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Abstract: This paper studies the aeroelastic behavior of a rectangular, cantilever wing equipped with
the spanwise morphing trailing edge (SMTE) concept. The SMTE consists of multiple trailing edge
flaps that allow controlling the spanwise camber distribution of a wing. The flaps are attached at
the wing’s trailing edge using torsional springs. The Rayleigh–Ritz method is used to develop the
equations of motion of the wing-flap system. The use of shape functions allows for representing the
wing as an equivalent 2D airfoil with generalized coordinates that are defined at the wingtip. Strip
theory, based on Theodorsen’s unsteady aerodynamic model, is used to compute the aerodynamic
loads acting on the wing. A representative Padé approximation for Theodorsen’s function is utilized
to model the aerodynamic behaviors in a state-space form allowing time-domain simulation and
analysis. The model is validated using a rectangular cantilever wing and the data are available in
the literature. A comprehensive parametric comparison study is conducted to assess the impact of
flap stiffness on the aeroelastic boundary. In addition, the potential of the SMTE to provide load
alleviation and flutter suppression is assessed for a wide range of flight conditions, using a discrete
(1-cosine) gust. Finally, the implementation and validation of a controller for a wing with SMTE for
gust load alleviation are studied and controller parameters are tuned for a specific gust model.

Keywords: spanwise morphing trailing edge; aeroelasticity; gust load alleviation; controller

1. Introduction

In recent years, extensive research has been carried out to develop gust load alle-
viation (GLA) systems. The aerodynamic forces generated by GLA systems modify the
overall forces in such a way as to alleviate the structural turbulence response. Moreover,
minimizing the impact of gusts by deploying an active GLA system, typically through
the use of conventional control surfaces, is an integral part of modern aircraft design [1].
Bernhammer et al. [2] presented an experimental aeroservoelastic investigation of a novel
load alleviation concept using trailing edge flaps. In their model, the flaps were free-floating
and mass underbalanced, such that they may become unstable at operational velocities
unless suppressed by their control system (trailing edge tabs). They found that limit cycle
oscillation could be reached either through structural limiters or by control actions of the
trailing edge tabs. In the latter case, the amplitude of the limit cycle oscillation could be
adjusted to the required energy output. An energy balance between harvested power
and power consumption for actuators and sensing systems was made showing that the
vibration energy of limit cycle oscillations could be used to keep the amplitude of the
limit cycle constant, while the electric batteries, powering up the load alleviation system,
were being charged. Wildschek et al. [3] investigated the gust load response of a large
750-passenger Blended Wing Body (BWB) airliner for the identification of sizing cases for
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the aircraft structure. They designed a GLA system and evaluated it by numerical simu-
lations to allow for structural weight saving. They concluded that the structural weight
saving was mainly limited by the allowed load factors considered in such optimization, the
finite control authority of the actuators, and the achievable reliability of the GLA system
itself. Huvelin et al. [4] conducted a numerical simulation for the gust response along with
experimental results at ONERA to present a gust load alleviation study. Numerical compar-
isons were performed using various techniques of gust modeling and finally, an application
example for gust load alleviation was presented. Bekemeyer et al. [5] investigated the
gust load alleviation for an airfoil and a large aircraft configuration using computational
fluid dynamics. The results of the study were then used in designing a simple gust con-
troller aimed at negating gust-induced loads via deploying conventional control surfaces.
Pusch [6] studied the effectiveness of using distributed flaps for wing gust load alleviation.
It was concluded that it is possible to simplify the controller design and tuning and achieve
the desired performance by using the proposed allocation method. Dias and Hubbard [7]
presented a novel approach to tackle the gust load alleviation problem by controlling the
shape of the lift distribution profile along the span. The unsteady aerodynamics of a finite
wing featuring multiple trailing edge flaps were modeled using the unsteady vortex lattice
method (UVLM), yielding a linear, time-variant, high-order-state-space model. By using
an aerodynamic mode shape and associated eigenvalues, this distributed approach allows
control of the loads at all the points. Pusch et al. [8] discussed the optimization of control
surface layout for gust load alleviation by using a nonlinear model of a large-scale flexible
aircraft with unsteady aerodynamics. Compared to a GLA, the system using the original
aileron configuration exhibited a 9% performance improvement. Furthermore, a trade-off
study was carried out which enabled a target-oriented balancing between individual load
channels. The significance of aileron size and position on overall GLA performance was
demonstrated, and consideration was proposed for the preliminary aircraft design process.

Recently, spanwise morphing trailing edge (SMTE) concepts have attracted a lot of
interest due to their ability to alter the spanwise camber distribution. SMTE can be consid-
ered a morphing aircraft technology that allows altering the spanwise camber distribution
for a variety of purposes including control authority, load alleviation, drag reduction, and
flutter suppression. For more details on camber morphing and its applications, the reader
is advised to check Barbarino et al. [9] and Ajaj et al. [10]. Several studies have assessed
the performance benefits of SMTE. For instance, Pankonien and Inman [11,12] proposed a
modular SMTE concept that locally varied the trailing edge camber of a wing functioning
as a modular replacement for conventional control surfaces without altering the spar box.
Utilizing alternating active sections of Macro Fiber Composites (MFCs) driving internal
compliant mechanisms and inactive sections of elastomeric honeycombs, the SMTE concept
eliminated geometric discontinuities associated with shape change; increasing aerodynamic
performance. The modular morphing wing is shown in Figure 1. Force and deformation
analysis of a morphing wing was performed with a smooth surface and independent
spanwise-varying control surface. Wind tunnel tests at a flow speed of 10 m/s were also
carried out using a hardware demonstrator. Results indicated that the developed spanwise
morphing trailing edge led to excellent aerodynamic and structural performance.

Aerospace 2023, 10, x FOR PEER REVIEW 3 of 25 
 

 

 
Figure 1. A finite wing with the SMTE concept [12]. 

Some recent analytical and experimental studies show the potential and feasibility of 
an active aeroelastic control system. The control surfaces are operated according to a con-
trol law that relates the motion of the controls to some measurements taken on the aircraft. 
Haghighat et al. [13] investigated the design optimization of an active load alleviation 
control system which was integrated with the design optimization of the aerodynamic 
shape and structural sizing of a UAV. Khalil and Fezans [1] discussed a methodology for 
designing combined feedback/feedforward GLA systems. The methodology applied to 
large aircraft and the simulation results showed the effectiveness of achieving the desired 
objectives while ensuring both design flexibility and control robustness and optimality. 
Capello et al. [14] discussed a comprehensive robust adaptive controller for gust load al-
leviation. They implemented and validated the proposed approach on subsonic aircraft 
for different mass flight conditions. Magar et al. [15] explored the use of origami to achieve 
camber morphing for vibration suppression and gust load alleviation of a typical wing 
section. Bourchak et al. [16] presented an optimum design of a PID controller for the adap-
tive torsion wing (ATW) using a genetic algorithm optimizer. In many papers, see (Kuz-
netsov et al. [17], Mozaffari-Jovin et al. [18], Vindigni et al. [19] and Munoz et al. [20]), 
various active wing-flutter suppression and control methods have been investigated. A 
morphing aircraft is usually associated with significant changes in the aerodynamic loads, 
structural/elastic properties, inertial properties, aeroelastic behavior, and flight dynamics 
and stability characteristics. This necessitates effective and robust control strategies to en-
sure certain stability and performance criteria are met during the morphing process. In 
addition, wing-shape changes require effective controllers to provide suitable actuation 
under various flight conditions and mission profiles. In summary, morphing can lead to 
complex time-varying nonlinear dynamical models with internal and external uncertain-
ties [21,22]. These uncertainties and time-varying characteristics demand sophisticated 
control systems to confirm the stability and performance of the morphing wings. 

It should be noted that several studies investigated the aeroelasticity of an airfoil with 
a flap. For example, Irani et al. [23] investigated limit cycle oscillations as well as nonlinear 
aeroelastic analysis of three degrees of freedom (dof) aeroelastic airfoil motion with cubic 
restoring moments in the pitch degree of freedom. The majority of studies in the literature 
have focused on developing SMTE concepts and assessing their performance 
characteristics; however, very little has been done on studying the aeroelasticity of SMTE 
[11,12]. SMTE concepts can have significant effects on the aeroelastic boundaries 
(divergence and flutter) and can be actively used to suppress some of the critical 
aeroelastic phenomena. This paper aims to fill this gap and conduct a comprehensive 
study on the aeroelasticity of SMTE. To achieve this, a rectangular, cantilever wing is 
equipped with an SMTE concept (consisting of three flaps). It is common for design 
studies to begin with low to medium-fidelity tools and move to higher-fidelity tools at 

Figure 1. A finite wing with the SMTE concept [12].



Aerospace 2023, 10, 809 3 of 22

Some recent analytical and experimental studies show the potential and feasibility of
an active aeroelastic control system. The control surfaces are operated according to a control
law that relates the motion of the controls to some measurements taken on the aircraft.
Haghighat et al. [13] investigated the design optimization of an active load alleviation
control system which was integrated with the design optimization of the aerodynamic
shape and structural sizing of a UAV. Khalil and Fezans [1] discussed a methodology for
designing combined feedback/feedforward GLA systems. The methodology applied to
large aircraft and the simulation results showed the effectiveness of achieving the desired
objectives while ensuring both design flexibility and control robustness and optimality.
Capello et al. [14] discussed a comprehensive robust adaptive controller for gust load
alleviation. They implemented and validated the proposed approach on subsonic aircraft
for different mass flight conditions. Magar et al. [15] explored the use of origami to achieve
camber morphing for vibration suppression and gust load alleviation of a typical wing
section. Bourchak et al. [16] presented an optimum design of a PID controller for the
adaptive torsion wing (ATW) using a genetic algorithm optimizer. In many papers, see
(Kuznetsov et al. [17], Mozaffari-Jovin et al. [18], Vindigni et al. [19] and Munoz et al. [20]),
various active wing-flutter suppression and control methods have been investigated. A
morphing aircraft is usually associated with significant changes in the aerodynamic loads,
structural/elastic properties, inertial properties, aeroelastic behavior, and flight dynamics
and stability characteristics. This necessitates effective and robust control strategies to
ensure certain stability and performance criteria are met during the morphing process. In
addition, wing-shape changes require effective controllers to provide suitable actuation
under various flight conditions and mission profiles. In summary, morphing can lead to
complex time-varying nonlinear dynamical models with internal and external uncertain-
ties [21,22]. These uncertainties and time-varying characteristics demand sophisticated
control systems to confirm the stability and performance of the morphing wings.

It should be noted that several studies investigated the aeroelasticity of an airfoil with
a flap. For example, Irani et al. [23] investigated limit cycle oscillations as well as nonlinear
aeroelastic analysis of three degrees of freedom (dof) aeroelastic airfoil motion with cubic
restoring moments in the pitch degree of freedom. The majority of studies in the literature
have focused on developing SMTE concepts and assessing their performance characteristics;
however, very little has been done on studying the aeroelasticity of SMTE [11,12]. SMTE
concepts can have significant effects on the aeroelastic boundaries (divergence and flutter)
and can be actively used to suppress some of the critical aeroelastic phenomena. This paper
aims to fill this gap and conduct a comprehensive study on the aeroelasticity of SMTE. To
achieve this, a rectangular, cantilever wing is equipped with an SMTE concept (consisting
of three flaps). It is common for design studies to begin with low to medium-fidelity tools
and move to higher-fidelity tools at later stages [24]. A low-fidelity aeroelastic model
is developed using the Rayleigh–Ritz method coupled with strip theory aerodynamics.
A parametric study is conducted to assess the impact of flap stiffness on the aeroelastic
boundaries of the wing. Then, the ability of the SMTE to provide load alleviation is assessed
and studied. Furthermore, a GLA controller is designed for SMTE and its effectiveness
is assessed.

2. Aeroelastic Modeling

To simplify the analysis, a rectangular, cantilever wing equipped with three discrete
flaps attached at the trailing edge is considered. Each flap is a rectangular segment con-
nected to the wing using a torsional spring and the mechanical and geometric properties of
each flap are uniform but might differ from one flap to another. The properties associated
with each flap segment are listed in Table 1. The Rayleigh–Ritz method is used to develop
the equation of motion for the wing with SMTE. The shape functions used here correspond
to the uncoupled first bending and first torsion modes of a uniform cantilever beam. In
addition, a shape function for each flap is used. This allows the wing with SMTE to be mod-
eled as an equivalent airfoil with generalized coordinates that are defined at the wingtip.
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Figures 2 and 3 show the layout of the wing with SMTE and the corresponding nomencla-
ture used. Using standard notation, the mass of wing-flap per unit span is denoted by m,
the plunging deflection is denoted by h, positive in the upward direction; α is the pitch
angle about the elastic axis, positive when nose-up; and βi is the control surface angle of ith

flap, positive when the trailing edge (TE) flap is moved down. The elastic axis is located
at a distance ab from the mid-chord, where b is semi-chord, while the wing mass center is
located at a distance xαb from the elastic axis. The axis of rotation for the ith control surface
is located at a distance ci from the mid-chord for the ith wing segment, while the center of
mass of the ith flap is located at a distance xβi from the hinge. All distances are positive
when measured towards the TE of the airfoil. In Figure 2, Kh, Kα and Kβ i are the stiffness in
plunge, pitch, and the ith flap, respectively.

Table 1. Geometric and Mechanical Properties of the Multi-flap Wing.

Parameter Flap 1 Flap 2 Flap 3

Torsional stiffness Kβ1 Kβ2 Kβ3

Length l1 l2 l3

Mass per unit span m f 1 m f 2 m f 3

Mass moment of inertia per unit span Iβ1 Iβ2 Iβ3

Static moments Sβ1 Sβ2 Sβ3

Distance of flap mass center from c xβ1 xβ2 xβ3

Spanwise position 0 ≤ y ≤ l1 l1 ≤ y ≤ l2 + l1 l1 + l2 < y ≤ l1 + l2 + l3Aerospace 2023, 10, x FOR PEER REVIEW 5 of 25 
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The continuous, multi-degree of freedom, wing structure is modeled as two degrees
of freedom system via the Rayleigh–Ritz method using shape functions. These shape
functions correspond to the uncoupled first bending and first torsional modes of a uniform
cantilever beam. The first bending shape function, f (y), is given as:

f (y) = 0.5[(cosh(Bny)− cos (B ny))− σn(sinh(B ny)− sin (B ny)] (1)

where y is the spanwise position measured from the wing root and

σn =
(cosh(Bnl) + cos (B nl))
(sinh(B nl) + sin (B nl))

(2)

where l is the wing semi-span and

Bnl = 1.875 (3)

the torsion shape function, φ(y), is given as

φ(y) = sin
(π

2l
y
)

(4)

Similarly, to obtain the torsion shape functions of the flap and its boundary is given as,

Ψi(y) = 1,


Ψ1(y) = 1, Ψ2(y) = 0, Ψ3(y) = 0 0 ≤ y ≤ l1
Ψ1(y) = 0, Ψ2(y) = 1, Ψ3(y) = 0 l1 < y ≤ l1 + l2
Ψ1(y) = 0, Ψ2(y) = 0, Ψ3(y) = 1 l1 + l2 < y ≤ l1 + l2 + l3

(5)

Using the variable separation approach and shape functions, the plunge displacement,
speed, and acceleration at any spanwise location (y) can be related to those of the wingtip
(generalized coordinates) as:

h(t, y) = ht(t) f (y)
.
h(t, y) =

.
ht(t) f (y)

..
h(t, y) =

..
ht(t) f (y)

(6)

The pitch displacement, speed, and acceleration at any spanwise location (y) and time
instant can now be related to those of the wingtip (generalized coordinates) as:

α(t, y) = αt(t)φ(y)
.
α(t, y) =

.
αt(t)φ(y)

..
α(t, y) =

..
αt(t)φ(y)

(7)

Similarly, the flap displacement, speed, and acceleration at any spanwise location (y)
and time instant can now be related to those of the wingtip (generalized coordinates) as:

βi(t, y) = βti(t)Ψi(y)
.

βi(t, y) =
.

βti(t)Ψi(y)
..
βi(t, y) =

..
βti(t)Ψi(y)

(8)

where ht(t), αt(t), and βti(t) represent the generalized coordinates coinciding with the
wingtip and subscript ‘i’ in Equation (3) represents the flap number.
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2.1. Equations of Motion

The kinetic energy (T) and potential energy (U) of the system can be expressed as:

T = 1
2 m

.
ht

2∫ l
0 f 2dy + 1

2 Iα
.
αt

2∫ l
0 φ2dy− Sα

.
ht

.
αt
∫ l

0 f φdy

+
n
∑

i=1

{
1
2

(
Iβ i

.
βti

2∫ l
0 Ψi

2dy
)
−
(

Sβ i

.
ht

.
βti

∫ l
0 f Ψidy

)
+
( .

αt
.
βti

(
Iβ i + b(ci − a)S

β i

)∫ l
0 φΨidy

)} (9)

U =
1
2

GJαt
2
∫ l

0

(
d∅
dy

)2
dy +

1
2

EIht
2
∫ l

0

(
d2 f
dy2

)2

dy +
n

∑
i=1

1
2

(
Kβi βti

2
)∫ l

0
Ψi

2dy (10)

where Iα, and Iβ i are the mass moment of inertia of the wing and flap per unit span of
the wing, respectively, Sα is the static moments of the wing, Sβ i is the static moments of
the flap, and n is the total number of flaps. The equations of motion of the system using
Lagrangian mechanics can be obtained as:

d
dt

(
∂(T −U)

∂
.
ht

)
− ∂(T −U)

∂ht
= L (11)

d
dt

(
∂(T −U)

∂
.
αt

)
− ∂(T −U)

∂αt
= Mα (12)

d
dt

(
∂(T −U)

∂
.
βti

)
− ∂(T −U)

∂βti
= Mβi (13)

where L and Mα are the generalized lift and pitching moment of the wing, respectively,
and Mβi is the moment about flap hinge points for the ith flap. They can be expressed as:

L =
∫ l

0
L′h(y)dy, Mα =

∫ l

0
Mα
′φ(y)dy and Mβi =

∫ l

0
Mβi

′Ψi(y)dy (14)

where L′, Mα
′, and Mβi

′ are the generalized lift, pitching moment, and moment about flap
hinge points per unit length, respectively.

2.2. Aerodynamic Loads

To compute the unsteady aerodynamic loads, the strip theory, based on Theodorsen’s
unsteady aerodynamic model, is used. Theodorsen’s unsteady aerodynamics model has a
circulatory component to account for the effect of the wake on the airfoil and it contains
the main damping and stiffness terms and a non-circulatory component to account for the
acceleration of the fluid surrounding the airfoil [25]. L′ is the unsteady lift per unit span of
the wing, Mα

′ is the pitching moment around the elastic axis per unit span of the wing,
and Mβi

′ is the moment about flap segments hinge point of the ith flap per unit span of the
wing. The expressions for L′, Mα

′, and Mβi
′ are taken from NACA Report No.496 [25]. It

should be noted that the expression of Mβi
′ varies from one flap to another depending on

the properties of the flap.

L′ = πρb2
(
−

..
h + v

.
α− ab

..
α− vT4i

π

.
βi − bT1i

π

..
βi

)
+ 2πρvbC(k)

(
−

.
h + vα + b

(
1
2 − a

) .
α + vT10i

π βi +
bT11i

2π

.
βi

)
(15)

Mα
′ = πρb2(−ab

..
h +

(
a− 1

2

)
bv

.
α− b2

(
1
8 + a2

) ..
α− (T4i + T10i)βi −

(
T1i − T8i − (c− a)T4i +

1
2 T11i

)
vb
π

.
βi

+(T7i + (c− a)T1i)
b2

π

..
βi

)
+2πρvb2

(
a + 1

2

)
C(k)

(
−

.
h + vα + b

(
1
2 − a

) .
α + vT10i

π βi +
bT11i

2π

..
βi

) (16)
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Mβi
′ = πρb2(−T1i

b
π

..
h−

(
−2T9i − T1i − T4i

(
a− 1

2

))
vb
π

.
α− 2T13i

b2

π

..
α− (T5i − T4iT10i)

( v
π

)2
βi

+T4iT11i
vb

2π2

.
βi + T3i

(
b
π

)2 ..
βi

)
−ρvb2T12iC(k)

(
−

.
h + vα + b

(
1
2 − a

) .
α + vT10i

π βi +
bT11i

2π

..
βi

) (17)

Theodorsen’s unsteady aerodynamics model has a frequency-dependent term, Theodorsen’s
transfer function which accounts for attenuation of lift amplitude and phase lag in the lift response
due to sinusoidal motion. In this paper, unsteady lift per unit span and pitching moments per unit
span are expressed in the time domain. Therefore, a Padé approximation developed by Brunton
and Rowley [26] for Theodorsen’s transfer function is used. The approximate transfer function
C(s) in the Laplace domain becomes

C(s) ≈ 0.5177â2s2 + 0.2752âs + 0.01576
â2s2 + 0.3414âs + 0.01582

(18)

where
â =

c
2V

(19)

The equivalent lift force becomes,

L = 0.0985
â

.
u + 0.0076

â2 u + 0.5177B̂
.
ht
∫ l

0 f 2dy− Â
..
ht
∫ l

0 f 2dy + 0.5177B̂Vαt
∫ l

0 f φdy

+
(

ÂV + 0.5177B̂Vb
(

1
2 − a

)) .
αt
∫ l

0 f φdy− Âab
..
αt
∫ l

0 f φdy +
(

βti
∫ l

0
0.5177B̂V

π T10i f Ψidy
)

+
( .

βti
∫ l

0

(
0.5177B̂b

2π T11i − ÂV
π T4i

)
f Ψidy

)
−
( ..

βti
∫ l

0
Âb
π T1ih f dy

) (20)

and the pitching moment is given by

Mα =
0.0985

â
b
(

1
2
+ a
)

.
v +

0.0076
â2 b

(
1
2
+ a
)

v− 0.5177B̂b
(

1
2
+ a
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Similarly, the moment on the flap is given by
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0.0985
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− ÂVb

π

(
2T9i − T1i +

(
a− 1

2

)
T4i

))
φΨidy− 2Âb2
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..
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..
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Â = πρb2 (26)

B̂ = 2πρVb (27)

2.3. Aeroelastic Equations of Motion

The governing equation for aeroelastic analysis can be expressed as:

M
..
X + D

.
X + KX = Fa + Fg (28)

where M, D, and K represent the structural mass, structural damping (set to zero here),
and structural stiffness matrices of the wing-flap system, respectively; X represents the
displacement vector in generalized coordinates and the elements of these matrices are
represented in Appendix A; Fa represents the unsteady aerodynamic force vector; and Fg
gust load vector and it is included only for the gust response and alleviation analysis.

2.4. The Gust Model

To evaluate the gust load alleviation capability of SMTE, it is essential to determine
the variations in root bending moment and shear force (shown in Figure 4) when the wing
encounters gusts. It is noted that here only the gust velocity based on a discrete, 1-cosine
gust profile is considered. The 1-cosine gust profile is defined, according to FAR Part 25,
Section 25.341, as:

wg(t) =
Uds

2

(
1− cos

(
πVt

H

))
(29)

where H, the gust gradient, is the distance parallel to the airplane’s flight path for the gust
to reach its peak velocity, and it varies from 9.144 to 106.7 m. Uds is the design gust velocity,
and it can be expressed as:

Uds = Ure f Fg

(
H

106

) 1
6

(30)

where Ure f , the reference gust velocity, has a magnitude of 17.07 m/s at sea level and
reduces linearly from 17.07 to 13.4 m/s EAS at 15,000 feet. Fg is the flight profile alleviation
factor, and it is set to one. The airspeed is set to 30 m/s and the angle of attack is kept
at zero.
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2.5. Validation: Flutter Analysis

Due to the lack of available aeroelastic data on rectangular wings equipped with
flap(s), the aeroelastic model developed here is validated using the Goland wing and the
mechanical and geometric properties are listed in Table 2. For the sake of comparison,
the stiffness of the three flaps is assumed to be very high (104 Nm/rad). This effectively
limits the dynamics of the wing with SMTE to the bending-twisting of the cantilever
wing. Figure 4 shows the variations in the first bending and the first torsion modes for
the Goland wing with SMTE and the clean Goland wing (without SMTE). It can be seen
that for the assumed high values of flap stiffness, the flutter mode for both scenarios is
the 1st torsion mode. The flutter speed and frequency are 139.3 m/s and 68.87 rad/s
for Goland with SMTE and 137.11 m/s and 69.9 rad/s for Goland without SMTE. This
confirms the accuracy of the developed time-domain aeroelastic model. It should be noted
that the flutter boundaries are estimated using the PK (frequency matching) method for
validation purposes.

Table 2. Properties of Goland Wing [27].

Specifications Goland Wing

Half span (m) 6.096

Chord (m) 1.8288

Mass per unit length (kg/m) 35.71

Moment of inertia (50% chord) (kgm) 8.64

Spanwise elastic axis (from LE) 33%

Center of gravity (from LE) 43%

Spanwise bending rigidity (Nm2) 9.77 × 106

Torsional rigidity (Nm2) 0.987 × 106

Density of air kg/m3 1.225

3. Parametric Study

The Goland wing, equipped with the SMTE concept which consists of three flaps, is
used here for parametric aeroelastic analysis. The purpose of this study is to identify the
influence of various design parameters on the aeroelastic boundary. The loads due to gust
are set to zero in this section.

Aeroelastic Boundaries: Flutter and Divergence

The flutter boundary of the cantilever wing with SMTE is obtained by calculating the
critical flutter speed, flutter frequency, and divergence speed for different flap stiffness
values. Figure 5a,b shows the variation in flutter speed and frequency for different flap
stiffness of a cantilever wing with a single flap. Similarly, Figure 5c,d shows flutter speed
and frequency for varying flap stiffness of SMTE (where the flap stiffnesses were changed
simultaneously by the same amount).

Figure 5 shows that the wing with a single flap and the SMTE wing with three-
flap configurations are similar in the variation in flap stiffness. It can be seen that the
flutter speed is very sensitive to flap stiffnesses for a range between 103 and 105 Nm/rad.
Further, an increase in stiffness from 105 Nm/rad does not affect flutter speed. The flutter
frequency also shows the same trend as in the case of speed as after 105 Nm/rad stiffness,
it remains constant. It should be noted that regardless of stiffness, the flutter mode does not
change and it remains torsion mode for both wings. For flap stiffnesses above 105Nm/rad,
the flutter speed for both configurations are increased from 90 m/s to 137 m/s and the
frequency reduced from 85 rad/s to 69 rad/s. The flutter is determined to be due to the
interaction of the first torsional and first bending mode, which excite each other and cause
the torsional mode to become unstable. The low stiffness of the flap affects the globalized
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stiffness matrix and brings the first bending and first torsion frequencies closer to each
other. This causes the coalescence of the modes to be brought about earlier in the presence
of aerodynamic forces and causes the flutter to occur at a lower velocity.
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Figure 6 shows the variation in flutter speed and frequency of a cantilever wing
with SMTE (three-flap configuration) with the stiffness of each flap varied alone while
keeping the other two stiffnesses at a value of baseline wing (108 Nm/rad). It can be seen
that from Figure 6, the flutter boundary is not very sensitive to flap stiffnesses, but for a
range between 103 and 105 Nm/rad shows a slight change and then it remains constant
even when the stiffness increses further and the variations are identical in both velocity
and frequency. It should also be noted that for flap stiffnesses above 105 Nm/rad, the
flutter speed and frequency for the three-flap configuration are very similar to those for the
single-flap configuration for all three configurations.

Figure 7 shows the variation in divergence speed for a range of flap stiffness varied
from 10Nm/rad to 1010 Nm/rad. Four different configurations were considered; varying
the stiffness of all three flaps of SMTE together (Kβ; blue), for varying inboard flap stiffness
(Kβ1; red) alone whilst keeping the other two stiffness at 108 Nm/rad, for varying midboard
flap stiffness (Kβ2; yellow) alone whilst keeping the other two stiffness at 108 Nm/rad,
and for varying outboard flap stiffness (Kβ3; magenta) alone whilst keeping the other
two stiffness at 108 Nm/rad. The divergence behavior of the wing can be attributed to
the presence of higher torsional loads being subjected to the structure in case of low flap
stiffness. For a wing at low angle of attack and significantly low flap stiffness, the trailing
edge of the flap will tend to move upwards, creating a negative lift force. Since this force
is applied aft of the shear center, it will create nose-up torsional moments at the wing
leading edge, and add to the possibility of divergence instability. It can be seen that from
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Figure 7, the divergence boundary is different for all the four configurations for a range of
flap stiffnesses (10 Nm/rad and 106 Nm/rad) and above 106 Nm/rad it become a single
line having a divergence speed of 252.28 m/s which is same as goland wing [27]. The
first configuration, Kβ has the most deviated from the goland wing divergence speed and
the inboard flap ( Kβ1

)
is the least deviated from the goland wing divergence speed. It is

evident from aeroelastic boundaries that the SMTE configuration is behaving very similarly
to single flap configuration for stiffness values of above 106 Nm/rad, so in the following
sections the analysis is carried out for stiffness value of 108 Nm/rad for all the flaps.
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4. Response to Discrete Gusts

The response of the wing with SMTE (three-flap configuration) is assessed for upward
and downward, discrete gust with the minimum (H = 9.07 m) and maximum (H = 106.7 m)
gust gradients. The airspeed is set to 30 m/s, the angle of attack is fixed to 0.2 radian, and
the flap stiffnesses are set to 108 Nm/rad. In this paper, gust velocity based on a discrete,
1-cosine gust profile is considered and it is assumed that the flaps are deflected before the
gust hits the wing and the loads are used where the gust velocity is assumed to result in
an instantaneous change in angle of attack. Only the maximum load point is taken into
consideration for each gust gradient. The dynamic analysis is out of the scope of this paper
because the flaps are deflected before the gust hits the wing. This is based on an assumption
that a LIDAR or a sensor is located at the nose of the aircraft to detect gust and based on the
signal from the LIDAR/sensor, the wing will be already prepared in optimum shape when
a gust arrives at it. To evaluate the load alleviation capability of SMTE, the root shear force
(RSF) and root bending moment (RBM) variations for different flap angles are presented
using carpet plots (Figures 8–11).
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Upward-gust carpet plots are shown in Figures 8 and 9 and downward-gust carpet
plots are shown in Figures 10 and 11. The carpet plots show an overview of the alleviation
properties of SMTE for different combinations of flap deflections. For the upward gust,
the upward flap deflections give alleviation in RSF and RBM while for the downward
gust, the downward flap deflection gives alleviation in RSF and RBM. A more detailed
gust load alleviation analysis and comparison with a single flap result are presented in the
following sections.

4.1. Gust Load Alleviation Response Analysis

To identify the effectiveness of the location of different flaps in providing load alle-
viation capability of SMTE, each flap where deflected alone while keeping the other two
flaps kept at zero flap angle in this subsection. Upward and downward gusts (1-cosine) are
considered with an airspeed of 30 m/s, the angle of attack is fixed to 0.2 radian, the flap
stiffnesses are set to 108 Nm/rad, and the gust gradient to H = 59 m. It should be noted
that in this analysis, the flaps were deflected before the gust hits the wing and the loads are
used where the gust velocity is assumed to result in an instantaneous change in the angle
of attack.

4.1.1. Case 1: Inboard Flap Only

The inboard flap angle (β1) is deflected in a step of 10◦ angle up and down for upward
and downward gusts, respectively. The resulting gust response for different gust gradients
is shown in Figures 12 and 13, respectively. It should be stressed that the deflections of the
midboard and outboard flaps are set to zero.
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Figure 12 (downward gust), when comparing with the baseline (blue) configuration,
shows that RSF (8.14 kN) and RBM (33.24 kNm) are reduced by 33.63% and 11.32%,
respectively, at a flap angle of 30◦ downward and H = 59 m. Increasing the flap deflection
increases the alleviation percentage and at lower gust gradients a small deflection is enough
to achieve more alleviation in RSF. From Figure 13 (upward gust), RSF (23.76 kN) and RBM
(81.01 kNm) are reduced by 14.78% and 4.98%, respectively, for a flap angle of 30◦ upward
and H = 59 m. Increasing the flap deflection increases the alleviation percentage.

4.1.2. Case 2: Midboard Flap Only

Similarly, the midboard flap angle (β2) is deflected in a step of 10◦ angle up and
down for upward and downward gusts, respectively. The resulting gust response for
different gust gradients for downward and upward gusts are shown in Figures 14 and 15,
respectively. It should be stressed that the deflections of the midboard and outboard flaps
are set to zero.
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Figure 14 (downward gust), when comparing with the baseline (blue) configuration,
shows that RSF (8.10 kN) and RBM (24.77 kNm) are reduced by 33.91% and 33.92%,
respectively, for a flap angle of 30◦ downward and H = 59 m. Increasing the flap deflection
increases the alleviation percentage and a small deflection is enough to achieve more
alleviation in both RSF and RBM. From Figure 15 (upward gust), RSF (23.73 kN) and RBM
(72.55 kNm) are reduced by 14.90% and 14.91%, respectively, for a flap angle of 30◦ upward
and H = 59 m. Increasing the flap deflection increases the alleviation percentage and both
RSF and RBM vary gradually with flap deflection for all gust gradients.

4.1.3. Case 3: Outboard Flap Only

Only the outboard flap angle (β3) is deflected in a step of 10◦ angle up and down for
upward and downward gusts, respectively. The resulting gust responses for different gust
gradients for downward and upward gusts are shown in Figures 16 and 17, respectively.
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Figure 16 (downward gust), when compared with baseline (blue), shows that RSF
(8.08 kN) and RBM (16.35 kNm) are reduced by 34.07% and 56.37%, respectively, for a
flap angle of 30◦ downward and H = 59 m. Increasing the flap deflection increases the
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alleviation percentage and a small deflection is enough to achieve more alleviation in both
RSF and RBM. From Figure 17 (upward gust), RSF (23.71 kN) and RBM (64.13 kNm) are
reduced by 14.97% and 24.91%, respectively, for a flap angle of 30◦ upward and H = 59 m.
Increasing the flap deflection increases the alleviation percentage and both RSF and RBM
vary gradually with flap deflection for all gust gradients.

From all the above cases, for downward gust, the RBM alleviation percentages are
increasing from inboard to outboard but the RSF alleviation percentages are not showing
any significant variation. For upward gust, both RSF and RBM alleviation percentages
increase from inboard to outboard. It should be noted that the alleviation percentage is
more in a downward gust as compared to an upward gust and this is because, for the
downward gust, the downgoing flap will produce more aerodynamic opposing force than
the upgoing flap as in the case of an upward gust. A more detailed summary of the response
analysis is tabulated in Tables 3–6 for single-flap and multi-flap operations of SMTE.

Table 3. Summary of the percentage alleviation response of downward gust for different gust gradients.

Downward Gust
H = 9 m H = 59 m H = 106.7 m

% Alleviation of
RSF

% Alleviation of
RBM

% Alleviation of
RSF

% Alleviation of
RBM

% Alleviation of
RSF

% Alleviation of
RBM

Inboard Flap only
(β1 = 30◦) 60 20 34 11 29 10

Midboard Flap
only (β2 = 30◦) 60 60 34 34 29 29

Outboard Flap
only (β3 = 30◦) 60 99 34 56 29 48

Table 4. Summary of the percentage alleviation response of upward gust for different gust gradients.

Upward Gust
H = 9 m H = 59 m H = 106.7 m

% Alleviation of
RSF

% Alleviation of
RBM

% Alleviation of
RSF

% Alleviation of
RBM

% Alleviation of
RSF

% Alleviation of
RBM

Inboard Flap only
(β1 = 30◦) 18 6 15 4.9 14 4.6

Midboard Flap
only (β2 = 30◦) 18 18 15 15 14 14

Outboard Flap
only (β3 = 30◦) 18 31 15 25 14 23

Table 5. Summary of the percentage alleviation response of upward gust for a combination of
flap deflections.

Upward Gust
H = 9 m H = 59 m H = 106.7 m

% Alleviation
of RSF

% Alleviation
of RBM

% Alleviation
of RSF

% Alleviation
of RBM

% Alleviation
of RSF

% Alleviation
of RBM

Inboard and
Midboard Flap

(β1 = 30◦)
37 25 30 20 28 18

Inboard and
Outboard Flap

(β2 = 30◦)
37 37 30 30 28 28

Midboard and
Outboard Flap

(β3 = 30◦)
37 49 15 40 14 37
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Table 6. Comparison of percentage alleviation response for downward and upward gust.

Downward Gust (H = 59 m) Upward Gust (H = 59 m)

% Alleviation of RSF % Alleviation of RBM % Alleviation of RSF % Alleviation of RBM

Inboard Flap only
(β1 = 30◦) 34 11 15 5

Midboard Flap only
(β2 = 30◦) 34 34 15 15

Outboard Flap only
(β3 = 30◦) 34 56 15 25

4.2. Optimal Flap Deflections for Load Alleviation

In this work, optimal flap deflections are obtained for different load alleviation objec-
tives and constraints. The inboard, midboard, and outboard flap angles (β1, β2 and β3) are
deflected in a step of 10◦ angle up and down for a downward gust. The gust (1-cosine)
gradient is set at H = 9.07 m, while the airspeed is fixed to 30 m/s, the angle of attack is
set to 0◦ and the flap stiffnesses are set to 108 Nm/rad. A set of 343 flap configurations are
considered. For each configuration, the RSF, the RBM, and the percentage alleviation are
computed. The results of the two different optimizations are reported as:

Objective 1: Minimize RBM subject to a 30% reduction in RSF: The objective is to find the
optimal configuration that minimizes RBM and reduces the RSF by 30% relative to the
baseline configuration (10,198 N) (flaps angles are zero).

Objective 2: Minimize RSF subject to a 30% reduction in RBM: The objective is to find the
optimal configuration that minimizes RSF and reduces the RBM by 30% relative to the
baseline configuration (31,084 N) (flaps angles are zero).

Table 7 presents the optimal configuration for each objective. In the case of Objective 1,
the inboard and midboard flaps deflect to 30◦ while the outboard flap deflects to −28◦

giving a 66% reduction in RBM whilst reducing the RSF by 30%. However, for Objective 2,
the midboard and outboard flap deflects to 30◦ while the inboard deflects to −4◦ resulting
in a 52% reduction in RSF and a 30% reduction in RBM. To minimize RBM, the inboard flap
deflects to the maximum angle while the midboard and outboard flaps deflect downward
to the maximum angle. On the other hand, to minimize RSF, the inboard and midboard
flaps deflect downward to the maximum angle whereas the outboard flap deflects slightly
upward. It is worth noting that the ability to vary the spanwise camber distribution gives
wider control on the RBM and RSF which is not the case with a single flap running from
root to tip.

Table 7. Parameters of the selected configuration.

Flap Angle (in Degrees)
RSF (in N) RBM (in Nm) % Alleviation of

RSF
% Alleviation of

RBMβ1 β2 β3

Objective 1 −28 30 30 10,198 15,149 30 66

Objective 2 30 30 −4 7047 31,084 52 30

4.3. Comparison between a Single Flap and an SMTE (with Three Flaps)

The gust response of a single flap is obtained and presented in Table 8. The comparison
is carried out in such a way that a single flap angle at 20◦ downward deflection can provide
a 56% reduction in RSF and a 56% reduction in RBM. However, a 3-flap SMTE is capable of
providing a 56% reduction in RBM with a 63% reduction in RSF. In addition, the SMTE is
capable of providing a 56% reduction in RSF with a 78% reduction in RBM. Since SMTE
allows spanwise camber variation, it gives the aircraft designer a wider range of options
for load alleviation when compared to a single flap concept.
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Table 8. Comparison between a single flap and an SMTE (with three flaps).

Flap Angle (in Degrees) RSF
(in N)

RBM
(in Nm)

% Alleviation
of RSF

% Alleviation
of RBM

Single Flap β

20 6439 19,698 56 56

SMTE β1 β2 β3

For the same RSF 10 30 30 439 98,344 56 78

For the same RBM 30 20 18 343 19,698 63 56

5. PID Controller for the SMTE Wing

Due to its simplicity and robustness, a PID controller is designed to meet the required
loads at the wing root as shown in Figure 18. The PID controller delivers actuation force on
SMTE to move from one position to another while maintaining the required load alleviation.
The design of the PID controller did not account for actuator dynamics. To account for
actuator dynamics, the type of actuation system must be determined and this requires
trade-off studies that are beyond the scope of this paper which mainly aims to conduct a
parametric aeroelastic study. The closed loop ensures that the achieved tip deflection is very
close to the desired one. The controller parameters are proportional gain Kp, derivative
gain Kd, and integral gain Ki. Percentage load alleviation was used to estimate control
gains of the control system. There are many ways to tune a PID controller and there are also
special methods for direct tuning based on simple process experiments. The PID tuning
has been carried out based on the gust load alleviation values from the optimization study.
A trial-and-error strategy was used to obtain the optimal control gain parameters.
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Figure 18. Block diagram of the PID controller.

This parametric study aims to have an initial investigation of a controller for SMTE.
The gust alleviation property of SMTE was used to design controller parameters. If SMTE
is used as a gust load alleviation device, it must be fast and must settle to the targeted
wing root loads in the shortest period and with minimum overshoot. The selection of PID
control gains is performed using the gust load alleviation values from the optimization
study in Section 4.2. A trial-and-error strategy was used to reach control gain parameters.
For a flight condition of 30 m/s, an angle of attack of zero radians, and at sea level, with a
gust gradient of H = 9.07 m SMTE with three-flap configurations the controller parameters
have been found out. Controllers with three different proportional gains, integral and
differential gains have arrived at different combinations of flap angles. The simulations
of the SMTE with three PID controllers were performed for different combinations of flap
angles. For a given actuation time the integral gain is independent and a −1 (constant
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value) for differential gain gives minimum overshoot and stabilizes the system. Controller
parameters for 30 percent load alleviation in root bending moment for some combinations
of flap angles are tabulated in Table 9.

Table 9. Controller parameters.

Flap Angle (in Degrees) Proportional Gain, Kp1 Proportional Gain, Kp2 Proportional Gain, Kp3 Differential Gain, Kd
β1 β2 β3

10 0 18 −5.89 0 −10.54 −1

10 10 12 −5.67 −5.67 −6.72 −1

10 20 6 −5.45 −10.90 −3.18 −1

10 30 0 −5.25 −15.76 0 −1

10 0 16 −11.41 0 −9.05 −1

10 10 10 −10.98 −5.49 −5.41 −1

10 20 2 −15.40 −10.27 −0.94 −1

6. Conclusions

This paper presented an investigation of the dynamic aeroelastic characteristics of a
cantilever wing equipped with a spanwise morphing trailing edge (SMTE) concept. The
structure of the wing was represented using the Euler–Bernoulli beam, the Rayleigh–Ritz
method was used to derive the generalized equation of motion, and Theodorsen’s unsteady
aerodynamic theory was used to estimate the aerodynamic loads. The governing aeroelastic
equations of the wing with a three-flap configuration were derived in the time domain. A
flutter analysis was conducted to compute the flutter boundaries. The flutter boundaries
of the wing with a three-flap configuration are compared with the wing with a single flap
configuration. Furthermore, several scenarios were studied to assess the feasibility of SMTE
as a load alleviation device when subject to discrete gusts. Finally, the implementation and
validation of a controller for gust load alleviation were studied and controller parameters
are tuned for a specific gust model. The simulation results showed the potential load
alleviation capabilities of the SMTE when compared to a single flap configuration.
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Nomenclature
a non-dimensional distance from airfoil mid-chord to an elastic axis
b airfoil semi-chord
C(s) Theodorsen transfer function in the Laplace domain
ci non-dimensional distance from the airfoil mid-chord to the ith flap hinge line
L Lift
Mα moment of wing-flap about an elastic axis
Mβi moment about the hinge axis of the ith flap
m mass of wing-flap (per unit span)
y spanwise location measured relative to the wing root
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h plunge displacement at the elastic axis
α pitch angle
βi flap angle of the ith flap
V true airspeed
f (y) bending shape function
φ(y) torsion shape function
Ψ(y) flap shape function
T total kinetic energy
U total potential energy
ρ air density
S Laplace variable
Acronyms
Dof degree of freedom
SMTE spanwise morphing trailing edge
GLA gust load alleviation
BWB blended wing boy
PID proportional integral derivative

Appendix A

It should be noted that the aeroelastic equation is of the general form M
..
X + D

.
X + KX,

where X is a vector of the system variables with an overdot representing time derivatives,
the structural mass (M), and structural stiffness (K) matrices can be expressed as:

M =


m Sα Sβ i
Sα Iα

(
Iβ i + b(ci − a)S

β i

)
Sβ i

(
Iβ i + b(ci − a)S

β i

)
Iβ i

 (A1)

K =

Kh 0 0
0 Kα 0
0 0 Kβi

 (A2)

And

X =


h
α
βi

 (A3)
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