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Abstract. Motivated by Manin’s expression relating modular symbols to critical values of L-
functions, Goldfeld and the author have constructed group cocycles which are related in an
analogous way to values of derivatives of L-functions. In this note, we propose a geometric
interpretation of these cocycles that is based on the cohomology of the non-compactified
modular curve.
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1 Introduction

Notation and terminology

Lo(N)={(% %);a,b,c,d e Z;ad — Ned = 1}
9 = {x+iy; y > 0}: the upper half-plane

9" =HvQu {in}

vz = 7= (¢ g)eTo(N), ze &'

J(p.2) =cz+d, fory=(% %)

Yo(N) = [H(N)\9: the non-compactified modular curve

Xo(N) =To(N)\H™: the (compactified) modular curve

p:9" — Xo(N): the natural projection map. (Same notation for the projection
9 — Yo(N) when there is no danger of confusion.)

P,, = {polynomials of degree < m}

(Fl,.7)(w) = j(,w) "F(w) for F: $ — € and 7 € Ty(N)

n(z) = ™/ 12, (1 — %), the Dedekind #-function

C(To(N), M) ={g: To(N) x ---To(N) — M} where M is a I[;(N)-module

i-times
A,: standard n-simplex contained in IR”*!
S, (X) = the group generated by singular n-simplices of a space X, i.e. continuous
T:A,— H
S(X) := &, Su(X): the complex of singular chains
(ao,...,a,): a singular n-simplex with vertices ay, ..., a,
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Let /" be a cusp form of weight 2 for T)(N) which is an eigenfunction for the Hecke
operators and let Ly(s) be its L-function. In [M], Manin gave a formula for the crit-
ical value Ly(1) in terms of modular symbols

yico

S = J f(2)dz yeTy(N).

100

That formula, among other things, agrees with the form of L;(1) anticipated by the
conjecture of Birch and Swinnerton-Dyer. A key fact is that the modular symbols can
be thought of as integrals over Xy(2V). This is almost equivalent to the fact that the
map y — {f,y) (y e [H(N)) is a 1-cocycle with coefficients in € acted upon by IH(N)
via |, i.e. trivially.

More recently, Goldfeld proved a similar formula for L/(1) in the case that f is a
newform of weight 2 for I')(V) and L(1) = 0. To each y € T)(N) he associates the
function vy (y) : $* — € defined by

(1) vr()(z) = J S(w)u(w)dw for all ze H*

where u(z) :=log(n(z)) + log(n(Nz)). In [G] it is shown that, if p is a prime not di-
viding N and a(p) the p-th Fourier coefficient of f, then we can find y; € I (N) such
that

@ (1 -alp)L(l) = 4ni’§; o (5,)(0) + A

where A4 is an explicit linear combination of the periods foj/p flz2)dz (j=0,...,
p — 1). In contrast to Manin’s formula, the integrals v/(y;)(0) on the right-hand side
of (2) cannot be automatically considered as closed integrals on the modular curve
and this difference reflects the difficulty of extending results about the algebraic struc-
ture of values of L-functions to their derivatives. This is one of the motivating prob-
lems of this project.

Our approach relies on the observation that, although the integrals in Goldfeld’s
formula are not defined over the modular curve, they can still be considered as
l-cocycles with coefficients in a T(N)-module of functions on $* (cf. Section 2).
However, the coefficient module in [G] is different from the one in Manin’s work.
For this reason, in [D] we established a correspondence between derivatives of L-
functions and cocycles in terms of a natural generalization of the representation in
Manin’s theorem. Specifically, if f is a cusp form of general weight k and level N = 1
we define the map oy : SLz(Z) X SLz(Z) — Py by

ar(y1,72)

_ JWOO F) (- le)k’zj(yl,X)kiz(u(sz) —u(z))dz, 1,7, € SLy(Z).

00
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We show that gy is a 2-cocycle with coefficients in Py_, acted upon by SL,(Z) via
|,_. We also show that it is connected with derivatives of L-functions through the
identity

o w((0 )0 )

=i§ﬁ%§25wmwuﬂqu+m+@qu+m

where 4; :=T"(j+1)/T(j+ 1) — log(2n).

Since SL>(Z) has virtual cohomological dimension 1 over C-modules, oy is a co-
boundary and this prevents an immediate geometric interpretation of it. In [D] we
dealt with this difficulty by reducing g, to a non-vanishing compactly supported
l-cocycle in N = C'(SLy(Z), Py_»)/C°(SLy(Z), Pi_») with the action on N induced
by |, ;. (Details are given in Section 4.) In principle then a geometric interpretation
of the cocycle associated to L/ is provided by the isomorphism between the compact
1-cohomology group H/(SLy(Z), N) and the compact 1-cohomology group with co-
efficients in the vector bundle 9t associated to N (see Sections 3 and 4). In fact, we
could go one step further to use de Rham’s theorem to associate integrals on Yp(1)
to o7 and thus to values of derivatives of L/(s) which, as mentioned above, was one
of our goals.

However, in order for this correspondence to be useful for further applications it
is important that it be described in a way as explicit possible, a task which is not
obvious especially because of the infinite-dimensionality of 9t. In this note we show
that the isomorphisms defining the correspondence can be described in a surprisingly
concrete way that highlights the precise relation between the structure of o, and the
geometry of the base space.

We begin in Section 2 with the cocycles vy associated to forms of weight 2 by (1).
Even though the representation at work does not generalize the one in Manin’s for-
mula, several of the technical difficulties of [D] can be avoided resulting in a clearer
geometric description. It does not seem possible to work in the same way in higher
weights.

We define a I'y(V)-module M, with respect to which vy is a non-trivial 1-cocycle
and we construct the associated vector bundle 9)i,. The geometric interpretation of
this cohomological setting can be summarized by

Theorem 1. Let Ty (N) act freely on $ and let § be a fundamental domain of To(N) in
9. There is an isomorphism from H'(Ty(N), My) to H'(Yo(N), M) such that a rep-
resentative of the image of vy in H'(Yo(N), M) sends a simplex T in Yo(N) to the
function

1o

2= [ oot

where (z1,722), (21,22 € §) is a lift of T in H under p.
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In Section 3 we define and analyze a simplicial complex K on a suitable subspace H
of $ needed in order to define the compactly supported cohomology associated to
ar. We then successively describe the isomorphisms between group cohomology, the
cohomology of K, the singular cohomology of H and the compactly supported co-
homology on a modular curve. It should be stressed that the emphasis is not on the
existence of the isomorphisms between the cohomology groups, which, in most cases,
is standard (cf. [H1]), but rather on the choice of explicit isomorphisms that are
appropriate in our setting. For this reason, we have opted for old-fashioned presenta-
tions of the maps involved, adapted for instance, from the original papers of Eilen-
berg and we have tried to keep to details not directly connected with our purposes to
a minimum.

The maps defined in Section 3 are then used in Section 4 to describe the image of
the 1-cocycle induced by o, and the values of derivatives of a L-function. It is possi-
ble to formulate an analogue of Theorem 1 in this case, but because of the techni-
calities involved, the statement would be too lengthy to state precisely. However, the
basic structure of the construction is similar to the one of case of weight 2.

2 The case of weight 2

In this section we provide a geometric interpretation of the cocycle v, associated to
the derivative of the L-function of a weight 2 cusp form f.

For simplicity we work with groups without elliptic elements (e.g. if 36|N). We first
show that the map vy defined by (1) can be considered as a non-trivial 1-cocycle.

Fix a newform f(z) = Y. | a(n)e*™ ™ of weight 2 for [)(N). For each y € [H(N),
we define a function vf(y) : §* — € with

vr(y)(z) = Jyzf(w)u(w) dw forallze &*

where u(z) := log(n(z)) + log(n(Nz)). In [G], it is proved that vy is a 1-cocycle with
respect to the action |, of I')(NV) on the vector space of functions from $* to € and a
connection with derivatives of L-functions is given by (2).

We consider the set M, of functions from $* to € which can be expressed as linear
combinations of functions (in z) of the form [/ f(w)u(w) dw, (y; € Ty(N)). It is clear
that My defines a I';(V)-module with respect to the action |, of I'/(N). In fact, it is
the smallest I'y(V)-module containing all vs(y) with y € I')(N) and a fixed f.

Lemma 2. The cohomology class of vy in H'(Iy(N), My) does not vanish.
Proof. Suppose that there exists ' € M, such that vs(y) = F|,(y — 1). Let y;,...,y, €

[H(N) and c¢1,...,¢, € € be such that F(z) = >0 ¢; [ f(w)u(w) dw, for ze H".
Then,

Jyz SWu(w) dw = z”: ci(yjzzf(l/v)u(vv) dw — }f JSwu(w) dw)
yz z

z i=1
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and the last sum (as proved in [G], Section 4) equals

Zn: ¢ Jyz S (u(y,w) —u(w)) dw.

Hence,

(4) J”/Z S (w)[u(w) — éc;(u(y,—w) —u(w))]dw=0 forallyeI(N),zeH".

In particular, upon differentation we deduce that the integrand is invariant under the
action |, of T(N) and therefore (in combination with the growth conditions at the
cusps for f and u) the integrand is a cusp form of weight 2. According to the Eichler-
Shimura isomorphism and the transformation formula for u, (4) then implies that

u(w) = éci(u(yiw) —u(w)).

On the other hand, u satisfies the transformation formula
u(yz) = u(z) +log(j(y,z)) +x, forallye SLy(Z),z€H

where x, is a constant depending only on y. Therefore

u(z) = z ci(log( (W) + 5y

and this gives the desired contradiction. O

For a geometric translation of this cocycle we first define an isomorphism between
H'(TH(N), My) and the equivariant 1-cohomology group of $ with coefficients in
My. We then describe the vector bundle associated to My in an explicit way and de-
scribe the isomorphism between the equivariant cohomology and the cohomology of
Yo(N) with coefficients in this vector bundle.

We define the equivariant 1-cohomology group of $ with coefficients in M/ as the
first derived group of C*($, My) = Homp,(y)(S($), M) with the coboundary oper-
ator induced by the chain operators on S($). We denote it by Hrl(, ( N)(b, My).

Fix a fundamental domain § of Iy(N) in §. Let 7€ C!(TH(N), My). We define a
map e(t) : S1(9) — M, as follows. Suppose that T € S($) has starting point y,z;
and ending point y,z, for some y,,7, € [)(N) and z;, z, € §. Then we set

(5)  e@)(T) =1l )lovr

and extend by linearity. Since I)(N) acts freely on $, this is a well-defined map.
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Lemma 3. Suppose that Ty(N) acts freely on $. The map e: C'(Iy(N), My) —
CY (9, My) induces an isomorphism e* : H'(Ty(N), My) — Hllo(N)(ﬁ My).

Proof. See [E3]. O

We next define a vector bundle on Y, (N) setting first of all Mi, := Io(N)\(H x My)
where [(N) acts on § x My by y.(z,m) = (yz,m|yy~"). We view M, as a discrete
topological space and we then endow $ x M, and i, with the product and quotient
topology respectively. Then the projection

7 To(N\(D x My) — To(N)\$

gives rise to a vector bundle with fibers 77! (p(z)) isomorphic to M, for every z € .

9
|
To(N\($ x My) —— TH(N)\$ = Yo(N)

We will often identify the fiber 77! (p(2)), (z € $) with M, via (the restriction of ) the
trivializing map f defined by:

©)  S(To(N)(z,m)) = m,

where Th(N)(z,m) = To(N)(z1,m) fora z; € Fn TH(N)z.

Further, to each homotopy class of paths between two points of Yy(N) we associate a
vector space isomorphism between the fibers of the points which is compatible with
path multiplication (‘local coefficient system’). Let ,-,) »(-,) be a path from p(z;) to
p(z2), with z; and z; chosen in §. Since $ is the universal cover of Yy(N) under p,
there is a (unique) path with initial point z; whose image is o,(-,) ,(-,). If the terminal
point of the lifted path is y,z, for some (unique) y, € I)(N), we define the map

Az i) 17 (p(21) = 7 (p(22))

setting:

(M) A(p).pe) (To(N)(z,m))

=To(N)(z2,mlgy7'y,) forme My and z = p,z;.
If ocl’,(ZZ% 2(1) is a path homotopic to o,(.,) ,(-,) then the lifted path with initial point z
will have terminal point yjz, = 9,2, and, therefore, ) = 7,. So, 4 depends only on

the homotopy class of the path. One easily checks that A4(o,.,) ,(-,)) is 1-1, onto, lin-
ear and that A(0 () () A(%p(z) p() = A(pes) pier)-



Cocycles associated to derivatives of L-functions 741

In view of the identification (6), 4(2,(-,) y(-,)) can be simply thought of as an endo-
morphism of My as follows: If the lift of o, ,(-,) in H with initial point z; has ter-
minal point y,z,, then we can write

(7)) A(p(zy) p(r)) (M) = mgys.

We can now define the cohomology group H'(Yy(N), D). We let x7 denote the first
vertex of the singular simplex 7" and we let C'(Yy(N),M,) denote the singular i-th
cochain group of Yy(N) with coefficients in 9i,. We think of an element in this group
as a map sending each i-simplex 7 in Yo(N) to an element of 7~!(x7). Using the
identification (6) we can then define the coboundary operator on C’ by the formula

(8)  (d)(T) = Aoty p) S (T) + iil(—l)jf(T(”)

J=1

for f e C'(Yo(N), M) and a (i + 1)-simplex 7. Here a,, ,, denotes the path corre-
sponding to the first edge of the simplex 7" and 7'/) is the j-th face of 7. The coho-
mology group H'(Yy(N), M) is the first derived group of C*(Yy(N), M) with the
coboundary operator (8).

To relate this cohomology to equivariant cohomology we first fix a base point x( € §.
If p(T) denotes the image of a simplex 7 under p we define a map ¢ : C'(H, My) —
C'(Yo(N),My) with the formula

(9) lp(g)(p(T)) = A(dp(xo),1J(XT))7lg(T)7

for all g € C'($, My) and 1-simplices p(T) of Yo(N), Where o) p(xp) is the image of
a path from x7 to xo under p and M; is identified with 7~ !(p(x,)) via the trivializing
map. The map (g) is well-defined because of the Iy(N)-invariance of g. In [E3] it
is proved that i/ induces an isomorphism * between the corresponding cohomology

groups.

Using the formulas (5) and (9) we can determine explicitly a representative of the
cohomology class y*(e*(vr)), where vy is the cocycle (1) we have associated to de-
rivatives of L-functions. Specifically, let 7 be a 1-simplex in Y, (N). Suppose that its
initial point is p(z1), with z; in the fundamental domain &. If the lift 7 of 7 in $ with
initial point z; has terminal point yz,, for some z; € &, then (5) and (9) imply

U(e(or)(T) = Al pe) (o)D) = e(wr)(T) = v (7).

From this we deduce Theorem 1.

Since, as we mentioned in the introduction, our emphasis is on the explicit form of
the maps we conclude this section by listing the formulas for the main isomorphisms
we established:
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o ¢ H'(IH(N), My) — HY. (9, My) induced by the map e: C'(IH(N), My) —
C'(9, My) which is defined by

e(o)(T) = (" y)lovr!

for a 1-simplex 7 of § with starting point y,z; and ending point y,z; for some
71,72 € To(N) and z1,2; € §.

e Let o) p(-,) be a path from p(z1) to p(z2), (21,22 € §).
Az, pen)) + My — My
is defined by

A(ttp(=3),p(=1)) (M) = mlg7,

where the lift of &, .,) ,(-,) in H with initial point z; has terminal point y,25.

o Y HL (9, My) — H'(Yo(N),My) induced by the map y: C'(H, M) —
C'(Yo(N), M) defined by

l//(g)(P(T)) = A(fxp(xo),p(xr))ilg(T)

for all g € C'($, My) and 1-simplices p(T) of Yo(N), where oy, p(xp) is the image
of a path from x7 to x( under p.

3 The compact cohomology

For the geometric interpretation of the cohomological setting that we have associated
to derivatives of L-functions in [D] we first construct a suitable base space on which
the relevant vector bundle will be defined. The construction is based on the simplicial
complex K described in [S], pg. 224. (See also, [H2], pg. 348).

Let I be a normal torsion-free congruence subgroup of finite index in SL,(Z). If
S is a set of representatives of the group of cusps of I', we denote by 7, the generator
of the stabilizer of s, for s € S. We denote by Y the open Riemann surface obtained
after we remove a small open disc around each point p(s) for each s e S, without
overlaps. Let H be the inverse image of Y under p. It is possible to define a simplicial
complex K on H so that:

(i) Every y € I induces a simplicial map of K onto itself,

(i) for each s € .S there is a 1-chain #, of K mapped onto the boundary of the ex-
cluded disc around p(s) and

(iii) there is a fundamental domain & for I in H whose closure consists of finitely
many simplices of K.
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Such a complex can be constructed by considering a fundamental polygon & of I' in
H all of whose cuspidal vertices are I'-inequivalent, then defining a finite simplicial
complex (of the closure of &) using (ii) and then covering all of H by translating by
elements of I". We require that & itself (as opposed to its closure) contain a (unique)
representative of the I' orbit of each point of H, so it is not open.

We now consider the chain complex ¢ = (C;,d;) over Z induced by K. Since H is
simply connected we have an exact sequence 0 — C, & C LN Co Ll Z — 0 where
di,dr are the usual boundary maps and do(> my[x]) => m, for m,eZ and
0-complexes [x]. By the construction of K, d;t; = m,[q,] — [¢], for some ¢, € F. We
then consider the subcomplex

¢:0-Cl—-Cy—Z—0

of €, where C| (resp. C|) is generated by the translations (by elements of I') of #

(resp. g¢,) for all s € S. This induces a quotient complex ;—K, = (% .d;).

Let now M be a right I'-module. We define the first compactly supported coho-
mology group H!(T', M) as the group Homp (%o, M) where % is the group of divi-
sors of degree 0 supported on @ U {ioo} and equipped with the usual left action of
[ = SLy(Z). The next lemma expresses H! (T, M) in terms of the complex %.

Lemma 4. If T is torsion-free we have:

%
HNT, M) =~ H'(Homr(

Proof. For i = 0,1 we let d] be the map in Homr (%, M) induced by d;. We define a
map o* : Ker(d]) — Homr(Z, M) setting:

(10) o (f)((x) = () = f(lgx, 7gy]), for f € Ker(d}), and x,y e S

where [gy, yq,] denotes a 1-chain such that d;([¢x, 79,]) = [79,] — [¢x]. We extend by
Z[T']-linearity. Conversely, let g € Homp (2, M). After we fix a xo € S, we set

(1) B (@) gx r9y]) = 9((x) — (7))
BT (9)([z,v9x]) = g((x0) — (yx)) forx,yeSandzeF— {q:;xe S}

We extend " (g) by linearity. One can check that (10), (11) give well-defined inverse
maps. O

To pass to the (relative) singular cohomology, we use the explicit chain equivalences
of [E1] and [E2]. We first need to review the definitions of some preliminary notions.

For each x € H we define a map on the set of O-simplices in H as follows. If x does
not belong to any simplex in K with vertex B, we set x(B) = 0.
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If x belongs to a simplex which is the homeomorphic image of A, under a map ¢,
then we define x(B) = the coordinate of #~!(x) in terms of (the basis vector of R"*!)
1 (B).

If 5 is a simplex of K, we consider the set N(s) of points x € H for which there
exists a vertex 4 of s such that x(4) > x(B), for all 0-simplices B not in s. The sin-
gular simplices of H such that T(A,) = N(s) for some simplex s of K form a sub-
complex Sy (H) of S(H).

For each x € &, we also select a vertex n(x) of K such that x(n(x)) > x(B) for any
vertex B of K. (In some sense, n(x) is the vertex “‘nearest to x”” and there may be
more than one such n(x) for a given x). We can extend n(x) to all x € H by setting
n(gx) = gn(x) for x € § and g € T'. This is well-defined since T" has no fixed points in
H. On the other hand, it is easy to see that (gx)(gn(x)) = x(n(x)), since g induces a
simplicial homeomorphism of H to itself and hence gn(x) will still be a vertex nearest
to gx.

Finally, we define the “subdivision” operator Sd on the group of singular 1-chains.
If T is a singular 1-simplex in H,

SA(T) := Ty — T,

where T (resp. Tp) is a 1-simplex whose image is the half of T(A;) from its midpoint
to its last point (resp. to its first point). (The formal details of the definition of 77 and
Ty which is based on the ‘cone construction’ are omitted.) The operator Sd is then
extended to all of S} (H) by linearity.

With this notation, the desired isomorphisms between singular and ‘simplicial’ co-
homology groups are induced by the composition of two chain maps, R: S(H) —
Sy(H) and G : Sy(H) — %. In the case of 0-simplices, they are given by

R(c¢) = ¢ for a O-simplex ¢ in S(H).
G(c") = [n(c")] for a 0-simplex ¢’ in Sy(H).

Let now T denote a 1-simplex in S(H). Let m(T) be the least non-negative integer
such that the m(T)-th iteration of Sd (denoted by Sd”(7)) belongs to Sy (H). Then

R(T) = Sd™(T).

If 7" is a 1-simplex in Sy (H) with vertices 7;; and 7 then

We extend G to the whole Sy (H) by linearity.
The maps in the opposite direction required to prove the homotopy equivalence
are simply the injection
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I:Sy(H) — S(H)

and the natural map L : ¥ — Sy(H) defined by
L([qo,- - -, qp] = the singular p-simplex with vertices ¢;’s (i =0,..., p)

for every p-simplex [qo, ... q,] of K.
The fact that these maps are well-defined is proved in [El], [E2], [E3], where the
following proposition is proved too.

Proposition 5. The maps Ro I and G o L are the identity maps on Sy(H) and € re-
spectively. The maps I o R and L o G are homotopic to the identity of S(H) and Sy(H)
respectively. Furthermore, all these maps commute with the action of the group T act-
ing freely on H and the chain homotopy operators can be chosen so that they commute
with the T-action too. Finally, the chain maps and the chain homotopy operators are
compatible with the inclusion map of a subspace A of H into H. O
Proposition 5 allows us to connect the group H'!(Homr(%, M)) with a (relative)
equivariant cohomology group.

Specifically, if A4 is a subspace of H, we define the equivariant cohomology group
HL(H,A, M) of H with coefficients in M relative to 4 as the first derived group of

Homr(%,M ) with the coboundary operator induced by the chain operators on
S(H). Then, Proposition 5 applied to
A= U U

yelsesS
with the simplicial decomposition induced on it by K, implies

Proposition 6. The map

induced by the map Go R : S(H) — € is an isomorphism. O

We now consider the complex vector bundle on Y associated to M. As in Section 2
we set M := I\ (H x M) where I acts on H x M by y.(z,m) = (yz,my~"). We main-
tain the notation of Section 2 for the trivialization and identification maps as well
as for the isomorphism (7) (or (7')) between the fibers. We can then describe the iso-
morphism between the relative equivariant cohomology on H and the relative coho-
mology on Y with coefficients in M.

The map ¢ from C/(Y,M) to the equivariant cochains C'(H, M) = Homr(S;(H),
M) is given by:
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¢(f)(T) = A(ap(-’f())vp<«’cr))f(p(T))
for every i-simplex T of H and f € C'(Y, M)

where o, (). p(x,) 18 the image of a path from x7 to xo under p. We extend to all of
C'(H, M) by C-linearity. It is easy to see that ¢(f) is ['-invariant. Strictly speaking,
we should write C'(H,n~'(x¢)) instead of C'(H, M) but we use the identification of
n 1 (x0) with M.

The inverse map y : C'(H, M) — C(Y,9N) is given by the formula

(12) lp(g)(p(T)) :A(O‘P(xo)‘p(xr))ilg(TL

for all g € C'(H, My) and i-simplices p(T) of Yo(N), where o,(y,) »(x,) is the image of
a path from x7 to xo under p and M is identified with 7=!(p(x()) via the trivializing
map. It can be proved that ¢ and  are well-defined inverse maps commuting with
the coboundary operators (8) (cf. [E3], Ch. 5). We now show that, using ¢, , we can
also obtain the compact cohomology H!(I'\$, @~ 'j~19) as the isomorphic image of

HNT, M).

Theorem 7. Let j be the injection Y — p(A) — Y, and @ a homeomorphism from T'\H
to Y — p(A). If ", j*, @* denote the map induced by \, j, @ on the cohomology then
the map @*j*y*p*B* is an isomorphism from H!(T', M) to H}(T\H, ®~'j~'M). Here
&' 7 denote the sheaf inverse images induced by @ and j.

Proof. Set p(A) =J,cs P(t;). As mentioned above, y is an isomorphism from
C*(H,M) to C*(Y,M) commuting with the coboundary operator. From (12) we
immediately deduce that  maps the elements of C'(H, M) vanishing on simplices
whose support is contained in 4 to elements of C'(Y,9%) vanishing on simplices con-
tained in p(A4). The analogous statement for ¢ is also true. Therefore, i induces an
isomorphism between H{(H, A, M) and H'(Y, p(A4),M). Combined with Lemma
4 and Proposition 6, this proves that y*p*f* is an isomorphism from H!(I', M) to
HY(Y, p(A4),M).

On the other hand, by ‘invariance under relative homeomorphisms’; the map j* :
H'(Y,p(4), M) — H(Y — p(A), j~'M), is an isomorphism. From this we deduce
Theorem 7. O

We finish this section too with a list of the main maps we have defined.
e f*:H!(T,M) — H'(Homr(%, M)) defined by
B*(9)(lgx, vay]) = g((x) — (»»)) and
B (9)([z,74x]) = g((x0) — (yx)) forx,yeSandzeF—{qxeS}

for ge H{(T', M).
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e For x € H set

x(B) =0, if x does not belong to any simplex in K with vertex B,

x(B) = the coordinate of ~!(x) in terms of +~'(B)

if x belongs to a simplex which is the homeomorphic image of A, under a map ¢.

e Forevery x € § select a vertex x of K such that x(n(x)) > x(B) for any vertex B of
K. Extend to all of H by I'-linearity.

e [f T is a singular l-simplex in H, we define
Sd(T) = T] - T(),

where T (resp. Tp) is a 1-simplex whose image is the half of 7'(A;) from its mid-
point to its last point (resp. to its first point). We extend Sd to all of S;(H) by
linearity.

e R:S(H)— Sy(H) is defined for 0- and 1-simplices by
R(c) =¢, fora O-simplex ¢
R(T) =Sd"")(T), fora l-simplex T

where m(T') is the least non-negative integer such that the m(7')-th iteration of Sd
belongs to Sy (H).

e G:Sy(H)— % is defined for 0- and 1-simplices by

G(c) = [n(c)], for a O-simplex ¢

G(T) = [n(Ty),n(Ty)], fora l-simplex T with vertices Ty, 7.
e p*: H'(Homr(%, M)) — H{\(H, A, M) induced by the map

GoR:S(H)— 4.

o ' HNH,A, M) — H'(Y,p(A4),M) induced by v : C'(H, M) — C'(Y, M) de-
fined by

W(9)(P(T)) = Ap(xy) pier)~ 9(T)

for all g e C'(H, M) and 1-simplices p(T') of ¥, where oy, p(x,) is the image of a
path from x7 to x( under p.

o j*:H' (H,p(A), M) — HN(Y — p(A), j~'M) with p(4) =,.s p() is induced
by the injection j: ¥ — p(4) — Y. j~!is the sheaf inverse image induced by ;.
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e & HNY — p(A),j'M) — H(T\$,d !j719) is induced by a homeomor-
phism @ : T\$ — ¥ — p(4). &' is the sheaf inverse image induced by @.

4 Cocycles associated to L-functions

In this section we apply the results of Section 3 to the cohomological setting of [D].
Let f be a cusp form of (even) weight k for SL,(Z). Then we define a map o, from
SLz(Z) X SLZ(Z) to Pr_» by

7ioo

ar(1:72) = J FE)E=nX) 00 X) T lra2) — u(z)) dz

ioo

for all y,,y, € SLo(Z), where X is the polynomial variable. This map satisfies
a 2-cocycle condition in terms of the right action |,_,. Moreover the map oy is inti-
mately connected with the values of derivatives of L,(s) inside the critical strip
(ie. s=1,...,k — 1), since each such value appears in the coefficients of a/(7,T),
where T = (9 ') (see (3)).

On the other hand, oy induces a compactly supported l-cocycle of SL,(Z)
with coefficients in a certain SL;(Z)-module. Specifically, we consider the map
by : SLy(Z) — Py given by

br(7) = a7(T, 7))l 4T
We also define an action || of SLy(Z) on C'(SL(Z), Py_,) such that
(b)) = by )o_4y for all y,0 € SLy(Z),
where b € C'(SLy(Z), Pi_»). We extend || to Z[SL,(Z)] by linearity. Then we have

Proposition 8 (D). If U := (| '), both by || (T + 1) and by || (U* + U + 1) are con-

stant. O

For the proof see [D], Prop. 2. Although in [D] we work with functions of T',,)\SL»(Z)
to a quotient of Py_, (where I, is generated by (! %) and S = (] 1)) the crucial
element in the proof is the 2-cocycle relation which holds in both cases.

We now consider the map ff, on SLy(Z) sending U and T to the image Ef of by
under the projection C!'(SLy(Z), Py_3) — C'(SLy(Z), Py_»)/C°(SLy(Z), P_»). Be-
cause of Proposition 8, 8, defines a 1-cocycle of SL;(Z) with coefficients in

N := C'(SLy(Z), Pr—2)/C*(SLy(Z), Py—»)

(the action of SL,(Z) being induced by || and denoted by || too). So, for example, we
have
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(13)  B(UTU'T) = by |[(TUT' T+ U™'T =T +1),

In fact, 8, is a compactly supported cohomology class. This is a consequence of
Lemma 9. Let M be a right SLy(Z)-module. Then H!(SL>(Z), M) is isomorphic to

{f : SLo(Z) — M; f(9291) = f(92)91 + f(g1)
for all gi,9> € SL2(Z) and f(S) = 0}.
Proof. One easily checks that the map given by
(14)  2(9)() = g((icw) = (y”icw)) for g € H!(SL2(Z), M) and y € SL(Z)
is an isomorphism. [

Since SL,(Z) does have elliptic points we cannot apply the results of Section 3 di-
rectly. However, we can use the fact that SL,(Z) has a normal torsion-free sub-
group of finite index, which we denote by I'. Indeed, by definition, H!(SL,(Z),N) =
Hom(Zy, N) SLZ(Z), where the right-hand side is the group of invariant elements of
Hom(Z,, N) with respect to the action of SL,(Z) defined by

(f)((x) =) = f((rx) = )y, for y e SLA(Z).

Trivially, ~ Hom(Zo, N)***® = (Hom(2,, N)")5:*®/T = Homp (2, N)SH2@IT,
Therefore, the injection

HomSLZ(Z)(@o, N) — Homr(SZo, N)
induces an isomorphism

H!(SLy(Z),N) ~ H)(T', N)S"®)
At the other end, let pr denote the natural holomorphic covering I'\$ — SL»(Z)\ 9
and let 9t be the vector bundle on I'\$ associated to N. The transfer map induces an
isomorphism

(15)  HND\S. @ ') BB = 5 (SLyZ)\S, pr.o i),

where pr,@~'j~19% denotes the direct image of @~ ';~'9 by pr. Specifically, for all
X € SLZ(Z)\$>

(pr.@ ') = @@ N,

where the sum ranges over the pre-images X of x under pr. (15) is induced by the map
sending f € C}(T'\H, @ 'j~'9N) to the map #(f) such that
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(16) tr(f)NT) = (f(Th),...,f(T,) forall I-simplices T in SLy(Z)\$.

Here, T},..., T, are the liftings of 7 to I'\$ (counting multiplicity).
Before discussing an example we list the main maps on this section.

e For a weight k cusp form [ we define by : SLy(Z) — Pi_> by

br(y) = ar(T,y)|,, T forye SLy(Z).

By : SLy(Z) — N := C'(SLy(Z), Pr_2)/ C°(SLy(Z), P—») is a map satisfying the
1-cocycle condition and such that

ﬁf(U) :ﬁf(T) = Bf

where by is the image of by under the projection C'(SLy(Z), Px—>) — N.

o 1 :HXSLy(Z), M) — {f : SLo(Z) — M; f(9291) = f(92)91 + [ (g1)
for all g1,¢9> € SL2(Z) and f(S) =0}
defined by

2(9)(7) = g((ic0) — (y"iow))  for g € H!(SL2(Z), M) and y € SL»(Z).
e The injection
Homgy,(z)(%0, N) — Homr(Z, N)
induces an isomorphism
H!(SLy(Z),N) ~ H(I', N)S2®)

o pr:I\$ — SLy(Z)\9: natural holomorphic covering.
e Let #r be the map sending f € CH(T'\H, @~ 'j7'N) to the map #r(f) such that

tr(f)NT) = (f(Ty),...,f(T,)) forall I-simplices T in SLy(Z)\$.

Here, T, ..., T, are the liftings of T to T'\$ (counting multiplicity).
The map tr induces an isomorphism

H(T\S, & 190D/ = j(SLy(Z)\$, pr.d ' '),
Example. Consider a cusp form of weight & on SL,(Z). We will describe a represen-

tative 8, of the image of f, in H!(SL>(Z)\$, pr.@~'j~'9) which we obtain after we
successively apply the maps we have defined.
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As a torsion-free subgroup I' we will use T'(2) ={(“ 5)e SLy(Z),a=d =1,
b=c¢=0(mod2)}. A set of representatives of SL,(Z)/I'(2) (where we identify
matrices differing by a factor of —1) is

=0 ={(3 (0 D0 9)
(D5 D0 D)

Let T be a 1-simplex (SLy(Z)z,SLy(Z)z;) on SL,(Z)\$ which does not pass
through any elliptic points. By (15), (16) we have

Bi(T) = (B(T1). B(T2), B(T3). B (T4), B (Ts). By(To))

where T; = (I'y,z1, T'p,z2) and the prime signifies that ,B/f- corresponds to I'(2) rather
than SL,(Z).

By the definition of the transfer map, for each i = 1,...,6 there is a §; € I'(2) such
that &(T;) is the image (under p) of a 1-simplex in H with end points y,z; € § and
0;y;z2. Assume that this simplex is already small enough for it not to be necessary
to be subdivided (see Section 3). Unraveling the definitions of j*, p*, and y*, if the

0O-simplices of K ‘“nearest” to y,z; (resp. y;z2) are [¢y,] (resp. [¢y,]), then

BHT:) = B (B) (4,591

where f* is the map defined by (11). Taking into account (14), this can be written as
Br(0; ') and, therefore,

Br(T) = (Br(07"): 03 ), B (03 ), By (031). Br (65 1), B (06 ™))

Each of the coordinates can be expressed in terms of by as in (13).
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