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A B S T R A C T

Chronic pain is a major cause of disability and suffering in osteoarthritis (OA) patients. Endogenous specialised
pro-resolving molecules (SPMs) curtail pro-inflammatory responses. One of the SPM intermediate oxylipins,
17-hydroxydocasahexaenoic acid (17-HDHA, a metabolite of docosahexaenoic acid (DHA)), is significantly
associated with OA pain. The aim of this multidisciplinary work is to develop a mathematical model to describe
the contributions of enzymatic pathways (and the genes that encode them) to the metabolism of DHA by
monocytes and to the levels of the down-stream metabolites, 17-HDHA and 14-hydroxydocasahexaenoic acid
(14-HDHA), motivated by novel clinical data from a study involving 30 participants with OA. The data include
measurements of oxylipin levels, mRNA levels, measures of OA severity and self-reported pain scores.

We propose a system of ordinary differential equations to characterise associations between the different
datasets, in order to determine the homeostatic concentrations of DHA, 17-HDHA and 14-HDHA, dependent
upon the gene expression of the associated metabolic enzymes. Using parameter-fitting methods, local
sensitivity and uncertainty analysis, the model is shown to fit well qualitatively to experimental data.

The model suggests that up-regulation of some ALOX genes may lead to the down-regulation of 17-
HDHA and that dosing with 17-HDHA increases the production of resolvins, which helps to down-regulate the
inflammatory response. More generally, we explore the challenges and limitations of modelling real data, in
particular individual variability, and also discuss the value of gathering additional experimental data motivated
by the modelling insights.
1. Introduction

Inflammation plays an essential role in tissue repair and in pro-
tecting the body from further tissue injury. This process involves the
localised up-regulation of pro-inflammatory signalling molecules, in-
cluding cytokines, that attract neutrophils to the area of injury. At
later stages of the response, specialised pro-resolving mediators (SPMs)
are generated within the cells and actively down-regulate the im-
mune response to curtail pro-inflammatory signalling ensuring the
return to tissue homeostasis [1]. The SPMs are oxylipins, produced
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by the oxygenation of polyunsaturated fatty acids (PUFAs) by cy-
clooxygenases, lipoxygenases and cytochrome P450s [2,3]. Agile pro-
inflammatory and resolution responses depend upon the rapid up-
and down-regulation of a complex pathway of genes (occurring on a
timescale of days/weeks), which are controlled by transcription factors
such as NF-𝜅B, allowing the rapid change in levels of messenger RNA
(mRNA) and in functional responses [4–6].

The most well characterised SPMs derived from DHA, the resolvins
(Rvs), protectins (PDs) and maresins (MaRs), have been shown to halt
the transition from acute to chronic inflammation preventing pathogen-
esis [7]. The SPMs suppress cytokine production and resolve destructive
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Fig. 1. The metabolism of DHA into its downstream products, simplified from the Atlas of Inflammation Resolution tool [12]. The black boxes are bioactive oxylipins, the blue
boxes are the genes that are associated with the enzymes that metabolise the oxylipins and the red boxes are genes which activate other genes. Arrows without enzymes indicate
that the oxylipin breaks down naturally by auto-oxidation.
inflammation by regulating leukocyte trafficking and clearance of in-
flammatory mediators [8,9]. Dysfunction in the processes that underlie
the switch from pro-inflammatory signalling to resolution may result in
the sustained inflammation and pathogenesis seen in chronic diseases
including Alzheimer’s, cardiovascular diseases and arthritis diseases,
including OA [10].

There are two series of resolvins (D and E), which are produced
from the omega-3 PUFAs docosahexaenoic acid (DHA) and eicosapen-
taenoic acid (EPA), respectively [1]. 17-hydroxydocasahexaenoic acid
(17-HDHA) is a precursor of the D-series resolvins, which is readily
transported outside of the cells, making it detectable in biofluids in-
cluding blood plasma and serum via liquid chromatography tandem
mass spectrometry (LC-MS/MS) [11]. The metabolism of DHA and its
downstream products is shown in Fig. 1 based on a simplification of the
pathway described in [12]. Note that other variations of this pathway
have been proposed in [13,14]. The contribution of any feedback loops
regulating the inflammatory mediators is currently unknown.

Past studies have shown that plasma levels of 17-HDHA are nega-
tively correlated with self-reported pain in people with osteoarthritis
(OA), and that higher levels of 17-HDHA are associated with higher
thresholds to thermal stimulus in healthy volunteers [11]. The link be-
tween 17-HDHA and OA pain was further strengthened by the demon-
stration that exogenous administration of 17-HDHA inhibited pain
responses in rodent models of OA pain [15]. Although the exact cell
populations/types which contribute to the production of 17-HDHA
are unknown, the numbers of circulating monocytes is altered in OA
patients [16]. In addition, monocytes had increased expression of ac-
tivation markers in OA, which is associated with pain and inflamma-
tion [16], suggesting they are a likely cell type contributing to the
plasma levels of 17-HDHA.

A gap in our knowledge is an understanding of the relationship
between the expression of the genes that encode the enzymes involved
in the synthesis/catabolism of the SPMs and their levels in plasma. To
address this, here we develop a novel quantitative model to capture for
the first time the metabolism of DHA, incorporating all the disparate
experimental datasets, in order to explore the relationships between
gene expression and oxylipin concentration. We use the model to
predict levels of oxylipins in the blood and to determine what happens
when individuals are dosed with 17-HDHA. The model seeks to be
at a level of complexity appropriate to the nature of the biological
components and available data.

In the following section we introduce and summarise the data from
the clinical study. In Section 3 we devise a mathematical model to
characterise the time evolution of DHA, 14-hydroxydocasahexaenoic
acid (14-HDHA) and 17-HDHA concentrations. Section 4 then addresses
2

Table 1
Descriptive characteristics of study cohort. BMI = body mass index; K/L grade
= Kellgren–Lawrence radiographic grade; NRS = numerical rating scale; IQR =
interquartile range.

Cohort

n 30
Sex F 60%
Age median (IQR) 63 (11.25)
BMI kg/m2 median (IQR) 30.1 (5.43)
K/L grade 0∣ 1 ∣ 2 ∣ 3 ∣4 0∣ 12 ∣ 10 ∣ 7 ∣1
NRS pain score median (IQR) 5 (3)

how model parameters are fitted to the clinical data and how the
model is used to explore the relationship between gene expression
and oxylipin concentrations and to examine the effect of downstream
products, namely the D-series resolvins, after dosing with 17-HDHA.

2. Study participants and biological data

2.1. Study design

Baseline blood samples were collected from a cohort of n = 30
participants diagnosed with OA [17], defined by X-ray severity of
pathology (Kellgren–Lawrence (KL) radiographic grade) and numerical
rating scale (NRS) pain score. Ethical approval was obtained from the
Research Ethics Committee (ref: 18/EM/0154) and the Health Research
Authority (protocol no: 18021). The descriptive characteristics of the
participants are summarised in Table 1.

The KL grade is a clinician assigned integer score from 0–4, where
KL = 0 corresponds to no pathological features and KL = 4 to the
presence of large osteophytes, marked narrowing of joint space, severe
sclerosis, and definite deformity of bone ends. The numerical rating
scale (NRS) pain score is a patient reported score of perceived pain
intensity between 0 and 10, where 0 represents no pain, and 10
represents severe pain.

Oxylipins were measured in plasma prepared from the whole blood
and monocytes were isolated from the whole blood to measure gene
expression. One measurement for each patient was performed.

2.2. Levels of DHA and metabolites

Participants fasted for 12 h before blood collection to minimise any
effects of inter-individual dietary variations on DHA concentrations and
downstream metabolites. Levels of DHA, 17-HDHA and 14-HDHA were
measured in plasma using LC-MS/MS and the standard methodology for
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Fig. 2. The correlation of oxylipin plasma concentrations (denoted by the black labels) with patient characteristics (denoted by the red labels) and genes (denoted by the blue
abels) expressed from intermediate and classical monocytes. Positive correlations are displayed in blue where the colour intensity and the area of the circle are proportional. Only
orrelations where the significance level p<0.01 are plotted.
Table 2
Median concentrations and IQR of DHA (docohexadecanoic acid), 17-HDHA
(17-hydroxy DHA) and 14-HDHA (14-hydroxy DHA).

Plasma oxylipins Median (IQR)

DHA (μM) 33.66 (21.58)
17-HDHA (nM) 0.42 (0.88)
14-HDHA (nM) 2.7 (2.71)

their quantification is described in [18,19]. A summary of the resulting
measured plasma concentrations of oxylipins that appear in the DHA
pathway is provided in Table 2. Concentrations of resolvins, maresins
and protectins were below the lower limit of quantification (i.e. < 50
M, 10 pM and 50 pM, respectively) so were not measurable in our
amples.

One participant was an outlier in the study (identified using Grubbs
est), having significantly higher levels of 14-HDHA (22.14 nM com-
ared to the median of 2.7 nM). No specific reason was found for the
igh level but it was noted that this individual was the only one taking
combination of NSAIDs, steroids and opioids. This individual was

emoved from the dataset used for the model.

.3. Gene expression dataset

The plasma oxylipin concentrations measured experimentally reflect
he overall circulating concentrations from multiple in-vivo and dietary
ources. Monocytes are a likely important cell source of the plasma
xylipin molecules [20] so were isolated from the whole blood and
orted by fluorescence-activated cell sorting (FACS) into two popula-
ions, intermediate and classical [21], defined by relative expression
evels of CD14 and CD16 surface proteins. Classical monocytes com-
rise the majority of circulating monocytes and are highly phagocytic.
ntermediate monocytes comprise about 2%–8% of circulating mono-
ytes and their functions include production of reactive oxygen species
ROS), antigen presentation, participating in the proliferation and stim-
lation of T cells, inflammatory responses and angiogenesis [22].

In order to measure the expression of genes involved in the DHA
athway, total RNA was extracted from the cell suspensions of the clas-
ical and intermediate monocytes and next-generation RNA sequencing
as performed by Genewiz. The SMART-Seq v4 Ultra Low Input RNA
it (Clontech) was used to perform cDNA synthesis and amplification.

llumina-compatible sequencing libraries were constructed and then
equenced on the Illumina HiSeq 2500 with a 2 × 150 paired-end
onfiguration. The quality of raw counts was assessed using FASTQC
3

and reads were subsequently trimmed to remove adapter sequence
and low quality nucleotide calls using Trimmomatic v.0.36. STAR
aligner v.2.5.2b was used to map the trimmed reads to the ENSEMBL
Homo sapiens GRCh38 genome. Unique gene hit counts were obtained
through the featureCounts tool of the Subread package v.1.5.2 with
only unique reads falling within exon regions counted.

mRNA levels were quantified as the number of reads that map to
each gene which is proportional to the level of mRNA, sequencing
depth, gene length and RNA composition. Using the raw count data
for the two monocyte populations, we normalised the counts using the
median of ratios method (described in [23]) to scale the raw count
values for sequencing depth and RNA composition, to provide datasets
allowing a comparison of gene expression between samples. Given that
we are comparing counts between participants for the same gene, we
did not need to normalise for gene length.

Expression levels of the genes for the key enzymatic pathways
involved in the metabolism of DHA are summarised in Table 3. Median
values of EPHX1 are higher and ALOX5AP and ALOX12 lower, in
classical monocytes with the remaining genes having similar levels for
the two monocyte populations. The interquartile ranges for ALOX5AP,
EPHX1 and GPX4 are larger for classical monocytes indicating greater
variation in individuals.

2.4. Correlations between lipids, gene expression and clinical measurements

For initial exploratory analysis of the clinical data we computed
the pairwise Pearson correlation coefficients between plasma concen-
trations of DHA, 17-HDHA and 14-HDHA, gene expression and patient
characteristics i.e. age, sex, BMI, pain score (NRS) and osteoarthritis
score (KL).

Concentrations of 17-HDHA were correlated with both DHA and
14-HDHA, but there was little correlation between oxylipin concentra-
tions and age, BMI, sex or NRS score and, similarly, between mRNA
expression and patient characteristics (Fig. 2). 17-HDHA and 14-HDHA
are likely correlated because they are both metabolites of DHA (rather
than there being a particular biological relationship between them).
This implies that DHA metabolism down both the ALOX12 and ALOX15
pathways is consistent as the DHA concentration changes i.e. the con-
version ratio to 17-HDHA and 14-HDHA is the same, regardless of any
increases in the DHA concentration.

There were also correlations between the mRNA expression of genes
with each other, particularly in the classical monocytes (Fig. 2). For
both populations, ALOX15 was correlated with GPX4. However, for
intermediate monocytes, ALOX15 was also correlated with EPHX1 and
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Table 3
Normalised raw gene count data from intermediate and classical monocytes with the associated enzymes encoded with these
genes.
Gene Enzyme (abbreviation) Normalised gene count

Intermediate Classical
median (IQR) median (IQR)

ALOX5 Arachidonate 5-lipoxygenase (5-LOX) 18 (12) 6 (9)
ALOX12 Arachidonate 12-lipoxygenase (12-LOX) 260 (156) 138 (162)
ALOX15 Arachidonate 15-lipoxygenase (15-LOX) 27 (30) 25 (44)
ALOX5AP 5-Lipoxygenase activating protein (FLAP) 2690 (1062) 2287 (1565)
LTA4H Leukotriene-A(4) hydrolase (LTA4H) 50 (38) 54 (75)
EPHX1 Microsomal Epoxide Hydrolase 1 (EPHX1) 1325 (781) 2445 (1344)
EPHX2 Microsomal Epoxide Hydrolase 2 (EPHX2) 17 (15) 22 (12)
EPHX3 Microsomal Epoxide Hydrolase 3 (EPHX3) 4 (13) 3 (4)
GPX4 Glutathione peroxidase 4 (GPX4) 1797 (333) 2002 (1175)
Fig. 3. A summary of the relationship between the experimental protocol and the modelling process. In the centre boxes are the genes and oxylipins relevant to the DHA pathway
that have been measured experimentally and used in the mathematical model.
EPHX2, whereas in classical monocytes, it was also correlated with
LTA4H and EPHX3. ALOX12 was correlated with GPX4 and EPHX3 and
ALOX5 with ALOX5AP and LTA4H for classical monocytes. LTA4H was
correlated with EPHX1 and EPHX2 and GPX4 with EPHX2 for interme-
diate monocytes and for classical monocytes, LTA4H is correlated with
GPX4 and EPHX1 and GPX4 also with EPHX1.

In the following sections, we consider both the intermediate and
classical monocytes individually, and also combined to model the
oxylipin concentration. The concentration of oxylipins is made up of
contributions from both populations of monocytes, along with other
cells including platelets and other leukocytes. However, the relative
contributions from these different cell types are unknown, so we only
consider monocytes in this paper and assume that they are the major
contributor. This can be modified when more information becomes
available.

In a fixed volume of blood taken from participants, the ratio of
the median number of classical to intermediate monocytes was ap-
proximately 13:1. However, the ratio of the median amount of RNA
extracted from these cells was approximately 6:4, indicating that the
amount of RNA extracted is not correlated with cell number. We
therefore assume that the latter gives a better indication of relative
contributions as not all cells will be metabolising DHA and expressing
relevant genes. RNAseq was performed on a fixed amount of RNA
from each monocyte type, so assuming that one molecule of RNA in
the classical makes the same contribution as one molecule of RNA in
the intermediate and also that one molecule of RNA in classical or
intermediate in patient 𝑦 contributes the same amount of one molecule
4

RNA in patient x, we calculate the combined gene expression from
both monocyte populations (‘‘total monocyte gene count’’) to be a 60%
contribution from the normalised gene counts obtained from classical
and 40% from intermediate monocytes.

3. Model formulation and parameterisation

3.1. The model

In Section 2 we summarised the different sets of data that have
been collected from our cohort of participants. Analysis of pairwise
correlations did not identify any significant linear relationships be-
tween individual genes and plasma oxylipin levels. However, a linear
correlation may not be expected if it is a combination of genes that
determines the concentration of the oxylipins via a nonlinear dynamic
process. We therefore employ mathematical modelling techniques to
characterise associations between the different datasets in order to
reveal how differences in gene expression may explain the plasma
levels of DHA and its metabolites. A summary of the modelling process
presented in the following sections and of how we use the experimental
data is provided in Fig. 3.

We begin by simplifying the pathway diagram presented in Fig. 1
to focus on the precursors upstream of 17-HDHA and 14-HDHA to
determine what influences their levels. These simplifying assumptions
should not have any impact on the overall pathway as the rates of loss
of our main metabolites remain unchanged. However, it will have the
benefit of making it easier to identify parameter values (discussed in
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Fig. 4. The metabolism of DHA into its downstream products where the black boxes are bioactive oxylipins, the blue boxes are the genes that are associated with the enzymes
that metabolise the oxylipins and the red boxes are genes which drive the key genes. Arrows without enzymes indicate that the oxylipin breaks down naturally by auto-oxidation.
Oxylipin names in green denote those that were measured in plasma in this study. The rates at which the oxylipins are metabolised are denoted by R𝑖 and the natural oxylipin
degradation rate constants are denoted by 𝛿𝑖 for 𝑖 = 1,… , 11.
Sections 3.3 and 4.1). A system of ordinary differential equations de-
scribing the time evolution of each bioactive oxylipin in the simplified
pathway diagram (Fig. 4) and their interactions with other metabolites
is presented below.

We define the concentration of oxylipins in these equations to be the
average concentration per unit total volume, i.e. both the internal 𝑉𝑖 (in
monocytes) and external 𝑉𝑒 (in plasma) volumes. Assuming equilibrium
between the internal and external concentrations, the effective rate
constants are the actual internal rate constants multiplied by 𝑉𝑖∕(𝑉𝑖 +
𝜇𝑉𝑒) where 𝜇 is the relevant partition coefficient i.e. [oxylipin]𝑒 =
𝜇[oxylipin]𝑖. The actual internal concentration is then a multiple (𝑉𝑖 +
𝑉𝑒)∕(𝑉𝑖 +𝜇𝑉𝑒) of the variables appearing in Eqs. (1)–(5). This approach
is applied to DHA and also its metabolites, which are all exchanged
between the plasma and monocytes.

Enzymes encoded with associated genes are responsible for each
step in the biochemical metabolic pathway and the rate terms (defined
in Tables 4–6) are therefore dependent upon the concentration of active
enzyme. The production of enzymes is complicated and their concentra-
tion could not be measured experimentally in this study. However, we
do have the mRNA levels of the corresponding genes but it is important
to note that the relationship between the mRNA levels and the protein
(and therefore activity) is complex and likely to depend on the state of
the local environment. The main aim of this study was to advance our
understanding of how differences in participant gene expression may
relate to their corresponding plasma levels of DHA and its metabolites.
Given that mRNA is degraded in the cytoplasm, which can be regulated
at different stages of transcription and translation, the ratio of RNA to
subsequent protein is not precisely known. Nevertheless, an increase
in the expression of mRNA is usually indicative of an increase in the
protein [24]. As these samples are from people with chronic OA pain
of varying levels it is likely that the current environment reflects a
long-term state change, which we assume to be the same for all of the
enzymes in the pathway. Although the relationships between the mRNA
and protein levels are influenced by local availability of substrates,
this is likely to be comparable for all of the enzymes considered in
this model as the local environment is similar for all (i.e. all are from
the same population of cells) [25]. We therefore adopt the simplifying
assumption that the model and its rate constants 𝑘, in the equations
below, encompass the complicated relationship between the enzyme ac-
tivity and corresponding gene expression. Gene expression is assumed
to be the normalised gene counts for each individual from intermediate,
classical or total (defined earlier) monocytes.
5

Table 4
Rate terms for the metabolism of DHA to 14-HpDHA and 17-HpDHA expressed
in Eq. (1). [ ] denotes the bioactive oxylipin concentration and rate constants are
denoted by 𝑘.

Rate Description Term

𝑅1 Production of DHA from diet 𝑃𝐷𝐻𝐴
𝑅2 Conversion by 15-LOX of DHA to 17-HpDHA 𝑘2ALOX15[DHA]
𝑅3 Conversion by 12-LOX of DHA to 14-HpDHA 𝑘3ALOX12[DHA]

DHA
DHA is an omega-3 PUFA that is obtained mainly from the diet at

rate 𝑅1 (Fig. 4) where 𝑅1 is related to the dietary intake of free fatty
acids and the rate at which they are converted to DHA. DHA can also
be produced intracellularly by the continuous recycling of fatty acyl
chains from phospholipids [26,27] but this is very slow compared to
dietary contributions so we do not consider it here. DHA can cross
cell membranes and is metabolised to various specialised pro-resolving
mediators (SPMs) mostly within cells.

DHA is metabolised in the cell into 14-HpDHA by 12-LOX (associ-
ated gene ALOX12) at rate 𝑅3 and 17-HpDHA by 15-LOX (associated
gene ALOX15) at rate 𝑅2. Note that gene expression can also be affected
by diet but this is not considered here. The equation describing the
concentration of DHA is thus
𝑑[DHA]

𝑑𝑡
= 𝑅1 − 𝑅2 − 𝑅3 − 𝛿1[DHA], (1)

where we assume that DHA decays with rate constant 𝛿1 and the
conversion of DHA by 12-LOX and 15-LOX to 14-HpDHA and 17-
HpDHA follows mass action kinetics. We make this assumption to limit
the number of unknown parameters in the model. The reaction terms
are listed in Table 4.

15-LOX is expressed in many different cells and has important roles
in the metabolism of PUFAs to a wide range of physiologically and
pathologically relevant products [28,29]. In Fig. 1, aspirin acetylated
COX-2 also contributes to the metabolism of DHA to 17-HpDHA in
conjunction with 15-LOX. However, no participants in the clinical study
were taking aspirin so we have not included this term in the present
model. 12-LOX oxidises PUFAs, particularly omega-6 and 3 fatty acids,
to generate a number of bioactive oxylipin metabolites. A number
of studies have revealed the importance of 12-LOX in oxidative and
inflammatory responses [30–32].

The metabolism of DHA is essentially modular with the two main
sections, the ALOX12 pathway and the ALOX15 pathway, not known
to interact with each other (Fig. 4). The equations representing the
oxylipin metabolism in each section are detailed below.
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Fig. 5. Model simulations illustrating the relationship between the parameter P𝐷𝐻𝐴 and the concentration of DHA (left), the assumed gradual decrease in P𝐷𝐻𝐴 during fasting
(middle) and the decrease in the DHA concentration during a 12 h fast (right), using the median mRNA values from our cohort for intermediate monocytes and parameter values
given in Table 8.
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Table 5
Rate terms expressed in Eqs. (2)–(3). [ ] denotes the oxylipin concentration and rate
constants are denoted by 𝑘.

Rate Description Term

𝑅10 Conversion of 14-HpDHA by 12-LOX 𝑘10ALOX12[14-HpDHA]
𝑅11 Conversion of 14-HpDHA by 5-LOX 𝑘11ALOX5[14-HpDHA]
𝑅5 Conversion of 14-HpDHA to 14-HDHA 𝑘5[14-HpDHA]

ALOX12 pathway
DHA is metabolised by 12-LOX to 14-HpDHA. This is then

metabolised by 12-LOX and 5-LOX (associated gene ALOX5) to produce
Maresins and auto-oxidised to produce 14-HDHA, all of which play an
important role in the resolution of inflammation by reducing neutrophil
chemotaxis, platelet aggregation and increasing phagocytosis in leuko-
cytes [33]. The equations representing the concentrations of 14-HpHDA
and 14-HDHA are:
𝑑[14-HpDHA]

𝑑𝑡
= 𝑅3 − 𝑅10 − 𝑅11 − 𝑅5 − 𝛿3[14-HpDHA], (2)

𝑑[14-HDHA]
𝑑𝑡

= 𝑅5 − 𝛿5[14-HDHA], (3)

where the reaction terms are listed in Table 5.

ALOX15 pathway
17-HpDHA is converted into 17-HDHA by GPX4 (associated gene

GPX4) at rate 𝑅4. It is also converted by 5-LOX, activated by FLAP
(encoded by the ALOX5AP gene) at rate 𝑅6 and by 15-LOX at rate 𝑅7.
We assume that the natural decay rate constants for 17-HpDHA and
17-HDHA are 𝛿2 and 𝛿4, respectively. 17-HDHA is then metabolised by
5-LOX (activated by FLAP) and auto-oxidised to the D-series resolvins
at rates 𝑅8 and 𝑅9, respectively. This is discussed in more detail in
Section 4.2.2.

The equations representing the concentrations of 17-HpDHA and
17-HDHA are
𝑑[17-HpDHA]

𝑑𝑡
= 𝑅2 − 𝑅4 − 𝑅6 − 𝑅7 − 𝛿2[17-HpDHA], (4)

𝑑[17-HDHA]
𝑑𝑡

= 𝑅4 − 𝑅8 − 𝑅9 − 𝛿4[17-HDHA], (5)

where the reaction terms are listed in Table 6.

Fasting and initial conditions
Participants in the cohort fasted before blood collection to minimise

inter-individual variations in recent dietary intake. In [34], it was
shown that in free fatty acids, the clearance of exogenous DHA takes
only a few hours to return to its homeostatic level. This suggests that
following a 12 h fast, as adopted in this study, levels of DHA and its
metabolites are at steady state. During this time, mRNA levels remain
unchanged as any dietary effects at the protein or gene level will occur
over a timescale of days.

We first consider the effect of fasting on the oxylipin concentrations
by solving the system of ODEs given by (1)–(5) using the parameter
values described later (except 𝑃 ) and the median mRNA values in
6

𝐷𝐻𝐴
our cohort for intermediate monocytes. 𝑃𝐷𝐻𝐴 encompasses the dietary
ntake of free fatty acids and the rate at which they are converted to
HA so we vary this parameter to illustrate its effect on the oxylipin
oncentrations. We assume initially at 𝑡 = 0, the oxylipin concentrations
re

DHA]0 = 0, [17-HpDHA]0 = 0, [17-HDHA]0 = 0, [14-HpDHA]0 = 0,

14-HDHA]0 = 0, (6)

here [ ]0 is the initial concentration of oxylipin, and run the simu-
ations until a steady state has been reached for each value of 𝑃𝐷𝐻𝐴
anging from 0.325–0.425 μM/s. The dose response curve for the
esulting steady state concentration of DHA is shown in Fig. 5a. The
oncentration of DHA increases linearly with 𝑃𝐷𝐻𝐴 (note that this
odel does not account for the body storing (and accessing) excess
HA in tissue or in its esterified form) and similar relationships are
bserved between both 17-HDHA and 14-HDHA and 𝑃𝐷𝐻𝐴.

In [35] it was shown that the concentration of DHA and EPA in
heir control cohort decreased by approximately 10% following at least
0 h of fasting. This small decrease illustrates the body’s homeostatic
unction to maintain the levels of essential compounds such as fatty
cids to sustain the availability of DHA until bodily reserves are ex-
austed, which takes weeks. We therefore assume that initially, prior
o fasting, the concentration of DHA is 10% higher than the measured
edian steady state value in the cohort and the corresponding value

f 𝑃𝐷𝐻𝐴 is determined from Fig. 5a. We solve Eqs. (1)–(5) with these
ew set of initial conditions and assume that the rate at which DHA
s produced by the diet, decreases from this new value to the value
reviously calculated at steady state over a 12 h period as shown in
ig. 5b. As DHA and 𝑃𝐷𝐻𝐴 are linearly related, this functional form
as been chosen based on the reduction of DHA observed in [35].

Fig. 5c illustrates the time evolution of the DHA levels during this
2 h of fasting. The concentration profile of DHA (and similarly for
7-HDHA and 14-HDHA, not shown) decreases rapidly over the first
h before attaining steady state towards the end of the fasting period.

In the following sections, we exploit the steady state behaviour of
he mRNA values and oxylipin concentrations to solve the steady state
quations given in Section 3.2.

.2. Steady state equations

As discussed previously, we assume that the bioactive oxylipin con-
entrations and mRNA levels measured experimentally are the values at
teady state. The complex stereochemistry involved in the production of
7-HDHA and SPMs is thought to be mainly auto-oxidative or enzyme
ependent [36,37]. In the absence of any other information, and with
he aim of keeping the number of parameters to a minimum, we
herefore assume that the decay rate constants of the intermediate
xylipins are negligible i.e. 𝛿1 = 𝛿2 = 𝛿3 = 𝛿4 = 0.

At steady state i.e. 𝑑
𝑑𝑡 = 0, Eqs. (1)–(5) can be reduced to the

following algebraic system

𝑃 = 𝑘 ALOX15 [DHA] + 𝑘 ALOX12 [DHA], (7)
𝐷𝐻𝐴𝑀 2𝑀 𝑀 3𝑀 𝑀
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Table 6
Rate terms expressed in Eqs. (4)–(5). [ ] denotes the oxylipin concentration, rate constants are denoted by 𝑘 and 𝐾𝐴 is a
constant.
Rate Description Term

𝑅4 Conversion by GPX4 of 17-HpDHA 𝑘4GPX4[17-HpDHA]
to 17-HDHA

𝑅6 Conversion of 17-HpDHA by 5-LOX 𝑘6(1 +
ALOX5AP

𝐾𝐴
)ALOX5[17-HpDHA]

(activated by FLAP)

𝑅7 Conversion of 17-HpDHA by 15-LOX 𝑘7ALOX15[17-HpDHA]

𝑅8 Conversion of 17-HDHA by 5-LOX 𝑘8(1 +
ALOX5AP

𝐾𝐴
)ALOX5[17-HDHA]

(activated by FLAP)

𝑅9 Conversion of 17-HDHA by auto-oxidation 𝑘9[17-HDHA]
w
t
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0 = 𝑘3𝑀 ALOX12𝑀 [DHA] − 𝑘10𝑀 ALOX12𝑀 [14-HpDHA]

− 𝑘5𝑀 [14-HpDHA] − 𝑘11𝑀 ALOX5𝑀 [14-HpDHA], (8)

0 = 𝑘5𝑀 [14-HpDHA] − 𝛿5𝑀 [14-HDHA], (9)
0 = 𝑘2𝑀 ALOX15𝑀 [DHA] − 𝑘4𝑀 GPX4𝑀 [17-HpDHA]

− 𝑘7𝑀 ALOX15𝑀 [17-HpDHA]

− 𝑘6𝑀 ALOX5𝑀

(

1 +
ALOX5AP𝑀

𝐾𝐴𝑀

)

[17-HpDHA], (10)

0 = 𝑘4𝑀 GPX4𝑀 [17-HpDHA]

− 𝑘8𝑀 ALOX5𝑀

(

1 +
ALOX5AP𝑀

𝐾𝐴𝑀

)

[17-HDHA]

− 𝑘9𝑀 [17-HDHA], (11)

where subscript 𝑀 denotes the monocyte type 𝐼 (intermediate), 𝐶
(classical) and 𝑇 (total).

We introduce a statistical model to represent the experimentally
measured oxylipin concentrations 𝐲𝑑𝑎𝑡𝑎𝑖 for individual 𝑖 in terms of the
model steady state solution 𝐲𝑖 = 𝑓 (𝜽𝑖) and an error term 𝝐𝑖 (as the data
does not match up precisely with the model solutions) so that

𝐲𝑑𝑎𝑡𝑎𝑖 = 𝑓 (𝜽𝑖) + 𝝐𝑖.

Here 𝐲𝑑𝑎𝑡𝑎𝑖 and 𝐲𝑖 are given, respectively, by the vector ([DHA]𝑖, [17-
HpDHA]𝑖,[17-HDHA]𝑖, [14-HpDHA]𝑖, [14-HDHA]𝑖)𝑇 of observed and

odelled concentrations, and 𝜽𝑖 is the collection of unknown parame-
ers 𝑃𝐷𝐻𝐴𝑀

, 𝑘𝑙𝑀 for 𝑙 = 2 − 11, 𝐾𝐴𝑀
and the decay rate constant 𝛿5𝑀

for the 𝑖th individual.

3.3. Model parameter values

We separately examine each monocyte population, i.e. intermediate
and classical, as well as the combined population, and identify param-
eter values for each type based on the expression of genes measured in
the clinical data.

The parameters in the model have not been measured directly in this
study and are not well documented in existing literature. However, [13]
has estimated Michaelis–Menten parameters for 12-LOX and 15-LOX
in platelets acting on the substrate DHA in vitro and the steady state
kinetic values are given in Table 7. The values in Table 7 include
estimated uncertainty measured in [13] via ± standard error, though
enceforth we use the point estimates.

As mentioned earlier, reactions have been modelled linearly to
educe the number of unknown parameters needing to be determined.
owever, from our cohort, the concentrations of DHA range from
6.19–63.65 μM suggesting from Table 7, that the reactions of 15-
OX and 12-LOX with DHA are both saturated by DHA and the linear
pproach assumed is inconsistent with the kinetic data. However,
dopting Michaelis–Menten or saturated forms for 𝑅2 and 𝑅3 gives a

worse fit between predicted and measured concentrations as discussed
in Appendix A. Therefore, given the uncertainty regarding the currently
7

unknown factors involved in converting enzyme concentrations into the
Table 7
Steady state kinetic values of 15-LOX (also known as h15-LOX-2) and 12-LOX (also
known as h12-LOX) with substrate DHA taken from Tables 1 and 6 in [13] measured
in vitro. Assumed values of 𝑘2𝑀 and 𝑘3𝑀 used in the simulations calculated from Eq. (12)

here [DHA] is the median concentration in the cohort and 𝑘𝑐𝑎𝑡12 , 𝐾𝑚12
, 𝑘𝑐𝑎𝑡15 , 𝐾𝑚15

are
he steady state kinetic values taken from [13] for 12-LOX and 15-LOX, respectively.
Enzyme Substrate 𝑘𝑐𝑎𝑡 (s−1) 𝐾𝑚 (μM) Value used in simulations

15-LOX DHA 3 ± 0.3 11 ± 2 𝑘2𝑀 = 6.72×10−6 s−1

12-LOX DHA 14 ± 1 1.1 ± 0.2 𝑘3𝑀 = 4.03×10−5 s−1

mRNA levels, in addition to differences between in vitro and in vivo
kinetic values and between cell types i.e. platelets vs. monocytes, we
assume that the rate constants 𝑘2 and 𝑘3 in Eq. (1) are determined by

𝑘2𝑀 =
𝑘𝑐𝑎𝑡15𝛼15

𝐾𝑚15
+ [DHA]𝑚

, 𝑘3𝑀 =
𝑘𝑐𝑎𝑡12𝛼12

𝐾𝑚12
+ [DHA]𝑚

, (12)

o that the reactions can be modelled linearly without making any
ssumptions regarding the relative magnitudes of the substrate concen-
ration and Michaelis constant. In the absence of any other information,
e assume that these values are the same for the two populations of
onocytes. Here 𝛼12 and 𝛼15 are the proportionality constants relating

he active enzyme concentration to its corresponding gene expression,
𝑐𝑎𝑡12 , 𝐾𝑚12

, 𝑘𝑐𝑎𝑡15 , 𝐾𝑚15
are given by the 𝑘𝑐𝑎𝑡 and 𝐾𝑚 values in Ta-

le 7 for 12-LOX and 15-LOX, respectively, and [DHA]𝑚 is the median
oncentration of DHA measured in our cohort as given in Table 2
.e. 33.66 μM. For simplicity we assume that 𝛼12 = 𝛼15 = 1 × 10−4 with
nits μM to give appropriate timescales. However, we explore when
12 ≠ 𝛼15 by varying 𝑘2𝑀 and 𝑘3𝑀 independently in the uncertainty
nalysis in Section 4.1.2. Similar equations for other oxylipin substrates
nd enzyme concentrations are assumed, but as we do not have any
nformation regarding the Michaelis–Menten constants and turnover
umbers, the fitted values determined in Section 4.1 are representative
f the values which would be obtained by calculating in this manner.
𝑃𝐷𝐻𝐴𝑀

is a very important parameter in the pathway as it deter-
ines the concentration of DHA and ultimately the remaining metabo-

ites. It represents the rate of production of DHA from the diet and
ther sources, which is likely to vary between individuals in our cohort.
e therefore determine its value directly from the steady state Eq. (7)

sing the measured concentration of DHA and values for ALOX12 and
LOX15 for each individual in the cohort and the values of 𝑘2𝑀 and

𝑘3𝑀 in Table 7 so that

[DHA] =
𝑃𝐷𝐻𝐴𝑀

𝑘2𝑀 ALOX15𝑀 + 𝑘3𝑀 ALOX12𝑀
, (13)

confirming that DHA is proportional to its intake 𝑃𝐷𝐻𝐴 as observed in
Fig. 5a.

In the following subsection, we fit by least squares the remaining
parameters in the model using the measured oxylipin concentrations for
DHA, 17-HDHA and 14-HDHA and imposing non-negativity constraints
on all parameters whereby 𝜽 ≥ 0.
𝑖



Mathematical Biosciences 374 (2024) 109228S.J. Franks et al.

𝑘
A

t
s
c
𝑦
i

t
i
t
g
d
r
u

s
m

w
p
H
d

o
a
t
t
r
a
w
o
t
A
t
a
d
o

p
c

4

p
g
a
M
i
d
t
c

s
s
e
T
p

c
o
i

Table 8
Fitted parameter values determined from the steady state equations (7)–(11). Values
for 𝑃𝐷𝐻𝐴 denote min–max (median) calculated from Eq. (13) using values of 𝑘2𝑀 and
3𝑀 given in Table 7 and measured concentrations of DHA and gene expressions of
LOX15 and ALOX12 from each individual in the cohort.
Parameter Fitted value Units

Intermediate Classical Total

𝑃𝐷𝐻𝐴𝑀
0.15–0.92 (0.37) 0.02–0.84 (0.2) 0.11–0.84 (0.27) μM s−1

𝑘2𝑀 0.0672 × 10−4 0.0672 × 10−4 0.0672 × 10−4 s−1

𝑘3𝑀 0.403 × 10−4 0.403 × 10−4 0.403 × 10−4 s−1

𝑘4𝑀 2.2 × 10−9 1.1 × 10−9 1 × 10−9 s−1

𝑘5𝑀 1.2 × 10−8 1.66 × 10−8 1.7 × 10−8 s−1

𝑘6𝑀 3.5 × 10−9 3.68 × 10−8 1 × 10−9 s−1

𝑘7𝑀 27.46 × 10−4 27.73 × 10−4 24.6 × 10−4 s−1

𝑘8𝑀 1 × 10−9 1.47 × 10−9 1.03 × 10−9 s−1

𝑘9𝑀 9 × 10−4 4.99 × 10−4 5.13 × 10−4 s−1

𝑘10𝑀 0.51 × 10−4 0.76 × 10−4 0.79 × 10−4 s−1

𝑘11𝑀 1.94 × 10−4 1.85 × 10−4 1.87 × 10−4 s−1

𝐾𝐴𝑀
1 1 1 Constant

𝛿5𝑀 1 × 10−4 1 × 10−4 1 × 10−4 s−1

4. Predictive results

4.1. Global parameter estimation

We assume that individuals have parameters in common, so that
𝜽𝑖 = 𝜽, and wish to determine an optimal set of parameter values
𝜽 = �̂� which minimise an objective function we specify as the weighted
sum of squares of the residuals between the model simulations and
measured data

𝑆(𝜽) =
𝑛
∑

𝑖=1

𝑚
∑

𝑗
𝑊𝑗 × (𝑦𝑖𝑗 − 𝑦𝑑𝑎𝑡𝑎𝑖𝑗 )2. (14)

Here 𝑗 represents the number of measured bioactive oxylipins, 𝑊𝑗 are
he weights which are assumed to be equal to the reciprocal of the
tandard deviation of the observed data, 𝑦𝑖𝑗 are the calculated oxylipin
oncentrations for each individual from the steady state Eqs. (8)–(11),
𝑑𝑎𝑡𝑎
𝑖𝑗 are the corresponding experimentally measured concentrations, 𝑛
s the number of individuals and 𝑚 is the number of equations.

To obtain 𝑓 (𝜽𝑖), Eqs. (8)–(11) were solved for the positive root of
he steady state oxylipin concentration using the multiroot function
n R which employs the Newton–Raphson method. The residuals were
hen calculated and the bobyqa function (which employs a trust re-
ion method that forms quadratic models by interpolation) used to
etermine the parameters which minimise the sum of squares of the
esiduals. Non-negativity constraints are used as lower limits but no
pper limits are imposed. No other a-priori assumptions are made.

The parameters 𝑘5𝑀 and 𝛿5𝑀 are related by Eq. (9) so the steady
tate values are essentially multiples of the actual parameters but the
ultiplying factors are unknown. We therefore assume a value for 𝛿5𝑀

and fit for 𝑘5𝑀 using the method described. We also assume a constant
value for 𝐾𝐴𝑀

which is the same for all monocyte types. This can be
modified when more information becomes available. The fitted values
for each monocyte type are summarised in Table 8 using the measured
mRNA levels for each individual.

The concentrations of DHA, 17-HDHA and 14-HDHA calculated
from solving the system of algebraic Eqs. (7)–(11) for each individual
using these common steady state parameter values, the median value
of 𝑃𝐷𝐻𝐴𝑀

and the gene expression for each individual in our cohort is
shown in Fig. 6 for each monocyte type.

There is some qualitative agreement between the best obtained
approximation of the globally optimal fit of the steady state concentra-
tions and the experimental values. mRNA levels and their correspond-
ing fitted parameters from intermediate monocytes give the best fit
overall (i.e. the objective function is minimised) so we will use these
values going forward and drop the subscript 𝑀 . However, it should
8

be noted that total monocytes give a slightly better fit for 17-HDHA.
The model tends to underestimate the oxylipin concentrations for some
individuals who have large measured DHA, 14-HDHA and 17-HDHA
concentrations indicating that some of the assumptions we have made
for the model and parameters are not capturing the full behaviour.

In Fig. 2, we observed a correlation in the cohort between the
measured concentrations of 17-HDHA and DHA and also between 17-
HDHA and 14-HDHA. These relationships are plotted in Fig. 7 along
with the corresponding model predictions which also indicate some
linear correlation between these oxylipins.

4.1.1. Sensitivity analysis
To determine the most important parameters in our model, we

perform a local sensitivity analysis to analyse the effect of changing
the individual parameters on the oxylipin concentration. Choosing the
average mRNA levels across our cohort and using the fitted parameter
values in Table 8 with the median value chosen for 𝑃𝐷𝐻𝐴, we solve
our steady state system of Eqs. (7)–(11) to determine the oxylipin
concentrations. We then estimate the local effect of parameters on these
steady states by increasing and decreasing each individually by 10%
and calculating the relative change in our output variable in relation
to the relative change in parameter i.e.
𝛥𝐲∕𝐲
|𝛥𝜽|∕𝜽

here 𝛥𝜽 = 1.1×𝜽 and 𝛥𝜽 = 0.9×𝜽. This gives the relative sensitivities
roviding a measure of how much the concentration of DHA, 14-
DHA and 17-HDHA increase or decrease in relation to an up- or
own-regulation in the parameter value.

Fig. 8 demonstrates that the parameters that are the most influential
n the concentration of DHA is its rate of production 𝑃𝐷𝐻𝐴 and the rate
t which it is converted to 14-HpDHA by ALOX12 (𝑘3). The concen-
ration of 17-HDHA is dependent upon the majority of parameters in
he ALOX15 pathway (except 𝑘6), increasing the most when 𝑃𝐷𝐻𝐴, the
ate 17-HpDHA is metabolised to 17-HDHA by GPX4 (𝑘4) and the rate
t which DHA is converted to 17-HpDHA by ALOX15 (𝑘2) increase and
hen 𝑘3, the rate 17-HpDHA is converted by ALOX15 (𝑘7) and the rate
f conversion of 17-HDHA by auto-oxidation (𝑘9) decrease. Similarly,
he concentration of 14-HDHA is dependent upon the parameters in the
LOX12 pathway. In particular, 14-HDHA increases when 𝑃𝐷𝐻𝐴 and

he rate at which 14-HpDHA is metabolised to 14-HDHA (𝑘5) increase
nd when the rate of conversion of 14-HpDHA by ALOX5 (𝑘11), the
egradation rate constant of 14-HDHA (𝛿5) and the rate of conversion
f 14-HpDHA by ALOX12 (𝑘10) decrease.

All oxylipin concentrations are sensitive to 𝑃𝐷𝐻𝐴 which explains the
oor fit for some participants in Fig. 6 between simulated and measured
oncentrations of DHA derived using a constant value for 𝑃𝐷𝐻𝐴.

.1.2. Uncertainty analysis
As discussed in Section 3, the rate parameters encompass the com-

licated relationship between the enzyme activity and corresponding
ene expression. It is likely that they vary for each individual i.e. they
re not just a biochemical constant that is independent of other factors.
edication taken by participants in the cohort and polymorphisms

n the genes will both influence the kinetics. We therefore wish to
etermine, firstly, the global effect of the parameters and, secondly,
he effect of variations in gene expression on the bioactive oxylipin
oncentrations to assess the uncertainty of the simulated value.

Using the mRNA levels from each participant in our cohort, we
olve our system of algebraic equations, drawing a Latin Hypercube
ample from the range of values determined by doubling and halving
ach of the parameters in Table 8 using the function maximinLHS in R.
he resulting predicted values of DHA, 17-HDHA and 14-HDHA in this
arameter space are demonstrated in Fig. 9.

We observe from Fig. 9 that the experimentally measured con-
entrations of DHA, 17-HDHA and 14-HDHA fall within the region
f uncertainty predicted by the simplified model for all individuals
ndicating the importance of the values chosen for the parameters.
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Fig. 6. A comparison between the steady state concentrations of DHA, 17-HDHA and 14-HDHA predicted from Eqs. (7)–(11) using the globally fit parameters in Table 8 and
ene expression data for each individual in the cohort for intermediate (red), classical (blue) and total (black) monocytes with the experimentally measured values for the same
ndividual.
Fig. 7. The relationship between steady state concentrations of DHA and 17-HDHA and 14-HDHA and 17-HDHA predicted from the model simulations (red dots) and experimental
measurements (black dots) for each individual in the cohort. The best fitting regression line for each case is denoted by the red and black lines, respectively. Eqs. (7)–(11) were
solved with mRNA data for intermediate monocytes using parameter values in Table 8.
The expression of genes in the pathway is affected by many factors
including inflammation, medication and other diseases. Using the pa-
rameter values in Table 8, we solve our system of algebraic equations
but this time draw a Latin Hypercube sample from the range of mRNA
values determined from the minimum and maximum values measured
in the cohort. The predicted oxylipin concentrations are shown in
Fig. 10.

The simulated results shown in the boxplots indicate that the pre-
dicted median, minimum and interquartile concentrations of DHA are
similar to those observed experimentally whilst the maximum concen-
tration predicted is higher than that measured in the cohort. The 25th
percentile, minimum and maximum values predicted for 17-HDHA are
similar to those in the cohort but the median and 75th percentile are
9

both underpredicted in the simulations. Similarly, the range of 14-
HDHA is under predicted compared with the cohort, suggesting that the
variation of gene expression values used is not enough to anticipate the
physically relevant outcomes or that other mechanisms, not included in
the model, are important.

4.2. Model predictions

In the previous sections, we have used the experimental data to
create the model and ascertain the model parameters. We now use
our model to examine two scenarios that have not been looked at
experimentally, namely the effects of up- and down-regulation of genes
on the oxylipin concentrations, and the impact of theoretical dosing
with 17-HDHA on metabolic products down-stream of 17-HDHA.
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Fig. 8. The effect of varying parameter values on the steady state concentrations of DHA, 17-HDHA and 14-HDHA. Baseline parameter values for intermediate monocytes are
taken from Table 8 and each parameter is sequentially varied by a 10% decrease (black) and a 10% increase (red).
Fig. 9. A comparison of simulated and experimentally measured concentrations of DHA, 17-HDHA and 14-HDHA for each individual in our cohort using their mRNA levels and
sampling parameters from the parameter space created by halving and doubling the values in Table 8 for intermediate monocytes. The red dots denote the simulated results from
Fig. 6, the blue line represents the interquartile range and the grey line illustrates the 10%–90% range. The black line represents the line of equality between simulated and
measured values.
Fig. 10. A comparison of simulated (box and whisker plot) and experimentally measured (full width horizontal lines) concentrations of DHA, 17-HDHA and 14-HDHA using the
arameter values in Table 8 for intermediate monocytes and sampling mRNA levels from the parameter space created by the minimum and maximum values measured in the
ohort. The full width horizontal red lines are the median values of oxylipin measured in the cohort, the blue lines are the 25th and 75th percentiles and the grey lines are the
inimum and maximum values measured. Horizontal lines within the box and whisker plot are the simulated median, 25th and 75th percentiles and minimum and maximum

alues.
.2.1. The effect of gene expression on oxylipin concentration
The changes in gene expression during the acute and chronic phases

f inflammation are complex. In [38], ALOX12, ALOX5 and ALOX15
re upregulated in regulatory T-cells when they differentiate from
-cells. Regulatory T-cells are key mediators in the resolution of in-
lammation, so the upregulation of these genes in this cell type might
e seen towards the end of acute inflammation. Similarly, [39] suggests
similar pattern of upregulation of ALOX15 in monocyte derived
acrophages as a mechanism for the initiation of the resolution of

nflammation. However, for diseases involving chronic inflammation
t is unclear whether it would be expected to see the same level of
pregulation of these genes.
10
To assess the impact of changes in gene expression on the oxylipin
concentrations, we solve our steady state equations given by (7)–
(11). From Fig. 2, there was no correlation between the ALOX genes
so we vary each gene individually defined by the range of values
measured in the cohort. The effect on the resulting concentrations is
shown in Fig. 11, along with the measured oxylipin concentrations and
gene expression from one participant in the cohort (note that median
values were not used as they do not necessarily represent the relative
expressions and concentrations observed in an individual).

The model suggests that up-regulation of ALOX12 and ALOX15
results in lower concentrations of DHA, 14-HDHA and 17-HDHA. 14-
HDHA and 17-HDHA are also down-regulated with increasing ALOX5.
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Fig. 11. The effect of varying gene expression on the predicted steady state concentrations of DHA, 17-HDHA and 14-HDHA from solving (7)–(11). Parameter values for intermediate
onocytes are taken from Table 8 and each gene is sequentially varied whilst keeping the remaining genes constant. Baseline values for gene expression are taken from one
articipant in the cohort and the red diamonds represent the actual measured gene expression and oxylipin concentrations for that participant i.e. [DHA] = 24.25 μM, [14-HDHA]

= 1.79 nM, [17-HDHA] = 0.13 nM, ALOX12 = 368, ALOX15 = 94.7, ALOX5 = 30.4, ALOX5AP = 2663, GPX4 = 2150.
n increase in expressions of GPX4 and ALOX5AP up- and down-
egulate 17-HDHA, respectively. Lower levels of 17-HDHA have been
ssociated with higher perceived pain and are likely to result in lower
oncentrations of the D-series resolvins suggesting that it will take
onger for inflammation to resolve. ALOX12 is a biosynthetic enzyme of
ipoxin which is a transmitter that enhances the host’s defence against
nfections by triggering inflammation [40]. Fig. 11 shows that down-
egulation of ALOX12 results in higher concentrations of 14-HDHA,
uggesting that individuals who have high levels of 14-HDHA might
ave less inflammation. This is highlighted by our outlier individual
entioned earlier (removed from our cohort), who had a significantly

arger concentration of 14-HDHA than any other participants. This
ndividual was taking a combination of NSAIDs, steroids and opioids,
hich might be suppressing the inflammation.

The baseline values for gene expression taken from the one partic-
pant in the cohort, and used in the simulations, gave good agreement
etween measured and simulated concentrations of DHA and 14-HDHA.
owever, actual concentrations of 17-HDHA were lower than those
redicted.

.2.2. Dosing with 17-HDHA
In animal studies, dosing with 17-HDHA reversed pain behaviour

n a model of OA pain [15]. To explore the processes for these obser-
ations, we consider the downstream products of 17-HDHA i.e. the D
eries resolvins RvD3, RvD4, RvD5 and RvD6 as illustrated in Fig. 12.

We use our model to simulate a theoretical dosing regime in human
articipants and examine how the concentration of resolvins change
11

ver time. We assume that 17-HDHA is administered as a single dose,
Fig. 12. The metabolism of 17-HDHA into the resolvins RvD3, RvD4, RvD5 and RvD6
taken from Fig. 1.

concentration 𝐷17 into the blood at time 𝑡𝑑 (a time after all of the
oxylipin concentrations are at homeostatic levels) so that the concen-
tration at 𝑡 = 𝑡𝑑 is given by
[17-HDHA] = [17-HDHA]𝑠𝑠 +𝐷17
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Table 9
Rate terms for the resolvins model shown in Fig. 12 and expressed in Eqs. (15)–(17). [ ] denotes the oxylipin concentration
and enzyme concentration. Rate constants are denoted by 𝑘.
Rate Description Term

𝑅8 Conversion of 17-HDHA by 5-LOX 𝑘8
(

1 + ALOX5AP
𝐾𝐴

)

ALOX5[17-HDHA]
(activated by FLAP)

𝑅9 Conversion of 17-HDHA by auto-oxidation 𝑘9[17-HDHA]
𝑅12 Conversion of 4-Hp-17-HDHA by LTA4H 𝑘12LTA4H[4-Hp-17-HDHA]
Table 10
Parameter values determined from the steady state equations (19)–(21) using values
for 𝑘8 and 𝑘9 from Table 8 for intermediate monocytes.

Parameter Fitted value Units Parameter Fitted value Units

𝑘8 1 × 10−9 s−1 𝛿9 147.6 × 10−4 s−1

𝑘9 9 × 10−4 s−1 𝛿12 3.18 × 10−4 s−1

𝑘12 0.019 × 10−4 s−1

where [17-HDHA]𝑠𝑠 is the concentration of 17-HDHA at steady state
before dosing.

We focus on the ALOX15 pathway including the following equations
into the mathematical model given by Eqs. (1)–(5) to explore the
responses downstream of 17-HDHA.
𝑑[4-Hp-17-HDHA]

𝑑𝑡
= 𝑅8 − 𝑅12 − 𝛿8[4-Hp-17-HDHA], (15)

𝑑[RvD5]
𝑑𝑡

= 𝑅9 − 𝛿9[RvD5], (16)

𝑑[RvD3,4,6]
𝑑𝑡

= 𝑅12 − 𝛿12[RvD3,4,6], (17)

reminder of the rate terms 𝑅8, 𝑅9 and the definition of 𝑅12 is
rovided in Table 9 and initial conditions at 𝑡 = 0 are

4-Hp-17-HDHA]0 = [4-Hp-17-HDHA]𝑠𝑠, [RvD5]0 = [RvD5]𝑠𝑠,

[RvD3,4,6]0 = [RvD3,4,6]𝑠𝑠, (18)

here []0 is the initial concentration of oxylipin and subscript 𝑠𝑠
enotes the concentration at steady state.

As before, we assume that the decay rate constants of the inter-
ediate metabolites are negligible as the majority of the oxylipin is

nzymatically converted i.e. 𝛿8 = 0 so at steady state i.e. 𝑑
𝑑𝑡 = 0,

qs. (15)–(17) can be reduced to the algebraic system

= 𝑘8

(

1 + ALOX5AP
𝐾𝐴

)

ALOX5[17-HDHA]

−𝑘12LTA4H[4-Hp-17-HDHA], (19)
0 = 𝑘9[17-HDHA] − 𝛿9[RvD5], (20)

0 = 𝑘12LTA4H[4-Hp-17-HDHA] − 𝛿12[RvD3,4,6]. (21)

We do not have any measurements from our participants for 4-Hp-
17-HDHA as there are no reference standards or RvD3,4,5,6 as they
are below the lower limit of quantification (LLOQ), namely 50pM.
The LLOQ for 4-Hp-17-HDHA is also not known. However, in order to
proceed, we assume that the concentration of RvD5 for each participant
is 50% of its LLOQ value i.e. 25 pM and for RvD3,4,6, the same
percentage for each but taking the sum of these three values i.e. 75
pM. We assume that the concentration of 4-Hp-17-HDHA is mid-way
between the concentration of 17-HDHA and RvD3,4,6 i.e. 0.23 nM. This
then allows us to estimate the parameters 𝑘12, 𝛿9 and 𝛿12 (see Table 10)
from the steady state Eqs. (19)–(21) using the values determined in
Table 8 for 𝑘8 and 𝑘9 and the median expression of genes LTA4H,
ALOX5 and ALOX5AP in the cohort.

In [18], 17-HDHA and RvD4 (and other oxylipins) were measured
in SARS-CoV-2 patients and there was a strong positive correlation
found between 17-HDHA and RvD4 (RvD3, RvD5 and RvD6 were not
measured). This is also highlighted from the model Eqs. (20)–(21)
12
where at steady state, RvD5 and RvD3,4,6 are both linearly dependent
on 17-HDHA.

We assume that mRNA levels remain unchanged after dosing as the
timescale that gene changes occur tend to be of the order of days. We
solve the system of ODEs given by Eqs. (1)–(5) and (15)–(17) using
the ode solver in R with the default integrator lsoda. Parameter values
are given in Tables 8 (intermediate) and 10 and the median mRNA
values for the cohort are used to examine the effect on 17-HDHA and
the resolvins for different dosing concentrations ranging from a dose of
0.01 nM–1 μM of 17-HDHA administered as a single dose. The resulting
oxylipin concentrations before and after dosing are shown in Fig. 13a–c.

There is a steep increase in all of the concentrations after admin-
istration of 17-HDHA before returning to pre-dosing levels. 17-HDHA
(Fig. 13a), and RvD5 (Fig. 13c) quickly decay after approximately
2 h but RvD3,4,6 (Fig. 13b) takes longer to return to its homeostatic
levels (approximately 10 h) indicating that dosing with 17-HDHA
increases the production of resolvins which may help to down-regulate
the inflammatory response, allowing a return to tissue homeostasis.
The increase in concentration of RvD5 is much higher than RvD3,4,6
suggesting that results initially favour the RvD5 biosynthesis pathway,
as also suggested by [14]. Animal dosing studies (from within our
group, yet to be published) administering a single dose of 17-HDHA
showed an approximately 4-fold increase in plasma 17-HDHA levels
post-dose. A similar 4-fold increase in 17-HDHA is predicted in Fig. 13a
for a dose of 1 nM. However, there is no time-course data from animal
studies regarding how long the additional 17-HDHA remains in the
blood before returning to pre-dose steady state levels. In [15] it was
observed that pain behaviour improves for around 4 h post dose before
returning to pre-dose levels and this approximately corresponds to the
time that RvD34,6 is as its highest i.e. (>0.072 nM).

Plots of the maximum concentrations following dosing and the time
for the concentrations of 17-HDHA, RvD5 and RvD3,4,6 to reach their
LLOQ (RvD5 and RvD3,4,6 only) are shown in Fig. 14a–c.

The maximum concentration of 17-HDHA, 4-Hp-17-HDHA, RvD3,
4,6 and RvD5 after dosing with 17-HDHA was linearly correlated with
dose. The concentration of resolvins can only be measured experi-
mentally if they are greater than their detectable levels. The time
taken for RvD5 to reach its LLOQ of 50pM is approximately 6 times
quicker than for RvD3,4,6 to reach its levels of 150pM for all doses
> 0.1 μM. However, the simulations indicate that the concentrations
of the resolvins do not reach the detectable levels when dosed with
low levels of 17-HDHA i.e. < 0.1 μM (RvD3,4,6) and <10 nM (RvD5),
suggesting that plasma samples from individuals with typical concen-
trations of 17-HDHA will have immeasurable resolvins levels with
current experimental methods. This is consistent with what is ob-
served experimentally, highlighting the analytical challenge for many
laboratories of quantifying biosamples and consistently reproducing
results for low endogenous concentrations of SPMs, as they are only
appear to be detectable with current methods, when the concentration
of the precursor 17-HDHA is large [15,18]. With further validation,
a mathematical modelling approach to determining levels of SPMs,
based on the levels of their precursors (which are routinely measured
experimentally), could be a potential solution to this issue.
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Fig. 13. Model simulations of Eqs. (1)–(5) and (15)–(17) illustrating the concentrations of 17-HDHA (blue), RvD3,4,6 (green) and RvD5 (red) in nM before and after dosing with
1 nM 17-HDHA at time 𝑡 = 5000 s (≈1.4 h). Parameter values are taken from Tables 8 for intermediate monocytes and 10 and mRNA levels are assumed to be the median values

easured in the cohort.
Fig. 14. (a) The maximum concentrations predicted by Eqs. (1)–(5) and (15)–(17) of 17-HDHA (blue), RvD3,4,6 (green) and RvD5 (red) with increasing doses of 17-HDHA of
.01 nM–1 μM. Time in hours for (b) RvD3,4,6 (green) and (c) RvD5 (red) to reach their LLOQ after dosing with increasing doses of 17-HDHA. Parameter values are taken from

Tables 8 for intermediate monocytes and 10 and mRNA levels are assumed to be the median values measured in the cohort.
5. Discussion

The metabolic pathway for DHA is relatively well defined, and our
mathematical model incorporates established aspects of the pathway.
This does not include any feedback in regulation of inflammatory
mediators since none are known at present, though future models can
be amended to incorporate this as well as alternative pathways for
resolvins that have recently been suggested [13,14]. Using bioactive
oxylipin concentrations and gene expression data from participants
with OA pain, the principal aim of this study was to develop a novel
mathematical model to describe how differences in enzymatic pathways
(and their corresponding genes) may affect the concentration of the as-
sociated bioactive products. Of particular interest, were the differences
that affect the concentration of 17-HDHA, which has been associated
with OA pain in previous studies [11].

Mathematical modelling of metabolic networks can often lead to
large number of ODEs governed by many parameters that are often
not measurable or straightforward to estimate from experimental data.
To address this, disparate experimental datasets were utilised above in
developing a kinetic model of DHA metabolism. From this we were able
to reduce the full DHA pathway to include only those metabolites which
had been measured without disturbing the network shape surrounding
them. In conjunction with steady state concentrations of oxylipins
and gene expression data, we made some simplifying assumptions in
relation to the biology to facilitate full parameterisation of the ODE
model of the reduced DHA pathway.

One such simplification was our choice to model the reactions
linearly despite the known enzymatic kinetic data (albeit for a differ-
13

ent cell type under in vitro conditions and the assumption that gene
expression and enzyme concentration are proportional). It was shown
that this assumption resulted in a significantly better fit between the
model predictions and the measured concentrations in the cohort for
DHA, mainly due to the increased sensitivity of the model to the input
parameter 𝑃𝐷𝐻𝐴 for non-linear choices. This may reflect the presence
of additional currently unknown factors involved in converting en-
zyme concentrations into the mRNA levels used in the simulations and
warrants further investigation.

Using mRNA levels measured from monocytes isolated from whole
blood samples for each individual in our cohort, the model simulates
the concentration of oxylipins in the DHA pathway. However, the
model is sensitive to the choice of parameters and it is likely that values
are different for each individual depending upon their environment,
stress, inflammation, diet and medications. A comparison with a control
cohort of healthy individuals would be useful in determining the impact
of some of these factors on the parameters.

Our model results examined the qualitative relationships between
the oxylipin concentrations. There is some agreement between mea-
sured and simulated plasma concentrations but a better understanding
of the parameters which govern the concentrations of 17-HDHA and
14-HDHA is essential for more accurate predictions. The oxylipin con-
centrations measured experimentally are a combination of the oxylipins
produced by the different cell types which have been transported out-
side of the cells. We observed that the simulated results vary depending
on whether intermediate or classical mRNA levels have been input into
the model so further study of the relative contribution of genes from
the different cell types would be valuable.

Despite our simplifying assumptions, the model is able to predict
qualitative behaviour consistent with that observed experimentally,
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Fig. 15. A comparison between the steady state concentrations of DHA predicted from Eq. (A.5) using the values for 𝑘𝑐𝑎𝑡15 , 𝑘𝑐𝑎𝑡12 , 𝐾𝑚15
and 𝐾𝑚12

in Table 7 and gene expression data
for each individual in the cohort for intermediate monocytes for forms of 𝑅2 and 𝑅3 given by Eqs. (A.1)–(A.4) with the experimentally measured values for the same individual.
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nd our attempt to understand the relationships between the oxylipin
oncentrations and expression of genes has highlighted the need for
uture experimental studies. Our model has shown that upregulation
f some anti-inflammatory genes such as ALOX, results in lower levels
f 17-HDHA, potentially increasing perceived pain and increasing time
o resolution. It has also shown that dosing with 17-HDHA increases
he concentration of resolvins, which may help to down-regulate the
nflammatory response. Analysis of mRNA levels at intervals after
osing with 17-HDHA would clarify their time dependent behaviour
nd the presence of feedback loops within the pathway.

The model has identified several areas where more targeted exper-
ments would be useful to improve the model accuracy in predicting
xylipin concentrations from mRNA levels measured in individuals.
validated model has the potential to provide a more cost-effective

ption to costly experiments, allowing the effect of, for example, ther-
peutic targets to be investigated. However, the DHA pathway is just
ne part of a much wider network involving pro and anti-inflammatory
nteractions and should not be considered in isolation. Similarly, 17-
DHA is just one oxylipin that has been shown to be involved in the
ain experienced in individuals with OA. However, it is more likely
o be a combination of oxylipins and enzymes interacting together that
nfluences the pain experienced. Examining DHA metabolism alongside
ther important pathways would be an interesting future study and
ight provide insight into why some OA patients are more likely to

xperience chronic pain.
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ppendix A. Alternative kinetic models

The form of 𝑅2 and 𝑅3 presented by Eq. (12) and alternative forms
ore consistent with the steady state kinetic data in Table 7 to predict

he concentration of DHA are

1. Linear forms for 𝑅2 and 𝑅3

𝑅2 =
𝑘𝑐𝑎𝑡15𝛼15

𝐾𝑚15
+ [DHA]𝑚

[DHA], 𝑅3 =
𝑘𝑐𝑎𝑡12𝛼12

𝐾𝑚12
+ [DHA]𝑚

[DHA].

(A.1)

2. Michaelis–Menten for both reactions

𝑅2 =
𝑘𝑐𝑎𝑡15𝛼15ALOX15𝑚[DHA]

𝐾𝑚15
+ [DHA] , 𝑅3 =

𝑘𝑐𝑎𝑡12𝛼12ALOX12𝑚[DHA]
𝐾𝑚12

+ [DHA] .

(A.2)

3. Michaelis–Menten for 𝑅2 and saturation kinetics for 𝑅3

𝑅2 =
𝑘𝑐𝑎𝑡15𝛼15ALOX15𝑚[DHA]

𝐾𝑚15
+ [DHA] , 𝑅3 = 𝑘𝑐𝑎𝑡12𝛼12ALOX12,

(A.3)

4. Saturation kinetics for both 𝑅2 and 𝑅3

𝑅3 = 𝑘𝑐𝑎𝑡15𝛼15ALOX15, 𝑅3 = 𝑘𝑐𝑎𝑡15𝛼15ALOX12, (A.4)

𝑃𝐷𝐻𝐴𝑀
is determined from the steady state equation analogous to

Eq. (7) i.e.

𝑃𝐷𝐻𝐴𝑀
= 𝑅2 + 𝑅3, (A.5)

where 𝑅2 and 𝑅3 are defined by Eqs. (A.1)–(A.4). Using the values for
𝑘𝑐𝑎𝑡15 , 𝑘𝑐𝑎𝑡12 , 𝐾𝑚15

and 𝐾𝑚12
in Table 7 and the measured concentrations

of DHA in the cohort, 𝑃𝐷𝐻𝐴𝑀
is calculated to be for 1. 0.15 ≤ 𝑃𝐷𝐻𝐴𝑀

≤
0.92 (median 0.37), 2. 0.156 ≤ 𝑃𝐷𝐻𝐴𝑀

≤ 0.69 (median 0.347), 3.
0.16 ≤ 𝑃𝐷𝐻𝐴𝑀

≤ 0.71 (median 0.36) and 4. 0.168 ≤ 𝑃𝐷𝐻𝐴𝑀
≤ 0.718
median 0.361) for intermediate monocytes.



Mathematical Biosciences 374 (2024) 109228S.J. Franks et al.

E
m
o
t

n
c
a
t
a
D
s
i
u

A

a

R

Fig. 16. The effect of varying parameter values on the steady state concentrations of DHA for intermediate monocytes for the forms for 𝑅2 and 𝑅3 given by Eqs. (A.1)–(A.4).
Baseline parameters are taken from Table 7 and 𝑃𝐷𝐻𝐴 is taken to be the median value.
The concentrations of DHA calculated from solving the algebraic
q. (A.5) for each individual using parameter values in Table 7, the
edian value of 𝑃𝐷𝐻𝐴𝑀

and the gene expression for each individual in
ur cohort is shown in Fig. 15 for intermediate monocytes for each of
he forms of 𝑅2 and 𝑅3 described above.

Fig. 15 indicates that the linear form of 𝑅2 and 𝑅3 gives a sig-
ificantly better fit between the model predictions and the measured
oncentrations in the cohort for DHA. Performing a local sensitivity
nalysis, as detailed in Section 4.1.2, Fig. 16 shows that the concen-
ration of DHA is very sensitive to 𝑃𝐷𝐻𝐴 and 𝑘3𝑐𝑎𝑡 for forms of 𝑅2
nd 𝑅3 given by Eqs. (A.2)–(A.4). For these cases, the concentration of
HA increases approximately 10 times any increase in the parameter

uggesting such expressions are unlikely to reflect reality, and explain-
ng the poor fit between simulated and measured concentrations when
sing the median value of 𝑃𝐷𝐻𝐴.

ppendix B. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.mbs.2024.109228.
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