded analytic functions on
the open unit disc D, regarded as a uniform algebra on its character space
M, such that M, factors, but not all pairs in M, factor, and so (IV) #
(IIT) in the class of maximal ideals of uniform algebras. The point z is
such that {z} is a one-point Gleason part of 91, as defined below. In fact,
for each f in the maximal ideal M, there exist functions g,h € M, such
that f = gh and |g|p |h|p = | f|p, and so we have ‘controlled factorization’
without factorization of pairs. See [22, Chapter 10| and [17] for a study of
the character space I of H*(D).

However, we do not have an example of commutative, radical Banach
algebra or of a separable, commutative Banach algebra that satisfies (IV),
but not (IIT). Also, we do not know an example of a maximal ideal in
a separable uniform algebra that factors, but does not have a bounded
approximate identity.

(V) Let A be a commutative Banach algebra. Then A has property (V)
if A factors weakly.

Trivially (IV) = (V).

Definition 1.10. Let A be a natural Banach function algebra on a locally
compact space X, and take x € X. A linear functional d on A is a point
derivation at x if

d(fg) = f(x)d(g) + g(x)d(f) (f.g€A).

Since point derivations at = on A correspond to linear functionals on M,
that are zero on M2, it is clear that there are no non-zero point derivations
at z if and only if M, factors weakly.

In 36, p. 622], Willis exhibited a separable Banach function algebra A
such that every element in A is the sum of two products, and so A factors
weakly, but such that A does not factor. Thus (V) # (IV) in the class
of separable Banach function algebras. However, we have no example of a
maximal ideal in a uniform algebra or of a commutative, radical Banach

algebra with this property.

Example 1.11. We give another interesting example of Willis. (However,
the relevant results apply mainly to non-commutative algebras.)

Let G be a locally compact group, and let L'(G) be the corresponding
group algebra on G. Take a closed ideal I of finite codimension in L'(G).
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In the case where G is amenable, the ideal I has a BAI, and so factors. It
is proved in [37] that I always weakly factors, even when it does not have
a BAIL For example, let Fy be the free group on two generators. Then the
augmentation ideal

{feﬁl(]FZ) Y f(s) :0}

s€Fy

factors weakly, but it seems to be an open question whether it factors. 0O

Definition 1.12. Let A be a Banach algebra. Then A factors projectively
if the map 74 : A® A — A is a surjection.

Thus a Banach algebra A factors projectively if and only if there exists
C > 0 such that each a € A can be written in the form a = Y | bycy,
where b,, ¢, € A (n € N) and >°7 [|bn]| |enll < C|lal. Suppose that A? is
dense in A. Then A factors projectively if and only if A has the m-property,
as defined in [6, Definition 2.1.26].

(VI) Let A be a commutative Banach algebra. Then A has property (V1)
if A factors projectively.

Trivially (V) = (VI).

We shall now give easy examples of (separable) Banach function algebras
and commutative, radical Banach algebras that satisfy (VI), but not (V).

Example 1.13. (i) Take p with 1 < p < oo, and consider the space ¢? on
N, taken with the pointwise product, so that ¢? is a natural Banach function
algebra on N (and the space (7 is separable). Denote by d, the sequence
(6mm = m € N). Given o = (o) € €1, we see that a = Y 0 (a,0,) + On,

and so ¢! factors projectively, and hence satisfies (VI).
On the other hand, given 3, € ¢!, we have

S 1Bl < 1812 IV 1Y* < o0
=1

by Cauchy-Schwarz, and so (¢')2 C ¢'/2 C ¢'. Thus ¢! does not factor
weakly. This shows that (VI) does not imply (V) in the class of separable
Banach function algebras.

Similarly, in the case where 1 < p < oo, the algebra ¢” does not factor
projectively, as noted in |6, Example 4.1.42(ii)].

(ii) Now let V' be a separable, commutative, radical Banach algebra with
a CAI for example, take V to be the Volterra algebra V. Set R = (1(V),
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with coordinatewise product. Then R is also a separable, commutative,
radical Banach algebra, and R is a Banach V-module with V - R = R.

We now claim that the Banach algebra R factors projectively. Indeed,
take a sequence u = (u,) € R, where u,, € V (n € N). By the module form
of Cohen’s factorization theorem |6, Theorem 2.9.24|, there exist a € V
with |la|| = 1 and v = (v,) € R with u, = av, (n € N) and |jv|| < 2]ul.
For each n € N, take b, and ¢, to be the elements of R that have a and
Un, Tespectively, in the n't-coordinate and 0 in all other coordinates. Then
u=> " byc, in Rand

0o (%)
> lball llenll = llall > leall = lloll < 2Jull ,
n=1 n=1

so that R factors projectively.

On the other hand, take elements (u,) and (v,) in R. Then, as above,
we have Y > l[wn]|*? [|vn||"? < o0, and so R2 C R, and hence R does not
factor weakly.

This shows that (VI) does not imply (V) in the class of separable, com-

mutative, radical Banach algebras. O

However, we do not have an example of a maximal ideal in a uniform
algebra that satisfies (VI), but not (V), or even such an ideal that satisfies
(VI), but not (IV).

Proposition 1.14. Let (A, | -|4) and (B, || 5) be Banach algebras such
that there is a continuous algebra epimorphism 0 : A — B. Suppose that A
factors projectively. Then B factors projectively.

Proof. There is a constant C; > 0 such that, for each b € B, there exists
a € Awith 6(a) = b and |jal| , < C ||b]| 5. Since A factors projectively, there
exists a constant Cy > 0 such that each a € A is of the form a = 3 >°

n=1"nSn,
where 7, s, € A for n € N and

o0
D llrallallsally < Collall, -

n=1
Take b € B, choose a € A as above, and set x,, = 6(r,,) and y, = 6(s,)
in B for each i € N. Then b= 3" z,y,, and

D lzallp 9allp < C2 1617 llall 4 < CLC2 161 11Dl 5

n=1

and so B factors projectively. 0
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Proposition 1.15. Let A be a Banach algebra. Suppose that there are a
dense subset S of A and C > 0 such that, for each a € S, there exist
b,c € A with a =bc and ||b]| ||c|| < C|lal|. Then A factors projectively.

Proof. Take ay € A®, say ||ag| < 1. First, choose by,c; € A such that
llap — bicr|| < 1/2 and ||by]| ||er|| < C, and set a3 = ag — bycy, so that
llai|| < 1/2. Now take n € N, and assume inductively that we have chosen
bi,...,b,,c1,...,c, € A such that

n
ag — E biCi
=1

Set a,, = ag— Y5, bic;, so that ||a,|| < 1/2", and then choose b1, 1 € A
such that

1

- 9i—1

and  ||bpi1 | [|ensrll <

lan — bpyicnya]| < ot = o

The inductive construction continues.
Now ag = 32, bic; and 3" ||bil| llesl] < 2C, and so ag € Ta(A® A).
Thus A factors projectively. O

Let T be a sub-semigroup of (R*, +), and take w to be a weight on T,
so that w(t) >0 (t € T') and

w(s+1t) <w(s)w(t) (s,teT).
The point mass at ¢t € T is denoted by ;. Then ¢'(T,w) consists of the

elements
f= Zatdt such that || f||, = Z || w(t) < oo
teT teT

this space is a commutative Banach algebra with respect to convolution
multiplication *. The weight w is radical if lim, e [|6.]|/" = 0 (¢ € T),
in which case (¢!(T,w), x) is a commutative, radical Banach algebra; it is
separable whenever T is countable.

A sub-semigroup T of R** is a difference sub-semigroup if t — s € T
whenever s,t € T and t > s.

Corollary 1.16. Let T be a difference sub-semigroup of R*® such that
inf T = 0, and let w be a continuous weight on RT. Then the semigroup

algebra ((1(T,w), x) factors projectively.

Proof. Set A = ({!(T,w), *), and take S be the subalgebra of A consisting
of finite linear combinations of point masses, so that S is dense in A. For
each f=3"" ;0 €S, choose t € (0,1) NT such that ¢t < ¢;, so that
t; —t € T, and such that w(t; —t) < 2w(t;) for each i € N,,, and then
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set ¢ = 0 and h = Y, ;0 Then g,h € A with f = g x h, and
llgll |R|| < C'||f]], where C' = 2sup{w(t) : 0 < t < 1}. By Proposition 1.15,
A factors projectively. O

Corollary 1.17. Let M be a mazimal ideal in a uniform algebra, and sup-
pose that {f?: f € M} is dense in M. Then M factors projectively.

Proof. Set S = {f?: f € M}. Then S satisfies the conditions specified in
Proposition 1.15, and so M factors projectively. 0

Example 1.18. We claim that there is a separable uniform algebra with a
maximal ideal M such that M factors projectively, but such that there are
pairs in M that do not factor, so that (VI) # (III) in the class of maximal
ideals in separable uniform algebras.

Indeed, take N to be a maximal ideal in a uniform algebra on a compact
space X such that N has controlled factorization, but does not have fac-
torization of (some) pairs. Such an example (in H°°(ID)) has already been
mentioned on page 11.

We shall give an inductive construction.

First, take f; and fo in N such that the pair {fi, fo} does not have
a common factor in N, and set Sy = {f1, f2}, and then take Ty to be the
algebra over the field Q+iQ generated by f; and f5, so that T} is a countable
set.

Next take n € Z™", and assume that we have constructed a countable set
S, in N and also the space T,, which is the algebra over Q 4 iQQ generated
by S,, so that T, is countable and 7T,, C N. For each f € T},, take g,h € N
with f = gh and |g|y |h|x = |f|x, and let S, 41 be the union of 7,, and all
these new functions g and h, so that S, is also countable. Again take 7,
to be the algebra over Q4+ iQQ generated by the set .S,,.1. This continues the
inductive construction.

Define S = |J{S, : n € N} = J{T}, : n € N}, a countable subset of N
and an algebra over Q+iQ, and define M to be the closure of S in N, so that
M is a closed subalgebra of N and M is separable. We may regard A = M?*
as a uniform algebra on a compact space, say Y, which is a quotient space
of X, and M is a maximal ideal in A. Further, for each f € .S, there exist
g,h € S with f = gh and |g|y |h|y = |f|y. Thus S satisfies the conditions
in Proposition 1.15 (with respect to M), and so, by that proposition, M
factors projectively.
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On the other hand, it cannot be that the pair {fi, fo} has a common
factor in M because it does not have a common factor in N. 0

There is a class of separable, commutative Banach algebras that, at first
sight, might give examples that separate the classes satisfying the properties
(I) = (VI), and we describe the algebras in this class.

Indeed, a function w : R** — R** is a weight function if it is Lebesgue
measurable and if

wis+1t) <w(s)w(t) (s,t € RT*).

We denote by L'(w) the set of complex-valued, measurable functions on
R** such that

11, = / )] w(t) dt < oo,

so that (L*(w), || ||,) is a commutative Banach algebra with respect to the
convolution product x.

However the hope of finding counter-examples in this class is dashed by
the following result of Ouzomgi [28]. In fact, in 28], only the equivalence of
clauses (a) — (d) in the following proposition is stated, but the arguments
given also show that (e) = (a). Here m denotes Lebesgue measure on R**.

Proposition 1.19. Let w be a weight function on R™®. Then the following
conditions on w are equivalent:

(a) there exists M > 0 such that m({t € [0,0] : w(t) < M}) > 0 for each
0> 0;

b) LY(w) has a bounded approzimate identity;

L
LY (w) factors;
d) L' (w) factors weakly;

e) LY(w) factors projectively. 0

Thus properties (I) — (VI) are equivalent for the convolution algebras
LY (w).

Example 1.20. Take A = (}(Q™*,w) for a continuous weight w on RT,
Then A satisfies (VI) by Corollary 1.16. However A does not satisfy (III).
To see this, first note that it is a consequence of Titchmarsh’s convolution
theorem [6, Theorem 4.7.22] that any factorization of §; in A has the form

01 = (ads + f) x (B + g) ,

where s,t > 0 and s+t = 1, where o, 5 € C with a8 = 1, and where f and
g have supports contained in (s,00) and (¢, 00), respectively. On the other
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hand, each element h := > | a,01/, in A, where o, # 0 (n € N), cannot
have as a factor any element of the form ad, + f, as described, and so the
pair {01, h} has no common factor in A.

By taking w to be a radical weight, we obtain a separable, commutative,
radical Banach algebra R = ¢!(Q"*, w) that satisfies (VI), but not (IIT).

It seems unlikely that such a commutative, radical Banach algebra R
factors or factors weakly, but we do not know this. O

A further class of Banach function algebras that we consider is the fol-
lowing. Let I" be a locally compact group, and take p with 1 < p < oco. Then
the Figa-Talamanca—Herz algebra on I' is A,(I"): this algebra is described
in |6, pp. 493-494| and in the book of Derighetti [11]. The Fourier algebra
A(T) is the algebra A5(T"); see the recent book of Kaniuth and Lau [24].
The algebra A,(I') is a natural, self-adjoint, translation-invariant, regular
Banach function algebra on I'. We enquire when A,(I") has the properties
that we are considering.

The following is taken from [25, Proposition 2|; the equivalence of (a)
and (b) is also given in [32, Theorem 10.4|

Theorem 1.21. Let I' be a locally compact group, and take p such that
1 < p < oo. Then the following are equivalent:

(a) the group T is amenable;
(b) A,(I") has a bounded approzimate identity;
(c) A,(T) factors weakly. 0

Thus properties (I) — (V) are equivalent for the Figa-Talamanca—Herz
algebras, A,(I"). It seems likely that property (VI) is also equivalent to these
properties; towards this, we note the following theorem. Here 5 is the free
group on two generators; of course, Fy is not amenable.

Theorem 1.22. Take p such that 1 < p < oco. Then A,(FF3) does not factor
projectively.

Before giving the proof of this theorem, we recall some standard back-
ground that applies to any discrete group I', with identity e.

By |11, Definition 2, §4.1|, PM,(I'), the space of p-pseudo-measures on
I, is the closure of ¢}(T") in B(¢?(T")) in the ultraweak topology. In fact,
PM,(I') = A,(T'), and the duality is given by

<Z gi * hi7T> = Z<T§z‘,hi>,
i1

=1



18 H. G. DALES, J. F. FEINSTEIN, AND H. L. PHAM

where §(y) = g(y™') (y € T'). By [11, Theorem 6, §4.1|, this ultraweak
topology is the same as the weak-* topology, o(A,(I")’, A,(I")). Thus, for
f e A, (), we have

(12) 1wy = supd (s Tl < g € ), Tl pyg o < 1}

In the above supremum, we can suppose that ¢ has finite support.
Let E be a Leinert set in I'. This means that the restriction algebra

AE)={f1E: feAl)}

(with the quotient norm) is isomorphic to £?(N) as a Banach algebra. Then
it is shown in clause (b) of the proof of |2, Proposition 1| that, for such a
set I/ and for each p with 1 < p <2, there is a constant C, such that

(1.3) Lf % gll, < G llfll, lgll,  (F € £7(E), g € £7()).

Thus, for each f € (P(E), we have [T} 5y, ) < Cp |l f]l,- On the other
hand, we have [Tl py o = 1 * &1, = |1l
We now claim that, for a Leinert set F'in ['and 1 < p < 2, the restriction
map
R:A,T) = (>=(E)
is such that [|[R(f)|, < Cp[|fll4,¢) (f € Ap(l), where ¢ = p/, the con-
jugate index to p. This claim says that the map R : A,(I') — (9(E) is a
bounded linear operator. For this, take f € A,(I"). It follows from equations

(1.2) and (1.3) that
1
HfHAp(F) 2 EPSUP )

where now the supremum is taken over all functions g with finite support
in E such that ||g][, < 1. This implies that [[R(f)|, < Cp|[|f|l 4, giving
the claim.

Since ¢9(I") is a subset of A,(I"), the map R : A,(I') — (9(E) is a
surjection. It now follows that £(E) is a quotient of A,(I").

A subset E of T' satisfies Leinert’s condition if, for each n € N and

each xq,...,29, € ' with x; # x;,1 (1 = 1,...,2n — 1), necessarily

> fla)g(x)

zelR

T1wy - Toy 175, # e. It was shown by Leinert in [23] that every subset
E of T that satisfies this condition is a Leinert set. It follows immediately
that IFy contains a Leinert set.

Proof of Theorem 1.22 First suppose that 1 < p < 2. Let E be a Leinert
set in F5. Then we have shown above that there is a quotient map from
A,(Fy) onto ¢9(E), where ¢ = p'. The latter Banach algebra is isomorphic
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to ¢9(N), and we have noted in Example 1.13 that ¢¢(N) does not factor
projectively. Thus, by Proposition 1.14, A,(F2) does not factor projectively.

Now suppose that 2 < p < co. Since the map f — f, AP(I') — AT,
is an isometric algebra isomorphism, the result again follows. 0

The following theorem is a slight extension of Theorem 1.22.

Theorem 1.23. Let I' be a locally compact group that contains Fy as a
closed subgroup, and take p such that 1 < p < oo. Then Ay(I') does not
factor projectively.

Proof. By a theorem of Herz (|21, Theorem 1]; see also [11, Theorem 5 of
§7.9]), the restriction map F' — F' | Fy is a continuous algebra epimorphism
from A,(T") onto A,(Fs). It follows from Proposition 1.14 and Theorem 1.22
that A,(I") does not factor projectively. 0

The final statement about factorization in commutative Banach algebras
that we shall consider is the following.

Definition 1.24. Let A be a Banach algebra. Then A factors densely if A*
is dense in A.

(VIT) Let A be a commutative Banach algebra. Then A has property (VII)
if A factors densely.

Trivially (VI) = (VII).

Let A be a natural Banach function algebra on a non-empty, locally
compact space X, and take x € X. It is clear that there are no non-zero,
continuous point derivations at x if and only if M, factors densely.

There are many non-zero, commutative, radical Banach algebras that do
not factor densely: the extreme case is a non-zero Banach space with the
zero product.

In Example 2.7 below, we shall show that (VII) # (VI) in the class of
maximal ideals of separable uniform algebras; we now show that (VII) %
(VI) in the class of separable, commutative, radical Banach algebra.

Example 1.25. Consider R = C, o(I), the algebra of all continuous func-
tions on I that vanish at 0, taken with the truncated convolution product
given in equation (1.1) (see |6, Definition 4.7.39]), so that R is a radical
Banach algebra. Then R has an approximate identity, and so REI = R, and
hence R satisfies (VII). But R fails to satisfy (VI). For suppose that f,g € R.
Then |(f * g)(t)| < |fl;lgl;t (t € 1), and so each element f € 7r(R® R) is
such that f(t) = O(t) as t — 0+, and this is not true for every f € R. O
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2. GLEASON PARTS

Here we shall recall the standard theory of Gleason parts for a uniform
algebra, and give some examples.

Let A be a natural uniform algebra on a non-empty, compact space X,
and take z,y € X. Then the following are equivalent:

(a) llea —&yll < 2;
(b) there exists ¢ € (0,1) such that |f(z)| < c|fly (f € M,).

See [33, §16], where several other equivalent conditions are given. In the
case where the conditions hold, we define x ~ y. It is standard that ~ is an
equivalence relation on X; the equivalence classes are the Gleason parts of
X (with respect to A). These parts form a partition of X, and each part is
a completely regular and o-compact topological space with respect to the
Gel’fand topology; by a theorem of Garnett, these are the only topological
restrictions on Gleason parts.

For a discussion of Gleason parts, including Garnett’s theorem, see |16,
Chapter VI|, [17, Chapter X], and [33, §18|.

A contractive pointwise approzimate identity (CPAT) in a natural Banach
function algebra A on a non-empty, locally compact space X is a net (f,)
in Apj such that

lim f,(z) =1 (z € X);

the Banach function algebra A is pointwise contractive if each non-zero,
maximal modular ideal in A has a contractive pointwise approximate iden-
tity. For a classification of pointwise contractive Banach function algebras
that have a ‘BSE norm’, see [9]; further theory of contractive pointwise
approximate identities is given in [10]. The relevance of this for us is the
following result from [9, Theorem 4.6].

Proposition 2.1. Let A be a natural uniform algebra on a compact space X,
and take x € X such that M, is non-zero. Then {x} is a one-point Gleason

part if and only if M, has a contractive pointwise approximate identity. [

Let A be a natural uniform algebra on a compact space X. Certainly
{z} is a one-point part whenever z € X is a strong boundary point for
A. However, there are several examples where {z} is a one-point Gleason
part with respect to A, but x is not a strong boundary point for A; see
|33, §19]. In particular, this is the case for the big disc algebra, described
below. As noted above, there are maximal ideals M, in the (non-separable)
uniform algebra H>°(DD) that factor when {x} is a one-point part that is
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not a strong boundary point; it is shown in [18] that there can be points x
in the character space X of a (non-separable) uniform algebra A such that
M, factors, but {z} is not a one-point Gleason part. On the other hand,
it is not true that M, factors whenever {z} is a one-point part; stronger
versions of this fact will be noted at the end of this section.

The following proof extends ones in [4, Lemma 1.1(i)] and in [33, p. 201].

Proposition 2.2. Let A be a natural uniform algebra on a compact space
X, and take x € X. Suppose that {f*: f € M,} is dense in M,. Then {y}
s a one-point Gleason part for each y € X.

Proof. We may suppose that | X| > 2.

Let S, = M, (n € N), and define 0,, : f — f2, S,41 — S,, forn € N to
obtain a projective sequence. The maps 6,, are continuous and have dense
range, and so, by Theorem 1.1, S is dense in M,, where S = lgn(Sn,Qn).
Clearly, for each f € S and k € N, there exists g € S with ¢2° = f.

Take y € X \ {#} and € > 0. Then there exists f € Su; with |f(y)| # 0.
Take k € N with |f(y)| > (1 —¢)*", and then take g € Sy, with g*" = f.
Thus |g(y)] > 1 — ¢, and so y % x.

Now take y,z € X \ {z}, choose f € M, with f(y) =0 and f(z) = 1,
and fix ¢ € (0,1). Choose n € N with 1+|f|, < (1+¢)*" and (1—¢)*" <c¢,
and then choose n > 0 with 7 < 2" and € + 7 < 1. There exists g € S with
|f — g% <m Then [g|} < (1+¢)%", and so [g|y < 1+e&. Also |g(y)| < e.

Assume that |g(z)| < 1—e. Then |g(2)]*" < ¢, and so |f(z)| < e4+n < 1,
a contradiction. Thus |g(z)| > 1 —e.

Finally, set h = (¢ — g(y)1x)/(1 +¢). Then h € M, and |h|, < 1, and
we also have |h(z)| > (1 —2¢)/(1+¢), and so y £ z

It follows that {y} is a one-point part for each y € X. 0

The following result is essentially |3, Theorem 1.6.2|.

Proposition 2.3. Let A be a natural uniform algebra on a non-empty,
compact space X, and take v € X. Suppose that M, factors projectively.
Then x is an isolated point with respect to the Gleason metric on X.

Proof. We may suppose that | X| > 2.

Set M = M,. The map my : M ®M — M is a surjection, and so, by
the open mapping theorem, there exists m > 0 such that, for each f € My,
there exist f;, g; € Mp; and a; > 0 for j € N such that

(2.1) f—=f(x)= Zozjfjgj = Zaj(fj — fi(x))(g; — g5(x))
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and 377, a; <m.
Now take y € X \ {z} and ¢ > 0, and choose f € Mp; such that
|f(y) — f(x)] > |ley, — || — €. Then, using equation (2.1), we have

ley — eall —& < mlley —eall”

and so ||, — €;|| > 1/m. This shows that x is an isolated point with respect
to the Gleason metric on X. 0

We now give a theorem about members of class Cx, where X is a non-
empty, compact set in C, as defined on page 5; the theorem shows that
properties (I) — (VI) are mutually equivalent for maximal ideals in these al-
gebras. We shall see in Example 2.7 that these properties are not necessarily
equivalent to property (VII) for algebras in the class Cx.

Theorem 2.4. Let X be a non-empty, compact plane set with | X| > 2, and
let A be a uniform algebra in the class Cx. Then the following conditions
on z € X are equivalent:

(a) z is a peak point for A;

b) M, has a bounded approzimate identily;

¢) {z} is a one-point Gleason part;

d) M, has a contractive pointwise approximate identity;
e) z is isolated with respect to the Gleason metric;

) null sequences in M, factor;

M, factors;

g)
h) M, factors weakly;

(
(
(
(
(
(
(
(

i) M, factors projectively.

Proof. The equivalence of (a) and (b) was noted in Proposition 1.3 for gen-
eral uniform algebras on metrizable spaces, and the equivalence of (¢) and
(d) is Proposition 2.1. The implications (a) = (c¢) = (e) and (f) = (g) =
(h) = (i) are trivial. The implications (b) = (f) and (i) = (e) are Theorem
1.5 and Proposition 2.3, respectively.

As noted by O’Farrell 27, p. 408], the metric density theorem of Browder
|3, Theorem 3.3.9] (see also |33, Theorem 26.12]) applies to each algebra A
in the class Cx, and so this implies that (e) = (a).

Thus all the conditions (a) — (i) are equivalent. 0
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Geometric conditions on the set X of the above theorem that show when
a point z € X is a peak point with respect to the uniform algebra A are
given in [27].

We shall consider the big disc algebra. To define this algebra, take an
irrational number a with 0 < o < 1, and consider the ‘open half-plane’ H,
consisting of the points (m,n) € Z x Z with m + na > 0. Note that H,
is a sub-semigroup of Z x Z. Then consider monomials on C? of the form
Z"W" where (m,n) € H,; here Z and W are the coordinate functionals
on C2. We take M. to be the linear span of these monomials, and 9, and
2, to be the uniform closures of 9, and E)ﬁ%w respectively, regarded as
subalgebras of C(T?). Then 2, is a uniform algebra on its character space
®,, that can be identified with the space T2 x [0, 1], with the subset T2 x {0}
identified to a point, called xg; the corresponding maximal ideal in 2, at
xg is M,. The set {z(} is a one-point Gleason part, but xy & I'(,) and,
in particular, 9, does not have a bounded approximate identity. See [33,
§18] and the discussion in [19].

We shall now show that 91, factors projectively, but we do not know
whether it factors or factors weakly, or whether null sequences in 2, factor.

Proposition 2.5. The mazximal ideal M, of the big disc algebra factors
projectively, and so M, satisfies (VI), but not (I).

Proof. We shall apply Proposition 1.15, taking S to be the set 9 ,, which
is dense in 9M,,.

Indeed, take f =377, a;Z™iW™ in S, where n € N, (m;,n;) € H, for
j €N, and ay,...,a, € C, and set

e =min{m; +nja:j € N,},

so that ¢ > 0. It follows from Dirichlet’s theorem on Diophantine approx-
imation that there exist p,q € N (with ¢ > 2/¢) such that

(2.2) a-S<Poq.

q q
Take j € N,,, and consider the two points (—p, ¢) and (p +m;, —q + n;). It
follows from inequality (2.2) that both these points are in H,, and clearly
their sum is (m;, n;). Thus the elements Z™ W™ of M have as a common
factor Z7PW 1, and so there exists a function g € S with f = Z7PWig.
Clearly |Z7PW4 | r =1 and |f|p.p = |9|pyp- Thus it follows from Prop-
osition 1.15 that the maximal ideal 9, factors projectively. 0
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Example 2.6. In [8, Theorem 2.3|, there is a construction of a separable
uniform algebra on a non-empty, compact space X such that {f*: f € A}
is dense in A, but such that I'(A) C X. Take = € X. It follows easily that
{f*: f € M,} is dense in M,, and so, by Proposition 2.2, {z} is a one-
point Gleason part. By Corollary 1.17, M, factors projectively. Thus every
maximal ideal in A factors projectively, but M, does not have a bounded
approximate identity when x € X \ I'(A). Again, for each z € X \T'(A), we
do not know whether M, satisfies any of the conditions (II)—(V). 0

Example 2.7. Let X be the compact plane set specified in Wermer’s ex-
ample that is given in [35]. For this example, R(X) # C(X), and so, by [33,
Theorem 26.8], there are points x € X that are not peak points for R(X).
By Theorem 2.4, M, does not factor projectively. However, each maximal
ideal in R(X) factors densely because, for this example, there are no non-
zero, continuous point derivations at any point of X, and this shows that
(VII) # (VI) in the class of maximal ideals of separable uniform algebras.

For another example, consider the ‘road-runner’ set, defined as follows
[16, p. 52]. Let X be the compact space in C obtained by deleting from D
a sequence (D,, = D(x,,r,) : n € N) of open discs, where we ensure that
the closed discs D,, are pairwise-disjoint and that the sequence (z,,) in R**
decreases to 0. Consider the maximal ideal

Mo ={f € R(X): f(0) = 0}.

It follows from Melnikov’s Criterion [16, VIII, Theorem 4.5] that M, satisfies
the equivalent properties (I) — (VI) if and only if Y >°  r,/z, = oo, and it
follows from a result of Hallstrom [20, p. 156] that M, satisfies property
(VII) if and only if the strictly weaker condition that > >~ r,/22 = o0
holds. Thus again we see that (VII) # (VI) in the class of maximal ideals
of separable uniform algebras. O

Finally, we note that Sidney in [34] constructed a natural, separable
uniform algebra on a compact space X and a point z € X such that {z} is
a one-point Gleason part, but such that M, does not factor densely. In this
example, x ¢ I'(A). In [18], it is shown that there is a natural, separable
uniform algebra on a compact space X and x € X such that each point of
X is a one-point part, but M, does not factor densely. In [5, Theorem 1.1],
there is a triply-generated uniform algebra A with a proper Silov boundary,
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but where every point of ®, is a one-point part, and there are no non-
zero, continuous point derivations, so that every maximal ideal in A factors

densely.

3. EXTENSIONS OF UNIFORM ALGEBRAS

3.1. Introduction. For a main example, we first discuss a construction
that shares some properties with one originally due to Cole [4]; an exposi-
tion of Cole’s construction is given in [33, §19]. Indeed, we shall describe
certain classes of extensions of uniform algebras that include many stan-
dard extensions that have been discussed in the literature; in particular,
such classes are discussed in [15, Lemmas 2.12 and 2.13 and §5|. For some
similar classes of extensions of uniform algebras, see the paper [26] of Morley.
Let X and Y be compact spaces, and suppose that IT : ¥ — X is a
continuous surjection. For x € X, we define the fibre above x to be

F,={yeY Il(y) =z}.
The map IT* : C(X) — C(Y) is defined by the formula
I(f) = f oIl (feC(X)),

so that IT* is an isometric isomorphism of C'(X) onto a closed subalgebra
of C(Y'). A linear contraction T': C(Y) — C(X) such that 7" o II* = I (x)
is an averaging operator for I1; see |7, Definition 3.2.5].

For a subset S of C, we denote the closure of the convex hull of S by
co S.

Definition 3.1. Let X be a compact space, take o € X, and let A be
a uniform algebra on X. Then (X, zq, A) is a distinguished-point uniform
algebra. Now suppose that (Y, yo, B) is also a distinguished-point uniform
algebra. Then (Y, yo, B) is a distinguished-point extension of (X, o, A) with
respect to a continuous surjection I : Y — X and an averaging operator
T:C(Y)— C(X) for II if the following conditions are satisfied:

(i) II*(4) € B;

(i) Fro = {yo};
(iii) T(B) = A;
(iv) (Th)(z) € ©h(F,) (x € X, h e C(Y)).

In fact, clause (iv), above, follows from the other conditions on 7" see,
for example, [26, Lemma 2.7]. Further immediate consequences of clauses
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(ii) and (iv) are the following additional properties of T', which we shall use
below:

(v) (Th)(wo) = h(yo) (h € C(Y));
(vi) [(Th)(x)| < [hlp, (v € X, heC(Y)).

Proposition 3.2. Let (X, xg, A) be a distinguished-point uniform algebra,
and suppose that (Y, yo, B) is a distinguished-point extension of (X, xg, A).
Then xz¢ is a strong boundary point for A if and only if yo is a strong
boundary point for B.

Proof. 1t is immediate that yg is a strong boundary point with respect to B
whenever zq is a strong boundary point with respect to A.

Now suppose that yg is a strong boundary point with respect to B, and
take a neighbourhood U of zy in X. Set W = II"!(U), a neighbourhood of
Yo in Y. Then there exists h € B such that h(yo) = |h[,, = 1 and [kl < 1.
But then (Th)(zo) = |Th|y =1, and it follows from clause (vi), above, that
]Th\X\U < 1. Thus zg is a strong boundary point with respect to A. 0

We shall also need the notion of a system of distinguished-point exten-
sions. See [15, §5] for earlier examples of such systems.

Definition 3.3. Let (X, zo, Ag) be a distinguished-point uniform algebra,
and take x to be an ordinal. A system

((Xa7xa7Aa);Ha,B; Ta,,B 0<a<L ﬁ < Ii)
is a compatible system of distinguished-point extensions if
(Xo,IIap:0<a << k)

is a projective system of non-empty, compact spaces and continuous surjec-
tions, if each (X,, x4, Ay) for 0 < a < k is a distinguished-point uniform
algebra, and if, further:

(i) the maps Il,, and T, , are the identity maps on X, and C(X,),
respectively, for each 0 < a < k;

(i) (Xp,yp, Ap) is a distinguished-point extension of (X,,ya, Aq) with
respect to the maps I, 5 : X3 — X, and T, 5 : C(Xp) — C(X,) whenever
0<a<fp<k;

(ili) Ty = Tap © T, whenever 0 < o < <y < k3

(iv) for each limit ordinal v with v < k, the system

(XomHa,ﬂ:OSa/Sﬁg’y)
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is a directed system, the space X, is the inverse limit of this system, and
I1,  is the canonical projection of X, onto X, for 0 < o < v, and, further,
the space

T (A4 10 < a < 7}

is dense in A,.

Systems of distinguished-point extensions can be constructed by trans-
finite induction in a similar way to standard systems of Cole extensions,
as described in [33, §19], for example. We shall sketch one such construc-
tion in §3.2 when proving Theorem 3.4. The key is to explain how to
choose (Xo11, Yar1, Aas1) to be a suitable distinguished-point extension of
(Xa Yo, Ay) for the relevant ordinal numbers «, and then the compatibil-
ity conditions given above are essentially sufficient to conclude the proof;
this parallels the usual theory of systems of Cole extensions as given in
[4, 15, 33], and elsewhere.

3.2. Proof of Theorem 1.6. We are seeking a maximal ideal M in a
uniform algebra A such that null sequences in M factor, but M does not have
a bounded approximate identity. In fact, we shall prove a rather stronger
theorem, as follows.

Theorem 3.4. There are a natural uniform algebra A on a compact space
X and a point x € X such that M, s non-zero and null sequences in M,
factor, but such that M, does not have a bounded approximate identity,
equivalently, x is not a strong boundary point for A, and, further, such that
each element in M, is the square of another element in M, and {y} is a
one-point Gleason part with respect to A for each y € X.

As a first step, we shall show how, given a maximal ideal M in a uniform
algebra A, there is a (much) bigger uniform algebra in which (a copy of)
each null sequence in M factors.

Theorem 3.5. Let A be a uniform algebra on a compact space X, and
take xog € X. Then there are a uniform algebra B on a compact space Y, a
point yo in'Y, a continuous surjection 11 :' Y — X, and a linear contraction
T:C(Y)— C(X) with the following properties:

(i) (Y, yo, B) is a distinguished-point extension of (X, xo, A) with respect
to Il and T;

(ii) for each null sequence (f,) in M,,, the null sequence (II*(f,)) factors
mn My, ;

Yo
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(iii) yo 1s a strong boundary point for B if and only if x¢ is a strong

boundary point for A.

Proof. To avoid notational complexity, we shall show how, given one fixed
null sequence, say (f,), in M,,, we can obtain a uniform algebra B on a
compact space Y, yo € Y, a continuous surjection Il : ¥ — X, and a
linear contraction T : C(Y') — C'(X) such that the particular null sequence
(IT*(f,)) factors in M, and the other clauses hold; the more general result
follows by a small modification of the following argument.

We may suppose that |f,|y <1 (n € N). For z € X, set

ky = max{|fn(2)|"* : n € N}.

Note that the constant k, is well-defined because |f,,(z)| — 0 as n — oo for
each x € X. Moreover, since (f,,) is a null sequence, it is easy to see that
the map = — k,, X — R™, is continuous.

The space Y is defined to be a subspace of the space X x CN x C that
satisfies certain conditions. To define these conditions, we take a generic
point of X x CN x C to have the form (z,(z,),w), where z € X, where
zn € C (n € N), and where w € C. The conditions on each point (x, (z,), w)
are the following:

(i) zow = fu(z) (n € N);

(i) |w| = kg

(iii) |2a” < [fu(@)] (n € N).

For each such point (z,(z,),w), we see that |z,| <1 (n € N) and that
|lw| <1, and so Y is contained in the compact space X X D" x D. Further,
Y is closed in this space, and so Y is a compact space. Take n € N. Then
it follows from (ii) and (iii) that |z,| < |w]; if f,(z) = 0, then z, = 0.

We define

(3.1) II:(z,(zp),w) =z, Y =X,

so that II is a continuous surjection.

We also define
o (2, (20),w) = z,, Y —=>C (neN),

and q : (z,(z,),w) — w, Y — C, so that each map p, and the map ¢
belongs to C(Y'). Clearly

(3.2) png =1I"(fn) (n €N).
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The algebra B is defined to be the smallest closed subalgebra of C(Y)
containing I1*(A) and all of the functions p, and ¢. Since B separates the
points of Y, the algebra B is a uniform algebra on Y.

There is an obvious jointly-continuous action of the circle group T on Y
defined by

(€ (@, (zn), w)) = (@, (2a/C),wC) (CET, (2, (20), w) €Y).
This action will help us to define a suitable averaging map below.
For x € X, we again define the fibre F, = II"!({z}).
First, suppose that k, = 0. Then F, is the single point (z,0,0). In par-
ticular, k,, = 0, and so F}, is a singleton in Y, say F,, = {yo}.
Second, suppose that k, > 0. Then an element (z,(z,),w) € Y is such
that w # 0, and F}, is the circle

E, = {(x, (fo(2)/ky) e k€)1 0 <0 < 27} .

Clearly p, € M,, and |p,|> < |fa|y for each n € N, and so (p,) is a null
sequence in M, . Further, ¢ € M,,, and so equation (3.2) gives the required
factorization of (II*(f,)) in M,,, thus establishing clause (ii) of the theorem.

We define a map T': C(Y) — C¥ as follows. Take h € C(Y) and z € X.
Suppose that k, = 0. Then (Th)(z) = h(z,0,0). Suppose that k, > 0. Then

2
(3.3) (Th)(w) = 5- /0 (i, (fol) ) 7, Fe®) .

In either case, (T'h)(x) is the average of the values in h(F,) obtained by
using the Haar measure on T and the transitive action of T on the fibre F.
Because the action of the compact group T on Y is jointly continuous, it
is not hard to see that Th € C(X) for each h € C(Y): this is a standard
argument, given, for example, in [4, Theorem 1.3], |33, Theorem 19.1(a)],
and [26, Lemma 5.10|. It is now clear that the map 7' : C(Y) — C(X)
is a linear contraction, and also that T(IT*(f)) = f (f € C(X)), and so
T o II* = Igx).

We next show that T'(B) = A. Clearly we have A = T'(II*(A)) C T(B).

To prove that T'(B) C A, first consider an element h € C(Y") of the form

(3.4) h=T(f)py - pa™,
where f € A and nq,...,ni,m € Z. We claim that Th € A.
First suppose that ny +---+n;, = m. Then it is immediate that Th € A.

Second, suppose that ny + - -+ ng # m. If k, = 0, then (Th)(x) = 0, and,
if k, # 0, then (Th)(z) is given by

(Th)(z) = g(x)/o T exp(i(m =y — -+ — ) 6) 6
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for some g € C(X), and so again (Th)(x) = 0. Thus Th = 0, giving the
claim in this case

It follows that TTh € A whenever h is a linear combination of functions
specified in equation (3.4); this set of linear combinations is dense in B and
T is continuous, and so Th € A for each h € B. Thus T'(B) C A. We have
shown that (Yo, B) is a distinguished-point extension of (X, zg, A) with
respect to I and T, thus giving clause (i) of the theorem.

Clause (iii) of the theorem follows from Proposition 3.2.

This completes the proof. 0

Remark. In the case where all Jensen measures (see [16, p. 33]) for A are
trivial, the same is true for B, and so B is natural. For this, we first note
that B | F} is dense in (C(F},),|- |5, ) for each x € X, and then apply [26,
Theorem 3.6].

In this setting, where A and B are natural, suppose that {zo} is a
one-point part for A, and consider y € Y \ {yo}. Now set = = Il(y), so
that € X \ {zo} and there exists a sequence (f,) in (My,);) such that
lim, o0 fr(z) = 1. But now (II*(f,,)) is a sequence in (M, );) such that
limy, 00 [T*(f)(y) = 1, and so y is in a different part to yo. Hence {yo} is a
one-point part for B.

The following result is standard; it is an extension of the constructions
expounded in [33, §19] and is essentially [15, Lemma 2.5].

Theorem 3.6. Let A be a uniform algebra on a compact space X, and
take xog € X. Then there are a uniform algebra B on a compact space Y, a
point yo in' Y, a continuous surjection 11 1Y — X, and a linear contraction
T:C(Y) — C(X) with the following properties:

(i) (Y, yo, B) is a distinguished-point extension of (X, xo, A) with respect
toll and T ;

(ii) for each f € M,,, there exists g € M, such that g* = II*(f) ;

(iii) yo ts a strong boundary point for B if and only if x¢ is a strong

boundary point for A. O

Proof of Theorem 3.4 We start with a (natural) uniform algebra Ay on a
compact space Xy and a point xg € X, that is not a strong boundary point
for Ag. For example, we can take A, to be the disc algebra and zy = 0. We
shall construct a system

XomxoonmHa :OSaSﬁSwl )
76

consisting of successive distinguished-point extensions of (Xy, o, Ap)-
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Take a with 0 < a < wy, and assume first that the system has been
constructed to level a. Set f = a + 1. In the case where « is a non-limit
ordinal of the form v + n, where v is a limit ordinal and n € Z* is an odd
number, the extension (Xgz, x5, Ag) is formed from (X,,x,, Aa) by using
Theorem 3.5. In the similar case where n € Z" is an even number, the
extension (Xg,xg, Ag) is formed from (X,, 24, A,) by using the standard
‘addition of square roots’, as described in Theorem 3.6. Second, the case
where « is a non-zero limit ordinal and we assume that the system has been
constructed to level 7 for each v < a, the extension (X, 24, As) is formed
by taking a direct limit, as described above.

The resulting extension (X, Z,,, A.,) has all the required properties
of the theorem, where we take X to be the character space of the uniform
algebra A = A, ; we note that {x} is a one-point part for A for each x € X
by Proposition 2.2. 0

Remark. As indicated in the previous remark, we could require that all
our uniform algebras A, have unique Jensen measures; in this case, each

algebra A,, including A, is already natural.

We note again that our example is enormous, and certainly non-separable;
we do not know how to modify the construction to exhibit a separable ex-
ample.

4. LOCAL FACTORIZATION

4.1. Properties (A) and (B). We now introduce two further ‘factor-
ization-type’ properties related to property (IV); they are ‘local’ in that
they refer to the existence of elements with certain properties in an algebra.

Let A be an algebra (not necessarily commutative), and let E be a left
A-module. Then

A-E={a-z:a€ A z€FE}.

Also, given a sequence (a,) in A, we define

bmar - a B4 TE E : there exists (z,,) in E such that
a1 On - r=ux; and x, = a, - Ty (M EN) [

essentially as in §1.1. With this notation, we specify two properties (A) and
(B):

(A) lima" - A # {0} for some a € A;

(B) limay - - ay, - A # {0} for some sequence (a,) in A.
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The two conditions (A) and (B) in the case of commutative, radical
Banach algebras are parts of a classification scheme due to Esterle [14]; this
classification scheme is expounded in [6, §4.9], and properties (A) and (B)
correspond to classes (IIT) and (IV) in that classification. It is left open in
|6, 14] whether or not the two classes (III) and (IV) of Esterle are distinct
(and we do not resolve this point).

Clearly (A) = (B) and (IV) = (B). In fact, Corollary 5.4, below, will
show that a weaker condition than (IV) is sufficient to imply (B).

Proposition 4.1. Let A be a non-zero, commutative Banach algebra satis-
fying property (I1). Then A also satisfies property (A).

Proof. Note that A factors. Take any element a € A with a # 0, and then
take by, c; € A with a = byc;.

Now we inductively define two sequences (b,,) and (¢,) in A such that
Cn = buy1Cny1; by scaling, we may suppose that ||b,|| < 1/n for each n € N,
and so (b,,) is a null sequence. By (II), there exist b € A* and a null sequence
(d,) in A such that b, = bd,, (n € N). Set a,, = ¢,dy---d,, (n € N). Then
an = ban+1 (n € N), and so a € limb" A # {0}, as required. 0

Example 4.2. Let X be a compact plane set containing the point 0, and
take M to be the maximal ideal at 0 in R(X), and suppose that M? is dense
in M.

We claim that M = ZM, where Z is the coordinate functional. To see
this, take f € M and ¢ > 0. Then there exists ¢ € M? with |f —¢|, < ¢,
say ¢ = gihi + -+ - + gihi, where g;,h; € M (j € Ni). Since the rational
functions with poles off X are uniformly dense in R(X), those that vanish
at 0 are uniformly dense in M. Thus, for each j € Nj, the function g; can
be approximated arbitrarily well by a function of the form Zf;, where f;
is a rational function with poles off X. In particular, there exist functions
fi,..., fx € R(X) such that

k
f=>_Zfh;
j=1 X

But Zle fih; € M, and so M = ZM, as claimed.

It again follows from the Mittag-Leffler theorem, Theorem 1.1, that M
satisfies (A), with the element b taken to be Z, and hence M also satisfies
(B).

In particular, take X to be a road-runner set as described in Example 2.7;

<e€.

we noted that there are examples of such sets such that M satisfies (VII),



FACTORIZATION IN COMMUTATIVE BANACH ALGEBRAS 33

but does not satisfy the equivalent conditions (I) — (VI). Thus condition
(A) does not imply condition (VI) in the class of maximal ideals in uniform
algebras of the form R(X). 0

We do not know whether properties (III) or (IV) (for a commutative
Banach algebra) implies property (A).

Note that the maximal ideal M, in H*°(ID) mentioned on page 11, which
satisfies property (IV), is not a counter-example to the implication that
(IV) = (A). Indeed, set M := {f € AD) : f(1) = 0}. Then M has a
bounded approximate identity, and so, by Proposition 4.1, M satisfies (A).
Since there is an isometric embedding of M into M,, it follows that M, also
satisfies property (A).

4.2. An example. We have stated that we do not know an example of a
commutative, radical Banach algebra that satisfies property (B), but does
not satisfy property (A). However we can present an example of a maximal
ideal in a separable uniform algebra that satisfies (B), but not (A).

We first give some further notation. For a complex number z, we set
xr =Rz and y = Jz, so that z = x +iy. The open half-plane II is defined by

I:={z€C:2>0}.
Throughout this subsection, we shall take
A = AP(ID)

to be the algebra of all bounded, continuous functions on II that are analytic
on II, so that A is a uniform algebra on its compact character space; recall
|6, A.2.25] that |F'|g is equal to sup{|F(iy)| : y € R} for each F' € A.

We shall use the Ahlfors—Heins theorem [6, Theorem A.2.47] in the fol-

lowing form.

Theorem 4.3. Let F € A®. Then there exists ¢ > 0 such that

1 .
(4.1)  lim =log |F(re’)| = —ccosf for almost all 6 € (—7/2,7/2).

r—oo I

Definition 4.4. For a > 0, the set I, consists of functions F' € A with
|F(2)] = O(e™%) as z — oo in II. Further, I = J{I, : a > 0}.

Clearly I, is an ideal in A for each a > 0, and [ is also an ideal in A.

Lemma 4.5. Suppose that F' € I. Then (,—, F"A = {0}.
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Proof. Take a > 0 such that F' € I,. Then F™ € I,, for each n € N, and so,
for each G € (2, F"A, necessarily G € I, for each a > 0.

Assume towards a contradiction that G # 0. Take ¢ > 0 to be the
constant specified in equation (4.1) (with respect to the function G), and
take 6 € (—m/2,7/2) such that the the limit in (4.1) exists for this value of
. For each a > 0, we have

1 .
limsup — log |G(re”)| < —acosf,
r—oo T

and so ¢ > a for each a > 0, a contradiction. Hence G = 0, giving the
result. O

The Banach space of all complex-valued, regular Borel measures on R™
is M(R'), so that M(R") is a commutative, unital, semi-simple Banach
algebra with respect to the convolution product x; see |6, §4.7]. The Laplace

transform
Lop— Ly, (MRT), *)—=(4,-),

where (Lp)(z) = [ e **du(t) (= € II), is an injective linear contraction
and an algebra homomorphism, and so we may regard M (R") as a Banach
function algebra on II. Define

a(p) == infsupppu  (u € M(RY)®),

as in [6, Definition 4.7.18]. Then Titchmarsh’s convolution theorem |6, The-
orem 4.7.22] shows that

alp * v)=alp) +av) (e MRT)).

Let p € M(R"). Then Lp € I, if and only if a(p) > a [6, Proposition
4.7.19).

Consider the semigroup algebra (¢}(R™), x), regarded as a closed sub-
algebra of the algebra (M(RT), x), and take an element

f=> {ad,:r eRT} € L'(RY),
so that
(LH)(z) =D fawe™™ :r eRY} (2 €1D)
and (1(R*) is a subalgebra of A. Set E, = £(,) (r € RY).

Definition 4.6. Denote by M and B, respectively, the closures in (A, | - |5)
of the sets {Lf: f €1 (Q**)} and {Lf: f € ¢1(Q1)}.
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Thus B is a separable, unital, closed subalgebra of A, so that B is a
uniform algebra on its compact character space; M is a maximal ideal in
B, and M N1 is dense in M. In fact, M is equal to ker ¢, where

o(F) = JLIQOF(x) (FeB).

To see this, we write £j,(Q"*) for the dense subalgebra of ¢!(Q"*) that is
equal to lin{d, : r € Q*}, and Loy for the space of Laplace transforms of
elements of (5, (Q"*). Take F' € M and € > 0. Then there exists H € Lo
with |F' — H|g < €. Clearly, there exists zy € R* with |[H(z)| <e (x > zy),
and this implies that |F(z)] < 2¢ (x > x¢). Thus lim,_,o F(z) = 0, as
required.

Note that the algebra that is the closure in A of {Lf : f € ¢}(RT)} is
not separable because |E, — Eg|g = 2 for r, s € RT with r # s. This implies
that the Banach algebra A is not separable.

Lemma 4.7. The mazimal ideal M wn the uniform algebra B factors pro-
jectively.

Proof. Consider the dense subset S = £},(Q"*) of £}(Q"*), and regard S as
a dense subset of M. Take f € S, so that f = g x h, where g = ¢, for some
a € Q™ and h € S, as in Corollary 1.16. The Laplace transforms of f, g,
and h are F, G, and H, respectively, and clearly |F|g = |G|j | H |7 because

Gliy)| =1 (y € R).
It again follows from Proposition 1.15 that M factors projectively. 0

We now establish, in Theorem 4.9, a slight extension of a famous theorem
of H. Bohr |6, Theorem 4.7.55|.

Lemma 4.8. Let G € B be such that G(z) # 0 (z € II), and take 7 > 0.
Then
inf{|G(t +iy)| : y € R} > 0.

Proof. The argument of |6, Lemma 4.7.54] gives this result. 0
The following proof is close to that of [6, Theorem 4.7.55].

Theorem 4.9. Let F' € M\ I. Then there exists z € 11 such that F(z) = 0.

Proof. Assume toward a contradiction that F\(z) # 0 (z € II). Take 7 > 0,
and apply the previous lemma to see that

inf{|F(r+it)|:t €e R} > n
for some 7 > 0. Set G(z) := F(z + 1), so that |G(it)| > n (t € R).



36 H. G. DALES, J. F. FEINSTEIN, AND H. L. PHAM

Since G(z) # 0 (z € 1), it follows from Nevanlinna’s theorem [6, A.2.46]
that there exists ¢ € R such that
(12)  log|G(z)| = %/Oo sl dt+er (s,
Take a > 0. Since G ¢ 1,, there is a sequence (zx = y, +iyg) in II such that
x — o0 as k — oo and |G(z)| > e7** (k € N). It follows from (4.2) that
—a < ¢ < 0. This holds for each a > 0, and so ¢ = 0. It now follows from
(4.2) that |G(z)| > n (z € II). However lim, ., G(z) = 0 because G € M,
the required contradiction. Thus there exists z € II such that F(z) =0. O

Theorem 4.10. The maximal ideal M in the separable uniform algebra B

factors projectively, and so satisfies (VI) and (B), but M does not satisfy
(A).

Proof. By Lemma 4.7, M factors projectively, and so M satisfies (B).

To show that the ideal M does not satisfy (A), it suffices to show that
(F"M = {0} for each F € M. In the case where F' € I, this follows from
Lemma 4.5. In the case where F' € M \ I, it follows from Theorem 4.9 that
there exists z € II such that F'(z) = 0. Thus each G € [ F™"M is analytic
on a neighbourhood of z and has a zero of infinite order at z, and so G = 0,
giving the result in this case. O

We can transfer the above algebras B and M from the half-plane II to
the unit disc . Indeed, take r € R™®, and define

ro=eo (r(357)) eBr).

The function fj is the constant function 1. Thus the functions f, for r € R
belong to H*(D). Clearly we can identify B and M with the closed sub-
algebras of the uniform algebra H>°(D) that are generated by {f. : r € Q'}
and {f, : 7 € QT*}, respectively. Again denote by 9t the character space of
H>(D), as in |22, Chapter 10| and [17, Chapter V, §1], so that D is dense
in 9 by Carleson’s theorem [17, Chapter VIII|. Let 9%, be the fibre in 9
that sits above the point 1. The restriction of H>°(D) (defined on 9M) to
M, is called A; on page 187 of [22], and some properties of A; are given
there. In particular, A; is a natural uniform algebra on 9%;. The subset Z
of M that is the common zero set of each of the functions f, for r € Q**
is non-empty, is the union of Gleason parts for H>°(ID), and is disjoint from
the Silov boundary of H*>(D). Consider the space that we shall call K that
is the quotient of 9M; formed by identifying the points of 91, that are not
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separated by B. Then it can be seen that we can regard B as a subalgebra
of A;, that K is exactly the character space ®p of B, and that B is a
uniform algebra on K; the point o € K corresponding to the set Z in
M, corresponds to the maximal ideal M in B; {x} is a one-point part off
the Silov boundary of B, and so M does not have a bounded approximate
identity. We do not know whether M factors, but we have shown that it
factors projectively.

5. RADICAL ALGEBRAS

5.1. Classification of radical algebras. The classification scheme of Es-
terle works in a more general setting than for commutative, radical Banach
algebras, and we now explain this setting. We shall also expand this class-
ification of Esterle somewhat, and give an application to a question of how
many prime ideals such an algebra can possess.

In this section, an algebra A is not necessarily commutative, unless this
is stated.

Let A be an algebra with a topology 7, and suppose that (A,7) is a
(Hausdorff) topological linear space. Then (A, 7) is a topological algebra if
the product map

(a,b) —»ab, AxA— A,
is continuous; a topological algebra is an (F)-algebra if there is a complete
metric on A that defines the topology 7, and we then write (A, d), where d
is a complete metric. Each Banach algebra is obviously an (F)-algebra.

The following lemma extends [14, Proposition 3.1]. Recall that an algebra
A acts continuously on a left A-module E that is an (F)-space if the map
r+—a-x, F— FE, is continuous for each a € A.

Lemma 5.1. Let A be an algebra, and let E be a left A-module and an
(F)-space with a complete metric d such that A acts continuously on E.
Suppose that S is a subset of E such that S C A - S. Then, for each x € S
and € > 0, there are a sequence (ay,) in A and y € @a1~--an - E with
d(z,y) <e.

Proof. For n € N, set £, := A" ! x E equipped with the product metric
(with By = E), where A is given the discrete metric, and define a continuous
map 0, : E,,1 — E, by

(a1, .. an,x) > (a1,...,0y_1,0,2),
so that ((E,,0,) : n € N) is a projective sequence. Set X, := A""! x §.
Then X,, C 0,(X,41), and so, by Theorem 1.1, X; = S is contained in the
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closure of the set @ aj - --a, - E for some sequence (a,) in A, which implies
the lemma. 0

Lemma 5.2. Let A be an algebra, and let E be a left A-module and an
(F)-space with a complete metric d. Suppose that a € A® is such that a acts
continuously on E, and suppose that S is a subset of E with S C a - S.
Then, for each x € S and € > 0, there exists y € Ygla" - E with d(z,y) < e.

Proof. This is a trivial variation of the above proof. 0

Proposition 5.3. Let (A, d) be a non-zero (F)-algebra.

(i) Suppose that there exists a non-zero subset S of A such that S C A-S.
Then property (B) holds for A.

(ii) Suppose that there exist a mnon-zero subset S and a € A such that

S Ca - S. Then property (A) holds for A.

Proof. (i) Let g € S\ {0}. Lemma 5.1 shows that there exist a sequence
(a,) in A and y € Wmay - - ap - A with d(zo,y) < d(zo,0). In particular,
@al---an-A#{O}.

(i) This follows similarly from Lemma 5.2.

O

Corollary 5.4. Let A be a non-zero (F)-algebra such that ARl = A. Then
condition (B) holds for A. 0

We note here the following curious fact as a consequence of the above
and of Bohr’s theorem on almost periodic functions.

Corollary 5.5. Let E be a non-zero subspace of M(R™), and let [ be any
element of (*(R*®). Then E ¢ fx E.

Proof. Assume towards a contradiction that there exist appropriate £ and
f such that E C f * E. Then, by Proposition 5.3(ii), there exists a non-zero
element g in the set (7, f**+« M (R"). Thus a(u) > na(f) (n € N), and so
a(f) = 0. By [6, Theorem 4.7.55], there exists z € I such that (Lf)(z) = 0,
and so Ly, which is an analytic function on II, has a zero of infinite order
at z. This implies that ¢ = 0, a contradiction.

The result follows. O

We now use the above to extend the conditions characterizing class (I1I)
of Esterle’s classification that are given in [6, p. 578|. The existing classi-
fication in [6] supposes that algebra R is a commutative, radical Banach
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algebra, but the equivalences hold true (with the same proofs) even if the
radical algebra R is not commutative and if it is an (F)-algebra, and so we
state our result in this setting.

Theorem 5.6. Let R be a non-zero, radical (F)-algebra. Then the following
conditions on R are equivalent:

(a) there is a non-zero element a € R such that a € Ra;
b) there is a sequence (a,) in R such that Wmay---ap - R# {0};
c) there is a sequence (b,) in R® such that b, € Rb,41 (n € N);

f) there is a non-zero, left ideal J in R such that J =R - J;
g) there is a non-zero subset S in R such that S C R - S.

(
(
(d) there is a strictly increasing sequence of principal left ideals in R¥;
(e) there is a non-zero, left ideal I in R such that I = R-1;

(f)

(

Proof. That conditions (a), (b), (¢), and (d) on R are equivalent is estab-
lished in [6], albeit in the case where R is commutative. For the implication
(a) = (e), we can take I = Ra. Clearly (c) < (f) = (e) = (g). The impli-
cation (g) = (b) follows from Proposition 5.3(i). 0

We next extend the conditions characterizing class (IV) (of Esterle’s
classification) that are given in [6, p. 578].

Theorem 5.7. Let R be a non-zero, commutative, radical (F)-algebra. Then
the following conditions on R are equivalent:

(a) there exist a € R and x € R* with a € Rax;

(b) there exists a € R with lima™ - R # {0};

(c) there exist a € R and a non-zero subspace S of R such that S = aS;

(d) there exista € R,y € R®, and a sequence (p,) of complex polynomials
such that y = lim,,_, app(a)y;

(e) there exist a € R and a non-zero ideal I in R such that I = al;

(f) there exist a € R and a non-zero subset S in R such that S C aS.

Proof. That conditions (a), (b), (¢), and (d) on R are equivalent is estab-
lished in [6]. For the implication (a) = (e), take I = zRE. Clearly (e) < (f).
The implication (f) = (b) follows from Proposition 5.3(ii). 0

In fact, all proofs of the implications between clauses (a) — (f) in the
above theorem hold for a general (non-commutative) radical (F)-algebra,
save for the implication (a) = (e).
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5.2. Non-nilpotent elements in radical (I')-algebras. In this subsec-
tion, we shall give various conditions for a (not necessarily commutative)
radical (F)-algebra R that are equivalent to the condition that R have a
non-nilpotent element a with a € Ra, following the spirit of [14] and [6,
§4.9]. We are interested in this condition because, in the case where R is a
radical Banach algebra, it will imply the existence of an uncountable family
of prime ideals in R such that distinct primes in the family are incomparable
with respect to inclusion; see §5.3, below.

Let (X, d) be a metric space, and take x € X and r > 0. Then we write
B(x,r) for the open ball with centre = and radius 7. The following lemma is
essentially [6, Theorem 2.6.34], which also proves Grabiner’s theorem that
every nil (F)-algebra is nilpotent.

Lemma 5.8. Let (A,d) be an (F)-algebra, let S be a closed linear subspace
of A, and take n € N. Suppose that there exist an element ag € S and r > 0
with the property that a™ = 0 (a € B(ap,7) N S). Then a™ = 0 for each
a€s.

Proof. For a € S, define F'(¢) = (ap + ((a — ap))" (¢ € C). Then F is a
polynomial with coefficients in A such that F' vanishes on a neighbourhood
of 0in C, and so F' = 0. Thus a™ = F(1) = 0. 0

First, we need a technical lemma that is similar to Lemma 5.1.

Lemma 5.9. Let (A,d) be an (F)-algebra, and let S be a closed linear
subspace of A such that S C A-S. Then, for each non-nilpotent element
xg € S and € > 0, there exist a sequence (a,) in A and a non-nilpotent

element y € limay - - - an A with d(zo, y) < e.

Proof. Forn € N, set U, = {a € A: a™ # 0}, an open subset of A. Then
we may suppose that each U, is dense in A, for otherwise Lemma 5.8 would
imply that A is nilpotent, and the lemma would be vacuous in this case.
Define a continuous map 0, : A" — A" by

(@1, ..y, pyr) > (A1, 1, QpGpyy) -
The composition pu, := 6, o--- 06, is nothing but the multiplication map
AL 5 A Set
E, = A" NN (U,) .

Then E, (with the product topology) is metrizable by a complete metric,
and ((E,,0,) : n € N) is a projective sequence. Set

X, = A" xSNE,,
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so that X, is closed in E,,.

We claim that X, is dense in A"™! x S. Indeed, otherwise, there would
exist a non-empty, open subset W of A"~! x S with W N p 1(U,) = (. But
this would then imply that o™ = 0 for all a € u, (W), which in turn would
imply that a™ = 0 for all a € p,(A"! x S), and again the lemma would be
vacuous in this case.

This claim and the assumption that S C A- S then imply that

X, CO, (A" x S) C 0,(X,11) (n€EN),

where the closures are taken in A". Thus Theorem 1.1 shows that X; is
contained in the closure of @(En, 0,.), and the claim then shows that S is
contained in the closure of 1£1(En, 0,,). This implies the result. 0

We now give our modified version of Theorem 5.6; it is related to [14,
Corollary 3.5|.

Theorem 5.10. Let R be a non-zero, radical (F)-algebra. Then the follow-

ing conditions on R are equivalent:
(a) there is a non-nilpotent element a € R such that a € Ra;

(b) there is a sequence (ay) in R such that ima; - - - a, R contains a non-

nilpotent element of R;
(c) there is a sequence (b,) in R such that b, € Rb,+1 (n € N) and by is
not nilpotent;

(d) there is a strictly increasing sequence of principal left ideals in RF,

each of which is not nil;

(e) there is a strictly increasing sequence of principal left ideals in R,

each of which is not nilpotent;

(f) there is a left ideal J in R such that J = R-J and J is not nil;

(g) there is a linear subspace S in R such that S C R-S and S is not
nilpotent.

Proof. Tt is obvious that (¢) < (f), that (d) = (e), and that (a) = (g) (with
S := Rfa). The implications (b) < (c) and (¢) = (d) are also easy to see.

(e) = (g) Let (c,) be a sequence in R* such that (R'c,) is a strictly
increasing sequence of principal left ideals in R, each of which is not nil.
Then ¢, € R and ¢, € Rc,,1 for each n € N. Set J = (J{R’c, : n € N}, so
that J = |J{Rec, : n € N}. Then J is a left ideal that is not nilpotent, and
J=R-JCR-J.
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(g) = (b) By replacing S by S, we may suppose that S is a closed linear
subspace of R. Since S is not nilpotent, there is an element xy € S that is
not nilpotent. Thus (b) follows from Lemma 5.9.

(c) = (a) Take the sequence (b,) as specified, and set J = J{Rb,, : n € N}.
Then J is a closed, left ideal in R and .J is not nil. Define

S={reJ:Rv=J}.

By a small variation of [14, Theorem 3.3], we see that S contains a dense,
Gs-subset of J. For n € N, set J, = {z € J : 2" = 0}. Then each J,
is a closed subset of J with empty interior, and so, by Baire, there exists
an element a € S\ |JJ,. The element « is not nilpotent and is such that
a € Ra. 0

Corollary 5.11. Let R be a non-zero, radical (F)-algebra with R = R,
Then there is a non-nilpotent element a € R such that a € Ra.

Proof. Condition (g) of Theorem 5.11 holds, with S = R, and so condition
(a) holds. 0

5.3. Prime ideals in radical convolution algebras. The family of prime
ideals in a commutative Banach algebra plays a prominent role in automatic
continuity theory; see [6], and see [31] for a further contribution. It is of
interest to show the existence of ‘large’ families of incomparable primes.

It is easy to construct prime ideals in convolution algebras on R™. In
this section, we shall use the results of the previous section and of [30] to
show that a radical convolution algebra on R* must even have a continuum
of incomparable prime ideals. We shall also discuss the discrete version of
convolution algebras on sub-semigroups of R*.

A Fréchet algebra is an (F)-algebra whose topology is defined by a se-
quence of algebra seminorms [6, Definition 2.2.4].

Let R be a commutative, radical Fréchet algebra containing a non-
nilpotent element a such that a € Ra. The main result of [30], Corollary 3,
shows that R then contains a continuum of incomparable prime ideals. This
was proved as a consequence of [30, Theorem 2|, which was stated for any
(possibly non-commutative) radical Fréchet algebra R that possesses such
an element a. However, that theorem was not stated correctly, and we now
rectify this error. The proof of [30, Theorem 2| does establish the following
theorem. Here, 1™ denotes the m-fold Cartesian product of I with itself
for m € N.
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Theorem 5.12. Let R be a radical Fréchet algebra. Suppose that I is an
tdeal in R that is not nilpotent and is such that

(5.1) 1™ =R .Im (meN),

Then there exists a sequence (ay,) in I such that, for every Fréchet algebra

A containing R as a topological subalgebra,

aff---a?: ¢a, A+ +a; A
for all finite sequencest = (i1, ..., im), J = (J1,-- -, Jn), and k = (k1, ..., k)
in N such that © and 3 are disjoint. O

The new statement is as follows.

Proposition 5.13. Let R be a radical Fréchet algebra, and suppose that a
is a non-nilpotent, central element of R with a € Ra. Then I := Ra is an

ideal in R that is not nilpotent and such that I satisfies equation (5.1).

Proof. Set I = Ra, so that I is an ideal in R that is not nilpotent.

To prove that I satisfies (5.1), take m € N and open sets W; in R for
i € N,, such that W; NI # 0 (i € N,,,). Then there exist x1,...,2, € R
such that x;a € W; (i € N,,,). Since a is in the centre of R, it follows that
ax; = x;a € W; (i € N,,). Next, there exists ¢ € R such that

car; = cria € W; (i € N,,),

and so
R-IMA(Wyx--xWy,)#0.
Thus 1™ C R - I™ and hence I satisfies (5.1). O

Thus [30, Corollary 3|, when combined with Corollary 5.11, gives the
following theorem. Here ¢ denotes the continuum.

Theorem 5.14. Let R be a non-zero, commutative, radical Fréchet algebra

such that R = RE. Then there exists a family F = {P, : a« € A} of prime
ideals in R such that |A| = ¢ and such that P, ¢ Pz whenever o, B € A with

a# 5. 0

The above theorem applies to any non-zero, commutative, radical Ba-
nach algebra R that has an approximate identity, and in particular to the
Volterra algebra V = (L'(I), =) and the algebra (C, o(I), *). It also applies
to algebras of the form (L'(R™*, w), x ), where w is a radical weight on R**;
note that w need not be bounded near the origin, and so this latter algebra
may not have an approximate identity. Finally, we note that the theorem
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applies to Banach algebras (£!(S,w), ) whenever S is a dense, difference
sub-semigroup of R™® and w is a radical weight on S, and to the algebras
(*(SNT), %) whenever S is a dense, difference sub-semigroup of R**.

6. SUMMARY

We shall now summarize our attempts to establish counter-examples to a
variety of implications between our specified factorization properties (I)-
(VII). We shall first briefly recall the definitions of the properties (I)—(VII);

throughout A is a commutative Banach algebra. Thus:
(I) A has a bounded approximate identity;

(IT) null sequences in A factor;

(III) all pairs in A factor;

(IV) A factors;

(V) A factors weakly;

(VI) A factors projectively;

(VII) A factors densely.

In the table, ‘BFA’ means ‘Banach function algebra’; ‘uniform’ means
‘maximal ideal in a uniform algebra’; ‘CRBA’ means ‘commutative, radical

Banach algebra’; ‘sep” means ‘separable’.

| Implication |  BFA [ sep BFA [ uniform [sep uniform | sep CRBA |
(I1) = (I) No, [36] No, [36] |[No, Th. 3.4 ? No, [36]
(1) = (I0) 7 7 7 ? ?
(IV) = (1) | No, [29] ? No, [29] ? .
(IV) = (I) No, [36] No, [36] [No, [18, 29] ? No, [36]
(V) = (IV) | No, [36] No, [36] ? ? ?
(VD) = (V) |No, Ex. 1.13|No, Ex. L.13| 7 ? No, Ex. 1.13
(VI) = (III) |No, Ex. 1.13|No, Ex. 1.13| No, [29] [No, Ex. 1.18|No, Ex. 1.13
(VI) = (VI)| No, Ex. 2.7 | No, Ex. 2.7 | No, Ex. 2.7| No, Ex. 2.7 |No, Ex. 1.25
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