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Abstract—A multi-layer air-core inductor’s operational fre-
quency limit can be known beforehand if its first self-resonance
frequency can be predicted. The self-resonance frequency is due
to the electrostatic capacitance stored between the turns and
layers of the inductor. This paper presents an analytical technique
to predict the first self-resonance frequency specifically for an
ortho-cyclically wound multi-layer air-core inductor through
electrostatic field segregations. The static capacitances between
the inductor’s turns and layers are segregated into vertical
and horizontal electrostatic field components, and are further
aggregated to predict the first self-resonance frequency. Further,
a multi-objective optimisation technique using the pareto-optimal
fronts through key parameter variations for inductor design is
presented. The analytical technique is verified with acceptable
results using prototype inductors. This analytical technique
and optimization can be applied in designing ortho-cyclically
wound multi-layer air-core inductors for low and high frequency
applications.

Index Terms—EMC, Self-Resonance, Static Capacitance, Air
Core Inductors, Optimisation, Pareto Fronts

NOMENCLATURE

δSRF First SRF percentage error
Cdes

tot User-defined first SRF
θ Winding pitch angle
ε0 Vacuum permittivity
εr Dielectric constant of wire insulation
Ctot Total static-capacitance of the inductor
Ctt Turn-to-turn capacitance
Chor

tt Horizontal turn-to-turn capacitance
Cver−l

tt Vertical-left turn-to-turn capacitance
Cver−r

tt Vertical-right turn-to-turn capacitance
Chor

sum Horizontal turn-to-turn capacitance summed
Cver−l

sum Vertical-left turn-to-turn capacitance summed
Cver−r

sum Vertical-right turn-to-turn capacitance summed
di Wire core internal diameter without insulation

Manuscript received September 06, 2023; revised April 14, 2024
Arun Dilip Khilnani, Danny Robert Seeley, Mark Sumner and David. W.

P. Thomas are with the University of Nottingham, Nottingham, The UK.
(email: arun.khilnani1@nottingham.ac.uk; danny.seeley@nottingham.ac.uk;
mark.sumner@nottingham.ac.uk; dave.thomas@nottingham.ac.uk)

Lu Wan is with Hitachi Energy, Baden-Daettwil, Switzerland. (email:
lu.wan@hitachienergy.com)

Flavia Grassi is with Politecnico di Milano, Milan, Italy. (email:
f.grassi@polimi.it)

This project research is funded by the European Union’s Horizon 2020
research and innovation programme under the Marie Sklodowska-Curie grant
agreement No. 812753, 812391 and 955646.

do Wire core diameter with insulation
Dtot Augmenting total wire core diameter
dtot Wire core diameter with increasing layers
fSRF Inductor’s first self-resonance frequency
l Mean turn length
lT Total mean turn length
m Number of layers
n Number of turns-per-layer

x(θhor) Electrostatic Field Trace path - horizontal
x(θver−l) Electrostatic Field Trace path - vertical-left
x(θver−r) Electrostatic Field Trace path - vertical right

I. INTRODUCTION

A IR core inductors are passive components commonly
used in power converter filters, switched-mode-power-

supplies, Radio-Frequency (RF) and in Electromagnetic Com-
patibility (EMC) specific devices, such as the Line Impedance
Stabilisation Network (LISN), owing to their low losses
[1], [2]. Multi-Layer Air-Core (MLACs) are used in Radio-
Frequency (RF) applications wherein a greater operation band-
width is expected [3]. For converters operating in High Fre-
quency (HF) range (in kHz), the filtering is usually achieved
through cored inductors, that are increasingly becoming un-
suitable due to inherent component limitations [4]. To aug-
ment the converter’s bandwidth, MLACs could effectively be
applied as effective passive components [5], [6]. In addition,
given the space & volume constraints of converters following
the miniaturisation trend, MLACs can provide greater induc-
tance & operational bandwidth, if they can be geometrically
designed by controlling critical parasitic components [7], [8].

The operational limit of inductors is characterised by the
inherent first Self Resonance Frequency (SRF) arising from its
static capacitance [9]. This static capacitance is a function of
the stored electrostatic energy between the turns and windings
of the inductor depending on the winding geometry [10]. If
an inductor needs to be designed for a specific operational
frequency limit, the electrostatic analysis of the static capac-
itance is critical in predicting the first SRF. To achieve this,
the stored electrostatic field between the turns and windings of
the MLAC inductor need to be calculated precisely. Moreover,
to ensure the operational bandwidth of the application, the
developed static capacitance within the inductor needs to be
limited.
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Fig. 1: Winding Arrangements for MLACs

The static capacitance of single-layer inductors is described in
[11], [12] through the Electrostatic Field Trace (EFT) analysis
in a basic three-core cell, that represents the cross section of
a two-layer ideal ortho-cyclically wound inductor. The static
capacitance convergence above ten consecutive layers for a
MLAC inductor is expressed as a constant function, but a
layer-to-layer static capacitance development is not provided.
A method for calculating the static capacitances of single-
layer solenoid through an equivalent circuit is described in
[13] & [14], but is not extrapolated to MLAC inductors.
Similarly, [15], & [16] provide a lumped parameter approach
to predict SRF, but the method becomes complex when iterated
to MLAC inductors. The understanding of static capacitance
modelling of inductors is explicit in [17] & [18], but with
no straightforward method to predict static capacitance in
MLACs.

The prediction of static capacitance for transformers is similar
to that of inductors, as both are wound passive components
[19]. The techniques to calculate static capacitance in trans-
former windings are presented in [20], [21], and are similar
to those established for inductors. However, when applied
to MLACs, these approaches increase the algorithmic and
computational complexity involved in predicting the first SRF.
Another approach for calculating the static capacitance in
inductors through experimental determination by open & short
circuit tests is described in [22]. This method involves a trial-
&-error approach with no prior knowledge or prediction of
static capacitance, and it possibly needs an empirical database
of values to choose a user-specific first SRF.

Concerning design-specific optimisation, [23] describes the
design procedure for a single-layer air-core inductor using
sequential quadratic programming through key parameter vari-
ation. Although accurate, this method becomes tedious when
applied to MLACs, as the complexity of the equations in-
creases with the increase in EFT between the multiple layers.
The design and characterisation for a single-layer air-core
inductor is explained in [24], but cannot be extrapolated to
MLACs as fewer key parameters are varied. Inductor optimi-
sation using pareto-optimal fronts is described in [17], but only
for cored inductors and their ac resistance, and not for the first
SRF. Correspondingly, there is no simple and quick method to
predict the first SRF of a MLAC inductor through an analytical
technique that is accurate for EMC studies and applications.

Fig. 2: Basic Cell’s EFT Angles for an Ortho-Cyclical MLAC

Further, there is no optimisation procedure to establish a trade-
off between the key physical parameter variations for the
MLAC inductor with a specific user-defined SRF for EMC
applications.

This paper presents an analytical technique for evaluating
the static capacitance between physically adjacent turns in
a MLAC inductor. The work presented in [11], [14] & [25]
which considers an ideal ortho-cyclically wound MLAC to
derive an analytical expression for predicting the first SRF
of single-layer inductors is extended to MLACs (Fig.1b). The
methodology involves calculating the turn-to-turn static capac-
itance between the turns and layers of the MLAC inductor
through EFT segregation, and in formulating expressions for
vertical and horizontal components. These expressions are
derived in terms of the wire core diameter (di, do), number
of turns per layer (n), number of layers (m) and the relative
permeability of the copper’s insulation coating (ϵr). Further,
an optimisation technique is proposed to design a user-defined
first SRF for a MLAC inductor through key physical parameter
variation. The technique is a multi-objective optimization
using pareto-optimal fronts applied over influential parameters
of the MLAC inductor, to optimise the physical size of a
MLAC inductor for a user-specified first SRF.

The remainder of the paper is organised as follows. Section
II concerns the basic cell for the MLAC design and the
EFT segregation between the vertical and horizontal layers.
Section III derives the expression for the static capacitance
in the ideal ortho-cyclically wound MLAC inductor. In Sec-
tion IV, the optimization techniques for the MLAC inductor
design with pareto-optimal fronts for a pre-defined SRF is
described. Section V presents a COMSOL simulation to verify
the validity through the basic cell. Section VI provides the
experimental verification of the technique through laboratory
fabricated MLAC inductor prototypes. The analytical tech-
nique is discussed in Section VII and Section VIII presents
the conclusions.

II. BASIC CELL STRUCTURE FOR THE MLAC
The basic cell for the static capacitance calculation in single-

layer air-core inductors is described in [11] and is applicable to
ortho-cyclically wound MLAC inductors as well (Fig.1). This
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Fig. 3: Basic Cell with Segregated EFT

basic cell is defined as a minimal and a basic turn or layer or
even a macro level arrangement that represents the patterns of
stored electrostatic energy between the turns (Fig.2) [25]. The
turn-to-turn capacitance (Ctt) is derived on the assumption
of a simplified EFT distribution over the basic cell, wherein
the field lines are piece-wise linear and follow the shorter
distance in the air-gap between turns [23]. The geometry of
the inductor is influential in defining its static capacitance. An
ideal MLAC inductor winding has no pitch angle (θ) (Fig.
1(a)), but practically the inductor may have an ortho-cyclical
winding with a θ =

(π
3

)
, due to the winding mechanism

(Fig.1(b)) [26]. This θ creates a grove-space in which the
consecutive layer’s wire core gets fitted creating a EFT angle.
The accurate prediction of SRF for a MLAC inductor requires
the Ctt values between the iterative conductor turns on the
same layer and between the layers. It is this criterion that
separates the derivation methodology for different inductor
windings.

For an MLAC, the Ctt develops between the adjacent turns,
both - horizontally and vertically. Assuming that the EFT
develops consistently between the turns, the static capacitance
develops at three distinct circular arc-sectors (Fig.2). In [11],
this has been shown using a basic cell as well. The EFT
develops at three distinct sectors along the circumference of
the core, subtended at θ =

(π
3

)
angles, that further can be

segregated into three distinct components. The horizontal com-
ponent (Chor

tt ) remains the same for MLAC inductors [15]. The
vertical component is segregated into two distinct components:
(Cver−l

tt ) and (Cver−r
tt ). Correspondingly, the three segregated

Fig. 4: Iterative Analytical Approach for the MLAC’s Total
Static Capacitance

static capacitances can be described as (Fig.3):
• Chor

tt extending from Core-A to Core-B, tracing the
elementary capacitance through an angle of θ =

(π
3

)
,

from the horizontal plan to a point the conductor’s outer
surface on the same layer of the inductor, as shown in
Fig.3c [11].

• Cver−l
tt extending from Core-A to Core-C tracing the

elementary capacitance through an angle of θ =
(π
3

)
,

from the vertical plan to a point on the conductor’s outer
surface aligned left between two consecutive layers of the
inductor, as shown in Fig.3a.

• Cver−r
tt extending from Core-B to Core-C tracing the

elementary capacitance through an angle of θ =
(π
3

)
,

from the vertical plan to a point on the conductor’s outer
surface aligned right between two consecutive layers of
the inductor, as shown in Fig.3b.

The static capacitance for this basic cell will be a summation
of these three segregated static capacitance components as ob-
served in the cross-section (Fig.4). The analytical expressions
derived for each of these components are developed using
a summation approach of the MLAC’s cross-sectional layout
(Fig.4). The horizontal (Chor

tt ) (red) will add to (Chor
s ), as the

capacitances are in series. The vertical components aligned to
the left array (Cver−l

tt ) (green) and aligned to the right (Cver−r
tt )

(blue) are in series as well and will be added to obtain (Cver−l
s )

and (Cver−r
s ), respectively.

The decisive factors that affect the total value of static capac-
itance (Ctot) in MLAC inductors are :

• The dielectric constant (ϵr) of the core wire’s insulating
materials interposed between the conductor layers,

• The inductor’s geometry and physical size (Dtot, dtot,
m, n),

• The wire core’s insulation thickness (do),
• The winding technique and the pitch angle (θ) and,
• The inter & the outer diameter of the MLAC inductor

(di, do)



(a) Increasing Total Diameter (b) Mean Turn Lengths

Fig. 5: Increasing Diameter with Layers

III. ANALYTICAL EXPRESSION FOR MLAC

The basic cell configuration for the MLAC inductor consists
of two adjacent round conductors of the same layer (A & B),
along with one round conductor turn (C) forming the first
layer (Fig.2 & 3). This basic cell can be considered as a
basic building block for the complete MLAC inductor for the
vertical and horizontal arrays of such building blocks.

The center-point in the air-gap between the turns, wherein the
wire cores physically touch, can be considered as the origin
of the EFT axis (Fig.2 & 3). The distance x(θ) is the shortest
EFT-path on the horizontal and vertical axis that extends
for θ =

(π
3

)
[11]. For the MLAC inductor, this EFT path

develops at three distinct sectors on the outer circumference
of the wire conductor (Fig.3). The analytical expression for
(Ctot) can then be derived through the summations of (Chor

sum),
(Cver−l

sum and (Cver−r
sum ). To derive these analytical expressions,

the following assumptions are made:

• The winding type for the MLAC inductor is an ideal case
of the ortho-cyclical winding, with a perfect pitch angle
of

(π
3

)
(Fig. 1b).

• The electrostatic field is assumed to be static and the
incremental increase in capacitances across all three
segregations due to the dynamic changes in the EFT is
neglected.

• The fringe EFTs that may surround the inductor are
neglected.

• The voltage distribution at every consecutive turn within
a layer and between the layers is uniform, with equal
magnetic flux linkage that develops the inductance.

• The total mean turn length (lT) remains consistent for
every turn through the layer and increases by the inductor
wire diameter (do) to (Dtot) at every consecutive layer
(Fig.5b). The distance of every consecutive layer from
the center-point also increases by do (Fig.5a).

Correspondingly, the elementary capacitance (dC) of a single-
core of the inductor can generally be expressed as [11]:

dC =
ϵr
dr

dθdl (1)

(a) Elementary Surfaces (b) Wire Core’s Diameters

Fig. 6: Elementary Surface Turn-to-Turn Capacitance

wherein:

• ϵ = ϵ0ϵr, where ϵ0 = 8.854e−12F/m is the absolute per-
mittivity of the free space. The ϵr is an important pa-
rameter as it can affect the Ctt and further change the
cumulative Ctot for the MLAC inductor, significantly
affecting its SRF.

• dθ is sectoral radius that encompasses the electrostatic-
field trace (Fig.6a).

• dl is the sectoral circumference that the EFT (Fig.6b).

In (1), the length (l) of each inductor turn is of finite length
(Fig.5a). The elementary capacitance of the wire conductor’s
insulation coating (dCc) due to the elementary surface (sub-
tended by θ for the wire conductor’s radius) from (ri) to (ro)
and the length (l) from zero to the one mean turn length (lT)
is expressed as :

dCc = ϵ0ϵrθ

∫ lT

0

dl

∫ ro

ri

r

dr
=

ϵlT

2ln

(
do
di

)dθ (2)

As there is negligible spacing between the horizontal and
vertical turns of the MLAC inductor within the air-gap (Fig.2
& Fig.4), the total distance then between the two adjacent
turns can then be traced as :

• x(θhor) for Chor
tt , as seen in Fig.3(c),

• x(θver−l) for Cver−l
tt , as seen in Fig.3(a) and,

• x(θver−r) for Cver−r
tt , as seen in Fig.3(b).

The elementary capacitance developed due to the wire conduc-
tor’s insulation coatings of the two adjacent turns connected
in series will be the same for all the three segregated static
capacitances. This elementary capacitance (dCttc) can be
expressed as:

dCttc =
dCc

2
=

ϵlT

2ln(
ro
ri
)
dθ =

ϵlT

2ln(
do
di

)

dθ (3)

This static capacitance develops at three different angles for
each of the segregations [x(θhor), x(θver−l) & x(θver−r)], and
can be commonly expressed as:



Fig. 7: Elementary Surfaces Segregated for the Basic Cell

cos(θ) =

 d0
2

− x(θ)

2
d0
2

 (4)

which becomes,

x(θ) = do(1− cos(θ)) (5)

The elementary surface (dS) of the conductor wire including
the insulation coating for the turn length (lT) is :

dS =
dolT
2

dθ (6)

Therefore, as per the basic cell the elementary capacitance
due to the air-gap between the two turns can be expressed for
the three segregations [dChor

g , dCver−l
g , dCver−r

g ], and can be
commonly written as (dCg) :

dCg =
ϵodS

x(θ)
(7)

which becomes,

dCg =
ϵolT

2do(1− cos(θ))
(8)

For turns with no spacing between them, the elementary
capacitance due to the insulation coating is much higher
than the air-gap capacitance [11], [14]. Generally, the series
combination of the elementary capacitances of the air-gap
between the two adjacent turns and the insulating coating of
the two adjacent turns is given by:

dCtt(θ) =

(
dCttdCg

dCtt + dCg

)
(9)

By substituting (8) in (9), this series combination for the three
segregations [dCtt(θ)

hor ,dCtt(θ)
ver−l, dCtt(θ)

ver−r] can be
commonly expressed as [dCtt(θ)]:

dCtt(θ) =
ε0lT

2

[
1

ϵr
ln(

do
di

) + 1− cos(θ)

] (10)

The EFT is different for all three segregations and the three
angles can be traced based on the frames of reference as per
the basic cell. These angles can be traced as :

• For (Chor
tt ), the x(θhor) traces from θ =

(
−π

6

)
to θ =(π

6

)
for a total of θ =

(π
3

)
as explained in [11] (Fig.7),

• For (Cver−l
tt ), the x(θver−l) traces from θ =

(π
6

)
to θ =(π

2

)
for a total of θ =

(π
3

)
, with Core A as the frame

of reference (Fig.7),

• For (Cver−r
tt ), the x(θver−r) traces from θ =

(
5π

3

)
to

θ = (2π) for a total of θ =
(π
3

)
, with the core B as the

reference frame (Fig.7).

Correspondingly, these limits of integration are applied to (10)
using the following integral [14],

∫
dx

a− cosx
=

2√
a2 − 1

arctan

[√
a+ 1

a− 1
tan

x

2

]
(11)

For the horizontal trace,

Ctt(θhor) =

∫ π

6

−
π

6

ε0lT

2

[
1

ϵr
ln(

do
di

) + 1− cos(θhor)

] (12)

and rearranges to (15).

For the vertical left trace,

Ctt(θver−l) =

∫ π

2
π

12

ε0lT

2

[
1

ϵr
ln(

do
di

) + 1− cos(θver−l)

] (13)

and rearranges to (16).

For the vertical right trace,

Ctt(θver−r) =

∫ 2π

5π

3

ε0lT

2

[
1

ϵr
ln(

do
di

) + 1− cos(θver−r)

] (14)

and rearranges to (17).

The MLAC inductor’s diameter increases with the addition of
every layer through the wire inductor’s diameter (Fig.5a). To
accurately develop the analytical formulae, this is factored in
the expressions developed (16), (17) & (12). When a trans-
verse cross section of the MLAC inductor is considered, the
horizontal summation (Chor

s ) will be in a series combination
of (Chor

tt ) developed at every turn in the MLAC inductor, as
the EFT will be bifurcated from that perspective. This will be
further multiplied by the total layers (Fig.4). The summation
then can be expressed as [11]:



Chor
tt =

2ϵ0πDo√(
2

ϵr

)
ln

(
Dtot

di

)(
1 +

1

ϵr

)
arctan

 1√
3

√√√√√√√
2 +

(
1

ϵr

)
ln

(
Dtot

di

)
(
1

ϵr

)
ln

(
Dtot

di

)

 (15)

Cver−l
tt =

2ϵ0πDo√(
2

ϵr

)
ln

(
Dtot

di

)(
1 +

1

ϵr

)
arctan

 2√
3 + 3

√√√√√√√
2 +

(
1

ϵr

)
ln

(
Dtot

di

)
(
1

ϵr

)
ln

(
Dtot

di

)

 (16)

Cver−r
tt =

2ϵ0πDo√(
2

ϵr

)
ln

(
Dtot

di

)(
1 +

1

ϵr

)
arctan

 2√
3− 1

√√√√√√√
2 +

(
1

ϵr

)
ln

(
Dtot

di

)
(
1

ϵr

)
ln

(
Dtot

di

)

 (17)

(a) Vertical Right Array Residues (b) Vertical Left Array Residues

Fig. 8: Tapering-ends Residual Capacitances

Chor
s =

m.do+Dtot∑
m

Chor
tt

n− 1
m (18)

Correspondingly, the vertical-left array (Cver−l
s ) and the

vertical-right array (Cver−r
s ) summations will be a series

combinations of (Cver−l
tt ) and (Cver−r

tt ), respectively on every
layer (Fig.4). These will be further multiplied by the total
turns-per-layer. The summations can be expressed as :

Cver−l
s =

m.do+Dtot∑
m

Cver−l
tt

m− 1
n (19)

Cver−r
s =

m.do+Dtot∑
m

Cver−r
tt

m− 1
n (20)

The summation for the (Cver−l
s ) and (Cver−r

s ) is incomplete
due to the inherent limitations offered by the analytical
technique. The summations do not account for (Cver−r

tt ) and
(Cver−l

tt ) that exist over the tapering end of the MLAC inductor

formed due to the ortho-cyclical winding (Fig.8). These resid-
ual capacitances need to be included and can be expressed
as:

Cres
sum =

m−1∑
q=1

Cver−l
tt (n−m+ 1) +

m−1−k∑
p=1

Cver−l
tt (21)

wherein, q is the horizontal residue static capacitance compo-
nent and p is for both the vertical components. The integer
k represents the wire core’s capacitance excluded due to the
summation technique in Fig.4, but is now considered.

Correspondingly, the total static capacitance can be expressed
as :

Ctot = Chor
s + Cver−l

s + Cver−r
s + Cres

sum (22)

Finally, the first self-resonance frequency (fSRF) for the in-
ductor with inductance (L) is,

fSRF =
1

2π
√
LCtot

(23)

IV. SIMULATIONS

To verify the assumptions about the EFT integration angles
that were considered for (Cver−l

tt ) and (Cver−r
tt ) to derive the

analytical formulas in (15), (16) and (17), a simulation in
COMSOL MultiphysicsTM was performed. The assumptions
for the EFT in [11], [21] & [27] to verify the angles for the
(Chor

tt ) was extended to the (Cver−l
tt ) and (Cver−r

tt ), to partly
validate the formulas in (16), (17) and (12). The horizontal
EFT is validated to extend for x(θ) =

(π
3

)
, from

(
−π

6

)
to(π

6

)
in [11]. However, the vertical EFT field traces are yet to

be validated to confirm if they indeed extend for x(θ) =
(π
3

)
for the (Cver−l

tt ) and (Cver−r
tt ) components respectively.

As per [11], the air-gap capacitance beyond
(π
3

)
is negli-

gible and that fringe EFT is negligible as well. To validate



Fig. 9: Electric Field Trace in the Basic Cell

(a) Vertical Left (b) Vertical Right

(c) Horizontal

Fig. 10: Basic Cell with Segregated EFT in Simulation

this assumption, the 2D stationary simulation for an ortho-
cyclically wound MLAC with sufficient turns was made, with
the basic cell in Fig.2 excited by a unit voltage while the
other wire cores were held at zero potential (Fig.9). The EFT
gradient’s influence was not seen beyond the basic cell, while
the adjacent wire cores seemed to have negligible influence.
The maximum (+1 V/mm) and the minimum values (6.25e−3

V/mm,) of the distributed electric field proved that the fringe
effect between adjacent cores was negligible. This proved
that although not zero, the fringe EFT was not influential
and can be deemed relatively insignificant in the analytical
formulation.

To validate EFT angles assumptions for integration, a 2D
stationary simulation for each segregated EFT (3) was created.
The cores were energized with unit positive and negative
voltages (Fig.10). The EFT lines were then tested for point-
evaluations from 0 to

(π
3

)
in steps of

( π

18

)
, (i.e, every 5◦).

A. Vertical-left EFT

To verify the EFT angles of integration for the (Cver−l
tt ), the

core A was excited with a unit positive voltage, while core C
was excited with a unit negative voltage to create a polarity,
and the core B was held at ground potential (Fig.10a).

B. Vertical-right EFT

To verify the EFT angles of integration for the (Cver−r
tt ), the

core B was excited with a unit positive voltage, while core C
was excited with a unit negative voltage to create a polarity,
and the core A was held at ground potential (Fig.10b).

C. Horizontal EFT

To verify the EFT angles of integration for the (Chor
tt ), the

core A was excited with a unit positive voltage, while core B
was excited with a unit negative voltage to create a polarity,
and the core C was held at ground potential (Fig.10c).

Hence, the EFT angles of integration for the (Cver−l
tt ), (Cver−r

tt )
and (Chor

tt ) are justified to be limited between 0 to
(π
3

)
, as the

EFT value drops rapidly between
(π
6

)
to

(π
4

)
(Fig.9). The

simulations results here were limited by the boundary limits
set in this case, but the decrease in the EFT value remains
consistent and can be considered in good agreement with the
hypothesis proposed in [15].

V. EXPERIMENTAL SET-UP AND RESULTS

Equations (15), (16), (17) and (18)-(23) were applied to
obtain the first SRF for every MLAC inductor. The inductance
(expressed in mH) of the MLAC was obtained using the
Wheeler’s formula (24). To verify the analytical expressions,
four laboratory based inductor prototypes were fabricated an
an inductor bobbin (Fig.11a). To show the effectiveness and
the shortcomings of the proposed analytical method, the first
four fabricated MLAC inductors (A,B,C & D) were chosen to
have the same diameter. In doing so, the consecutive increase
in the Ctot and the increasing δSRF was observed. The final
inductor was chosen with a greater Dtot and and with a
smaller do to show the increase in δSRF. Their first SRF was
measured using the Keysight™E4990A impedance analyser
in the frequency range 20 Hz to 120 MHz (Fig. 11b). The
percentage error between the measured and analytical SRF
were calculated using (25) :

L(mH) =

31.6n2

(
Dtot

2

)
6

(
Dtot

2

)
+ 9l + 10(r2 − r1)

(24)

δSRF =
(fmeas.

srf − fanaly.
srf )

fmeas.
srf

(100) (25)

The measurement results are tabulated in Table.(I). To verify
the analytical expressions, different Dtot, m and n were
applied, along with different wire core diameters. It was



TABLE I: Comparisons between the measured and the analytical SRF for inductor prototypes

L (mH)
Dtot

(mm)
di

(mm)
do

(mm)
m n

Ccalc
tot

(nF)
fcalc
(kHz)

Cmeas
tot

(nF)
fmeas

(kHz)
δSRF

ϵr ϵr
2.8 3.78 4.5 2.8 3.78 4.5 ϵr = 3.78 ϵr = 3.78 ϵr = 3.78

0.619 (A) 100 2.65 2.7 48-47 2 0.819 1.019 1.151 223.50 200.31 188.54 1.153 188.36 -6.34
1.34 (B) 100 2.65 2.7 48-47-46 3 0.819 1.019 1.151 151.91 136.14 128.17 0.852 148.95 8.56

2.285 (C) 100 2.65 2.7 48 to 45 4 0.626 0.779 0.919 133.03 119.21 112.23 2.72 122.55 2.3
3.43 (D) 100 2.65 2.7 48 to 44 5 0.678 0.707 0.798 114.06 102.20 96.22 0.706 96.973 -5.40
2.360 (E) 150 1.25 1.35 22 to 18 5 0.116 0.146 0.165 309.88 276.81 260.12 0.205 233.03 15.8

(a) InductorPrototypes

(b) Measurement Setup

Fig. 11: Inductor prototypes and measurement setup

observed that the percentage error increased as the layers
were increased, indicating that the ortho-cyclical winding turns
becomes wild-winding as the turns increase. The influence of
insulation permittivity (ϵr) for the wire core’s insulation was
noticed. To the best of the author’s knowledge, the ϵr for the
poly-amide insulation varies between (ϵr)=2.8 to 4.5. Since
different wire core diameters will have different insulation
thickness, an average value of ϵr = 3.78 was applied. As
per the tabulated results, the influence of ϵr can be seen with
the δSRF having lower error for ϵr = 2.8 and progressively
increase to ϵr = 4.5. Hence, the poly-amide insulation seems
to be a sensitive parameters influencing the first SRF of the
MLAC inductor. Hence, to elongate the frequency range of
the inductors, a lower value can be advantageous.

An impedance co-relation graph was then considered be-
tween the calculated and the measured impedances of the
considered inductor prototypes. The calculated impedance
was derived using the inductance calculated from Wheeler’s
formula (24), static capacitance from the derived expres-

sions in (15), (16) & (17), while the resistance was con-
sidered from the actual measurement of the prototypes. The
Keysight™E4990A impedance analyser was then applied to
measure the impedance of the inductor prototypes. The results
for the inductor prototype C showed a decent discrepancy
between the calculated and the measured impedances (Fig.
12). For all the five considered prototypes, an impedance
mismatch was observed between the calculated and measured
impedances. This highlighted the need to consider the in-
fluence of resistance of the wire core in determining the
actual impedance, along with the first SRF prediction. Further
influences are described in Section VII.

VI. OPTIMISATION TECHNIQUE

The formulae for the segregated static capacitances of the
MLAC inductor can be applied to optimise the MLAC induc-
tor. This optimisation can be for a user-defined first SRF in
minimising the physical dimensions of the MLAC inductor. In
most converters and EMC based applications, the inductance is
fixed along with the wire-conductor’s thickness to maintain the
required current. The type of the inductor (air-core or ferrite-
core) is usually pre-decided, while the space requirements
depend on the type of the application. Correspondingly, the
key parameters that influence the first SRF are:

• Total static capacitance (Ctot)
• Inductance (L)
• Internal diameter/radius of the inductor (do | ro)
• Turns per Layer (n)
• Layers (m)
• Thickness of Wire conductor (di) and
• Relative Permittivity of the Conductor (ϵo).

To augment the operational frequency of the MLAC inductor
with a fixed diameter, the inductor length (governed by the
turns-per-layer) and the total breath (governed by the turns-
per-layer and the bobbin diameter) can be influenced. A Multi-
Objective Optimisation technique using Pareto Optimal Fronts
(POF) can then be applied to obtain optimal solutions for these
parametric variations [6], [28], [29]. By applying a POF to
the optimisation, a range of feasible solutions for the MLAC
inductor can be obtained. These feasible solutions can provide
multiple choices for the MLAC inductor design for different
set of variables and constraints [18]. The POF provides a set of
non-dominated solutions, where each objective is considered
to be equally good.



Fig. 12: Impedance Co-relation for the Prototype Inductor C

Fig. 13: Patero Optimisation Algorithm

In design problems, a single-objective optimisation of a func-
tion [f(x)] is considered, but for multi-objective optimisation,
there is a requirement for multiple functions [fn(x)]:

f(x) = [f1(x), f2(x), f3(x), f4(x) · · · fn(x)]T (26)

To obtain feasible solutions, the constraints applied over the
functions for optimisation can be defined as :

gj(x) ≥ 0|j| = 1, 2, 3, 4 · · · (27)

hk(x) ≥ 0|k| = 1, 2, 3, 4 · · · (28)

The constraints [gj(x)] & [hk(x)] are defined over [f(x)] and
can be linear or non-linear as well. To maintain the feasibility
of the optimal solutions, upper and lower bounds are applied
to the optimisation process.

To apply the pareto-optimisation process to the MLAC induc-
tor, the objectives are (Fig.13) :

• To reduce the length of the MLAC inductor, minimise
n through Chor

s and maximise m through Cver−l
s and

Cver−r
s and compensate by increasing the height of the

inductor,
• To minimise the height of the MLAC inductor, minimise

m through Cver−l
s and Cver−r

s , maximise n through Chor
s

and compensate by increasing the length of the inductor.

Fig. 14: Pareto Front for the Prototype Inductor C

The functions for optimisation are derived using equations in
(15), (16) & (17) and are expressed as (29) (F1 for optimising
m) & (30) (F2 for optimising n). For obtaining a set of
solutions for POF, the first objective is the Turns per Layer (x1)
and the second objective is the Total Layers (x2). The non-
linear equality condition expressed in (31) for the inductor is
from (18), (19) & (20), wherein (Ctot) is predefined as per
the desired SRF in (22) and should be equal to the sum of
the three segregated capacitances, expressed as Cdes

tot . Since
the residues marginally contribute to the static capacitance as
compared to the total segregated static capacitances, they can
be ignored for the optimisation process. The expression for
non-linear equality is as shown in (31), while the constraint
for linear equality for POF are not considered (32). The linear
constraints applied to the optimisation are :

• Chor
s ⩽ Cdes

tot , so as to make sure the horizontal capac-
itance per layer does not exceed the total static capaci-
tance,

• Cver−l
s ⩽ Cdes

tot , so as to make sure the vertical-left
capacitance per array does not exceed the total static
capacitance and,

• Cver−r
s ⩽ Cdes

tot , so as to make sure the vertical-right
capacitance per array does not exceed the total static
capacitance.

• Chor
s +Cver−l

s +Cver−r
s ≥ Cdes

tot , to ensure the minimum
value of static capacitance is met with for a user-defined
SRF.

The following linear equalities are set :

• Cver
s = Cver−l

tt +Cver−l
tt , as the vertical static capacitances

form exclusively over layers of the inductor,

• Chor
s = Cdes

tot − Cver
s to maintain the conservativeness of

(22)

The MLAC inductor is allowed m = 1 & n = 2 as lower
bounds while m = 100 & n = 100 as upper bounds. The
winding pitch for the MLAC is ideally ortho-cyclical (Fig.1b).
The user-defined SRF of the MLAC is assumed linear and
frequency invariant.



F1 =

[(
1

Ctot
des

)(
Chor

tt

x2 − 1

)]
+

[(
Cver−l

tt + Cver−r
tt

)
x1x2

x1 − 1

]
(29)

F2 =

[(
1

Ctot
des

)(
Chor

tt x1x2

x2 − 1

)]
+

[(
Cver−l

tt + Cver−r
tt

)
x1 − 1

]
(30)

C = Ctt (x2(x2 − 1)) +

(
x1(x1− 1)(Cver−l

tt + Cver−r
tt )

)
(x2 − 1)(x1 − 1)

− (Ctot
des) (31)

Ceq = 0 (32)

Using these objective functions, constraints, linear non-linear
equalities, the POF optimisation is conducted. The inductor
parameters are from laboratory prototype C, with four layers
and forty-eight turns on the first layer. The user-defined first
SRF is chosen as 122.55 kHz. The POF generated shows five
optimal solutions (Fig.14). The POF for this inductor show
that the fabricated inductor is a feasible solution. This proves
that the optimisation technique can give multiple solutions for
the same user-specific SRF. A polynomial curve fitting is then
used to plot the decaying curve.

For any considered MLAC inductor with a pre-defined first
SRF, the feasible solutions show that to maintain the static
capacitance, a trade-off between the total layers and turns per
layer is required. Depending on the suitability of this SRF, a
feasible inductor design may be selected based on the volume
requirements of the application. In addition, the set upper and
lower bounds also dictate the feasible solutions, making some
solutions not practically realisable. Further, the diameter of the
bobbin also maybe considered as an influential parameter.

VII. DISCUSSION

The analytical technique for the first SRF prediction in
MLAC inductors has been validated experimentally using
prototype inductors. The results show good agreement with
the derived formulae. The observed error between the experi-
mental verifications and analytical predictions are possibly due
to the following reasons:

• The relative permittivity (ϵr) of the insulation coating is
influential in calculating the first SRF. Slight variations
observed due to the uneven enamel will also cause
changes in the total static capacitance, especially at high
frequencies, as the Ctt decreases from nanofarads to
picofarads.

• Although the voltage between every consecutive turn on
a layer is considered to be constant, it will slightly drop
along the length of the inductor [30].

• The analytical approach assumes a perfect ortho-cyclical
winding. This may not always be the case with the
laboratory based prototype inductors as windings tend to
towards wild windings as the layers are increased. Hence,
the wire core’s thickness along with total layers on the
fabricated inductor influence the measured first SRF.

• The lumped parameter approach for the capacitive field
network is limited due to the end-of-frequency effect
[31] and only considered the electrostatic field and not
the electromagnetic field that inherently is the resonance
effect.

• The expressions ignore the fringe EFTs from the non-
coupling of the turn-to-turn capacitances at the end turns
of the inductor. Due to this, the accuracy of the analytical
technique shall be limited within the kHz bandwidth, as
the fringe EFTs become more influential in the MHz
bandwidth.

• The discrepancy between the calculated and measured
impedance responses for the inductor prototypes is pos-
sibly because the expressions do not consider the wire
core’s resistance. For deriving the impedance response,
the inductance can be calculated using the Wheeler’s
formulae and the derived expression give the static ca-
pacitance. However, there is no method to include the
resistance-per-turn of the inductors in the expression. The
resulting skin-effect is also neglected in the analytical
formulation.

• The development of the magnetic field is assumed to be
constant, layer-by-layer in the MLAC. The EFT field is
also assumed to be static between the turns and the layers
of the inductor. Neglecting the dynamic changes within
both these fields that lead to resonances would make for
a strong assumption.

• The total mean turn length lT does not remain constant,
but slightly increases alongside total diameter of the
inductor Dtot, but is assumed to be constant in the
analytical derivation. An improvement or a correction
in the analytical formulae may then be suggested and
derived accordingly.

VIII. CONCLUSION

An analytical approach for predicting the first self resonance
frequency in a multi-layer air core inductor using segregated
electrostatic field traces has been presented. The expressions
derived have been verified through laboratory based prototype
inductors. The contributions of this article are as follows -



• A quick and low complexity method to compute the static
capacitance of multi-layer air-core inductors to predict the
first self resonance frequency is derived and verified.

• An optimisation technique for inductor design is
described through multi-objective optimization using
pareto-optimal fronts, that can give multiple solutions for
the inductor parameters for a user-defined SRF.

The results obtained can be useful for calculating ortho-
cyclically wound multi-layer air-core inductor’s first self reso-
nance to know its operational bandwidth. The optimisation
procedure can help EMC engineers design inductors for a
predefined self resonance and volume constraints.
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