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Abstract

Given the L-series of a half-integral weight cusp form, we construct polynomials
behaving similarly to the classical period polynomial of an integral weight cusp form.
We also define a lift of half-integral weight cusp forms to integral weight cusp forms
that are compatible with the L-series of the respective forms.

1 Introduction

The Dirichlet series associated by Shimura to half-integral weight modular forms in the
last section of his original paper [7] has not received as much attention as its integral
weight counterpart. Partly because of its failure to possess an Euler product, it has not
been extensively studied from arithmetic and algebraic perspectives that have a long
history in the case of integral weight modular forms.

In view of this, the two main purposes of this note are: (i) to attach Eichler integrals
and period-like polynomials to the L-series of a half-integral weight cusp form. This will
lead to cohomology classes with coefficients in a finite-dimensional vector space in a way
that parallels the Eichler cohomology of the integral weight case and (ii) to define a lift
of half-integral weight cusp forms to integral weight cusp forms that are compatible with
the L-series of the respective forms.

This section presents special cases of the two main results of the note. The first one is
obtained from Theorem 3.1 in the special case N = 4, k such that 4|(k — %) anda =k —2:

Theorem 1.1 Letk € % + Z such that k — % € 4N and let f be a cusp form of weight k for
Io(4) such that f(—1/(4z)) = (—2iz)kf(z). For each z in the upper half-plane $ define the
“Eichler integral”

5

: k-3 1 1
_ ioo 3 (4i)" gk-n=% j3-ny=3
Fa=rt= [ s Zo<n!r<k—1—n> *— 5wt

) ) 2Z'wk=21 | dw.

Then,
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(1) Foreachz € $, P(z) .= F(z) — F(—l/(4z))(—2iz)k_% is a polynomial of degree at
most k — % inz
(2) We have

k-1 4Ny 1—n) _ n+14k_n_%Af(k_%_”) n
P(z) = i1 (k 1)Z<‘F(k_1_n) +(-1) G~ T-mrerD )

where Ag(s) is the L-series of f (to be defined precisely in the next section).

The polynomial P shares some of the defining features of the period polynomial of integral
weight forms: it encodes certain values of Ay inside the interval [1, kK — 1] and satisfies
one of the period relations. Indeed, in Prop. 3.2 we will show that P matches exactly
the (k — —) th partial sum in the Taylor expansion of the (“symmetrised” version of the)
Eichler cocycle, as extended to all real weights in [1]. Since then the period polynomial
equals the value at the Fricke involution of an Eichler cocycle (based at ico), we think of P
as an analogue of the period polynomial for half-integral weight cusp forms. The period
relation of P (see Th. 3.1 (i)) is not immediately visible from its expression in part (2) of
Th. 1.1, but it is deduced from its relation with the analogue of the Eichler integral F(z),
as is the case with the classical period polynomial.

A first, to our knowledge, attempt to develop a cohomology for L-series of half-integral
cusp forms was made in [3]. Its main construction encodes L-values inside [1, kK — 1] and
satisfies one of the period relations too. However, the analogue of P in [3] belongs to
an infinite-dimensional space, whereas P is a polynomial of degree < k — % Another
difference is that, as will be seen in the general form of the theorem in the sequel, our
polynomial P can be made to encode values of A¢(s) at a larger class of finite “arithmetic
sequences” inside [1, k — 1].

The second main result presented here is a special case of Theorem 4.1:

Theorem 1.2 Let k € % + Z such that k — % € 4N. For each cusp form f of weight k for
o (4) such that f(—1/(4z)) = (—2iz)kf(z) there exists a unique pair (g h) of cusp forms of
(integral) weight k — % and level 4 such that, foreachn =0, ...,k — g, we have

o2n " 92k—5-2n 5
— (-1 Ap[k—=—
nl(k—1—n) =1 (k—3—mC(n+3) f( 4 n)

= l% k_g n+1 3 —n—1 3
_m< ; ><z Ag<k—n—5)—|—z Ah(k—”—i)) (1.1)

The main characteristic of the “lift” induced by Theorem 1.2 is that it is compatible, in
the sense of Eq. (1.1), with the L-series of the half-integral weight form and that of the
corresponding integral weight forms. On the other hand, there does not seem to be any

compatibility with the Hecke action, and the “lifted” forms are not explicitly given in terms
of Fourier expansions, as was the case of the Shimura lift. One also notices that the weight
of our “lift” is half the weight of the Shimura lift. Because of those differences in their
behaviour and the different problems they were each designed to resolve, it does not seem
likely that our lift is related to the Shimura lift.

The lack of compatibility with the Hecke action was expected: The identity of Theorem
1.2 expresses the “critical” values of L-series of a half-integral weight cusp form directly
in terms of L-values of integral weight forms. If our lift were compatible with the Hecke
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action, then we could immediately deduce algebraicity results about the L-values of some
half-integral weight Hecke eigenforms from the corresponding results in the integral
weight case. However, algebraic properties so similar to those of the integral-weight L-
values are not expected for L-series of half-integral weight forms. Therefore, additional
input is required to derive algebraic information from the translation of half-integral
weight L-values to integral weight L-values provided by Theorem 1.2.

It was also mentioned above that our lift is not given explicitly via Fourier expansions.
Nevertheless, it does have an explicit expression through the explicit inverse of the Eichler-
Shimura map given in [6]. Theorem 5.4 allows us to obtain the integral weight lift of a
given form f of half-integral weight k from k — 3/2 values of the L-series associated with
f. To formulate and prove this result we develop, in Sect. 5, a reformulation of our lift of
Theorem 4.1 which may be of independent interest. This reformulation (Prop. 5.2) applies
only to odd values of n and relies on a version of the Eichler-Shimura isomorphism (Th.
5.1) which considers separately the even and the odd part of a polynomial. As a result, it
makes it possible to express those L-values of f that correspond to odd # in terms of a
single integral weight form. By contrast, Th. 4.1 requires two of them, but accounts for
L-values responding to both odd and even n.

2 Terminology and notation
We first fix the terminology and the notation we will be using. They will mostly be con-
sistent with those of [7] and [3].

Letk € % +Zand N € 4N. We let (%) be the Kronecker symbol. For an odd integer d,

we set

1 ifd=1mod4
€4 = (2.1)
i ifd =3 mod4,

so that e; = (_71) We set the implied logarithm to equal its principal branch so that
—n <arg(z) < w. We define the action |, of I'g(N) on smooth functions f on § as follows:

(Fliy)(2) == (2) Kz +d)*flyz)  forally = (’: 2) € To(N). (2.2)

0 —1/VN
0

Further, let Wy = ( SN

) and [o(N)* = (W, To(N)). We set

1k Wi)(2) := (—iv/N2)~Kf (=1/(N2)). (2.3)

We extend the action to C[I"g(N)*] by linearity.
For n € 7Z we let, as usual,

(F1uy) (@) i= (cz +d)"f(yz)  forally = (’z :) € SLy(R). (2.4)
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Letk € %Z. If T is either a subgroup of finite index in SLy(Z) or I'j(N) for some N, and

x a character on I', we set

Slexy = xW)flky forally eT. (2.5)

We will denote the space of cusp forms of weight k and character x for I by Si(T, x). If
x is the trivial character, we write S (T").
For f, g € Sk(T, x), we define the Petersson scalar product as

—— dxd .
(fg) = / f@g@ Ea? where z = x + iy.
\$ y
Let X be the width of the cusp oco. For integral or half-integral weights k, we attach to
2minz
@) =) ap(me " € ST, x)
n>1
the L-series
as(n)
Lf(S) = Z T.
n>1

This is absolutely convergent for fi(s) > 1 and can be analytically continued to the entire

complex plane. Its “completed” version is

DA () o dt
A1) = 5y Y= /0 fae—. (2.6)

S
n>1
For y trivial, it satisfies the functional equation

k_ . 1 doar K .
Ap()=N2""Ag,wy (k—s), ifk € §+Z and As(s)=1"N27 Ay wy (k—s), ifk € Z
(2.7)

Finally, we fix the following notation: We set

T := 11, S = 0_1, u=1s= (171,
01 10 10

For z, w not necessarily non-negative integers, set

z\ I'z+1)
(w) T TwH+D)(z—w+1)

3 An analogue of the period polynomial
Let f be a cusp form of weight k € % + Z for T'g(N) such that f|yWn = f. Fixa €
[0, 2k — 9/2] and set

Palz) = fo = ) Bule whdw,

where
k—5/2 x
o k—2 . n, a—n l k—2 N 2k—9/2—a—n
D,z w) = ; [( ., >(zNz) w4 W(nJrl/Z)(lz) (—Nw) ]
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Theorem 3.1 Letk € % + Z with k > 5/2. Suppose that f € Sp(I'§(N)) and a € [0, 2k —
9/2]. With the above notation, set

F,(z) := /wof(w)CD,l(z, w)dw.

(i) Forz € $) we have
~I"*PFals )y k WN + Fa = Pa.
Therefore, if x is a character on T'§(N) such that x(Wn) = i%_k, then
Pylsja—ix(Wn +1) =0. (3.1)
In particular, if 4|(k — 5/2), then
Pylspx(Wn +1)=0.

(ii) Foreachz e C,

k—5/2

k—2
Pa(z):i“H 2: |:<( )NnAf(ﬂ+1—l’l)
n=0 "
k—2 2k—a—n—22 on—k+1i n
Ar(2k — —a— . .
+(n+1/2)N T 2Af(2k —7/2—a—n)|z (3.2)

Proof We first show that
—(iV N2 52 (i Nw)* 2D, (Wi, Waw) = @alz w). (3.3)

Indeed, the left-hand side is
k—5/2

/N SR S | (M) o ey
n=0 n
ik k—2 . —n,, n—2k+9/2+a
+f/_ﬁ (I’l " 1/2) (iNz)"w .

Observe that

k—2 (k=2
(k—5/2—n) - <n+1/2)’

so that the change of variables n +— k — 5/2 — n yields

k—5/2
_ (i\/ﬁz)k_s/z(—i\/ﬁw)k_z Z |:<nk+_1§2>(iz)n—k+5/2(_Nw)k—5/2—n—a (3.4)
n=0
-k
+:ﬁ<k;2>(iNz)n—k+5/2W—k+2—n+a]' (3.5)

Since w € §, we have, for every ¢ € R, (—w)! = e 7w, A routine computation shows

-k
—(l\/ﬁz)k_sﬂ(—l\/ﬁw)k_z(iz)"_k+5/2(—Nw)k_s/z_"_“ — :ﬁ(iz)"(—Nw)Zk_g/z_“_n
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and similarly:
-k
_(i\/ﬁz)k75/2(_i\/ﬁw)k72:ﬁ(iNZ)n7k+5/2W27kfl’l+a — (l‘NZ)nWain,

Therefore, (3.4) equals ®,(z w), establishing (3.3).
With (3.3) we now have:

oo
K2 F 50 Wa)(@) = (WN2Y 2 | fn)®a(Wz w)dw
Wnz

0
— (i/N) 5 / F(Ww)®o(Waz, Wy w)d(Wiw)

0
= —(i/N2)k~52 / SN @, (Wyz WNW)%

0
= / FW)@u(z w)dw = Fy(z) — Palz). (3.6)

To prove (3.1), we have from (3.6),

Pols 1, (1 + W) = Fals_ji, (1= W)ls (1 + W) = Fals_g,, (1— WR) =0.

2—kx

To show (3.2), we expand the defining expression for P, and use the integral formula
for Ay in (2.6).

This theorem and (2.7) show that P, can be thought of as a “period polynomial” encoding
the L-valuesof f ata + 1,a,a — 1,---,a — k + 7/2. Among the various choices of g, the
most “canonical” is 2 = k — 2 because then, our “period polynomial” P, becomes entirely
consistent with the Eichler cohomology attached to general weight cusp forms, as in [1].
Specifically, the Eichler cocycle on which that cohomology is based is induced by the
assignment (Section 2.2 of [1]) to f € Si(I") of the map

ioo

sy — l/ff?;(z) = / fw)(w — 2K 2dw

vy~ Lico
where ¥ is defined on the lower half-plane $. For y = Wi, the integral giving 5%, (x)
'ty p gral giving vey,

is well-defined for x > 0 as well. We then have the following relation between our “period
polynomial” Py_, and wff’“}m (%).

Proposition 3.2 For each x > 1, we have
5 3
Pralin) = i, (N2) — 72y, (1/2) (VN3 + 0G4 72),
Proof We first note that
- _s
Vi, () — iy, (1/%) (VN2 (3.7)
o0
— -1 / fit) ((1 S iNwe LR -2k ix*ltfl)kfz(ﬁx)k*%) t*=2dt,
0

By Taylor’s formula we have, for each M € N,

(1 + iNxt 1)< 2

M1 )
= Z ( " )(iNxt—l)n+OM </ (1 _y)M—l(l_,_iNyxt—l)k_g_M(iNxt_l)Mdy>'
n=0 0
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If M > k — 2 the error term is Opr((xt~1)M). Likewise, again if M > k — 2, the error term
of (1 4 ix~1t=1)*=2 is Opr((x~1¢t~1)M). Therefore for M = k — %, we deduce, for x > 1,

WP, (Nw) — 17228 (1/x) (V)3

= k-1 X_Z‘) (k . 2) (N = 720y (N ) Aplh—1=m)+ 0@ )
(3.8)

where the implied constant is independent of x. The change of variables n — k — % —n,

followed by (2.7) in the second sum, implies the result. O

3.1 Comparison with the period function of [3]

Another function encoding special values of Ly is given in [3]. The result in [3] is stated
for cusp forms on Hecke groups, but, thanks to the embedding of S; (T';(N)) into a space
of cusp forms for Hecke groups ((8.1) of [3]), it can be formulated for the modular forms
studied in Theorem 3.1:

Proposition 3.3 /3] Let k € % + Z and f(z) = Zaf(n)e2”m2 € Si(To(N)) such that
flxWn =f. Foreach z € ) set

df(n) —2mwinz 1 . 1
f \/_ Z ( 2 r (5, —27Tl}’12> — m) .

n>1

Then, for all z € $,

k-3 1
i e Llk—n=1)  Lik—n—13) (21z\ 72\ (272"
(v - 3 (gt S () (2.

n=0

[

The values of L¢(s) at k — 1,... % appearing in the right-hand side of (3.9) are also
encoded by Py_,. However, the function on the right-hand side of (3.9) does not belong
to a finite-dimensional space closed under the action of the group. Further, the “Eichler
integral” Ejf(z) is defined as a series. To complete the comparison of our construction
with the “period function” of [3], we show how the main piece of gf* (z) can nevertheless
be expressed as an integral too.

Proposition 3.4 With the notation of Theorem (3.1), for each z € 9,

* _ . % oo k—% 1 1
Ef (z) = ag(—iz) ]; Frw)(w —2)" " 2dw — \/Tzisz <k - 5)

where
/ flw)x""2(x+1)" 2dx
and oy = (—2i)*=1 /(72 (k — 2)).

Proof We first recall ([5], (8.19.1), (8.19.3)) that, for Re(w) > 0,

1 o0
r (—, w) = w% / e_th_%dt,
2 1
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Therefore, for z € 9,

ar(n) e—2minz 1 ar(n 00 .
E () e r —2minz E (1) e 2rinz ( 2ninz)%/ eXrint =3 gy
w1 7 2’ f k1€ 1

n>1 n>1

® o1 ar (l’l) 2mnz(t 1)
t 2 dt.
/1 (Z k=3

n>1 n

Nl

= (—2iz)

By the theory of usual (integral weight) Eichler integrals, followed by the changes of
variablesx =t — 1 and w; = w/x, this equals

k— ioo
(—2iz)? / l(r(zlfl_) 5 Lo l)f(w) w — 2(¢ — 1)K 3 dwt

1 k—3 _1 [t k—3
= oyz? xT2(x4+1)"2 flaxwr) (w1 — 2)" 2 dwydx.
0 z

A change in the order of integration implies the formula.

4 An Eichler cocycle

In this section, we will first use Theorem 3.1 to construct an Eichler cocycle, with coef-
ficients in the space Ci_5/3[z]. We maintain the notation and assumptions of the last
section.

Since 4|N, I'o(N)/{£1} is torsion-free and hence free on a set of generators {)/,}2g+h 1,
where y; = T, g is the genus and / the number of inequivalent cusps of I'o(N) ([2], Prop.
2.4; here by T, y;, etc. we mean the images of those elements of I'g(N) into ['g(N)/{£1}).
We also have WxTo(N) = I'g(N)Wy and thus T'j(N) = (To(N), Wy) is generated by
{yj} U {Wyx} with only relations (—=1)2 =1 and Wf[ =1.

From the above, we first deduce that there is always a character x on I'j(N) such as
prescribed in Theorem 3.1, that is such that x (Wy) = i*/>~ Kk Indeed, since i*5/2K) =
1, the character induced by the assignment y(—1) = (—1)>/%~ K x(Wy) = /2% and
x(yi)=1fori=1,...2g + h — 1is well-defined.

Further, let, for a € [0, 2k — %], P, be the polynomial defined in (3.2). Consider the

polynomial
Pu(z) := P,(2z/~/N).

It is then easy to deduce from Theorem 3.1 that

Pals_t,(Wa+1)=0 (4.1)

for any character x on I'j(4) such that x (W) = i3k, (Since there is no risk of confusion,
we use the same notation for both characters). Recall that I'g(4)/{=£1} is freely generated
on the generators

Z(m)
41

and thus I'j(4) is generated by —1, T, Wy in I'j(4) with only relations (—=1)2 = 1 and
Wf = 1. We consider the map

#r 1 Tg(4) = Ci_s)alz]
induced by the 1-cocycle condition from the values

#p(Wa) =P,  and  #y(—1) = #¢(T) =0.
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Then 7y is well-defined since by (4.1),
(W3 = A (Wa)ls g, Wa + 7y (Wa) = P,l|%_kW4 +P,=0.

This cocycle induces a non-trivial class in HI}ar(l"E)k (4), C_5/2(z]) where the action of I';(4)

on Cy_s5/2[z] is |52k 4 -
On the other hand, according to the Eichler-Shimura isomorphism, there is an isomor-
phism

¢ 2 Sk—1/2(05(4), x) ® Sk—1/2(C5(4), ) — par(ro(‘l) Cr—s5/2[2])

induced by the assignment of the following map ¢(g, h): I'5(4) — Ci_5)2[z] to (g h):

-1 -1

@ h)(y) = / i wg(w)(w — 2 dw + / o hw)(w — 2)F=52dw.

oo o
Therefore, there are unique g € Si_1/2(I'5(4), x), & € Sg_1/2(I'5(4), %) and a polynomial
Q in Cy_5/2[2] such that

#r(y) = 9@ Wy) + Qlé,k,x()/ -1

for all y € T'§(4). Since 7p(T = ¢(gh)(T) = 0, the polynomial Q should van-
ish too, because it would otherw1se have 1nﬁn1tely many zeros. Therefore, for each
f € Sk(T'5(4), x), there are unique g € Sg_1/2(I'(4), x), & € S—1/2(I'§(4), ) such that,
forall y e I'ij(4),

fr(y) = olg )(y). (4.2)

An application of the binomial theorem combined with the integral form of Ag(s), Aj(s)
implies that ¢ (g /1)(W4) can be expressed as a polynomial with coefficients involving values

of the critical values of g /. In our case this gives

d(g )(Wa) (4.3)
k—5/2

> (7)o (# P at = n =2+ PR = 37D),

Comparing coefficients with the expression for 77 (W4) = P, in (3.2), we deduce

Theorem 4.1 Letk € 5 + Zwithk > 3 2. For each cusp form f of weight k for FO(N) such
that f(—1/(Nz)) = (— l\/ﬁz)kf(z) a chamcter x on T'}(4) such that x(Wy) = i3k and
foreach a € [0,2k — 3], there exists a unique pair (g h) of cusp forms of (integral) weight
k— %, level 4 and character y such that, foreachn =0, ...,k — %, we have

k—2\_ »
i“*lz"(( ., )N2Af(a+1—n)

fintak (k; %)N”—“—gz”—lfz\f(zk - ; —a— n))
,/l =
2

k— 3 3 3
- <( . 2) <i"+%+kAg(k —n—2)+ iR Ak = — §)> : (4-4)

Theorem 1.2 is a special case of this for N = 4, k such that 4|(k — g) anda = k — %.
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4.1 A special case

Inlow dimensions, Theorem 4.1 can assume a simpler form. For example, we can specialise
to k such that dimSy_1 /»(I';(4)) = 1and a = k —9/4. Then, if ¢ is a normalised eigenform
in Sg_1/2(I'3(4)), which, in particular, implies that g has real Fourier coefficients at infinity,
Theorem 4.1 becomes

Corollary 4.2 Let k € % + 4N such that Si_1,2(I';(4)) is 1-dimensional, spanned by a
normalised cusp form g. For each cusp form f of weight k for To(N) such that f(—1/(Nz)) =
(—i\/]\_[z)kf(z) there exists a )y € C such that, foreachn =0,...,k — %, we have

5 3
As <k i n) = Cynnlg (k —5 - n>, (4.5)

where

k—2 k—2\ » k—2 s
Cinn = ( . 2)2*” (i%+” +Afr”*%) [(‘ . )Nf +(_1)n+1(;+ l)Nk*%*%] ,

2

Remark. In view of the corollary, it is tempting to try to deduce algebraicity depen-
dence for L-values of f from the corresponding properties for integral weight forms (e.g.
via Manin’s periods’ theorem). However, the number of L-values of f whose algebraic
dependence we would like to derive is the same as the number of independent L-values
of g in the RHS of (4.5). In the case of k = 13/2 for instance, the two values for odd
n € {0, ..., 4} are essentially the same because of the functional equation of Af(s), leaving
us with a single value of Af(s), trivially accounted for by the single constant As.

5 An explicit form of the lift

The lift described in Theorem 4.1 can be made explicit via the explicit inverse of the
Eichler-Shimura map of [6]. To this end, we first reformulate the construction leading to
Theorem 4.1 in a way that parallels the decomposition of the classical period polynomial
into an “even” and “odd” part. For simplicity, in this section, we will be working with
weight k such that 4|(k — g).

We will first review some cohomological constructions used in [6] and some notation
from [4] which we will then apply to half-integral weight cusp forms.

We first consider the Hecke group H(2) generated by the images of 72 and S under the
natural projection of SLy(Z) onto PSLy(Z). Since 4|(k — %), it will be legitimate to use the
same notation for elements of SLy(Z) and their images in PSLy(Z). The group H(2) has
only the relation S? = 1 (see Sect. 5 of [3] for the summary of some basic properties of the
Hecke groups).

We now recall a construction of [4] that is used to provide an explicit formula for cocycles
on PSL,(Z) induced by cocycles on H(2). It is easy to see that a set of representatives of
H(2)\ PSLy(Z) is

{1, T, U}, where U = T8S.

To be able to keep track of coset representatives, we denote by u : PSLy(Z) — {1, T, U} the
map which sends x to its corresponding coset representative in H(2)\ PSLy(Z). Specifically,
let x € PSLy(Z). If H(2)x = H(2) (resp. H(2)T, H(2)U), set u(x) = 1, (resp. T, U). Some
values of u that will be repeatedly used below tacitly are: u(7T~1) = T, u(TST ') = UL
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For each x, g € PSLy(Z), set
Kyg 1= u(x)gu(xg) ™! € H(2). (5.1)

One notices that, if x € H(2), kyg = gu(g)”! and, if x,g € H(2), kxg = g. Further,
if H2)x = H(2)x', then kyg = Ky, and thus k,, is well-defined as a function of
(H(2)\ PSLy(Z)) x PSLy(Z). Finally, « satisfies the relation

Kxgign = Kng1Kxgrgo: (5.2)

Next, we consider the space

I := Indjii(Crosple]) = (f - H\PSLa(2) — Crospale).

Since PSLy(Z) acts on Cy_s5,5[z], there is an action of PSLy(Z) on I, given, for v € I, by
vllg)(x) :== v(xg_1)|%_kg for all x € H(2)\ PSL2(Z), g € PSLy(Z).
Let o : H(2) — I be a 1-cocycle with values in I;. Then, as in the case of the classical
period polynomial, one sees directly by the cocycle relation that o (U) belongs to the space
W={vel;v||(S+1)=v||(U>+U+1)=0}
called the space of period polynomials in [6]. (Note that the condition v||(—1) = vincluded
in the definition of that space in [6] is not needed here because k — % is even.) We also
define the following subspace of W:
C:={P||(1-S;Pel,P||T =P).
As in the classical case again, the spaces W and C can be decomposed as a direct sum
of the +--eigenspaces of a certain involution. Specifically, let € = ( ’01 ‘1)) and let € acton a
v € I so that

v]le)(x) :== v(exe)|%_ke for all x € H(2)\ PSLy(Z).
Then I; decomposes into t=-eigenspaces under the action of €, denoted I ,f Further, since
W (resp. C) is closed under the action of ¢, it also decomposes into +-eigenspaces W+
(resp. CT). We denote that &=-component of o (/) by o(U)*, ie.
1
o(U)* = 3 (oc(U) £o(U)|l€) € WTE.

The Eichler-Shimura theorem can be formulated as a pair of isomorphisms to (quotients
of) W*. We present it here in the arrangement of [6] (Theorem 2.1) as applied to our
setting. First, for each cusp form g of weight k — % for H(2), we let p; be the element of I
defined by

Pe(¥)(2) = /0 <g‘k_1y) w)(w — z)k_%dw forall y € H(2)\ PSLy(Z). (5.3)

Each polynomial p4(y)(z) can be expanded as

3

k-3 5
%mw=2ew(nﬂmawv%
n=0
for ry(g) = "+ /0 ~ (g’k_;y) (i)t dt. (5.4)

Further, it can be shown that p, € W and hence that it can be written as a sum of its +
and — components ,ogi € W*. With this notation we have



44 Page 12 of 15 J. Branch et al. Res Math Sci(2024)11:44

Theorem 5.1 ([6], Theorem 2.1 (Eichler-Shimura)) The assignments g — ,ogJr and g —
pg induce isomorphisms

pT :Skf%(H(Z)) =wt/Ct and p~ :Skf%(H(z)) =w-/C.
Since H(2) is SLy(Z)-conjugate to I'g(2), Prop. 4.4 of [6] shows that
C ~ Clto(z) = {0},

where Cl:o(Z) denotes the analogue for C~ for I'y(2), instead of H(2).

Let k € % + Z with k > g and 4|(k — g). We will construct an element of W~ based
on a cusp form f of weight k for [o(N) such that f(—1/(Nz)) = (—iv/Nz)f(z). In the last
section, we defined the map 7y : I'§(4) — Cy_5,2[z] induced by the 1-cocycle condition
from the values 71(W,) = P, and #p(=1) = 77(T) = 0. Since 4|(k — g), the 1-cocycle
condition of Ay implies that there is a well-defined 1-cocycle njﬁ : H(2) — Ci_s)2[z]
which is induced by the 1-cocycle relation from the values

7 (S)(z) = Pu(z/2)  and n((T?) = 0.

This cocycle gives a non-trivial class in Hgar(H (2), Cx_5/2(2]) where the action of H(2) on
Cr—s/2l2] is |5/2—k-

We now define a 1-cocycle of PSLy(Z) with coefficients in I induced by the cocycle nji.
For each g € PSLy(Z) let 77 (g) be the element of I; such that

7r(g)(x) == WJ;(K;;1)|%,/<”(W) for all x € H(2)\ PSLy(Z). (5.5)
By Shapiro’s lemma or, directly with (5.1), we can see that it is a 1-cocycle. Then, as
mentioned when we introduced W earlier in this section, 7¢(U/) € W and 7¢(U) =
nf+(U) + nf_(U), for

= % (rp(U) £ e (U)]|€) € W

We can now state and prove another version of our lift of half-integral weight forms.

mp(U)*

Proposition 5.2 Let k € % + 7Z such that k > % and 4|(k — g), For each f € Si(To(N))
such that | Wx = f and for each a € [0,2k — %], thereisa g € Sk_%([‘(’)“(él)) such that

glk_%Wz; =gand, foralloddn e {1,...,k — %},

jor1 ((k - 2>N%Af(a +1— )+ (-1 <ﬁ; g)NZk_a_%”_%Af(Zk ~%-a- n))

— k_% —1—n k—%—n 3
_< j )l 2 Ag(k—i—n) (5.6)

Proof By Theorem 5.1, there exists a g1 € Sg(H(2)) such that
i (U)™ = pg,- (5.7)

Since H(2)eTe = H(2)T and H(2)eUe = H2)T1S~1 = H(2)U, we see that for each
x € H(2)\ PSLa(Z), e (U) ™ (x) (resp. Pgr (%)) is the part of the polynomial 77 (U)(x) (resp.
Pg, (%)) corresponding to its odd powers. By the definition of 777 and it 1-cocycle condition,

i (U)() =mpley ) =THT?S) =m{(T?)]5_ S +7/(S) = 0+ 7(S) = Pulz/VN).
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This, together with (3.2), shows that the n-th coefficient of 7y (U/)(1) equals the left-hand
side of (5.6).
By (5.4), the n-th coefficient of pg (1) equals

_s
(—1)"(k ., 2)51—"Ag1 (k — ; —~ n)

Since, by the analogue of the proposition in Section 8 of [3] for integral weights, the
function g such that g(z) := g1(2z) is a weight k — % cusp form for I'§(4) and Ag (s) =
25A4(s), we obtain the expression in the right-hand side of (5.6). With (5.7), we deduce
the result.

We will identify explicitly the integral weight cusp form to which a half-integral weight
form is lifted according to Prop 5.2. We will use a theorem of [6] providing explicit
inverses for the Eichler-Shimura maps ,oi. To state it, we introduce some additional
notation. Firstly, for each y € H(2)\PSLy(Z) andn =0, ...k — %, we denote by r;jf’n(g)
the constants such that

2 k—2 5
) = Z(—n"( Z)rin@)zk—f".

n
n=0

In particular, r;fn(g) = 0 (resp. r,, ,(g) = 0), when 7 is odd (resp. even). Then, for each
y € H(2)\PSLy(Z)and0 < n < k— % we denote byR}fn the unique element ofSk_% (H(2))
such that

rya) = (B R5,) forall heS;_1(H(2)
and

n
n .
st =3 ()2
=0
With this notation, Theorem 6.1 of [6] reads, in our case, as

Theorem 5.3 [6] For each g1 € S;_1(H(2)), we have

2
k—2
2 2 fe—2
a=leit Y Y ( - 2>Syul,n(g1)R;:n.
y€H(2)\ PSLy(Z) n=0

To use this theorem, we first compute 77 (U)(y) for y € H(2)\ PSLy(Z):

A (U)(1) = 7y 1) = 74(S) = Palz/VN), (5.8)
ap(UNT) = mpliep s T = 1S Hl_s T~ = Palz — 1)/VN),
p(U)U) = 7l )lj_sU = mp(UU™Y ] _sU =0,

Therefore, if g is the weight k — % cusp form for H(2) induced from f by the proof of
(5.6), then (5.7) implies that, for # odd, the n-th coefficient of P (1) (resp. ,oé;(T)), equals
the n-th coefficient of Pa(z/x/ﬁ) (resp Py((z — 1)/~/ﬁ)). Thus, with (5.7) and (3.2), we
deduce that, for each y € H(2)\ PSLy(Z) and odd #,
k—3\ _ Q5 k—3\ _
("5 e = o ana (U7 e

n
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where
k—2
o) = ks (( )N"Af(a +1—n)
n

+(k - %)N%—ﬂ—"—?ﬂ"—kﬂ/\f(zk A n)) .
n—+ 3 2

This, in turn, implies that, for eachn =0,...k — %,

n _ 5 -1 5
St = sp@) = (=D ) (7) (k , 2) af—@’, and (5.9)

=0 ] N2~1712
j odd
n 5\ —1 k—j
— — n k—2 Oy l
ST =S = (1 (1)( j 2) 2, (—1)4—Z<k_§_j)
/:dod t=k—5j N2 2
] O

Recall the cusp form g(z) = g1(2z) of weight k — % for ' (4). Then, with Theorem 5.3, we
deduce

Theorem 5.4 Letk € % + Z such that k > % and 4|(k — g). Foreachf € Sg(To(N)) such
that f |y Wn = f and for each a € [0, 2k — %], the “lift" g € Sk_%(l"’o“(él)) of Prop. 5.2 is given
by

k—3
2 3 k-2 _ _
g1 = 30014 Y (7 ) (kb0 + 57,R1,22))
n=0

where sy, sy, are given by (5.9).
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