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I. Introduction

The Moon, the only natural satellite of the Earth, has attracted continuous focus from both the academic and
engineering fields, working as the bridge between the near-Earth environment and deep space. Since the first human-
crewed lunar mission, the Apollo series [1], more and more lunar exploration missions have been proposed and carried
out. These missions aim at the Moon’s unique location and in-situ resources, epitomized by NASA’s Artemis mission
[2], JAXA’s SELENE mission in 2007 [3], India’s Chandrayaan program [4] and China’s series of Chang’e missions
[5]. Currently, lunar exploration focuses on long-term residential tasks, i.e., a scientific space station above the Moon
[6], which promotes strong needs in long-term orbits around the Moon with very low maintenance costs.

For this purpose, researchers turn to a kind of distant retrograde orbit (DRO) family that shows quite strong stability
[7, 8]. Considering the stable motion of the DRO relative to the celestial body, which resembles the motion of a
satellite, the DRO is also referred to as a quasi-satellite orbit (QSO) in some literature (e.g., [9-11]), although it is not
a true satellite orbit. Originally studied by Hénon [12], the DROs were classified as the family f when exploring the
periodic solution to the Hill’s problem in the 1960s. Varying the mass ratio, the DROs’ strong stabilities were proved
in the circular restricted three-body problem (CR3BP) [7] and elliptic restricted three-body problem [8]. Thus, the cost
of orbital maintenance is very low, suggesting that the DROs are ideal destinations for long-term spacecraft [13] or
the captured asteroids [14, 15]. In the first phase of NASA’s Artemis mission, a DRO was adopted as the transfer
target of the uncrewed Orion vehicle for orbital demonstration [2]. Also, by allocating a refueling ‘gas station’, the

lunar DROs can facilitate Earth-Mars transfer and further deep space explorations [16].
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The spatial or three-dimensional DROs (3D DROs) own remarkable advantages in remote sensing, communication,
and observation due to their out-of-plane motions in terms of mission operations. Most of the 3D DROs around the
Phobos were proved to have high effective stability and low-cost maintenance (~1m/s per 9 days) as long-term science
orbit for JAXA’s MMX mission [11]. Meanwhile, some of the 3D DROs containing moderate escaping/inserting
tendencies were employed to construct low-energy transfers connecting the high- and low-altitude science orbits
around the Phobos [17]. In the Saturnian system, the highly-inclined 3D DROs around the Enceladus were tested to
be stable for 100 days and proved to be the ideal location for long-term observation of polar regions [18].

Besides the stability, the long-term function of spacecraft on the DROs also depends on the sunlight conditions,
which have not been properly addressed yet in the aforementioned literature. Frequent switches between shadow and
sunlight result in a negative effect on the spacecraft’s thermal stability and steady power supply. Therefore, this Note
systematically discusses the sunlight issue of the DROs around the Moon, including the distributions of sunlight and
the duration of the lunar and Earth shadows in the context of all planar and 3D DRO families, which can be extended
to other planetary systems. Furthermore, this Note evaluates the feasibility of the 3D DROs as alternatives to the lunar
sun-synchronous orbits (SSOs) through comparisons on the sunlight ratio and shadow duration. Importantly, the
dependence of their sunlight conditions is analyzed on the z-amplitude and resonance in terms of orbital dynamics,
providing insights for mission trajectory selection. This analysis can be extended to other celestial bodies with small
oblateness (i.e., low J> value), whose classic SSOs are limited to a low altitude above the surface.

The Note is organized as follows: Section II presents the dynamic model and numerical methods, including
continuation, stability, and bifurcation. In Section III, the solution map of the Earth-Moon DROs is obtained and the
DROs are refined to the perturbed dynamic model. Section IV analyzes classic lunar SSOs, proposes the concept of
super-sun-synchronous orbit (Super-SSO), and discusses how DROs’ sunlight conditions are strengthened by the

orbital dynamics. Finally, Section VI provides the conclusions.

I1. Background
A. Dynamic Model
The bi-circular problem (BCP) provides a good approximation of the Sun-Earth-Moon system [19]. As displayed
in Fig. 1(a), the BCP comprises a primary body, a subprimary body, a secondary body, and a massless particle,
corresponding to the Sun (ms), the Earth (m:), the Moon (m>), and the spacecraft, respectively. In the BCP, the Earth

and Moon are assumed to revolve in circular orbits around their barycenter, and the Earth-Moon barycenter is assumed
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to move in a circular orbit around the barycenter of the Sun-Earth-Moon system [19]. The orbits of all three bodies
are in the same plane. Although this model ignores the Moon’s small orbital inclination and eccentricity, which does
not satisfy Newton’s equations and may introduce minor perturbations, numerical simulations show that it still

provides the same qualitative behavior as the real system in certain regions of phase space [19].
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Fig. 1 The perturbed BCP: a) BCP in the Earth-Moon rotating frame; b) Obliquity of the Moon.

As shown in Fig. 1(a), a rotating frame (O-xyz) is established to describe the motion of the spacecraft: its origin O
coincides with the barycenter of the Earth and the Moon; the x-axis is directed from the Earth to the Moon; the z-axis
is directed to the angular momentum vector of the Earth-Moon system and the y-axis obeys the right-hand rule [19].
The unit of mass and length (LU) is taken as the total mass of the Earth-Moon system and the mean Earth-Moon
distance, respectively. The period of the Moon moving around the Earth is normalized to 27 units of time (TU). Denote

1= mo/(mi+ my) as the mass ratio. Then, the normalized dynamical equations of the spacecraft can be written as [20]
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where Qpertury indicates the terms affected by the Moon’s J> and the lunar obliquity in this Note; 71, 72, and 73 denote

the distances from the spacecraft to the Earth, the Moon, and the Sun, respectively [20].
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In particular, 05 satisfies
Os =0y, + o0t (%)

where 65 is the phase angle at the initial epoch # and ws denotes the normalized angular velocity of the Sun.

According to Muralidharan et al. [22], the perturbing acceleration due to the Moon’s J, term (~10) is not
negligible for the 4:1 resonant southern L, near-rectilinear Halo orbit (NRHO) that has a perilune radius of 4000 km,
where J,, the second zonal harmonic, is the primary term of the perturbations induced by the Moon’s oblateness.
Considering that more than 25% of the DROs discussed in this Note have a perilune radius smaller than 5000 km, the
perturbation resulting from the Moon’s J, term cannot be ignored for the DROs. Additionally, both NRHOs and DROs
are stable, making the J, term crucial for accurately modeling their long-term dynamics. The calculation of the Moon’s
J> term in Qperturs is relevant to the Moon’s obliquity (¢), which indicates the angle between the Moon’s orbital and
rotational angular velocity vectors [23], as shown in Fig. 1(b). Qperrurb can be expressed as [24]
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where 4,=(Re-Rp)/5LU? is the oblateness coefficient of the Moon, representing the second zonal harmonic perturbation
in the effective potential term, with Rg and Rp denoting the equatorial and polar radius of the Moon, respectively [24,
25].

In this Note, #=0.0121506683, LU=384405 km, TU=4.348113 days, ms=328900.541, as=388.811143, ws=-

0.925195985 rad/s, and £=6.68° (according to NASA’s Moon Fact Sheet) are used in the Sun-Earth-Moon system.

B. Continuation and Bifurcation of Periodic Orbits

Due to the symmetry about the x-z plane [12], the initial state of a DRO satisfies that », =0, X, =0 and %,=0, i.e.,
(x,0. 24,0, ¥5,0) . For periodic orbits, the state at half a period is chosen as a reference to check the periodicity because
it represents a symmetric phase [12], providing information for the adjustment of the initial state to maintain
periodicity through the differential correction method [26]. Therefore, to ensure periodicity, DROs must
perpendicularly cross the Poincaré section {X: y=0} at =7/2, where T denotes the period of the orbit. Mathematically,

(529, 7,) should be adjusted such that
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f[(xo,zo,yo)]=f(X0)=(5cT/2,z'T/2)=(O,O) (®
where the function f'(°) maps the initial state of the DRO orbit to the state at /=7/2 and can be obtained by integrating
the dynamical equations (Eq. (1)). Then its Jacobian matrix G=Df.

In this Note, the initial states for DROs are derived from Hénon’s f~family in Hill’s problem [12] and are iteratively
refined using the aforementioned methods to ensure periodicity within the Earth-Moon CR3BP. Providing that a
periodic orbit is computed, it can serve as an initial seed to obtain a whole orbit family through numerical continuation.
Among the methodologies available, the pseudo-arclength continuation method, introduced by Keller [26], has been
widely adopted in Refs. [9, 11, 27]. By parameterizing the system with an arclength approximation, it can effectively

address challenges in path development, especially at limit and bifurcation points.

Given that X, is the p-th extra solution of the DRO family and its initial guess X » » the initial guess of the next

periodic solution is X =X, t Asi_, where As is the pseudo-arclength that is manually set as a small parameter (e.g.,
1x10* in this Note) and i, is the unit vector tangential to the characteristic curve spanned in G’s kernel at X, [28]. To
correct the error due to linearization, shooting algorithms like differential correction are conducted at X 041, generating
the exact solution X),+| that corresponds to the next member of the periodic family. The differential correction method
iteratively adjusts X ,+ to minimize the deviation from periodicity, ensuring the orbit maintains its periodic nature

[28]. More explicit details of continuation methods can be found in Ref. [28, 29].

In the case that a dynamical system is not structurally stable at some specific parameter values, the system will
evolve to a bifurcation point [30]. The bifurcation phenomenon analyzed in this Note is the period-doubling bifurcation,
a fundamental mechanism in nonlinear dynamical systems. For CR3BP, the stability information concerning the
periodic solution can be indicated from the eigenvalues of its monodromy matrix M. It has three pairs of eigenvalues
A and 1/4; (=1, 2, 3), two of which are equal to unity [19]. Given A; =cosf+isinf, 1/4; =cosf-isind, where i is the

imaginary unit. The corresponding eigenvectors are defined as ei+ie> and after one period, they satisfy

cos@ sinf

M(e, +ie,) =[e, e2]|: :| =[e, €,]R(0) 9

—sinf cosé

where R(0) indicates a rotating matrix. To generate a periodic orbit, the cumulative phase difference is 24z (and k is a
positive integer) [11]. Accordingly, the ratio between the number of revolutions around the Moon and k meets

n/k=2r/arccos(v), where v=(A+1/4)/2 is the stability index of the periodic orbit. Given a pair of (n, k), the periodic
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solution whose v satisfies the aforementioned relation is a period-doubling bifurcation point corresponding to a

resonance of n/k, and the eigenvectors of A and 1/4 indicate the bifurcation direction [17].

II1. Planar and 3D DRO Families

A. Solution Map of DROs via Bifurcation
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Fig. 2 Family of planar DROs: a) Orbits in the Moon-centered rotating frame; b) Stability indices.”™

This subsection presents the continuation of planar DROs and the bifurcation of 3D DROs in the framework of
CR3BP. Figure 2(a) presents the planar DROs generated via the pseudo-arclength continuation method in the Moon-
centered rotating frame. The x-axis amplitude, 4,=1-u-xo, is defined as the initial distance along the x-direction from
the Moon’s center to the DRO’s initial position, where xo indicates the initial x coordinate of each DRO in the Earth-
Moon rotating frame and y¢=0. Figure 2(b) illustrates the horizontal (x-y plane) and vertical (z-axis) stability index
curve of the planar DRO family. The stability index, denoted as v, is calculated as v=(A+1/1)/2, where A is the
eigenvalue of monodromy matrix M corresponding to the horizontal (vertical) direction. The vertical stability index
is derived from the vertical eigenvalue, whose eigenvector has an out-of-plane (z-direction) component. When |v[>1,
the orbit is considered unstable, whereas for [v|<1, the orbit is stable. As discussed in Section ILI.B, the stability index
allows for the identification of bifurcation points for periodic DROs, with the bifurcation condition given by
n/k=2n/arccos(v). As an example, the black stars in Fig. 2(b) indicate in-plane and out-of-plane 6-period-doubling

bifurcation points (v=0.5). The 3D DROs are bifurcated from the vertical stability index curve while the planar DROs

** The necessary data for the figures presented in the Note are available in the supplementary material.
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are bifurcated from the horizontal one. The black diamond indicates the minimum value of »n/k, which is 4.22, thus the
minimum number of revolutions 7 is 5 regarding the bifurcation of 3D DROs (see last section).

To provide a comprehensive analysis of 3D DROs and their characteristics such as stability, sunlight conditions,
and so on, we systematically derive the family of 3D DROs. Leveraging the period-doubling bifurcation methods
discussed in Section IL.B, the first spatial DRO for each resonance is computed by applying the differential correction
algorithm to the initial guess derived from the bifurcation point of the planar DRO family. These orbits are then
extended using the pseudo-arclength continuation method, generating other members of the 3D DRO family. Figure
3 shows the bifurcated families searched with k=1 and #>5. The tint of color indicates the stability index of each orbit.
The horizontal axis indicates Ay, and the vertical axis indicates 4.=z. In a similar manner to Chen et al. [11], the y-
amplitude (4,) is defined as the maximum value of the orbit on the +y axis, which is not shown in the solution map
for simplicity. The pink line at A.=0 indicates the planar family of DROs (blue lines in Fig. 2(a)), from which all of
the bifurcated families are generated. In particular, at each resonance (n/k), a primary branch is produced from the
vertical stability index curve and extends towards high A via continuation, while during its continuation, a secondary
branch is then generated. For the primary branch, as n/k increases, the average value of 4, gradually decreases, i.e.,

DROs with larger resonances are closer to the Moon.
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Fig. 3 Solution map of bifurcated DRO families.
Figure 4 illustrates four sample DROs with n/k=9:1 (subplot (a) and (b)) and 20:1 (subplot (c) and (d)) of the

primary branch (left panel) and the secondary branch (right panel) in the Moon-centered rotating frame. The DRO of

the primary branch is symmetric about the x-y plane, while the secondary branch is asymmetric. As shown by their
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projections to the x-y plane, the DROs of the secondary branch (subplot (b) and (d)) generally expand in a larger scale
than the primary one geometrically, giving more opportunities in shadow avoidance.
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Fig. 4. DROs from different families at 4.=0.030.
B. Refinement of DROs under Multiple-Perturbations
A quick calculation of our DROs shows that the Moon’s J; is about ten times larger than the Earth’s J,. Thus, the
DROs produced in the CR3BP of the last subsection are refined to the BCP under the Moon’s J, perturbation and
lunar obliquity. A multiple shooting algorithm is introduced to deal with the refinement [31]. Mathematically, the
algorithm iteratively optimizes the state vector at each patched point to obtain an optimal solution satisfying the
continuity constraints between subintervals under a certain tolerance. For the detailed solution procedure, see Ref.

[31]. Figure 5 presents a refined trajectory of 9:1 3D DRO (Fig. 4(a)) in three years.

0.94 096 0.98 1.02 1.04
x, LU

Fig. 5. An example of corrected quasi-periodic DRO for three years.
IV. Super-Sun-Synchronous Orbit
In this section, comparisons on the orbital characteristics and sunlight conditions are conducted between the classic

lunar SSOs and the DROs around the Moon. Based on the requirement of the Chang’e-4 mission, a concept of super-
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sun-synchronous orbits (Super-SSOs) is proposed among DROs as promising alternatives to the classic SSOs.
Furthermore, particular attention is given to lunar and Earth’s shadows and their dependence on the z-amplitude (4.)

and resonance (n/k). Besides, the way to search the full-domain sunlight orbit is provided.

A. Comparisons to Sun-Synchronous Orbits
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Fig. 6. Cylindrical shadow model. Fig. 7. assm of the ‘collinear point’.

The cylindrical shadow model (see Fig. 6) is adopted to approximate the sunlight of a spacecraft around the Moon.
According to the results of Hubaux et al. [32], angles a and S represent the geometric difference between the cylindrical
and conical shadow models (see Fig. 4 of Ref. [32]). The penumbra region bounded by (a+p) is only about 0.26
degrees, indicating that the cylindrical model is an accurate approximation. A smooth shadow function is introduced

to model the shadow crossing, which is defined as [32]

r 1 otherwise

v.(r)= ;{1 + tanh {y[” L mﬂ} _ {O in cylindrical umbra (10)
where 7 is a parameter controlling the sharpness of v.(r) and set to 1x10° to mimic a cylindrical umbra [32], # and rs
are shown in Fig. 6, and R represents the equatorial radius of the planet.

In this Note, the Sun-Spacecraft-Moon (SSM) angle assm and the Sun-Spacecraft-Earth (SSE) angle asse (see Fig.
6) are presented to show the distribution of the lunar and Earth’s shadow, respectively. The shadow appears when
assm Or asse is below a certain threshold, which is determined by the size of the occulting body [33] and the distance
from the spacecraft to the occulting body. Figure 7 shows that the minimum assm in a single revolution of the DRO
appears near the ‘collinear point’, where the spacecraft’s projection in the x-y plane is collinear with the Sun and Moon.

The generation of an SSO involves utilizing the secular variation of the ascending node angle induced by the

celestial body’s oblateness (consider the J, term), allowing the orbit plane to remain aligned with the Sun-line

throughout the year without the need for propellant [34]. Hence, the standard SSO can be found as [34]



Please Cite: https://arc.aiaa.org/doi/10.2514/1.G008375

AQa&s(l_ez)zJ o

Isso = arccos(—m
where uv is the lunar gravitational constant, AQ is the mean rotation rate of the Sun in the inertial reference frame per
second, and Ry is the Moon’s radius. Figure 8 illustrates the distribution of orbital elements (a, e, isso) of the lunar
SSOs, all of which are retrograde around the Moon because their values of isso exceed 90 degrees, a characteristic
also exhibited by DROs. The number of lunar SSOs is extremely limited due to the small lunar J, term. Note that the
value of isso becomes smaller as the acute orbital angle (referred to as the orbital inclination in the following texts)
with respect to the lunar equator goes higher. The theoretical minimum a of the lunar SSOs is achieved at Ry (1737.1
km), which leads to the highest inclination (the smallest value of isso, blue star in Fig. 8). As demonstrated in Fig. 8,
the higher orbital inclination results in the lower orbital altitude above the Moon’s surface. According to Liang and
Hyodo [23], the shadow duration is increased as the orbital altitude or the orbital inclination decreases. This indicates
a trade-off in classic SSOs: while increasing orbital inclination can shorten shadow duration, it simultaneously
decreases orbital altitude, which extends the shadow duration. This inherent conflict limits their ability to achieve
favorable sunlight conditions. Consequently, the SSOs are unsuitable for lunar spacecraft that are sensitive to frequent

switches of sunlight and shadow or that request full-domain sunlight.
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Fig. 8. Orbital elements of the lunar SSOs.

To quantify the sunlight conditions, we introduce two indices: s denotes the ratio of sunlight duration in a lunar
spacecraft’s lifetime cycle; ds denotes the longest shadow duration. In this Note, we set the spacecraft’s lifetime as
three years, following the Chang’e-4 mission, which allocated a relay spacecraft around L, point for about three years
[35]. The sunlight ratio (#s) determines the cumulative impact of sunlight and the sunlight supply of the mission. The

shadow duration (ds) is related to the design of the spacecraft’s power system, e.g., the battery capacity.
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Table 1 Sunlight indices of the SSOs around the Moon

Color marker e a, km s ds, minute
Orange 0 1787 57.36% 585.61
Green 0 1837 60.46% 984.89
Pink 0.06 1887 61.99% 787.91
Red 0.06 1937 64.08% 591.37
Blue 0.10 1937 63.40% 591.37
Purple 0.10 1952 63.90% 591.37

Table 1 presents the value of #s and ds of the lunar SSOs with an eccentricity of 0, 0.06, and 0.1, with all the points
marked by squares in Fig. 8. It suggests that almost half of the lifetime cycle is shadowed by the Moon and Earth
meanwhile the lunar spacecraft will suffer from no solar power longer than 9 hours. Therefore, it is of engineering
significance to develop a new orbit around the Moon with better sunlight (i.e., larger #s and shorter ds) to replace the

current lunar SSOs to solve the power issue.
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Fig. 9. Sunlight indices maps of all the DROs with 05¢=0: a) Sunlight ratio; b) The longest shadow duration.
Figure 9 illustrates the sunlight indices #s (subplot (a)) and ds (subplot (b)) for all the DROs where the tint of color

indicates their values. It suggests that all of the DROs have superior sunlight over the lunar SSOs (see Table 1 as a
comparison) and thereby as the replacement of the classic SSOs. Thus, combining the engineering requirements with
the performances of the SSOs, we propose a new concept of super-sun-synchronous orbits (Super-SSOs). Super-SSOs
are defined as DROs that have a sunlight ratio larger than 98.5% (according to the working status of the relay satellite
of the Chang’e-4 mission [35]) and the maximum shadow duration shorter than 550 minutes (less than the minimum
ds of lunar SSOs). Furthermore, except for a few DROs with very small 4., most of them can be defined as Super-
SSOs. Note that the number of Super-SSOs is much greater than that of classic lunar SSOs, providing a much wider
range of orbit selections. Additionally, while lunar SSOs maintain a fixed angle between the orbital plane normal and
the Sun-Moon vector, allowing stable orientation of the spacecraft without continuous adjustments, Super-SSOs can

also achieve similar functionality. Our result shows that by employing a simple PD controller, the solar arrays can be
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efficiently adjusted to follow the sunlight direction with little control cost and energy consumption, further
demonstrating their suitability as practical alternatives to lunar SSOs.

Furthermore, Super-SSOs are not only limited to the Moon and can be applied to other systems with low oblateness,
such as small moons (e.g., Phobos or Deimos) and dwarf planets (e.g., Ceres). For these celestial bodies, where classic
SSOs are constrained to low altitudes and offer very few viable orbits due to small J> term, Super-SSOs can provide
improved sunlight conditions. These features are particularly beneficial for spacecraft requiring continuous or

extended sunlight exposure, making Super-SSOs a practical solution for orbit design in diverse dynamic systems.

B. Lunar shadow

In this Note, a spacecraft on the Super-SSO around the Moon is shadowed by the Moon and the Earth. This
subsection discusses how the lunar shadow of the Super-SSOs is influenced by the z-amplitude (4.) and the bifurcation
resonance (n/k).
1. Dependence on z-amplitude

As an example, we focus on the Super-SSOs on the primary branch with n/k of 7:1, considering A. values of 0.01
LU, 0.02 and 0.04 LU. Figure 10 presents the evolution of assm. Green lines indicate its evolution, and blue marks

indicate the epoch when the lunar shadow appears.
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Fig. 10. Evolution of assm for 7:1 Super-SSOs with different 4:: a) 4.:=0.01 LU; b) 4.=0.02 LU; c) 4.=0.04 LU.
The lunar shadow occurs when asswm falls below a certain threshold, as indicated by the blue marks in Fig. 10. The
value of this threshold is influenced by both the size of the occulting body [33] and the distance between the spacecraft

and the occulting body at the given epoch. Consequently, for Super-SSOs with the same resonance, variations in A,
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do not significantly impact the spacecraft-Moon distance, leading to little variation in the threshold of lunar shadow.
For instance, for the 7:1 Super-SSOs, the threshold is approximately 3.57 degrees, as exhibited by the red dashed lines
in the magnified views of Fig. 10. Furthermore, due to the fact that the Sun is in retrograde circular motion around the
Earth-Moon system in our problem, the oscillation period (5.26 days) of assm is longer than the single revolution of
this 7:1 Super-SSO around the Moon (4.52 days). The minimum assm (at the ‘collinear point’) is
ossm,min=arctan(Lss/|z|)-arctan(Lwms/|z]), where Lss and Lys represent the distances from the projection point on the x-y

plane to the Sun and the Moon, respectively (see Fig. 7). |z| denotes the modulus of the z-component. Since |z| will not
exceed /LssLy , for Super-SSOs belonging to the same resonance family, assm, min increases with the growing |z|

corresponding to the ‘collinear point’, as shown in the magnified views of Figs. 10(a) and 10(b), where assm, min of the
Super-SSO with higher 4. (Fig. 10(b)) is larger. It suggests that spacecraft on the Super-SSOs with higher 4. are more
likely to escape the lunar shadows, which agrees with the results of Liang and Hyodo [23].

As shown by the blue marks in each subplot of Fig. 10, the distributions of lunar shadows appear in a certain period
(about 180 days in subplot(a), 200 days in subplot(b), and 270 days in subplot(c)). The time interval of sequential
distributions of lunar shadows is referred to as a shadow interval in the following texts and the interval between two
sequential distributions is denoted as the period of shadow intervals. As A increases, the length of the shadow interval
is shortened because of the increased z-direction velocity V. As shown by the black solid, dashed and dotted lines of
Fig. 11, a Super-SSO with larger 4. has larger V. and it crosses the cylindrical shadow faster, leading to a smaller

length of the shadow interval with a longer period.

t, day

Fig. 11. Evolution of z-direction component and velocity for the 7:1 Super-SSOs with different A..

In conclusion, to effectively avoid lunar shadows, it is suggested to select a Super-SSO with a larger A4 that has a
longer period and smaller length of shadow intervals. Furthermore, due to the fact that the lunar shadow intensively
occurs, a spacecraft with strict sunlight requests is able to continuously function outside the lunar shadow intervals

for more than 180 days.
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2. Dependence on the resonance
Besides the z-amplitude, the sunlight of Super-SSOs also depends on the resonance (n/k). To explore its effect, we
take the Super-SSOs from the primary branches with n/k values of 6, 9, and 12, with the same A4. (0.02 LU). Figure

12 presents the three-year evolution of assm for these orbits.
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Fig. 12. Evolution of assm for the Super-SSOs with different resonances: a) n/k=6; b) n/k=9; c) n/k=12.
As illustrated in the magnified views of Figs. 12(a) and 12(c), Super-SSOs with higher resonances exhibit faster

variations of asswm (e.g., for n/k=6, the period is about 7.50 days, while for n/k=12, it is about 2.73 days), which is due
to the denser orbital configuration of Super-SSOs with higher resonances. Moreover, the threshold of assm
corresponding to the lunar shadow increases significantly with the resonance. This trend is evidenced by the orange
dashed line in the magnified view of Fig. 12(a) (about 3.00 degrees) and the red dashed line in Fig. 12(c) (about 5.35
degrees). Essentially, the increase in the threshold is attributed to the reduction in the average distance between the
Super-SSO and the Moon as the resonance increases, as observed in the comparison between Figs. 4(a) and 4(c).
Similar to the results of z-amplitude, as the resonance increases, the period of the shadow interval is enlarged
(about 110 days in subplot(a), 520 days in subplot(b), and 1800 days in subplot(c)) but its length becomes larger (about
20 days in subplot(a), 80 days in subplot(b), and 300 days in subplot(c)). The tendency can also be explained by the
dynamics of the Super-SSOs. As shown by the black solid, dashed, and dotted lines of Fig. 13, a Super-SSO with a
larger resonance has a larger V-. Thus, it is easier to escape from the lunar shadow, leading to a longer period of the
shadow interval, which is similar to the results of z-amplitude. However, with different resonances, the oscillation
period of the Super-SSOs varies. It takes more revolutions of the Super-SSOs to pass the cylindrical lunar shadow,

resulting in a larger length of the shadow interval.
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Fig. 13. Evolution of z-direction component and velocity for the Super-SSOs with different resonances.

Thus, one must be very careful when choosing Super-SSOs with large resonances. For a large resonance (e.g., 12),
a spacecraft on the Super-SSO can completely stay free from lunar shadow for over 2.5 years. Nevertheless, if the
spacecraft is inserted into this Super-SSO at the beginning of the shadow interval, it is trapped in the frequent switches

of sunlight and shadow every 2.5 days over one year, posing significant challenges for the thermal system.

C. Earth’s Shadow
This subsection presents the distribution of the Earth’s shadow dependent on the z-amplitude and the resonance

(Fig. 14). Blue lines indicate the evolution of assg, and the black marks indicate the occurrence of the Earth’s shadow.
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Fig. 14. Evolution of assk for the Super-SSOs: a) n/k=7, A;=0.01 LU; b) n/k=15, A:=0.01 LU; ¢) n/k=7, A;=0.02
LU; d) n/k=15, A=0.02 LU.

Due to the fact that the phase angle of the spacecraft with respect to the Earth does not change as dramatically as
that to the Moon (0-27), the oscillation period of asse approximately equals to the Sun’s synodic period (29.53 days)
for all Super-SSOs. Different from the results of the lunar shadow (Fig. 10), there does not exist intensively distributed

shadow by the Earth, but it could occur every oscillation period of asse. The Earth’s shadow is observed when assg
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drops below a specific threshold (about 0.95 degrees, red dashed line in Fig. 14), indicating alignment between the
spacecraft, Earth, and Sun. Points not marked in Fig. 14 correspond to states where asse does not meet this condition,
as illustrated in the magnified views of Fig. 14(c) and (d). Increasing z-amplitude or resonance can prevent the Earth’s
shadow at certain oscillation periods. This is due to higher z-direction velocity (V-), which enables quicker escape
from the shadow (subplots of Fig. 14), as explained for the lunar shadow in Section I'V.B. Thus, with the introduction
of Earth, conclusions related to the lunar shadow are not profoundly altered. For example, as confirmed in Fig. 15, a

spacecraft on the Super-SSO (n/k=9 4.=0.037 LU, Os¢=57/3) can completely prevent mutual shadow for over 1.5 years.

1 S lo- Il 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000 1100
t, day

b)

Fig. 15. An example of the Super-SSO with sunlight over 1.5 years: a) The Super-SSO; b) The blue line
indicates the evolution of asse and the green line indicates the evolution of assm.

D. Super-SSOs with Full-Domain Sunlight

In the previous subsections, it is concluded that the Super-SSOs are a better replacement for classic SSOs regarding
the sunlight ratio (#s) and shadow duration (ds). Furtherly, among the Super-SSOs, those with higher z-amplitude and
resonance can prevent both lunar and Earth’s shadows for over 1.5 years. Nevertheless, it still remains an open

question whether there exists a Super-SSO with full-domain sunlight for three years or longer.

Primary i Secondary

0.58
0.56
0.54
0.52
0.5

y, LU 0.05 0.05 x, LU y, LU 0.05 0.05 x, LU

Fig. 16. Velocity of the Super-SSOs in different branches: a) Primary branch; b) Secondary branch.

Figure 16 shows the velocity distribution of two Super-SSOs from primary and secondary branches with the same

resonance and z-amplitude (n/k=9, A.=0.03 LU). According to our conclusions in Section IV.B, the spacecraft is more
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likely to be shadowed when it is closer to the Moon, and the shadow duration is associated with the arc length of the
trajectories intersected by the cylindrical shadows. Thus, the full-domain sunlight may appear if the spacecraft moves
faster when closer to the Moon’s surface, preventing it from being shadowed, thereby suggesting both its trajectory
and velocity are distributed nonuniformly. However, as presented in Fig. 16(a), the velocity distribution of the Super-
SSO in the primary branch is almost uniform and symmetrical about the x-y plane. Thus, it is difficult for its trajectory
to stay outside both the Earth and the lunar cylindrical shadows to achieve full-domain sunlight, as is also confirmed
by our numerical results. Nevertheless, due to the asymmetric shape of the Super-SSOs in the secondary branches
(subplot (b)), the spacecraft moves faster as it is closer to the Moon’s surface and its velocity greatly decreases (from
0.59 VU to 0.40 VU, VU=LU/TU) as it moves outwards from the Moon. Thus, the sunlight conditions can be
significantly improved for the Super-SSO members from the secondary branches (subplot (b) and (d) in Fig. 4).

As an example, a Super-SSO with full-domain sunlight is searched with n/k=20, 4.=0.04 LU, 6so=n (subplot (a)
of Fig. 17), and during the tested period of time (three years), the spacecraft on this Super-SSO is supposed to escape

the Earth and the Moon shadows completely (see subplot (b) of Fig. 17).

T T T T T T T T T

100 200 300 400 500 600 700 800 9200 1000 1100
t, day
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a) b)

Fig. 17. An example of the Super-SSO in a secondary branch with full-domain sunlight: a) the Super-SSO; b)
the blue line indicates the evolution of asse and the green line indicates the evolution of assm.

V.Conclusion

This Note is devoted to providing orbits for long-term lunar exploration missions requiring favorable sunlight.
Initially, the classic lunar SSOs are found not to have good sunlight as expected due to the small lunar oblateness. To
address the issue, the DROs with long-term stability are considered. Along the planar DROs, the 3D DRO families
with certain resonances are obtained by continuation and bifurcation methods, accounting for perturbations such as
solar gravity, lunar J, and obliquity. It is found that all the DROs work better than the Iunar SSOs regarding the
sunlight conditions, demonstrating that they are promising alternatives to the lunar SSOs. Most 3D DROs are

unshadowed for over 98.5% of three years with the longest shadow shorter than 550 minutes, referred to as Super-
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SSOs in this Note. Notably, these Super-SSOs can also be applied to celestial bodies with small oblateness, where
classic SSOs exhibit poor sunlight conditions.

Moreover, the lunar and Earth’s shadows exhibit sensitivity to the Super-SSOs’ dynamic characteristics (z-
amplitude and resonance). For the lunar shadows, higher z-amplitude enhances sunlight conditions, while increasing
resonance extends both the shadow interval’s period and length. Increasing z-amplitude or resonance prevents Earth’s
shadows at some oscillation periods, not significantly altering conclusions regarding lunar shadows. Furthermore,
efforts are devoted to obtaining full-domain sunlight orbits. Analyzing the dynamic properties of 3D DROs, i.e., the
velocity distribution, demonstrates that the Super-SSOs with full-domain sunlight are more likely to exist in the
secondary branches. Further investigation identifies a Super-SSO completely free of shadows over three years.

In conclusion, the superior sunlight conditions of the Super-SSOs make them completely capable of replacing

classic lunar SSOs, thereby facilitating the realization of long-term and sustainable lunar missions.
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