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Abstract— To improve the controlled current angle accuracy 

and reduce the copper loss for a Permanent Magnet assisted 

Synchronous Reluctance Machine (PMa-SynRM), this paper 

proposes an online Maximum Torque per Ampere (MTPA) 

control strategy based on Virtual High-Frequency Signal 

Injection (VHSI) to find its control current angle. The proposed 

method considers the nonlinear characteristics of the d- and q-

axis inductance, d- and q-axis flux linkage, and permanent 

magnet flux. An error was identified in the mathematical 

determination of the MTPA control angle, stemming from the 

omission of the inductance's dependency on the current angle in 

the analysis. To solve the problem, an improved error 

supplementary control strategy considering permanent magnet 

flux mismatch was proposed, which features a lower calculation 

burden, less motor parameters information required, and higher 

precision. In this process, only permanent magnet flux 

information needs to be identified. 

The proposed MTPA detection and its supplementary control 

scheme was analyzed from mathematical derivation and verified 

by experiments. 

 
Index Terms—Permanent magnet-assisted synchronous 

reluctance machine, maximum torque per ampere, virtual high-

frequency signal injection, error supplementation 

 

I. INTRODUCTION 

Ma-SynRMs play a significant role spanning from 

academia to industry due to cost-effectiveness and 

independence on rare-earth materials, in contrast to 

Permanent Magnet Synchronous Machines (PMSMs) [1-3]. 

Furthermore, they exhibit superior efficiency and power factor 

when compared to both inductance machines (IMs) and non-

PM Synchronous Reluctance Machines (SynRMs) [4]. 

Nevertheless, the presence of non-linear characteristics and 

parameter uncertainties, encompassing factors such as 

parameter variations, flux deviations, saturation, and cross-

saturation, collectively contribute to the heightened challenge 

of achieving precise MTPA control [5]. For example, the 

temperature-dependent nature of the machine's equivalent 

resistance introduces the complexity to MTPA control [6]. In 

response to this issue, a growing number of researchers are 

actively exploring potential methodologies for determining 

optimal MTPA operating points [7-29]. 

The control strategies can be divided into three categories. 

In the direction of looking-up table (LUT) based control, the 

determination of MTPA current angle hinges upon the 

utilization of flux and inductance data. This necessitates a pre-

built MTPA table, thereby reducing the computational load 

stemming from minimal calculation requisites [7]. However, 

the acquisition of data is not always available to engineers, as 

confidentiality shrouds certain machines during their 

production process. Meanwhile, the flux and inductance 

characteristics are subjected to drift due to machine aging, 

while inherent manufacturing process tolerance is unavoidable 

[8]. These factors collectively render the LUT approach 

unavailable and unreliable under specific circumstances. Ref 

[9-11] clarify that even accurate data does not eliminate 

control error in the MTPA angle. This highlights the 

limitations of using LUT based MTPA control in scenarios 

where high efficiency is crucial. 

In reaction to this, [12] advances an online tracking scheme 

for MTPA control, obviating the demand for explicit inputs of 

machine parameters. However, it prolonged periods of 

calculation convergence when confronted with heavy-load 

operating scenarios. To eliminate this limitation, [13] 

proposed an augmented control methodology aimed to 

increase convergence rates. Nevertheless, it is noteworthy the 

supplementary method provides limited calculation 

convergence improvements according to simulations, in-depth 

analysis and experiments need be done for further verification. 

Ref [14] introduced an MTPA tracking technique reliant on 

VHSI for IPMSM, wherein the MTPA control angle could be 

ascertained independent of flux variations and flux saturation. 

This control approach underwent validation within an 11 kW 

machine, culminating in an observed tracking error bound of 

under 0.5% in terms of current magnitude. Ref [15-16] 

presented a method employing pseudorandom frequency-

switching signal injection. This procedure translated the 

constant-frequency harmonic current spectrum into a broad-

frequency harmonic current spectrum. Nonetheless, the 

theoretical analysis of injected current frequency selection and 

feasibility remained unaddressed. Furthermore, considerations 

regarding the current sampling frequency and switching 

frequency were notably absent. Ref [17-18] improves the 

MTPA angle detection method through modifying the injected 

signals. The artificial intelligence algorithms were adopted in 

[19-20] to improve the accuracy of the MTPA control angle.  

To further research the influence of flux variation, flux and 

magnet saturation on the MTPA detection, improvements and 

research on modeling of IPM combining MTPA control were 

researched in [21-24] 

Ref [25] proposed a signal injection based MTPA control 

scheme necessitating solely the DC bus current, leading to an 

enhancement in control topology, particularly relevant to cost-
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sensitive applications. Ref [26] centered on flux weakening 

control hinging on the VHSI method, effectively combining 

the constant torque and flux weakening regions.  

Ref [28] introduced an innovative vector space signal 

approach, negating the imperative for bandwidth 

considerations within the speed and current loops. Meanwhile, 

the paper investigates the MTPA angle errors via 

methodologies. Moreover, [29] advocated an extended signal 

injection control strategy, including considerations of the flux 

derivative term and subsequent estimation and compensation 

of the derivative component to mitigate errors, ultimately 

leading to a decrease in MTPA angle discrepancies. 

Additionally, Ref [9-11] and [27] directed its focus towards 

error analysis and a commensurate reduction in MTPA angle 

error. [11] presented an error compensation strategy reliant 

exclusively on the q-axis flux linkage. Notably, [10] devised 

an error compensation loop control paradigm necessitating no 

supplementary information for regulation. Nonetheless, it's 

essential to highlight that the assumption of constant value of 

magnet flux may not be suitable for some extreme working 

conditions and some materials. Meanwhile, cross-saturation 

was not considered. It means that the error still existed in the 

MTPA control process. 

To further address these issues, this paper proposed an 

error supplementary control strategy to obtain a precise MTPA 

angle. The proposed control strategy only relies on the 

permanent magnet flux information of the magnet. In order to 

reduce the calculation burden, the flux linkage data is fitted 

with a polynomial. Through mathematic analysis, the 

calculated MTPA angle is coincided with the real MTPA 

angle. The main contributions are as follows: 

a) An online MTPA control strategy was proposed based on 

VHSI which only relies on the permanent magnet flux of the 

machine. Compared to HSI based method, it brings less 

current distortion. 

b) Error analysis was carried out to analyze between the 

control angle and real MTPA angle through mathematical 

differential equations. 

c) An error supplementary loop was added to compensate 

for the MTPA detection error, in which only the information 

of permanent magnet flux in polynomial form is needed. 

d) Simulations and experiments were carried out to verify 

the feasibility of the proposed control strategy. 

The following part of the paper are organized as follows: 

Section I introduce the background of the research, research 

significance, and main research point of this paper. The 

mathematical model based on FEA data via the form of a LUT 

for PMa-SynRM was set up and an online MTPA detection 

method was carried out based on VHSI in Section II. Then, 

error analysis was carried out and compensated in the main 

control loop in Section III. In Section IV, the machine 

parameters and setting up of experiments were introduced. 

Meanwhile, experiments were carried out. 

II. VHSI BASED MTPA CONTROL FOR PMA-SYNRM 

A. PMa-SynRM Modeling 

  
(a)                                           (b) 

 

(c) 

Fig. 1 Flux and inductance characteristics of the PMa-SynRM (a) d- and q-

axis flux with different d- and q-axis current; (b) d- and q-axis inductance 

with different d- and q-axis current; (c) permanent magnet flux with different 

d- and q-axis current 

The voltage equation in d- and q-axis is adopted in (1) 

considering cross saturation [12]. 

{
  
 

  
 𝑢d = (𝑅s + Δ𝑅𝑠)𝑖d +

d(𝐿d𝑖d + 𝐿dq𝑖q)

dt
−𝜔e(𝐿q𝑖q + 𝐿qd𝑖d − 𝜓pm)

𝑢q = (𝑅s + Δ𝑅𝑠)𝑖q +
d(𝐿q𝑖q + 𝐿qd𝑖d − 𝜓pm)

dt
+𝜔e(𝐿d𝑖d + 𝐿dq𝑖q)

 

 

(1) 

where, ud and uq is the voltage of d- and q-axis, respectively; Rs 

is the stator resistance in 25℃; △Rs is the resistance variation 

caused by temperature changes; id, and iq is the d- and q-axis 

current, respectively; 𝐿d and 𝐿q is the d- and q-axis inductance 

linkage, respectively; 𝐿dq  and 𝐿qd  is the d- and q-axis cross 

inductance caused by q- and d-axis current; ωe is the electrical 

speed of the PMa-SynRM; 𝜓𝑝𝑚 is the flux of the permanent 

magnet. 

Cross-saturation, self-saturation, and inductance variations 

of the machine were considered in the machine modelling. Fig. 

1 shows the inductance and flux of the PMa-SynRM obtained 

from the Finite element analysis (FEA). According to the d- 

and q-axis inductance of the machine in (b), d- and q-axis 

inductance is largely influenced by d- and q-axis current, 

respectively. It should be noted that the d-axis inductance is 

affected by both the d-axis current and the q-axis current. 

The flux along the d- and q-axis could also be used for 

further verification. In Fig. 1(a), as the current increases, the 
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flux linkage tends to remain unchanged, which means that the 

magnetic saturation greatly influences the flux and inductance. 

The change in q-axis inductance has the same trend as the 

change in d-axis inductance. 

In [6], the calculation of the MTPA method is based on a 

fixed value of d- and q-axis current. However, inductance 

variation, magnetic saturation, and cross-saturation need to be 

considered for this machine for the calculation of the MTPA 

working trajectory, which will be discussed in the following 

section. 

 

B. Characteristics of MTPA Working Point 

Fig. 2(a) shows that different pairs of d- and q-axis currents 

could be obtained with the same current limit. The same 

output torque could be obtained with different pairs of d- and 

q-axis, in which minimized stator current could be satisfied in 

point A. As shown in Fig. 2(c), as the current angle increases, 

the stator current varies to guarantee the same output torque. 

As depicted in A, the minimized current could be obtained, 

and the angle need to be calculated to reduce the copper loss. 

As shown in Fig. 2(d), the rated torque could be obtained in 

point A, and the control angle is about 0.8 rad. In this paper, 

the goal is to find the control angle of A to reduce the copper 

loss. 

In general, the MTPA working point could be obtained with 

the computational method. A minimum current magnitude 

could be obtained in this solution (id, iq pair). By using MTPA, 

the following constrained optimization problem could be 

obtained as shown in (2). 

{
 

 minimize |𝑖s| = √𝑖d
2 + 𝑖q

2

subject to 
3

2
𝑝(𝜓d𝑖q −𝜓q𝑖d) = 𝑇e

 (2) 

where 

{
𝑖d = |𝑖s| cos 𝜃
𝑖q = |𝑖s| sin 𝜃

 (3) 

where |is| is the current vector magnitude, θ is the angle 

between current vector is and the d-axis direction, The torque 

could be obtained as (4). 

𝑇e =
3𝑝

2
[𝜓pm𝑖s cos 𝜃 +

1

2
(𝐿d − 𝐿q)𝑖s

2 sin 2 𝜃

+ 𝐿dq𝑖s
2sin2𝜃 − 𝐿qd𝑖s

2cos2𝜃] 
(4) 

Denote Ldt as the equivalent inductance of the Ld and Ldq for 

d-axis; Lqt as the equivalent inductance of the Lq and Lqd for q-

axis obtained from FEA. As a result of (4), the d- and q-axis 

currents should comply with (5) under the MTPA condition. 

𝜃 = arcsin

(

 
−𝜓pm + √𝜓pm

2 + 8(𝐿dt − 𝐿qt)
2
𝑖s
2

4(𝐿dt − 𝐿qt)𝑖s
)

  (5) 

From (5), the MTPA angle is decided by Ldt, Lqt, and 𝜓pm, 

in which these parameters are variables. Therefore, directly 

calculating the current angle is computation consuming. A 

method based on LUTs can be applied, but preparing the 

necessary data requires extensive experimentation and 

significant time investment. 

 To address this issue, an online MTPA control method 

based on VSIM is proposed. This method generates the MTPA 

angle by injecting a high-frequency small amplitude sinusoidal 

signal and controlling the proportional term of the torque 

derivative to zero. It considers the flux cross saturation and 

does not rely on nonlinear parameters, making it more 

convenient than the LUT-based method. 

In addition, the derivation term of torque to current control 

angle was not considered in (5). So, the current control angle 

exists an error compared to the real applications. In this paper, 

this error was considered and compensated for in the later 

theoretical analysis and experiments. 

 
(a)                                                (b) 

 

(c)                                               (d) 

Fig. 2 Relationship between the current and torque for the PMa-SynRM (a) d- 

and q-axis current with stator current limit; (b) torque locus with different d- 

and q-axis current; (c) torque locus with different stator current and current 

angle; (d) output torque with different current angle. 

 

C. Power Analysis with Injected Current 

Due to the inherent challenges in calculating or measuring 

torque accurately in industrial applications, the MTPA 

tracking method presented in this paper employs a novel 

approach based on signal injection to evaluate ∂Te/∂θ, the 

proposed method involves injecting a high-frequency, small 

signal into the system to facilitate the estimation process. So, 

the current angle θ with the injected signal could be obtained 

as (6). 

𝜃 = 𝜃avg + 𝜃h = 𝜃avg + 𝐴magsin(𝑓h × 2π𝑡) (6) 

where θ is the real current angle in the control process, θavg is 

the current angle in base frequency, and 𝜃ℎ  is the injected 

current angle; 𝐴mag is the magnitude of the injected signal; 𝑓h 

is the frequency of the injected signal; t represents time unit.

 

Constant 

tor ue locus

MTPA 
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A

Constant 
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A
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Current angle    rad 

A
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Fig.3 Signal processing to get the MTPA criterion. 

 (7) and (8) could be obtained according to (3) and (6). 

𝑖dh = 𝑖scos(𝜃avg + 𝐴magsin𝜔h𝑡)

≈ 𝑖scos𝜃avg − 𝑖s𝐴magsin𝜃avgsin𝜔h𝑡

= 𝑖db + 𝑖di

 (7) 

𝑖qh = 𝑖ssin(𝜃avg + 𝐴magsin𝜔h𝑡)

≈ 𝑖ssin𝜃avg + 𝑖s𝐴magcos𝜃avgsin𝜔h𝑡

= 𝑖qb + 𝑖qi

 (8) 

In real applications, the injected current angle will influence 

the d- and q-axis current, which may further cause speed loop 

oscillation and torque fluctuation. To minimize further impact 

on the speed control loop, or to reduce any additional 

influence on the speed control loop, the injected current 

frequency is selected as 400 Hz.  

The choice of the frequency and the depends on the noise 

level and the dynamic requirements of the system.[14]. 

Typically, the current angle is considered a low-frequency 

signal, while the high-frequency signal is related to the IGBT 

switching frequency. Therefore, the injected signal must lie 

within this range. If the injection frequency is too low, signal 

extraction becomes difficult, requiring a lower low-pass filter 

cutoff, which negatively impacts the system's dynamic 

response. Conversely, if the frequency is too high, it becomes 

hard to distinguish from high-frequency noise and increases 

the MCU's computational burden, as higher frequencies mean 

more points need to be calculated within the same time frame. 

Balancing these considerations, a 400Hz signal was chosen. 

As for the torque fluctuation, the variation could be neglected 

using the Taylor series expansion [14]. 
𝑃e = 𝑃copper + 𝑃reactive + 𝑃mech 

=
3

2
[𝑅s(𝑖d

2 + 𝑖q
2) + ∆𝑅s(𝑖𝑑

2 + 𝑖𝑞
2) + 𝐿d

𝑑𝑖d
𝑑𝑡

𝑖𝑑

+𝐿q
𝑑𝑖q

𝑑t
𝑖q + 𝐿qd

𝑑𝑖q

𝑑t
𝑖𝑑 + 𝐿dq

𝑑𝑖d
𝑑t
𝑖q +

𝑑𝜓pm

𝑑t
𝑖q

+𝜔m𝜓pm𝑖d + 𝜔m(𝐿𝑑 − 𝐿𝑞)𝑖d𝑖q + 𝐿dq𝑖𝑞
2 − 𝐿qd𝑖𝑑

2]

 (9) 

𝑃copper = (𝑅s + ∆𝑅s)𝑖s
2 = 𝑅s𝑖s

2 + ∆𝑅s𝑖s
2 (10) 

𝑃reactive =
3

2
[(𝐿qdcos

2𝜃avg − 𝐿dqsin
2𝜃avg)

−
1

2
(𝐿d − 𝐿q)sin2𝜃avg]𝑖𝑠

2𝐴mag𝜔hcos𝜔h𝑡 +

3

4
(𝐿dsin

2𝜃avg + 𝐿qcos
2𝜃avg +

1

2
(𝐿dq − 𝐿qd)sin2𝜃avg)

× 𝑖s
2𝐴mag

2 𝜔hsin2𝜔h𝑡

 (11) 

𝑃mech ≈
3

2
𝜔m[

1

2
(𝐿d − 𝐿q)𝑖s

2sin2𝜃avg −

𝜓𝑝𝑚𝑖scos𝜃avg + 𝐿dq𝑖s
2sin2𝜃avg]

−𝐿qd𝑖s
2cos2𝜃avg +

3

2
[𝜓𝑝𝑚sin𝜃avg + (𝐿d − 𝐿q)]

𝑖𝑆cos2𝜃avg × 𝑖s𝜔m𝐴magsin𝜔h𝑡

+
3

8
𝜔m(𝐿d − 𝐿q)𝑖s

2𝐴mag
2 sin2𝜃avgcos2𝜔h𝑡

+
3

4
(𝐿dqcos

2𝜃avg − 𝐿qdsin
2𝜃avg)𝜔m𝑖s

2𝐴mag
2

−
3

4
(𝐿dqcos

2𝜃avg − 𝐿qdsin
2𝜃avg)𝜔m𝑖s

2𝐴mag
2 cos2𝜔h𝑡

+
3

2
(𝐿dq + 𝐿qd)𝜔m𝑖s

2sin2𝜃avg𝐴magsin𝜔h𝑡

 (12) 

Since the torque features a linear relationship with the 

output power at a fixed speed. The torque with respect to 

current angle could be analyzed through input power as shown 

in (9)-(12). 

 

D. Evaluation of 𝜕𝑇𝑒/𝜕𝜃 for MTPA Tracking  

To further evaluate and extract the mechanical power, to get 

the MTPA operating point, the filters described in Fig. 3 were 

used to get the output power from the input power. In the 

proposed control structure in Fig.3, the output power Po as 

(13), which proved to have a linear relationship with the 

torque, could be extracted. Through the first bandpass filter, 

the copper loss part could be eliminated because no high-

frequency signal is contained in this part. Although the 

resistance varies with the temperature, it could be regarded as 

a fixed value in the electrical power sampling process because 

it is a slowly varying component. After the bandpass filter, the 

signal was then plus sin(𝜔h t) to eliminate the orthogonal 

component, in which the reactive power part could be 

eliminated. After that, a low-pass filter was used to extract the 

low-frequency part of the mechanical power and the output Po, 

which could be expressed in (13). 

𝑃o =
1

2
𝐴mag𝜔m𝑖𝑠[−𝜓pm sin 𝜃

+ (𝐿d − 𝐿q)𝑖𝑠 cos 2𝜃

+ (𝐿dq + 𝐿qd)𝑖ssin2𝜃] 

(13) 

According to (4), (14) could be obtained. 
∂𝑇e
∂𝜃

=
3

2
𝑝𝑖s[−𝜓pmsin𝜃 + (𝐿d − 𝐿q)𝑖scos2𝜃 + (𝐿dq

+ 𝐿qd)𝑖ssin2𝜃] 
(14) 

  e
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In (14), the derivation term concerning permanent magnet 

flux, d- and q-axis flux were not considered. The  ∂Te/ ∂θ  

could be expressed as (15) if this part were considered. 
∂𝑇𝑒
∂𝜃

=
3𝑝

2
𝑖𝑠[−𝜓pmsin𝜃 + (𝐿d − 𝐿q)𝑖scos2𝜃

+(𝐿dq + 𝐿qd)𝑖ssin2𝜃

+(
∂𝐿d
∂𝜃

−
∂𝐿q

∂𝜃
) 𝑖𝑠

1

2
sin 2𝜃 −

𝜕𝜓𝑝𝑚(𝜃avg)

𝜕𝜃
cos𝜃

−
∂𝐿dq

2 ∂𝜃
𝑖𝑠cos2𝜃 −

∂𝐿qd

2 ∂𝜃
𝑖𝑠cos2𝜃]

 (15) 

The extracted Po features a linear relationship with the 

torque assuming the speed is fixed, which means the MTPA 

question could be simplified to control Po to 0. 

To ensure effective injection of high frequency current, a 

high frequency supplementary current loop is needed to have a 

better performance [14], which will not be discussed in this 

paper.  
 

III. MTPA CONTROL ERROR ANALYSIS AND COMPENSATION 

A. MTPA Control Error Analysis 

According to (1), (16) and (17) could be obtained: 

𝜓pm − 𝐿qd𝑖d = 𝐿q𝑖q− 𝜓𝑞 = 𝐿q𝑖q +
𝑢d − 𝑅s𝑖d

𝜔e
 (16) 

(𝐿d − 𝐿q)𝑖d + 𝐿dq𝑖q = 
𝑢q−𝑅s𝑖q

𝜔e
− 𝐿q𝑖d (17) 

 Substituting (16), (17) and (3) into (4) leads to (18) 

𝑇e1 =
3

2
𝑝 [(

𝑢q − 𝑅s𝑖q

𝜔e𝑖𝑑
− 𝐿𝑞) 𝑖𝑑𝑖𝑞 + (𝐿q𝑖q

+
𝑢𝑑 − 𝑅𝑠𝑖𝑑

𝜔e
)𝑖𝑑] 

(18) 

The significance of (18) is that only Lq is required for the 

output torque evaluation and calculation, which less 

parameters are needed compared to (4). 

The above equations analyze the situation that small angle 

signals were not injected. However, the injected signals 

expressed in (7) and (8) must be evaluated, in which (19) 

could be obtained. 

𝑇eh =
3

2
𝑝 [(

𝑢q − 𝑅s𝑖q

𝜔e𝑖d
− 𝐿q) 𝑖dh𝑖qh + (𝐿q𝑖q

+
𝑢d − 𝑅s𝑖d

𝜔e
)𝑖dh] 

(19) 

To simplify the calculation process, (18) could be 

simplified as (20). 

𝑇e1 =
3

2
𝑝 [(𝑎1 + 𝑎2𝑖d)𝑖d + (𝑏1 + 𝑏2

𝑖q

𝑖d
)𝑖d𝑖q] (20) 

where, 𝑎1 = 𝜓pm;𝑎2 = −𝐿qd; 𝑏1 = 𝐿d − 𝐿q; 𝑏2 = 𝐿dq. 

 According to (19), (21) could be obtained. 

𝑇eh =
3

2
𝑝 [
𝑢d − 𝑅s𝑖d

𝜔e
+ 𝐿q(𝑖q − 𝑖qh)

+
𝑢q − 𝑅s𝑖q

𝜔e𝑖d
𝑖qh] 𝑖dh 

(21) 

 Assuming that 𝑖q ≈ 𝑖qh, 𝐿q(𝑖q − 𝑖qh) could be ignored and 

(22) could be get: 

𝑇eh ≈
3

2
𝑝 [
𝑢d − 𝑅s𝑖d

𝜔e
+
𝑢q − 𝑅s𝑖q

𝜔e𝑖d
𝑖qh] 𝑖dh (22) 

 Simplify (22), we get: 

𝑇eh ≈
3

2
𝑝 [−c𝑖dh + (𝑑1 + 𝑑2

𝑖q

𝑖d
)𝑖dh𝑖qh] (23) 

where, 𝑐 =− (𝐿q𝑖q − 𝑎2𝑖d(𝑖qh/𝑖q) − 𝑎1 ), and 𝑑1  =𝐿d ;𝑑2 =

𝑏2 = 𝐿dq 

According to (18) and (20), (24) and (25) could be obtained: 
𝜕𝑇e1
𝜕𝜃

=
3

2
𝑝[−𝑎1𝑖ssin𝜃 + 𝑏1𝑖𝑠

2cos2𝜃 + (𝑏2

− 𝑎2)𝑖𝑠
2sin2𝜃] 

(24) 

𝜕𝑇e1
𝜕𝜃

=
3

2
𝑝[−𝜓pm𝑖ssin𝜃 + (𝐿d − 𝐿q)𝑖𝑠

2cos2𝜃 + (𝐿dq

+ 𝐿dq)𝑖𝑠
2sin2𝜃] 

(25) 

(24) and (25) describes the situation that the online MTPA 

control strategy where the injected signals were not considered. 

However, the influence of the injected signal needs to be 

considered. (26) and (27) describe the derivation of torque 

with respect to angle where the injected angle was considered. 
𝜕𝑇eh
𝜕𝜃

=
3

2
𝑝[−𝑎1𝑖ssin𝜃 + 𝑏1𝑖s

2cos2𝜃 + (𝑏2

− 𝑎2)𝑖𝑠
2sin2𝜃 −  𝐿qdi𝑑

2 −  𝐿qdi𝑑
3/𝑖q] 

(26) 

𝜕𝑇eh
𝜕𝜃

=
3

2
𝑝[−𝜓pm𝑖ssin𝜃 + (𝐿d − 𝐿q)𝑖𝑠

2cos2𝜃 + (𝐿dq

+ 𝐿dq)𝑖𝑠
2sin2𝜃 + (𝐿dq

+ 𝐿dq)𝑖𝑠
2sin2𝜃 −  𝐿qdi𝑑

2 −  𝐿qdi𝑑
3/𝑖q] 

(27) 

 In (15), the deviation of the torque to angle is considered, 

while this part was not considered in the MTPA online 

detection part. It is obvious that an error existed in the 

proposed online signal injection based MTPA control strategy. 

In the following part, this error will be analyzed and 

compensated. (28) describes the error where the injected 

signal was not considered while (29) depicts the situation in 

the real signal injection process. 

𝑒𝑟𝑟𝑜𝑟L =
𝜕𝑇e
𝜕𝜃

−
𝜕𝑇e1
𝜕𝜃

= 

3

2
𝑝𝑖s((

∂𝐿d
∂𝜃

−
∂𝐿q

∂𝜃
) 𝑖s

1

2
sin 2𝜃 −

𝜕𝜓pm

𝜕𝜃
cos𝜃

−
∂𝐿dq

2 ∂𝜃
𝑖𝑠cos2𝜃 −

∂𝐿qd

2 ∂𝜃
𝑖𝑠cos2𝜃) 

(28) 

𝑒𝑟𝑟𝑜𝑟h =
𝜕𝑇e
𝜕𝜃

−
𝜕𝑇eh
𝜕𝜃

= 

3

2
𝑝𝑖s((

∂𝐿𝑑

∂𝜃
−

∂𝐿𝑞

∂𝜃
) 𝑖s

1

2
sin 2𝜃 −

𝜕𝜓pm

𝜕𝜃
cos𝜃 −

∂𝐿dq

2 ∂𝜃
𝑖𝑠cos2𝜃 −

∂𝐿qd

2 ∂𝜃
𝑖𝑠cos2𝜃 − 𝐿q𝑖d

2 −  𝐿qdi𝑑
3/𝑖q) 

(29) 

B. Error Compensation 

From the above analysis expressed in (28) and (29), an error 

existed with the proposed signal injection method. It is hard to 

calculate the error directly because it is not easy to calculate 

the differential part and the parameters are unknown. Since 

∂Teh/∂θ comes from Teh, it can be observed that the 

mechanism of the signal processing from Teh to ∂Teh/∂θ is a 

derivative operation, where Teh to ∂Teh/∂θ could be calculated 

in Fig.3 with the same principle using the relationship between 

power and torque. Likewise, the error present in equation (29) 

can be derived by computing the derivative of an additional 
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function relative to the MTPA control angle. Consequently, 

this paper introduces a novel error formulation predicated on 

the construction of an underlying function associated with the 

error inherent in equation (29). The resultant mathematical 

expression is presented as follows: 

𝑇𝑒𝑟𝑟𝑜𝑟 =
3

2
𝑝[−𝜓pm𝑖d − 𝐿q𝑖d𝑖qh −  𝐿qdi𝑑

2 + 𝐿d𝑖d𝑖q

+  𝐿dqi𝑞
2] 

(30) 

where 

−
𝜕𝜓pm

𝜕𝜃
𝑖d = −(𝜕𝜓pm𝑖d)

′
|
𝜃
 (31) 

−
∂𝐿q

∂𝜃
𝑖d𝑖q − 𝐿qid

2 −
∂𝐿qd

2
i𝑠
2 −

∂𝐿qd

2 ∂𝜃
i𝑠
2cos2𝜃 −

 𝐿qdi𝑑
3

𝑖q
= (−𝐿q𝑖d𝑖qh −  𝐿qdi𝑑

2)′|
𝜃

 

(32) 

∂𝐿d
∂𝜃

𝑖d𝑖q +
∂𝐿dq

2
i𝑠
2 −

∂𝐿dq

2 ∂𝜃
i𝑠
2cos2𝜃

= (𝐿d𝑖d𝑖q +  𝐿dqi𝑞
2)′|

𝜃
 

(33) 

In (30), a new compensation equation was proposed and used 

to compensate the error caused by the MTPA signal injection 

method. However, the information of the machine including d- 

and q-axis permanent magnet flux need to be known to 

calculate this part. To further simplify the problem, (34) could 

be obtained according to (1) and (31). 

𝑇𝑒𝑟𝑟𝑜𝑟 =
3

2
𝑝[−𝜓pm𝑖d +

(𝑢𝑑−𝑅s𝑖d)𝑖d𝑖qh

𝜔e𝑖q

+
(𝑢𝑞−𝑅s𝑖q)𝑖q

𝜔e
] 

(34) 

In (34), only resistor of the machine and permanent magnet 

flux are needed to get the torque error, in which resistor is 

easily obtained and considers to be temperature independent in 

the controlling process because the resistance is a slow 

varying parameter and could be regarded as a fixed value in 

the power extraction process. As for the permanent magnet 

flux, the variation could be observed from Fig.1. The variation 

of the flux varies about 10% because of the cross saturation of 

the PMa-SynRM and it cannot be neglected. From the above 

analysis, the error will be compensated if the permanent 

magnet flux could be obtained. To solve the above problem, 

the permanent magnet flux will be analyzed and fitted in the 

next section.    

 
Fig.4 Overall control diagram

C. Modelling of Permanent Magnet Flux and Overall Control 

As discussed above, Fig.4 shows the overall control 

diagram of the system. In the first step, the permanent magnet 

flux of the machine was obtained from the fitted polynomial. 

The fitted data is more accurate to the real value if the points 

of FEA data is not dense enough. Furthermore, the permanent 

magnet flux data of PMa-SynRM is more acceptable 

compared to the d-and q- axis flux data and could be obtained 

from the material manual. 

Next, the error of the torque was obtained from (34). After 

that, the torque was translated in the form of the power and 

this part was compensated to the MTPA detection part. The 

error was calculated and compensated for by the control 

system. Meanwhile, the variation of the permanent magnate 

flux is considered and fitted to get a better control 

performance. 

As shown in Fig.1, three sets of 31×31 flux linkage data are 

obtained from the FEA software. To solve the mentioned 

problem, the permanent magnet flux needs to be further 

learned and modelled. As shown in Fig.1(c), the magnet flux 

will be influenced by the d-axis current because of the cross 

saturation. Meanwhile, the q-axis current has little influence 

on the magnet flux. So, the magnet flux linkage could be fitted 

as a polynomial and the accuracy will be more accurate with 

the increasing of the order. However, the calculation will be 

more complicated. To balance the calculation time and 

accuracy, the magnet flux could be expressed as (35). 

�̂�𝑝𝑚 = 𝑝0 + 𝑝1𝑖𝑑+𝑝2i𝑑
2+𝑝3i𝑑

3+𝑝4i𝑑
4  (35) 

where, 𝑝0, 𝑝1, 𝑝2, 𝑝3, 𝑝4 are coefficients of the polynomial. 

In real applications, 31×31 flux linkage data is not always 

acceptable. To address this issue, only five sets of data are 

needed to get a satisfactory polynomial function for the 

proposed fitting method.  This data could be obtained from the 

experiments using the method proposed in [30]. To get the 

parameters of the polynomial, the least squares method (LSM) 

is used [30]. Meanwhile, five sets of data are used to get the 

polynomial and error analysis is carried out as shown in Fig.5. 

From the above analysis in Fig.6, the average errors are 
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1.2%. For the permanent magnate flux, it is precise enough to 

describe the variation of magnate flux in the changing of 

working condition. 
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Fig.5. Performance of the proposed polynomial function 

 
Fig.6. Error analysis of the proposed polynomial function 

 

IV. SIMULATIONS AND EXPERIMENTS 

A. Machine Parameters 

To verify the feasibility of the proposed algorithm, the 

method was verified in a PMa-SynRM with a rated load of 

1.9Nm and the rated speed of 2700 rpm. In addition, the 

parameters of inductance and flux are not a linear one. The 

nonlinear characteristics of the machine need to be paid 

attention to. The parameters of the PMa-SynRM are shown in 

Table I in a detail way. 
Table I. PMa-SynRM Parameters 

Symbol Definition Values with unit 

n rated speed 2,700 rpm 

Te rated torque 1.9 Nm 

iab, ibc, ica rated current (RMS) 3.265 A  

ua, ub, uc rated voltage (RMS) 110.0 V  

p pole pairs 2 

Ld d-axis inductance Shown in Fig. 2(b) 

Lq q-axis inductance Shown in Fig. 2(b) 

Rs winding resistance 1.028,4 Ohm  

φpm rotor flux linkage 0.084,83 Wb 

Ecoef electromotive force coefficient (RMS) 0.02176 V/rpm 

J rotation inertia 3.296×10-4 kg.m2 

B. Setup of Control Platform 

Experimental tests were carried out in this paper to verify 

the feasibility of the algorithm. Throughout the entire system, 

the control part and the drive part were integrated onto a single 

circuit board based on the STM32-F303 platform. 

Oscilloscope

AC Power

Power 

Analyzer DC

Power 

PC

Multim

eter

Controller

Sugawar

a Test 

Bench

PMa-SynRM

 

Fig.7 Hardware platform for the PMa-SynRM 

Fig.7 illustrates the main experimental platform, which 

mainly consists of the Sugawara test bench for loading and 

unloading, and the YAKOGAWA power analyzer is used for 

the three-phase voltage and current data acquisition. 

Simultaneously, oscilloscopes were used to measure voltages 

and currents. For the power supply part of the board, AC 

power was used. Furthermore, STM32F303 micro-controller 

was used to achieve the proposed algorithm and the power 

module is STG series with 15A as peak current. Table II 

shows the software configuration.  
Table II. PMa-SynRM Parameters 

Specification Value 

Injection Signal Frequency  400 Hz 

Amplitude of Injected Current 5% of Sampling Current 

Sampling Frequency 4 kHz 

LPF Cutoff Frequency 10 Hz 

BPF Cutoff Frequency 400 Hz 

In the filter design, a 400Hz band-pass filter and a 10Hz 

low-pass filter were chosen. The selection of the low pass 

filter cutoff frequency is critical for the system's stability. The 

system's dynamic response worsens if the cutoff frequency is 

too low, increasing the angle convergence time and thereby 

affecting the system's convergence time and stability. 

Conversely, if the low-pass filter cutoff frequency is too high, 

it leads to larger angle fluctuations, negatively impacting the 

system's steady-state performance. 

Given that the injected frequency in our system is 400Hz, 

achieving optimal performance typically requires setting the 

low pass filter cutoff frequency to a maximum of 200Hz. After 

thorough analysis and experimentation, considering both 

system stability and response speed, a 10Hz cutoff frequency 

for the low-pass filter was the most suitable choice for the 

design. 

 

C. Experiments Results for Proposed Compensation 

In this experimental section, the objective is to monitor the 

MTPA characteristics at 2700 rpm, while the command torque 

is incrementally adjusted from 0 Nm to 1.9 Nm with steps of 

0.2 Nm. Fig.9 outlines the MTPA locus obtained 

experimentally in the half-rated load and rated load. This 
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figure juxtaposes the tracking outcomes of the proposed error 

compensation method, which verifies the feasibility of the 

control strategy. 

No compensation 

Proposed method

Optimization rate

 
Fig.8 Performance of the proposed supplementation control strategy 

To verify the improvement of the proposed compensation 

control method, the experiments subjected to two tracking 

methodologies, which refers to VHSI with compensation and 

no compensation link, operating at steady-state conditions 

were carried out. The MTPA locus points are derived from the 

mean values of the measured currents at these operating points. 

A notable observation is the significant variance in the 

magnitude of currents required by the no compensation 

method and its compensated counterpart. A comparative 

analysis of these two tracking methodologies is presented in 

Table III. The optimization rate is defined as (36) to evaluate 

the improvements performance of the proposed control 

strategy. 

𝑟 =
𝑖𝑠( no compensation) − 𝑖𝑠( proposed )

𝐼𝑠(  no compensation)
100% (36) 

Table III Comparation between original signal injection method and the 

proposed compensation method 

Torque (Nm) 
Original Current 

(A)  

Compensation 

Current (A) 

Optimization 

Rate 
 

0.2  0.7457 0.7438 0.25%  

0.4 1.3593 1.3559 0.01%  

0.6 1.8791 1.8744 0.13%  

0.8 2.3138 2.3080 0.43%  

1.0 2.7706 2.7637 0.62%  

1.2 3.1845 3.1765 0.81%  

1.4 3.5931 3.5841 1.06%  

1.6 4.0026 3.9926 1.22%  

1.8 4.4131 4.4021 1.42%  

1.9 4.6133 4.6018 1.53%  

Table III and Fig.8 shows the experiments results of the 

proposed supplementation control strategy compared to the no 

compensation experiments set. The proposed method features 

a smaller current amplitude in the same working condition, 

thereby the efficiency was improved. Notably, the 

improvement is most significant when the torques are 

elevated, achieving an optimization rate as high as 1.53%, 

which is because the cross-saturation phenomenon is more 

severe in heavy loads. 

Phase A Current
Phase B Current2.2 A

(a) 

Phase A Current
Phase B Current4.6 A

 

(b) 
Fig.9 Phase current with the proposed MTPA compensation method (a) half-

rated load working condition; (b)rated load working condition. 

In the test experiments process, the three-phase current is 

measured from both the oscilloscope and the power analyzer. 

Fig.9 shows the phase current of the rated working condition 

and half-rated working condition, in which it could be 

observed that it reaches the steady state working condition and 

the magnitude of the current remains unchanged in a limited 

time. 

The experiments show that the half-rated current and the 

rated current is around 2.6 A and 4.7A, respectively, which is 

consistent with theoretical analysis. Meanwhile, the phase 

angle between phase A and phase B is around 120 degrees, 

which verified the feasibility of the control strategy. 

 

D. Analysis on the Influence of the Temperature 

To ascertain the impact of resistance fluctuations 

attributable to thermal variations, experimental investigations 

were conducted under two distinct thermal regimes: a 'cold' 

temperature setting, typically operational for durations less 

than one minute, and a 'hot' temperature condition, with 

operational spans exceeding fifteen minutes. The 'cold' 

temperature scenario typically denotes a lower winding 

temperature, approximately 25℃, representing the initial or 

ambient state of the windings. Conversely, the 'hot' 

temperature scenario corresponds to an elevated winding 

temperature, contingent upon the design parameters of the 

machinery. This higher temperature, usually in the vicinity of 

85℃, is observed under conditions of thermal equilibrium [31]. 

Fig.10 shows the theoretical value of the MTPA and the 

MTPA locus determined by the proposed control method in 
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     rpm and  7  rpm under the ‘cold’ machine conditions 

and Fig.11 sho s the MTPA locus in ‘hot’ machine conditions  

In the comparative analyses presented in Fig.10 and Fig.11, 

MTPA theoretical value

Proposed method at 1350 rpm

Proposed method at 2700 rpm

Fig. 10 Proposed MTPA method in cold machine condition 

MTPA theoretical value

Proposed method at 1350 rpm

Proposed method at 2700 rpm

 

Fig.11 Proposed MTPA method in hot machine condition 

which assess different operational scenarios, it is observed 

that the MTPA operating point ascertained through the 

proposed methodology exhibits negligible deviation. This 

minimal variation is attributed to the gradual nature of 

resistance change. These experimental results reveal the 

robustness of the proposed method to fluctuations in resistance. 

Meanwhile, it could be observed that the stator current in 1350 

rpm and 2700 rpm is not perfect match in the experiments. 

This is mainly due to the following reasons: a) the designed 

low pass filter features different performance in different 

frequencies for the current, which leads to a different control 

sensibility for different speed; b) the iron loss is not the same 

in different speed, which was not considered in this paper [32-

34]. c) The stable temperature of the motor is not the same at 

different power ratings, leading to a variation in the resistance. 

 

E. Performance of the MTPA tracking  

Fig 12 shows the load disturbance from 0 Nm to 1.9 Nm 

and 1.9 Nm to 0 Nm with a step load at 2700 rpm. Fig12 (a) 

shows the feedback of the d- and q-axis current while Fig12 (b) 

shows the given torque. The proposed control strategy could 

be convergence in a limited time. Generally, it depends on the 

speed loop and current loop, the PI controller was specially 

designed, and 0.5 s convergence time could be achieved [25-

27]. 

Meanwhile, it could be observed in Fig (12) that the current 

control angle gets to a steady state in a limited time because of 

the d- and q-axis current remained unchanged in a limited time 

in the steady-state working condition. This verifies the 

feasibility of the proposed control strategy. Furthermore, with 

the increasing of the torque, the current control angle increases 

to meet MTPA requirements. 

Rated load

 
(a) 

Rated load

(b) 
Fig. 12 d- and q-axis current under the whole working condition (a) d- and q-

axis feedback current; (b) given torque.  

Rated load

No load

0.35 s

(a) 

Rated load

Average:0.59 rad

No load

Average:0.1 rad

(b) 
Fig.13 Step load from 0 Nm– 1.9 Nm. (a) d- and q-axis current response (b) 

MTPA control angle response 

In Fig.13, the MTPA angle reaches stability within 0.5 

seconds, and it fluctuates around 0.59 rads because the 
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functions of the low pass filter. It should be noticed that the 

convergence process only influences the efficiency of the 

machine, but not influences the stability of the machine 

because the derivation of the current angle is relevant small. It 

could also be found that the control angle for the no load 

condition is around 0.1 rads. This is because that the current 

amplitude in no load condition is very small, which is 0 A 

considering no damping situation. In this way, the current 

angle has little influence for the theoretical analysis. But for 

the experiments, small electrical output torque should be 

provided to overcome the damping friction of the system. In 

this way, a small MTPA control angle is observed for the 

control in no load condition. 

Fig.14 illustrates the transition of the speed reference from 

1350 rpm to 2700 rpm under a half-rated load. Concurrently, it 

is evident that the d- and q-axis current loops stabilize within 

0.5 seconds to reach a stable condition. However, it only takes 

0.09s for the current loop to reach the steady state. This 

implies that the currents exhibit minimal variation despite the 

fluctuating current angle throughout the process. Evidence 

from these experiments confirms that both the current control 

loop and the current angle control loop achieve stability within 

a predetermined timeframe, thereby validating the 

effectiveness of the proposed control strategy. 
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Fig. 14 Step speed reference variation from 1350 rpm to 2700 rpm (a) speed 

reference and current control angle (b) d- and q-axis current 

The experimental setup under investigation utilizes a small 

power PMa-SynRM as its controlled object. It is important to 

note that the applicability of the proposed control 

methodology remains consistent irrespective of the motor's 

power rating, whether high or low. In the context of larger 

motors, a notable characteristic is the increased magnitude of 

the stator current. The absence of real signal injection into the 

stator currents allows the proposed approach to precisely track 

the MTPA points with less harmonica, concurrently 

facilitating a reduction in the stator current's amplitude. 

Consequently, the proposed strategy demonstrates good 

robustness and effectiveness. Future research endeavors will 

focus on reducing the reliability of the permanent magnet flux 

information and extending this methodology to high power 

motors, exploring its applicability and potential refinements in 

such contexts. 

 

V. CONCLUSION 

This paper introduced an innovative approach aimed at 

increasing the MTPA control accuracy and the efficiency for 

PMa-SynRMs. The proposed VHSI based online MTPA 

control strategy considers the permanent magnet flux 

mismatch and improves the accuracy of MTPA control angle 

through experiments. 

Mathematical analysis revealed that there was a discrepancy 

compared to the actual MTPA due to the omission of the 

differentiation of inductance concerning the current angle. 

Consequently, a supplementary control strategy was 

introduced to address this issue. This supplementary control 

method offers several advantages, including low 

computational overhead, minimal reliance on motor 

parameters, and high precision.  

Through rigorous mathematical derivation and validation 

via experiments, the proposed MTPA detection and 

supplementary control scheme have been demonstrated to be 

effective in improving the performance of PMa-SynRM 

systems, in which a maximum of 1.52% improvements in 

rated load and 0.62% improvements in half rated load could be 

achieved. This research represents a significant step forward in 

the field of PMa-SynRMs, offering a practical and efficient 

approach to optimize their operation. 
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