










https://bitbucket.org/nicolaikraus/constructive-ordinals-in-hott/
https://bitbucket.org/nicolaikraus/constructive-ordinals-in-hott/
https://doi.org/10.5281/zenodo.7657456
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/




https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-1
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-2








https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#2664
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#2829
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#3019


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#3494


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#3624
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#3974


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#4331
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#4475






https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#5131
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#5345


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-18
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-19


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-21
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-22
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-24


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-25
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-26
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-27
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-28


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-29


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-30


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-31
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-32
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-33
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-34
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-35
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-36


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Corollary-37
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-38
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-39
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Corollary-40
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-41


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-42
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-43-i


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-44
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-45
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-46


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-47
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-48


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-49


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-50
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-51
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-52


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-53
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-54


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-55


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-60




https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-65
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Corollary-66
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-67


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-68


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-69
https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Theorem-70


https://cj-xu.github.io/agda/type-theoretic-approaches-to-ordinals/index.html#Lemma-72






https://www.cs.bham.ac.uk/~mhe/TypeTopology/BuraliForti.html
https://www.cs.bham.ac.uk/~mhe/TypeTopology/BuraliForti.html
http://coq.inria.fr/V8.2pl1/contribs/Cantor.html
http://coq.inria.fr/V8.2pl1/contribs/Cantor.html


http://www.cse.chalmers.se/~coquand/ordinal.ps
https://www.cs.bham.ac.uk/~mhe/TypeTopology/SemiDecidable.html
https://groups.google.com/g/univalent-foundations/c/SA0dzenV1G4/m/d5iIGdKKNxMJ
https://groups.google.com/g/univalent-foundations/c/SA0dzenV1G4/m/d5iIGdKKNxMJ
https://www.cs.bham.ac.uk/~mhe/TypeTopology/Ordinals.index.html
https://www.cs.bham.ac.uk/~mhe/TypeTopology/Ordinals.index.html
https://hal.inria.fr/hal-00911710


https://github.com/ashinkarov/agda-ordinals
https://homotopytypetheory.org/2014/02/22/surreals-plump-ordinals/
https://homotopytypetheory.org/2014/02/22/surreals-plump-ordinals/
http://homotopytypetheory.org/book/

	1. Introduction
	1.1. Three Approaches to Ordinal Numbers
	1.2. Related Work
	1.3. Agda Formalisation
	1.4. History of this Paper

	2. Preliminaries
	2.1. Concepts of Homotopy Type Theory
	2.2. Constructive Taboos

	3. Three Constructions of Types of Ordinals
	3.1. Cantor Normal Forms as a Subset of Binary Trees
	3.2. Brouwer Trees as a Quotient Inductive-Inductive Type
	3.3. Transitive, Extensional and Well-Founded Orders

	4. An Abstract Axiomatic Framework for Ordinals
	4.1. Extensionality and Well-Foundedness
	4.2. Classification as Zero, a Successor, or a Limit
	4.3. Arithmetic
	4.4. Constructive Aspects

	5. Cantor Normal Forms
	6. Brouwer Trees
	6.1. Distinction of Constructors
	6.2. Codes Characterising <=
	6.3. Antisymmetry, Well-Foundedness, and Extensionality
	6.4. Classifiability
	6.5. Arithmetic of Brouwer Trees
	6.6. Decidability and Undecidability for Brouwer Trees
	6.7. An Alternative Equivalent Definition of Brouwer Trees

	7. Transitive, Extensional and Well-Founded Orders
	8. Interpretations Between the Notions
	8.1. From Cantor Normal Forms to Brouwer Trees
	8.2. From Brouwer Trees to Extensional Well-Founded Orders

	9. Computational Efficiency of Our Notions of Ordinals
	10. Conclusions and Future Directions
	Acknowledgements
	References

