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We introduce an L-series associated with harmonic Maass forms and prove their
functional equations. We establish converse theorems for these L-series and, as an
application, we formulate and prove a summation formula for the holomorphic part

of a harmonic lift of a given cusp form.

1 Introduction

The theory of harmonic Maass forms has been a centre of attention in recent years,
having led to various striking results. To mention just one example, the following
harmonic Maass form with Nebentypus of weight 1/2 for I';(144) was a key to the proof

of the Andrews-Dragonette conjecture and deep insight into Dyson's ranks [5, 6]:
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Here q := e?"% and 6 (7) is a certain weight 3/2 theta series.

However, in contrast to the classical theory, where the deeper study of holomor-
phic modular and Maass forms is often driven by the study of their L-series, Dirichlet
series have not yet featured prominently in the case of harmonic Maass forms. An
L-series has been associated to special classes of harmonic Maass forms, namely the
weakly holomorphic forms, and interesting results about them have been proved [4],
but this L-series has not been studied as intensely as the modular object themselves.
Also, to our knowledge, the definition has not been extended to all harmonic Maass
forms, that is, for any harmonic Maass forms that are non-holomorphic. In particular,
with the exception of a result in that direction, we will discuss in the next section, a
converse theorem for L-series of general harmonic Maass forms does not seem to have
been formulated and proved.

In this paper, inspired by the ideas in [1], we address this state of affairs
by proposing a definition of L-series of general harmonic Maass forms. With this
definition, we succeed in establishing a converse theorem. To illustrate the idea more
clearly, we will outline it in the special case of weakly holomorphic modular forms on
SL,(Z).

First, we let £ be the Laplace transform mapping each smooth function

¢:R, — Cto
(Lo)(s) = / e Slp(t)dt (1.2)
0

for each s € C for which the integral converges absolutely.
Let f be a weakly holomorphic cusp form of even weight k for SL,(Z) (see §3 for
a definition) with expansion

8]

f@= > ame™m. (1.3)

n=—ny
n#0

Let F; be the space of test functions ¢: R, — C such that

o0

> lam)(Llgh2rn) (1.4)

n=-—ngo
n#0

converges. Because of the growth of a(n) (see (3.11) below), the space F; contains

the compactly supported smooth functions on R, . Then we define the L-series map
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e¢]

Le(p) = Y a(m)(Ly)(27n). (1.5)

0"
The relation of this definition with the L-series associated to holomorphic cusp forms
and weakly holomorphic modular forms will be discussed in the next section.
We will now state our converse theorem in the special case of weakly holomor-
phic cusp forms for SL,(Z). The general statement for all harmonic Maass forms of all

levels (Theorem 5.1) and its proof will be given in §5.

Theorem 1.1. Let (a(n)),-_n, be a sequence of complex numbers such that a(n) =

O(ec*/ﬁ) as n — oo, for some C > 0. For each z € H, set

o]

fzy= D a(ne™", (1.6)
n=—no
n#0
Suppose that the function Lg(¢) defined, for each compactly supported smooth
¢ : R, — C, by (1.5) satisfies

Ly(p) = i*Ly (@), (1.7)

where ¢ is given by

P(x) 1= x2p(1/x). (1.8)
Then f is a weakly holomorphic cusp form of weight k € Z for SL,(Z).

As an example of the way the functional equations and the converse theorem we
have established can be used, we present an alternative proof of the classical fact that
the (k — 1)-th derivative of a weight 2 — k weakly holomorphic form is a weight k weakly
holomorphic form (Proposition 5.5).

The main application of our constructions and methods is a summation formula
for harmonic lifts via the operator &, ;. This operator maps a weight 2 — k harmonic

Maass form f to its “shadow” weight k holomorphic cusp form

2k 0f

25 (1.9)

&y if =21y

€20z Joquisydeg Gz uo 3senb Aq #1.G/289/62.2GL/81/€20Z/dI01E/UIWI/WOD dNO"DlWaPEDE//:SARY WO POPEO|UMOQ



15732 N. Diamantis et al.

where z = x 4 iy. As Bruinier and Funke showed in [9], the operator &, ; is surjective,
and finding a preimage for a given cusp form is a fundamental problem in the theory
of harmonic Maass forms with many arithmetic applications (see, e.g., [3]). However, it
is not known in general how to compute explicitly a “holomorphic part” (see (1.11)) of a
harmonic Maass form g with a known shadow. Our summation formula then provides
information about the behaviour of that “holomorphic part” upon the action of test
functions, in terms of the given shadow. Here we state in the special case of level 1

and even weight, but in Section 5.3, we will state it in prove it in general.

Theorem 1.2. Let f be a weight k € 2N holomorphic cusp form with Fourier expansion

o]

f(z)=>" a(n)e*™". (1.10)

n=1

Suppose that g is a weight 2 — k harmonic Maass form such that §,_; g = f with Fourier

expansion

gz = D "M+ > ¢ (mI(k—1,—4rny)e® ", (1.11)

n>—-ng n<0

where I'(a,z) is the incomplete Gamma function. Then, for every smooth, compactly

supported ¢: R, — R, we have

> ctm / o) (672 — (~ip)F2e2 ) dy

n=—no

= Z Za(n)( ! ()it /OOO e 7 ylo(y)dy

=0 n>0
I+1

MY

o0
(Snn)‘%/ e‘””yyg‘lw(y)Ml§+zk21(2nny)dy), (1.12)
o ,

where M, ,(z) is the Whittaker hypergeometric function.

As usual with summation formulas (see, e.g., [15] for an overview), the formula-
tion and derivation of our formula is based on the use of L-series, test functions, and

integral transforms, which are the main features of our overall method.
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As far as we are aware, this is one of the first instances that summation formulas
have appeared in the study of harmonic Maass forms and we are currently working
on possible applications of our formula. The applications we are aiming for include
information about the growth of the individual coefficients ¢*(n) and asymptotic

formulas for their moments.

2 Context and Previous Work

We comment on the relation of our L-series with the classical L-series of holomorphic

cusp forms. For s € C, let

I(x) = (2n)SXHL. (2.1)
I' (s)
Then, for u > 0 and 9%(s) > O,
— @) [ w1 _ 2_7T :
(LL)(w) = = 5 /0 e Ut 1dt = ( - ) . (2.2)

Here the Laplace transform of I; continues as an entire function of s. Let f be a
holomorphic cusp form for I'y(IV) of weight k € Z with Fourier expansion (1.10). Since

a(n) = Ofye(n%“), for any s € C with %i(s) > kz;l we have I; € Fr and

[e¢]

Ly =Y %, (2.3)

n=1

is the usual L-series of f.
The relation with the L-series of a weakly holomorphic cusp form f is more

subtle. In this case, f can be expressed in terms of the Fourier expansion (1.6) where

ng is the largest integer such that a(—ny) # 0. The associated L-series is defined in [4,

(1.5)], for any fixed ¢y, > O, by

an)l’ (k —s 2”—”)

" tg

— aml(s, 2mnty) | ok
L(s,f) == ng;l @y +1i P P (2.4)
ﬁ;&oo ﬁ;eoo

for all s € C. The value of L(s,f) is independent of t,. Here I'(s,x) is the incomplete

gamma function
o
F(s,x):/ e tdt  (%(s) > 0), (2.5)
X

which continues entirely as a function in s € C for x # 0.
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15734 N. Diamantis et al.

For a fixed T > 0, we define the characteristic function

1 whenx>T,
1p(x) := (2.6)
0 otherwise.

Then, with I, defined as in (2.1), we have, for t; > 0 and u > 0,

_ [T _ @) —s/oo tys-14, _ L (s uto) 2_77)5
£(Islt0)(u)_/0 eI, (Bt = T u et dt=—r (5 ) - @)

Although the integral defining I' (s, ut,) diverges when u < 0, the incomplete gamma
function has an analytic continuation giving an entire function of s, when u # O.
Therefore, we interpret L(Islto)(u) as the analytic continuation of I (s, uto). By (3.9)
and (3.11) below, combined with the asymptotic behaviour of the incomplete gamma

function and the Fourier coefficients a(n), we deduce that, for any ¢, > 0,

. an) T (S, ”to)
Le(L1,) = n;n = TE (2.8)
ﬁ¢00

converges absolutely and gives a non-symmetrised form of the L-series (2.4). Although
the definition of L-series of weak Maass forms given in [4] (see (2.4)) addresses the
problem of the exponential growth of the forms and of their Fourier coefficients, the fact
that the functional equation of the definition (2.4) was “built into” its defining formula
prevented the meaningful formulation of a converse theorem for such L-series.

The construction we present here makes a converse theorem possible by defining
the L-series on a broader class of test functions than on {Islto : s € C} or, equivalently,
the parameter s € C. Furthermore, the dependence on the test function goes through
the Laplace transform, the essential use of which becomes clearer in the applications
(Proposition 5.5, Theorem 5.6). Our approach should be compared to that of Miyazaki
et al. [16] in our respective uses of test functions and of integral transforms (Fourier,
in their work, and Laplace in ours). The results we establish here complement theirs,
because the latter deal with standard Maass forms, whereas we cover functions of
exponential growth and harmonic Maass forms. Our approach seems to be also related
to Miller and Schmid’s philosophy of automorphic distributions (see e.g. [15]), and we

intend to investigate the connection more precisely in future work.
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Recently [11], a converse theorem for harmonic Maass forms was announced, but
again its focus was on the special case of harmonic Maass forms of polynomial growth,
which, in particular, does not cover the function (1.1). Our theorem, by addressing the
case of exponential growth, accounts for the situation of a typical harmonic Maass form.
For the same reason, the techniques introduced here should be more broadly applicable
to the various modular objects of non-polynomial growth that have increasingly been
attracting attention the last several years, including Brown's real-analytic modular
forms [7, 12] and higher depth weak Maass forms. In relation to the latter, we aim
to investigate the connection of our L-series with the sesquiharmonic Maass forms
associated, in [2], to non-critical values of classical L-functions.

In this paper, we concentrate on foundational analytic aspects of our L-series,
but the theory is amenable to the study of specific invariants, such as their special
values. For example, in [13], the hypothetical “central L-value” attached to the classical
j-invariant in [8] is interpreted as an actual value of the L-series defined here.

Finally, a remark on the unusual lack of reference to meromorphic continuation
both in Theorem 4.5 and in Theorems 5.1 and 5.4. The reason for this is that the L-series
in this paper is defined on a broad family of test functions that contains the compactly
supported functions ¢. As a result, both ¢ and its “contragredient” ¢ (1.8) belong to the
domain of absolute convergence of the L-series Ly. This cannot happen in the case of
standard L-series of holomorphic cusp forms because there is no value of s for which
both I, (in (2.1)) and I, belong to the domain of absolute convergence of the L-series.

However, it is possible to define our L-series on classes of test functions
for which the above property does not hold automatically. Then, the problem of
meromorphic continuation arises naturally and can lead to many interesting questions
and applications. Theorem 4.6 indicates what form a statement involving meromorphic
continuation can take in our setting. For the initial applications, we are concerned with
here though, the main issues lay in other aspects and thus the problem of continuation

is not relevant.

3 Harmonic Maass Forms

We recall the definition and basic properties of harmonic Maass forms. For k € %Z, we

let A, denote the weight k hyperbolic Laplacian on H given by

3 9 9
Ap i= —4y? — — + 2iky —

—, (3.1)
0z 0z 0z

where z = x + iy with x,y € R.
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For k € Z, we consider the action |; of SL,(R) on smooth functions f: H — C on

the complex upper half-plane H, given by
—k a b
(Fley)(@) := (cz+ d) *f(yz), fory = B SL,(R). (3.2)
c

Here yz = gzzig is the M6bius transformation.

Now we define the action |; for k € % + Z. We let (g) be the Kronecker symbol.
For an odd integer d, we set
1 ifd =1 mod 4,

Ed = (33)
i ifd =3 mod4,

so that eé = (_71) We set the implied logarithm to equal its principal branch so that
—n <arg(z) < w. We define the action [, of I'y(V), for 4|N, on smooth functions f: H — C

as follows:

c

2k -k * X
Fley)(2) == (E) eg (cz+ad)"f(y2) forall y = e ToV). (3.4)
c d

In the case of half-integral weight, Shimura [20] uses the formalism of the full

metaplectic group for the definition of the action. From that more general framework,

in the sequel, we will only need the following special cases (see, e.g., the proof of [20,
s : (o —vu'

Proposition 5.11): let Wy, = («/ﬁ o ) for M € N. We have

1 War) (2) = (1, Wy ) (2) = f(Wyyz) (—iv/Mz) k. (3.5)

Fora e R, and b € R, we have

i ke (Zz+ba
(f\k(o a))(z>=a f( - ) (3.6)

Notice the extra —i in the formula (3.5) in the half-integral weight case.

With this notation, we now state the definition for harmonic Maass forms.

Definition 3.1. Let N € N and suppose that 4|N when k € % + Z. Let ¢ be a Dirichlet
character modulo N. A harmonic Maass form of weight k and character  for T'y(IV) is

a smooth function f: H — C such that:

i). Forally=(}}) e y(V), we have fly = ¢ (d)f.
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i), A(f) = 0.
iii). Foreachy = (}}) € SL,(Z), there is a polynomial P(z) € Cle~?"?], such that

flyz)(cz + d) % — P(z) = 0(e™Y), as y — oo, for some € > 0. (3.7)

We let Hy (N, ) denote the space of harmonic Maass forms with weight k and character
Y for 'y (V). On replacing (3.7) with f(yz)(cz + d)~ % = 0(e?), we obtain a space denoted
by Hy (N, ¥)

To describe the Fourier expansions of the elements of Hy(IV, ), we recall the
definition and the asymptotic behaviour of the incomplete Gamma function. Forr,z € C

with R(r) > 0, we define the incomplete Gamma function as

* —t4r dt
I'r,z) := e 't < (3.8)

When z # 0, I'(r, z) is an entire function of r (see [18, §8.2(ii)]). We note the asymptotic
relation for x € R (see [18, (8.11.2)])

I'(s,x)~x"le ™ as |x| — oo. (3.9)

With this notation, we can state the following theorem due to Bruinier and Funke
[9, (3.2)]

Theorem 3.2 ([9]). Letk e %Z. Each f € Hi (I, ¢) has the absolutely convergent Fourier

expansion

f@= > ame*™™ + > b(m)I (1 — k,—4nny)e? (3.10)

n=-ngp n<0

for some a(n), b(n) € C, and n, € N. Analogous expansions hold at the other cusps.

A subspace of particular importance is the space S;C(N, ) of weakly holomorphic
cusp forms with weight k € 27 and character  for I'j(N). It consists of f € Hy (N, ¥),
which are holomorphic and have vanishing constant terms at all cusps.

We finally note (cf. [9, Lemma 3.4]) that

an) = 0(eV™), b(—n) = 0Y™)  asn — oo for some C > 0. (3.11)
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15738 N. Diamantis et al.
4 [-Series Associated to Harmonic Maass Forms

Let C(R, C) be the space of piece-wise smooth complex-valued functions on R. We recall
the notation L¢ for the Laplace transform of the function ¢ on R, given in (1.2), when

the integral is absolutely convergent. For s € C, we define

P (%) 1= @(0)x* L. (4.1)

Note that ¢; = ¢.
Let M be a positive integer and k € %Z. For each function f on H given by the

absolutely convergent series

f@= > ame*™™i +> bn)r (1 —k, _4;””) e?minit, (4.2)

n>—no n<0

let Fr be the space of functions ¢ € C(R, C) such that the integral defining (L¢)(s) (resp.
(Lyy_1)(s)) converges absolutely for all s with Ji(s) > —27xn, (resp. R(s) > 0), and the

following series converges:

. 1k oo (Llgg_ ) (22202600
> lamiceieh (2n ) + S ol (1) [ (1(+t>kM Jao s

n=-—ngo n<0

This definition expresses the condition required for absolute and uniform convergence
to be guaranteed in the setting we will be working. We note that this construction is

possible for any real k.

Remark 4.1. In the proof of Theorem 4.5, we will see that, for the functions f, we will

be considering the space F; contains the compactly supported functions.
With this notation we state the following definition.

Definition 4.2. Let M be a positive integer and k € %Z. Let f be a function on H given
by the Fourier expansion (4.2). The L-series of f is defined to be the map Le: Fp = C
such that, for ¢ € J-"f,

Li(p) = > an)(Ly)(2mn/M)

n=—no

dt. (4.4)

- 1k [ (Lpp_)(—27n(2t 4+ 1)/M)
+nz<(:)b(n)( 4nn/M) /0 T30
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L-series of Harmonic Maass Forms 15739

Remark 4.3. As mentioned in §2, this definition is related with previously defined
and studied L-series. See page 16 for details on the precise relation. The domain of the
map L, can be extended to a larger class of test functions ¢ to account more directly for

series such as (2.8). However, for the purposes of this work, Fr is sufficient.

To prove the converse theorem in the case of non-holomorphic elements of
H, (N, ¥), we will also need the following renormalised version of the partial derivative

in terms of x, where z = x + iy € H:

d k
() (2) = ZB_{((Z) + Ef(z). (4.5)
The context of this operator is that, in contrast to holomorphic functions, to ensure
vanishing of a general eigenfunction F of the Laplacian, it is not enough to show
vanishing on the imaginary axis. In addition, it is required that dF/dx = 0 on the
imaginary axis. The operator §; enables us to formulate a condition in the converse
theorem that leads to that vanishing.

Recalling the Fourier expansion given in (4.2), we have

((Skf)(z) = gf(z) + Z a(n) (27-”'”1%) eZninﬁ

n=—no

+> b (zmnﬂ%) r (1 —k _4;[””) TG (4.6)

n<0

Although the expansion of §,f is not of the form (4.2), we can still assign a class of
functions Fy, » and an L-series map Ly, ¢ : Fy5,r — C to it. Specifically, we let Fj, ¢ consist

of ¢ € C(R,C) such that the following series converges:

2 D" lam)n|(Llg,|)(2wn/M)
n=—np

® (Lloz_gD(—2mrn(2t + 1)/M)d
t.
(1+ )k

+27 )] |b(n)n|(—47rn/M)1_k/
0

n<0
Then, we let Ly ¢ be such that, for ¢ € Fy ¢,

2

op 2 An(Ley)2mn/M)

n=—no

k
Ly (@) 1= SLp(9) =

_ > b(n)n(—47tn/M)1_k/ (Lpyp)(~27n(2t + D/M) o (4.8)
M 0 (1 +t)k

n<0

This converges absolutely.
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15740 N. Diamantis et al.

Lemma 4.4. Let f be a function on H as a series in (4.2). For ¢ € Fr the L-series L (o)

can be given by

Le(p) = /0 fay)e(y)dy. (4.9)

Similarly, for ¢ € Fsifr

L) = [ G ipemay, .10
where §;f is defined in (4.5) and Ly, ¢ in (8).

Proof. By Definition 4.2, for ¢ € ]—'f,

Li(p) = D am)(Le)(2wn/M)

n=-—np
®© (Loy_p)(—2nn(2t + 1)/M)

AT 0k dt (4.11)

+> b(n)(—4yrn/M)1_k/
0

n<0

and this series converges absolutely. Since ¢ € Fr, we can interchange the order
of summation and integration and write the “holomorphic” part of the series L¢(¢),

according to

(Lo) (zn—n) = / w(y)e’z”"%dy- (4.12)
M 0

For the remaining part, thanks to

%) —2zt
I'(a,z) = z% % / #dt (valid forfi(z) > 0) (4.13)
0

(cf. [18, (8.6.5)]) we can interchange the order of integration to re-write the “non-

holomorphic” part of the series L¢(¢), according to

0 1k poo Lo, M)
e —amn ) o2l _ (4 2 (225
/0 r (1 k, 4nnM)e " o(y)dy = ( i ) /O T dt. (4.14)

The same proof works for Ly, £ (). |
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L-series of Harmonic Maass Forms 15741

Our goal in the remainder of this section is to state and prove the functional
equation of the L-series Le(o), when f € H, (N, ¥).

Let f be a function on H with the given Fourier expansion (4.2) with M = 1.
Let D be a positive integer, and let x be a Dirichlet character modulo D. We define the
“twist” f, by the Dirichlet character x, which has a similar series expansion (17) given
below, with M = D in (4.2), and then we have the corresponding L-series fo (¢) as in (18)
below. Then, under the assumption that f is an element of the space Hy (IV, ) of weight k
harmonic Maass forms for level N and character v, we state and prove the functional
equation of the L-series of f, . Note that x is not necessarily primitive.

For a Dirichlet character x modulo D, for each n € Z, we define the generalized

Gauss sum

T, (n) = z X(u)ez”i”%. (4.15)

u mod D

Let f be a function on H with the Fourier expansion (4.2) with M = 1:

f2) = Z a(n)e¥ inz 4 Z b(m)I'(1 — k, —4nny)e*™ "2, (4.16)

n=-ng n<0

Then we define the twisted functions f, as

1 u
f,@:=0: > yw(fl, [ 2||®

u mod D 0 \/l—)
_ B 2rins B 1 Y\ 2rinz
- n;m a(n)t; (n)e*™"v 4 %b(n)rx (n)T (1 k, 4nnD) e2"in%  (4.17)

Then the L-series for f, and §,f, are

Ly () = Y 1z(m)am)(Le)(2nn/D)

n=—no

(4.18)

k[ L(gy_1)(—27n(2t + 1)/D)
+nz<ori(n)b(n)(—4nn/D)1 k/o 2 e dt
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and

21

o 2. np(ma)(Ley)(2an/D)

n=-ng

k
Ly, (9) = 5Ly, (9) =

dt, (4.19)

_ 2 S _ _ 17k/°° (Los_i)(—27n(2t + 1)/D)
> Enrx(n)b(n)( 47n/D) i e

forgp € Fr, 0 Fs(s,)- BY Lemma 4.4, we have
o
Lg (p) = / f@yey)dy, (4.20)
0

Ly, (@) = /0 S @Y)e(y)dy. (4.21)

Before stating the functional equation of the Ly, we introduce another notation.
For each a € %Z, M € N and ¢: R, — C, we define (note the change in sign convention

from earlier in this paper for the action of W, on functions on H)

(0|, W, (%) := (Mx)~¢ (L) f 11 0 (4.22)
Plg W) (%) == (Mx '\ ux or all x > )

Here recall that W,; = (\/% —*/?71 ) Since this action applies to functions on R, and
the action (3.5) to complex functions, the use of the same notation should not cause a
confusion but some caution is advised.

We also define a set of “test functions” we will be using in most of the remaining
results. Let S.(R,) be a set of complex-valued, compactly supported, and piecewise
smooth functions on R, which satisfy the following condition: for any y € R, there
exists ¢ € S,(R,) such that ¢(y) # 0.

We can now prove the functional equation of our L-function L¢(¢) and its twists.

Theorem 4.5. Fixk e %Z. Let N € N, and let  be a Dirichlet character modulo N. When
ke %+Z, assume that 4|N. Suppose that f is an element of H} (IV, ¢) with expansion (4.2)
and that x is a character modulo D with (D, N) = 1. Consider the maps fo’L5kfx : ]:fx N
Fser, — C givenin (18) and (19). Set

g:= Wy (4.23)
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and Fry = {9 € Fr N Fyp : @ly Wy € F, N Fs 4} Then Fr  # {0} and we have the

following functional equations. For each ¢ € }"f'g, ifkeZz,

Ly, () = "‘%Lgi @ly W), (4.24)
Ly, @ =~ XV D)y ol . (4.25)
For each ¢ € ]—'f'g, ifk e % + 7Z,
Ly (p) = WD(—l)k—%wD(N));RIIY—MLgWD (@l Wy, (4.26)
Lsz (9) = —wD<—1)k‘5wD<N>%L5WD (@12 Wp)- (4.27)
Here yp(u) = (%) is the real Dirichlet character modulo D, given by the Kronecker

symbol.

Proof. We first note that, exactly as in the classical case, we can show that g €
H (N, y), if k € Z and g € H (N, ¥ (1%7)) ifk e % + Z. We further observe that J ; is
non-zero because, clearly, S (R, ) is closed under the action of Wy and each 7 and F, ¢
contains S (R_). Indeed, if ¢ € S (R, ), with Supp(¢) C (¢, ¢,) (¢, ¢y > 0), then, for all

x>0,

C2

LoD x) = / lo() e dy K¢ cpp € " (4.28)

C1

and thus, using (3.11) , we deduce that the series in (4.3) are convergent . We further
note that if ¢ € F¢, then ¢ € Fg, . for all x. This follows from (18) and the boundedness
of 77 (n).

Now we prove the functional equations for fo (¢) and Lékfx (¢). Since they depend
on whetherk e Zork % + Z, we consider the two cases separately.

CaseI: k € Z. As in the classical case, the definition of g = f|;, W) and the identity

1w 1w _ 1 v
wy (@ VB wyl=wy (B V| w,=( P w) [P 2 a2
0o D 0 VD —Nu ¥\ o D
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valid for u, v € Z with gcd(u,D) = 1 and Nuv = —1 mod D, imply that
FiliWy = x (=N ¥ (D)g;. (4.30)

By (4.20), by changing the variable y to Niy and then applying the identity (4.30),

o0 1 1 .
fo(fﬂ):/o Iy (LN_y)w(ITy)N ly~2dy

_ XNy @)

X (=N)y(D)i*
NE-1 k_

/0 gg(iY)((Nz_kWN)(Y)dY: Lgi (@ly_ Wy). (4.31)

This gives the first equality of (4.24).
For the second equality (4.25), we apply the operator §; to both sides of (4.30)

k d
Gy [k Wy)(2) = E(fXIkWN)(Z) +Za—X(fX|kWN)(Z) = X (=N)¥ (D) (595)(2). (4.32)

For the left hand side, we claim that the differential operator §, and action of Wy via |;

almost commute with each other:
k 9 _k 1
O kW)@ = > (F, kW)@ + 2 VNS, | =1 ) ) = —(@Of )W) (). (4.33)
Then we get
(Crf PWh)(2) = —x (=N) ¥ (D) (8, 95)(2). (4.34)

As above, applying (4.21) and using the identity above, we get

Ly, (¢) = iN—5H1 /0 Oif, ) Wi (p) (9l W) (v)dy

= (N Dy EH /O (5910 @5 W) ()Y
k

= X (MY DN~ Ly o (ply  Wy). (4.35)

Case II: k € % + Z. Recall that in this case we assume that 4 | N. We first note that
g = [l Wy is a modular form of weight k with character V- (%V) for T'y(V). Indeed, for
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eachy = (25) € I'y(V), the identity

-
Wyy = (_d aN ) Wy (4.36)

implies

—bN
a

-k _ —2k
9(yz)(cz+d)™" = ¥ (a)e, ( a)\g

— N
) flxWy)(2) = W(d)é(fk (E) (—) g(2) (4.37)
sincea=d mod 4,ad =1 mod (—bN) and —bc =1 mod d.

Now, according to Shimura's [20, Proposition 5.1], we have

—k . _
£, (_L) (_imz) - wD(_1)k—f¢D(N)ngD(z). (4.38)

Nz €p

With this, we obtain, similarly to Case I, the functional equation (4.26) and the

functional equation (4.27). |

As pointed out in the introduction, meromorphic continuation does not play a
role in Theorem 4.5 and in its converse theorem, Theorem 5.1. However, it is possible,
depending on the application one has in mind, to consider a setting for the theorem
that makes meromorphic continuation relevant. To illustrate this point, we describe
such a setting and prove a theorem where meromorphic continuation is part of the
conclusion.

Specifically, the test functions, for which the series L;(¢) converges absolutely
and the integral f0°° f@y)e(y)dy converges (absolutely) are different. When f is a
holomorphic cusp form of weight k then ¢(y) = ys+%_1 makes the series Lg(¢)
converge absolutely for %(s) > 1, but the integral fooo f(iy)e(y)dy converges and defines
a meromorphic function for any s € C, which gives analytic continuation for Le(p) to
any s € C. We discuss the analogue of this phenomenon of the L-series in the remainder
of this section.

Recall that ¢ (x) = ¢(x)x*~!. Then, for y > 0 and s € C with %(s) > %, by Cauchy-

Schwarz inequality,

Llphy) = (Lo w)) "y ™M+ 2 @) = 1)7 . (4.39)
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Now, for a given function f on H with the series expansion (4.2) with M = 1, consider

NS ]—'f. In particular,

SNy Lk [ (Clop (272t + 1)
n; lam)| ((Llg @) +§)|b(n)||(—4nn)| /O o dt

(4.40)
converges. Then, with (4.39), we have ¢, € F for %i(s) > %
Theorem 4.6. Let k € Z and f € H (N, V). Set g = f|;, Wy and let n, € N be such that
f(z) and g(z) are O(e?"™Y) as y = J(z) — oo. Suppose that ¢ € C(R,C) is a non-zero

function such that, for some € > 0, ¢(x) and ¢(x~!) are o(e”27(™0+9)X) a5 x — o0o0. We

further assume that series (4.40) converges. Then the series

L(s.f.¢) == Lg(gy) (4.41)

converges absolutely for %i(s) > 1, has an analytic continuation to all s € C and satisfies
g y 2 y

the functional equation

L(s.f,¢) = N~S"5 kLA — 5,9, 0], W) (4.42)
Proof. By the assumption on the growth of ¢(y) we deduce that £(|¢|?)(y) converges
absolutely fory > —2nn,. This, combined with the assumption on (4.40) and the remarks
before the statement of the theorem, implies that ¢, € }'f for R(s) > % Therefore,

recalling the integral representation of Le(pg) = L(s, f. ) in (4.9), separating the integral
at VN _1, and then changing variables, we get

o0 dx [ dx
L(s,f, ) = / L FAW) ez TH(Nx) T — + /  Fi0eE0xS—. (4.43)
N X JN X
Recall that
FAWND)) = (F1,Wy) (ix) (VNix)k = gix)ik N x* (4.44)
and

(%)Y = (9], Wy) (%) (Vx)* (4.45)
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foranya € %Z. With a = 1 — k, we get, for fi(s) > %

ks [ Ledx o sdx
L(s,f,¢) = *N~z "1 /ﬁlg(zy)(whkwlv)(x)xl ~ /ﬁlfax)go(x)x — (446

Because of the growth conditions for ¢ at 0 and oo, the integrals in the RHS are well-
defined for all s € C and give a holomorphic function.

Since gliWy = flxWg = (—DXf and (¢, W), Wy)(x) = N-Fg(x), we
obtain the functional equation (4.42). |

5 The Converse Theorem

To state and prove the converse of Theorem 4.5, we recall some further notation from
previous sections.

For each a,b € R such that a < b, we denote by 1j,,(x) the characteristic
function of the closed interval [a, bl. Further, for each s € C and ¢: R, — C, we have
defined ¢; : R, — C so that ¢,(x) = x5 lox) orall x € R, . Finally, let S,(R,) be a
set of complex-valued, compactly supported, and piecewise smooth functions on R,

which satisfy the following condition: for any y € R, there exists ¢ € S.(R,) such that
e(y) # 0.

Theorem 5.1. Let N be a positive integer and i be a Dirichlet character modulo N.
Forj e {1,2}, let (aj(n))nz_n0 for some integer ny and (bj(n))n<o be sequences of complex
numbers such that aj(n),b'(n) = O(ecm) as |n| — oo for some constant C > 0. We
define smooth functions f; : H — C given by the following Fourier expansions associated

to the given sequences:

filzy= > ajme*™ 1+ > b (I (1 —k,—47ny) e, (5.1)

n=-ng n<0

ForallD € {1,2,...,N% — 1}, gcd(D,N) = 1, let x be a Dirichlet character modulo D. For
any ¢ € S;(R_), for any D and x, we assume that,

D
Ly, (¢) = %Lﬁx @l W) 5.2)
2

and

_px= N)w(D)

Ly (@) = Ly, (fa) @12k Wiy), (5.3)
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ifk e Z, and
Ly, @) = V(- D* by XERV D ),y 5.4
eplNz™
and
Ny (D
L5k(flx)((p) _WD( l)kiil/f (N)%Lsk(fzw )(§0|2 kWN) (5.5)
D 2

if k € 1 + Z. Here yp(u) = (%) belongs to Hy(I'y(V), ¥).
Then, the function f; is a harmonic Maass form with weight k and Nebentypus
character ¢ for I'y (V) and f, = f [ Wy

Remark 5.2. There is some freedom in the choice of “test functions” ¢ in this theorem.
The compactly supported functions we use in this formulation allow for a cleaner
statement and suffices for our applications. Other choices may be more appropriate
for different goals and then, additional aspects, such as meromorphic continuation (cf.
Theorem 4.6), may become important.

In a different direction, we can reduce the size of the set of the test functions
required in the converse theorem. For instance, we may assume that our functional
equations hold only for the family of test functions ¢ (x) = x5"lp(x) (s € C) for a single
¢ € S.(R,). The converse theorem in this setting can be proved in an essentially identical

way as below.

Proof. With the bounds for a;(n), b;(—n) and the asymptotic behaviour of I'(s, x) given
in (3.9), we have that fj(z) converges absolutely to a smooth function on H for j € {1, 2}.
By the form of the Fourier expansion, f; and f, satisfy condition (ii) and condition (iii)
at oo of Definition 3.1. Likewise, for any Dirichlet character x modulo D, recall that, by

definition

i@ = D 13(ma;(n)e?™™/P +>" 1, (n)b;(m)I (1 — k, —4mny/D)e*" /P (5.6)

n>-ngp n<0

and

0 k
ak(f])()(Z) = Za—)(f}'x (Z) + Ef}x (Z), (57)

for j € {1, 2}, are absolutely convergent.
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Our first aim is to show that those functions satisfy the relation (4.30) (if k € Z):

(fiy kW) (2) = x (—=N)¥ (D)f % (2) (5.8)
and (4.38) (if k % + Z):

1 —N)yr (D
(oW = vp(-DF by XY P 5.9)
D

Note that for any s € Cand ¢ € S.(R ), ¢5(y) = v lo(y) € S.(R,). We first show
that ¢, satisfies (4.3) for f}'x and hence belongs to fflx N fsz' Indeed, since ¢ € SR ),
there exist 0 < ¢; < ¢, and C > 0 such that Supp(¢) C [c;,c,] and |¢(y)| < C for any
y > 0. Then, forj € {1,2} and n > 0,

2nn 2 o n dy
|aj(n)|(£|(ﬂg|) (T) < Claj(n)|/ y')‘(s)e 27TDY7
C1

< Claj(n)|e_2”%cl (¢, — cp)max{c) !, ¥ (5.10)

Thus,
0
> Irymlla;m|(Llgsh@rn/D) < D" |rz()lla;(n)|(Llgg)) (27 n/D)
n=-—ng n=—ng

o
+ C(cy — ¢p)max{c) O, )7 Z Iz; (n)||aj(n)|e‘2”%cl <00, (5.11)

n=1

for any s € C and for any Dirichlet character x modulo D. Likewise, forn <0, t > 0:

—2rn2t+1) €2 2any@er1) dy 2mney (2t+1) Ris)—k R(s)—k
(£|¢s+1—k|) ( > ) & /C e D yfﬁ(S)? <Le D max{cl (s) ,Cy (s) }
1

and therefore

2 2t+1
arn| oy [ Clog D (~ZREHD)
2 I mlib; )| | —= / Y de
o 0 (1+7)
00 1-k
R(s)—k NS~k —4rt) —k 4 |n| =27Inlep
<« max{c; ,C) }(/0 e D (141 dt)Z|ri(n)llbj(n)|( > e D

n<0

(5.12)
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converge for any s € C and for any Dirichlet character x modulo D. Thus ¢, € ]:flx N
¥,

- and by applying Weierstrass theorem, we see that ijx (¢,) is an analytic function

onseC.
This allows us to interchange summation and integration as in Lemma 4.4 and,

with Mellin inversion,
; _ L —d (5.13)
fix @V)e(¥) 7 /(0) £, (9s)Y " ds, :

for all o € R. In the same way, we see that Lék(fjx)(‘ps) is an analytic function for s € C

and deduce
. 1 -
S ie(y) = ﬁ/( )L‘;k(fjx)(gos)y Sds. (5.14)

Now we will show that ijx (ps) — 0 as [J(s)| — oo, uniformly for N(s), in any

compact set in C. Indeed, with an integration by parts, we have

o Jdy 1 /~d , )
Ly, (%) =/0 fi,@n)e@)y = ——/0 d—y(flx(lyhp(y))y dy (5.15)

N

since ¢(y) vanishes in (0, €) U (1/¢, 00) for some € > 0. Then

‘Lflx(‘ps _|s|/ ' (flx(lY)(p(Y))‘ y"®dy — 0, (5.16)

as |J(s)| — oo. The corresponding fact for Lék(flx)(‘ps) is verified in the same way.
We can therefore move the line of integration in (5.13) from fR(s) = o to k — o,

and then changing the variable s to kK — s, and get
J1, ey = L/ Ly (p)y Sds = L/ Ly (gp_g)y *Tds. (5.17)
X 27l (k—0o) fix \Fs 2ni () fix -s
Similarly, we also have

1
WFi) W) = 55 | L) @e-¥ Ktsds. (5.18)

To proceed we separate two cases: ke Zork € Z + %
Case I: k € Z Applying (5.2) to (5.17), we get

AX(=N)y (D) 1

i1 2m/ Ly, 0k _sla kW)Y~ ktsds. (5.19)
2

S, @e(y) =
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We have that ¢ [, Wy € Fp, N Fp,. and, for each y > 0,

1 1
Gty Wi ) = ()* 2, (ITy) _ yylg (Ivy) . (5.20)

So we get

o0 ®© 1
Ly, (Prslo W) = /O Faz G0 @r_slo W) (1) dy = /O Foy () (NY)* g (_) dy.

Ny
(5.21)
Then, by the Mellin inversion,
—1 1 1 Sd
N~ fo; ~iny py) = P (G)Lfgi(‘Pk—s|2—kWN)y S. (5.22)
Therefore,
. kX (—N)Y (D) _p 1
= —_— v3 e ’ 2
fi,@ey) =1 o Y foy iy P(y) (5.23)
Similarly, applying (5.3) to (5.18), we get
. e XCNY®D) (1
S(f1,) (o) =1 o Y S (fip) Ny P¥). (5.24)
Therefore, for y € R, such that ¢(y) # 0, we have
. kX (N (D) 1
_ ) Y 5.25
flx(ly) 12 N% y f2X lNy ( )
and
. k2 X(—N)Y (D) 1
S (fy,)y) =" TY ) “ay)- (5.26)

Because of the choice of the set of functions S_(R_), the above relation is true for all
y > 0.

We now define

F (2) :=f,,(@) — x (=N)¥ (D) (fo5 | Wy ) (2). (5.27)
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The equations (5.25) and (5.26) imply that F, (iy) = 0 and aixe (iy) = 0. Now, F, is an
eigenfunction of the Laplace operator because f;, and f,; are eigenfunctions of the
Laplace operator with the same eigenvalue. Recall that f;, and f,; are eigenfunctions

2minz

of the Laplace operator because they are defined as a Fourier series of e and

(1 — k, —4nny)e* "%, Therefore (cf. e.g., [10, Lemma 1.9.2]), the vanishing of F and %F

on the imaginary axis implies that F, = 0, and then

fiy = x(=N)¥ (D) (foz [k Wy ). (5.28)

By (4.29) and the identity f; = f2|kW1;1 (deduced on applying (5.28) with D = 1)

( D " )
14N
k \—Nv Tuv

With the definition of f}, and f; = f5| KWy, we have

we get

Foz Wy = > XWfy (5.29)

v mod D
gcd(v,D)=1,—Nuv=1 mod D

° 5l
B

1 u
fiy= > xfy| [P 2
g u mod D k 0 ‘/B
ged(u,D)=1
danl (2 (% B
=y (D) x Wf b ~vD 1, (530
Vn%:fw 1k(—Nv —”ﬁ”v) 0 D

gcd(v,D)=1,—Nuv=1 mod D

for x(—Nv) = x(u). By the orthogonality of the multiplicative characters, after taking

the sum over all characters modulo D, we deduce that, for each u and v such that

( b —u ) (5.31)
1+N ! '
R\-Nv S5

1+Nuv u
( D ) =y (D)f;. (5.32)
k Nv D

—Nuv = 1 mod D, we have

fl = W(D)fl

which is equivalent to

h
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This implies that f; is invariant with the character y for the entire I'y(IV)

because, by [19], the following set of matrices generates I'y(IV):

S, U {£I,}, (5.33)
1

T (C=

where, for each positive m € Z, S,,, is the set consisting of one (Ntm 5) € I'y(V) for each
D in a set of congruence classes modulo Nm. Finally, as in the classical case, we deduce
that f] is of at most exponential growth at all cusps.

Casell: k € % + Z. Applying (5.4) to (5.13), we have

. 1 .
Fi, ey = ﬁ/@,)l‘flx (pg)y "ds

x(=N)y@D) 1
EDN%71 27Tl

=WD(—1)k7%1ﬁD(N) / Ly, @rsla kW)Y~ ktsds. (5.34)

By (5.20) (holding both for k € Z and k ¢ Z) and Mellin inversion,

. _1 (=N)y (D) _ 1

o, (9)0@) = Y~ gy LDV D) ok ( i ) o). (535
eph2 Yy

This is true for any ¢ € S.(R, ). Because of our choice of S.(R, ), for any y > 0, we have

. _1 x(=N)y (D) _ 1
fiyGy) = yp(-1)F 21//D(N)€DT kuX( uvy) (5.36)

x(=N)y (D)
€D

= Yp(—D* Ty % Pz e Wi ().

Similarly, by the functional equation for Ly (f1,) (95) given in (5.5), and applying the above

arguments, for any y > 0, we have

CN k-3 x(=N)y (D) _x ) 1
8k (f1,)(@y) = —y¥p(—1) zwp(N)—GDN,Ec % 5k(fzm)( L_Ny). (5.37)

We define

F,(2) = f1,(2) — ¥p(~ DX 2yp ) x (W)Y D)ep Fazyp kWi (2)- (5.38)
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The equations (5.36) and (5.37) imply that F, (iy) = 0 and B%FX (iy) = 0. As in the Case I
(for k € Z), since F, (2) is a Laplace eigenfunction, we deduce that F (z) =0, for any

Dirichlet character x modulo D and we get

Fiy = Vp(~DF 2N (~N) ¥ (D)ep oz kWi (5.39)

With similar arguments as in Case I we get

1 u
> xwf| (P V2
u mod D k 0 \/5
ged(u,D)=1
S @ D u )\ (7% 7
=¥ (D) xWf b ~D (5.40)
v mod D k\—Nv 1+guv 0 \/B
ged(v,D)=1
—Nuv=1 mod D

By the orthogonality of the multiplicative characters, after taking the sum over all

characters y modulo D, we deduce that, for each v and v such that —Nuv = 1 mod D,

fi=vDfi k(—i’V %}) (5.41)
Therefore
Liliw
h k( e D) = ¥ (D)fy. (5.42)
The fact that the set (5.33) generates I';(IV) implies the theorem in this case too. |

Corollary 5.3. With the notation of Theorem 5.1, let (@ (M) > _n, (f = 1,2) be sequences
of complex numbers such that a;j(n) = O(ec\/ﬁ) as n — oo, for some C > 0. Define

holomorphic functions f; : H — C by the following Fourier expansions:

fi@= > ajn)e* (5.43)

n=—np
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ForallD € {1,2,...,N% — 1}, gcd(D,N) = 1, let x be a Dirichlet character modulo D. For

each D, x and any ¢ € S_(R, ), we assume that,

5 X (=N)y (D)
UV

L, @) = 85— Ly 0o W) (5.44)
if k € Z, and
_1 x (=N)y (D)
Ly (p) = Yp(—1)kz x/fD(N)WLme (@lo_xWy) (5.45)

ifk e % + Z. Then, the function f; is a weakly holomorphic form with weight k and
character ¢ for I'y(V), and f;, = f [ Wy

Proof. The proof is identical to that of the theorem except that, thanks to the
holomorphicity of f and g, (5.26) is not necessary and thus we do not need the functional

equations of Lék(fjx)(‘p)' [ |

In the case of N = 1 and the trivial character ¥ mod 1, this corollary becomes

Theorem 1.1.

5.1 Alternative converse theorem for integral weight.

In the case of integer weight, it is possible to formulate the converse theorem so
that only primitive characters are required in the statement. However, the number of
primitive characters needed would be infinite and the extension to half-integral weights
less transparent. We state this theorem and prove it with emphasis on the parts it
differs from Theorem 5.1. In particular, we will use the recent method of “three circles”
[17], which extends to real-analytic functions, the classical vanishing result under a
condition about the action of infinite order elliptic elements.

We first introduce the following notation for the Gauss sum of a character x

modulo D:

0= >, x(mye*ip. (5.46)
m mod D
We recall that, when y is primitive, we have 7;(n) = x(M)T(X).

Theorem 5.4. Let k € Z, N € N and ¥ be a Dirichlet character modulo N. Forj € {1, 2},

let (@j(n)y>_n, for some integer n, and (bj(n))n<0 be sequences of complex numbers
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such that aj(n), bj(n) = 0Vl as [n| — oo for some constant C > 0. We define smooth
functions f; : H — C given by the following Fourier expansions associated to the given

sequences:

fi@) = z aj(n)ez”inz + Z bj(n)I' (1 — k, —4nny) e?rinz, (5.47)

n=-ng n<0

For all D € N (gcd(D,N) = 1), all primitive Dirichlet characters y modulo D and all

¢ € S.(R,), we assume that,

Ly (9) =i % fr (@12 Wy) and

(5.48)

_gX= N)l//(D)

5k(flx)((p) 5k(f2X)(§0|2 kW)

Then, the function f; belongs to Hi(I'y(IV), ¥).

Proof. The deduction of (5.28) in the proof of Theorem 5.1 does not depend on whether
the character y is primitive. Therefore, since the other assumptions of the theorems are

the same, we deduce

(f1y kW) (2) = x (=N)¥ (D)5 (2). (5.49)

Applying this with Dz instead of z, we obtain
7 _ (x)
Jiy kWhp2 —X(—N)W(D) sz,

where, forj = 1,2, szx (2) = Wﬁx (Dz). This coincides with equation [10, (5.13)],
which, by matrix operations, implies that, for each map on c¢(r) on the non-zero classes
modulo D such that >’ ¢(r) = 0, we have

D —r 1 ]i—; _ 1 %
Z C(’")f2|k(_Nm t)(O 1)— z C(T)W(D)fzhc(o 1)' (5.50)

r mod D r mod D
(r.D)=1 (r.D)=1
where, for each r, the integers t and m are such that Dt — Nmr = 1. We note that, once we
have such an identity for a given choice of the parameters r, t and m, then it will hold

for any other r, t such that Dt — Nmr = 1. In the proof of [10, Theorem 1.5.1 ], equation
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(5.50) implies that

D
g:=hHhlyy — v D), where y = ( r) (5.51)
Nm t

satisfies g = g|;, M, for the elliptic element of infinite order

1 2r
M=\ .. D ) (5.52)
—#m 34 2

Since the argument in [10] relies exclusively on algebraic manipulations in C[I"o(V)], it

applies in our case as well. Therefore, g, := glyy ! = f, — v (D)f5ly ! satisfies

91 =9 lkyMy L. (5.53)

As mentioned above, this holds for any r and ¢ such that Dt — Nmr = 1. Let h; =
fo — v (D)f5l 7! where

5 D r+D
Nm t+ Nm
Here T = (} 1) is the usual translation matrix. Let
1 2(r+D)
VI = b (5.55)
M=\_am 5, _a |} '
+Nm) D(E+Nm)
Then we have
hy = h1|k)71\7f)7_1- (5.56)

Now, since f, satisfies f, = f,|, T, we have that

hy=f, —vD)fHT 'y =g;. (5.57)

1 and yMy~! do not have any

We claim that the elliptic elements of infinite order y My ~
fixed points in common. Clearly, this is equivalent to the claim that TMT~! and M do

not share any fixed points. Indeed, the former has fixed points

1 (1 — Dt ++/1 — D(2 + mNr)(mN + t) + D2t(mN + t)) (5.58)
DmN '
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and the latter:

Dﬁ (1 —Dt+\/1- D@2+ mNnt+D?*?)). (5.59)
Their discriminants differ by DNm # 0.

Therefore, the real-analytic function g, is invariant under two infinite order
elliptic elements with distinct fixed points and, by [17, Theorem 3.11], it vanishes. The
completion of the proof is identical to that of [10, Theorem 1.5.1]. |

5.2 Example of using the converse theorem

Using the above two theorems, we can give an alternative proof of the classic fact that, if
k € Nand f is a weight 2—k weakly holomorphic cusp form, then the (k—1)-th derivative
of f is weakly holomorphic cusp form of weight k. [3, Lemma 5.3] Our purpose is to give

a “proof of concept” of the way our constructions work.

Proposition 5.5. Let k € 2N, and let f € Slsz for SL,(Z) with Fourier expansion (1.3).
Then the function f; given by

fiy= D am@rn)*'q" (5.60)

n=—ngo
n#0

is an element of S;..

Proof. SincefeS, ., nflamn) = O(ec*/ﬁ) as n — oo for some C > 0. Forp € S,(R,),
2—k c T+

L) = Y ern)*lam)Le)@an) = D am) (L) @rn) = Lealp)  (5.61)
ey ey
where
a(p)(x) == L7 W (Lo) ) (). (5.62)

Now, we note that [14, 4.1(8)] gives

(Le® D) (w) = uF 1 (Lo)w) — uF%p(0) — uF 3/ (0) — - = uF 1 (L) (w)
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since ¢ is supported in (¢}, ¢;) C R_j. Then
a(9) = L7 W (Lo)w) = L7 (L) = oD (5.63)
and hence, a(p) € F;. Therefore, Theorem 4.5 applies, to give (for f € Slz_k)
Ly (9) = Le(a(e) = iz_ka(oe(ga)|kW1). (5.64)

Here, recall that (a (@), W;)(x) = x¥a(p)(x~1). On the other hand,

Ly, (pla_xWy) = Le(a (gl Wy)) (5.65)
We claim that
a(@) Wy = —alply_ W), (5.66)
which is equivalent to
— U (L(g Lo W) (W) = L) W) (W). (5.67)

Since both sides are holomorphic in u, it suffices to prove the above identity for u > 0.
To this end, we let p,(x) = xt, for ¢ € Z, ¢ > 1. By [14, 4.2(3)], for u > 0, we have
H(Lp)W) =p_,_;(w) = u~*"1. By (5.62), we have

9x) =L (p_pyy - Lal(p)(x) = “N(Lpg_y - Lalp)) ). (5.68)

1
—L
(k —2)!
By applying the convolution theorem, we get

1
(k—2)!

p(x) = / X(x — ) 2a(p)(t)dt. (5.69)
0
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Then, by two changes of variables,

1
(k—2)!

L(ply_ W) (w) =/oox"*2go(x*1)e*“"dx= /OO/X (1 — tx)* 2a(p) () dte ¥ dx
0 0 0

1
k- 2)!

00 1
/ / x 11 — ) 2a(p)(tx~ Hdte “¥dx
o Jo

1
T (k—2)!

o] 1
/ X_la(cp)(x_l)(/ (l—t)k_ze_”Xtdt)dX. (5.70)
0 0

With [18, 8.2.7] and [18, 8.4.7], we deduce

00 k-2 _ ;
L(<p|2,kwl)(u)=/0 X_la(q))(x_l)(—ux)_kHe_”X(l—euxz( ;Xy)dx
= 7

k=2 —k+14j
= (W L@@ WD W - D (”)J—,

/ x*2Ja(p)x)dx. (5.71)
Jj=0 0

Since ¢ is compactly supported we have [;° ¢¥(x)dx = 0 for ¢ > 1. Since a(p) = p*~ D,
for each j € [0, k — 2], by applying integration by parts, we get

/ a(p)(x)xdx = 0. (5.72)
0

Then, since k is even, we have shown (5.67) and thus, (5.66). Combining this with (5.64)
and (5.65), we deduce Ls (p) = ika1 (¢l,_x W), which, by Corollary 5.3, implies that f; is
a weakly holomorphic form with weight k for SL,(Z). |

5.3 A summation formula for harmonic lifts

Let N be a positive integer, x a Dirichlet character modulo N, and ) the complex
conjugate of the character x. We restrict to integers k > 2 and let S;(IV, x) denote
the space of standard holomorphic cusp forms of weight k for I';(IV) and the central
character x. We recall [9] that the “shadow operator” & _;: H, (N, x) — Sp(IV,x) is
given by

k

£y 1= 2iy?” (5.73)

E{”Qx

It is an important fact, first proved in [9], that &,_; is surjective. The main object in the

next theorem is the inverse image of a given element of Sy (IV, x).
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Theorem 5.6. Let k € 2N and let f € S (IV, ) with Fourier expansion

f(z)=>" ap(n)e?™ ™. (5.74)

n=1

Suppose that g is an element of H, , (N, x) such that &, ;g = f with Fourier expansion

9@ = > cfmer™ ™ + 3" ¢ (m(k — 1, —4wny)e® ", (5.75)

n=-ng n<0

Then, for every ¢ in the space C°(R,R) of piecewise smooth, compactly supported

functions on R with values in R, we have

o k o . _ _
> c;;(n)/0 p(y)e Mdy — N2t > C;HWN(”)/O o()(—ip)*2e~ 2/ My

n=-ng n=-ng

k—2 00
=3 3 g (2 gy /0 e T yly(y)dy

|
1=0 n>0 I
+1

(k—1)

o0
+ (87m)*'%1/ e’”"yyg’lrp(y)Ml_gH%(ZHny)dy) (5.76)
A :

where M,  (z) is the Whittaker hypergeometric function. For its properties, see
[18, §13.14]).

Remark 5.7. Directly from the definition of §,_; we see that ar(n) = —cg (—n)(4n n)k-1,

for each n € N.

Proof. We can also check that C;°(R,R) C J-"f N ]—"g. With (4.14), we deduce that the

L-series of g can be written, for each ¢ € C°(R,R) as

Ly(p) =L (p) — Z af(n)(4nn)1_k /0 I'(k — 1,47ny)e®™ o(y)dy (5.77)

n>0

where L; denotes the part corresponding to the holomorphic part of g:

Li(p) == D cf(mLe2rn). (5.78)

n=—np

€20z Joquisydeg Gz uo 3senb Aq #1.G/289/62.2GL/81/€20Z/dI01E/UIWI/WOD dNO"DlWaPEDE//:SARY WO POPEO|UMOQ



15762 N. Diamantis et al.

The second sum in (5.77) can be written as

> ar()L(@(9)(2mn) = Lp(D(p) (5.79)
n>0
where
d(p)=L7"1 ((Zu)lk /0oo k-1, 2uy)euyg0(y)dy) ) (5.80)
Therefore,
Ly() = Ly (9) = Lp(®(9) = Ly (p) — L, (P (9)). (5.81)

It is clear from its derivation, that this identity holds for any weight k harmonic Maass
form g and, in particular, also for g|,_; Wy.
Now, Theorem 4.5 applied to L, implies that Ly(¢) = iz_ka/nglz,kWN(mkWN)'

Therefore

L (@) = Lr®@) = 27 N2 (LE o @lWi) = Ty gy pw @@L W) . (6.82)
Similarly, Theorem 4.5 and the identity
&2 kGl W) [k Wiy = &5_(@ [ Wi [k Wy = (=D*f (5.83)
imply that
Le, (ol (@@ W) = i FNTTF 2L (0 (0], Wyy) |, W) (5.84)

Therefore, (5.82) becomes

L) = Lp(®(9) = P *N*2LY oy (@l Wiy) + NLp(® (@ W) [, Wyy)- (5.85)
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To simplify Le(® (@l W)l Wy)), we first note that a change of variables followed by
an application of [14, 4.1(4)] gives

-1 1-k _ uy 1 dy L)
((zu) /o Fe—12upe ‘”( ) (Ny)k) (Nx
=N k! ((2u/1v)1 k/oor(k—1 2(u/N)y)e“/Nr g (—) —{) (;)
0

y
1-k 1-k u 1 dy
=N"""L" ((Zu) / 'k —1,2uy)e 14 (—) _k) (—) (5.86)
0 y

Then, with [14, 4.1(25)], we obtain

L(D(p[y W), Wy)) (277)

_ k-2 p—1 1-k _ uy 1 dy 1 ))
_E((NX) Py ((2u) /Or(k 1,2uy)e ( )(Ny)k) (NX (27n)

@rn)' T [ e o0
- T/ uTJk_l(«/Snnu)(zu)I*k/ Tk —1,2uy)e?o1/y)y *dydu
0 0
21-k(9 Lk oo L
= #/ <p(y)yk72/ ulTka_l(VSnnu)F(k— 1,2u/y)e“Ydudy. (5.87)
0 0
The formula [18, (8.4.8)] for the incomplete Gamma function implies that the last

expression equals

1-k k—
2

2 2l(k — 2)! > 1 /8nnu
(Bﬂ;\? 2 (kll ) / o)y 2! /O u'2 g (VBrnue WY dudy
! 0

Lk k=2 5111 o0
2 2)!
(871”) - (k-2 / (y)yk_z_l/ uz_k“le,l(Mu)e‘”z/ydudy (5.88)
0 0

N

N / I

I
o

-k
87n)z
_ N ( ()k_ 1) Z l+1/ (P(Y)Y2 1e—7TnYMl_§+l’k%1(2n’ny)dy

where, for the last equality we used [14, 6.8(8)].
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Finally, with [18, (8.4.8)] again, we deduce

Li(®(9) = D ap(m)L(®(p))(2nn)

n>0
k2 k- 2! ~ (5.89)
=22 =@ / e 2yl (y)dy.
=0 n>0 : 0
Replacing (5.88) and (5.89) into (5.85), we derive the theorem. [ |
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