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Abstract

We consider distributions of dislocations in continuum models of crystals which are such
that the corresponding dislocation density tensor relates to a particular class of solvable Lie
group, and discrete structures which are embedded in these crystals. We provide a canonical
form of these structures and, by finding the set of all generators of a corresponding discrete
subgroup, we determine the ‘material’ symmetries that constrain appropriate strain energy

functions.
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1 Introduction

We consider solid crystals with uniform distributions of defects and extend previous treatments
of the symmetry properties of such crystals to include the case where the distribution of defects
corresponds to a certain class of solvable groups. The particular three dimensional class of
solvable groups that we choose to consider is one of two that Auslander, Green and Hahn [1]
highlight as the non—nilpotent Lie groups which contain discrete subgroups, and they call this
particular group S;. This distinguishing property, that S; contains discrete subgroups, gives
the prospect of an explicit description of the connection between the symmetries of continuous
and discrete models of crystals with corresponding uniform distributions of defects, where the
dislocation density relates to the structure constants of the Lie group Si, though in this paper

we focus just on the discrete structure and its symmetries.
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To make these ideas definite, the reader may refer to Parry [2], [3], [4], where the motivation

for the work is laid out, and the case of nilpotent groups is treated in detail (the nilpotent case

appears to be the simplest non—trivial instance where continuous and discrete symmetries of a

crystal with defects are related in a transparent way). But we also summarize this work briefly

in points (i)—(vii) below, so that one may readily compare the main results of existing work

with those obtained in this paper.

(i)

First, we work with Davini’s model of solid crystals, [5], [6], [7], where the kinematical
state of the crystal corresponds to the prescription of three smooth linearly independent
vector fields £1(+),£2(+),£3(-) in a domain which we may take to be R3. Then the
dislocation density is defined by

S = (Sup) = (Cm), ab=1,2,3, (1.1)
where the fields di(-),da(-), ds(-), are dual to the ‘lattice vector fields’ £1(-),£a(-), £€3(+).
We deal with configurations (i.e., distributions of lattice vector fields in R?) such that the
tensor S is constant (in R3), and note that the motivation for this is given in [2]. This
condition, that S is constant, is an integrability condition which guarantees that, if the

lattice vector fields are given, the partial differential system

Lo (Y (z,y) = Viv (z,y) ba(z), a=1,2,3, (1.2)

where Vi (-, ) denotes the gradient of 1) with respect to its first argument, has a solution
for the unknown function 1. Moreover, the function v : R? x R?* — R3 can be taken to
satisfy the properties required for it to be a Lie group composition function, with identity
element 0 € R3. Thus, given a value of dislocation density tensor S (consistent with the
requirement that S is constant) one may arrive at a particular Lie group by constructing
fields £,(+), a = 1,2,3 such that the dual fields satisfy (1.1), and then solving (1.2) for

the group composition function .

The dislocation density tensor is an elastic invariant, in that if w : R? — R3 is an elastic

deformation, fields £,(-), a = 1,2, 3 are defined by

L, (u(x)) = Vu(x)ly(x), 2R3, a=1,2,3 (1.3)
and S is calculated by the analogue of (1.1), then
S (u(x)) = S(x), xcR>. (1.4)

In particular, if S is constant, so is S. So one sees that the composition function
obtained from (1.2) is just one amongst the infinite number of those which may be found

by making different choices of the lattice vector fields, given a value of S.
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(iii) Discrete subgroups of a group corresponding to a particular choice of ¥, given a value S
of the dislocation density tensor, are constructed as follows. Let £,(+), a = 1,2, 3, satisfy
(1.2), let v1, 19, v3 be given real numbers and define the integral curve through x( of the

field v, (+) to be the solution {x(t); t € R} of the ordinary differential equation

dx
E(t) = vl (2(t)), x(0)=xp. (1.5)
(The summation convention operates). Note that v = v,£,(0) determines the field v,£,4(+),
by (1.2), recalling that 1 (0, y) = y by the properties of Lie group composition, with group

identity 0. Define the exponential mapping exp(v) : R3 — R3 by

(exp(v)) (®0) = (1), (1.6)

and the group element e®) by

) = (exp(v)) (0). (1.7)

It is an important standard result of Lie group theory that

(exp(v)) (@) =¥ (¥, 2) . (1.8)

This equation states that the flow along the integral curves of the lattice vector fields,
which leads to the definition of the mapping exp(v), corresponds to group multiplication

by the group element e®).

(In the case S = 0, choose £,(+) = £,(0) = e, as solution of (1.1), where {e1,eq,e3} is a
basis of R3. Then 1(x,y) = x + y is a solution of (1.2) which has the properties of a Lie
group composition function. Solving (1.5) gives x(t) = vt + xg, where v = (v1,19,13) =
Vg€, 50 (exp(v))(x) = v +x = YP(v,x). Noting that e = v, one sees that (1.8)
holds. Flow along the lattice vector fields themselves (where v = e; etc.) corresponds to
group multiplication by e, es, e3, which in this case represents translation by ej, ez, es.
Successive translations produce the lattice L = {p : p = nqeq, ng € Z, a = 1,2,3}, whose

symmetries are the province of traditional crystallography.)

Consider the set of group elements produced by iterating the flow (from t =0 to t = 1)
along the lattice vector fields, starting at the origin, by analogy with what is done in the
case S = 0. By (1.8), one obtains the subgroup that is generated by the group elements

et ef2 e if one writes £, = £,(0), a = 1,2, 3.
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(iv) According to Thurston [8], if the set of points generated in the procedure outlined in (iii)
is discrete (i.e. there is a non-zero minimum separation between the elements), and if one
further condition that we do not make explicit is satisfied, then the corresponding Lie

group must be nilpotent. Parry [2] shows that this implies that S has the form
S = (M), A€Q,po €Z,a=1,2,3, (1.9)

and Cermelli and Parry [9] have shown that the flexibility afforded by the elastic invariance
of § allows one to show that, in an appropriately chosen configuration, the corresponding
discrete group is either a simple lattice or a 4-lattice, in Pitteri and Zanzotto’s terminology

[10] (even though the corresponding composition function is not additive).

(v) Mal’cev [11] has studied the structure of discrete subgroups of nilpotent Lie groups, and
in particular obtained the following results (which are far reaching generalizations of the

results for a perfect lattice):

(a) There are elements £1, €2, €5 of the discrete subgroup (call that subgroup D) such
that

D ={g:g9=2£€"£24, mi,mg,mg €L} (1.10)

(In the expression £ £5"2£5", products of group elements are written as, for exam-
ple, (€1, £1) = €5, P (€1, £2) = £1£).

(b) The automorphisms of D, which are the invertible mappings of D to itself which
preserve the group structure, extend uniquely to automorphisms of the corresponding

continuous (nilpotent) group.

(c) The flexibility that comes from the elastic invariance of S allows one to choose the
integral curves of the lattice vector fields through the origin to be straight lines,
the automorphisms of the continuous group to be linear mappings, and (by (b)) the

automorphisms of D to be (restrictions of) linear mappings.
(vi) In a three dimensional Lie group G, with group multiplication 1, write (as in (v)(a))
Y(x,y) = zy, (1.11)

as an alternative notation. Let (x,y) denote the commutator of two group elements

x,y € G, so

(x,y) =z 'y 'zy, (1.12)
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(vii)

where 27! is the inverse of x, so

1,b(:c_1, x) = w(w,m_l) =0, (1.13)

or x 'z = zx—!' = 0, recalling that O is the group identity. For a Lie group G where

the underlying manifold is R3, let the components of a group element x be real numbers
11,72, 73 relative to a basis {ej, ez, e3} of R3. Let the quadratic terms in the Taylor

expansion of the commutator (x,y) about 0 be denoted, temporarily, by

V(@ y) = Cijrzjyres, (1.14)

where = x;e;,y = y;e;. Then the constants Cj;;, are the structure constants of the Lie
algebra g of the group G. The function v : R? x R? — R? is an antisymmetric bilinear
form on the Lie algebra (here identified with R3) called the Lie bracket of g, and we

introduce further notation

V(. y) = [z, y]. (1.15)

Vector fields ¢(+) which satisfy

¢ (Y(x,y)) = Vi(z,y)¢(m), xR (1.16)

are said to be right invariant on G, so from (1.2) the lattice vector fields £;(+), €2(-), £3(-)
are right invariant — in fact these fields provide a basis for the vector space of all right

invariant fields on G.

The connection between the dislocation density tensor S, defined via (1.1), and the

structure constants is
Cijk‘érj(o)gsk(o) = 5prsSk:p£ki(0)a (117)

where ¢, is the permutation symbol and £,(0) = /,;(0)e;, see Elzanowski and Parry
[12]. Mal’cev [11] shows that a condition necessary and sufficient that G' has non trivial
discrete subgroups is that the structure constants of g be rational with respect to an
appropriate basis, in the case that G is nilpotent, and this translates to the requirement

that S has the form given in (1.9) above.

For nilpotent Lie groups satisfying the rationality conditions of (vi), Parry and Sigrist
[13] construct all sets of generators of a given discrete subgroup explicitly. The formulae
that connect different sets of generators (of a given discrete subgroup) generalize the well-
known formula for a perfect crystal, where bases {£1,£s,£3}, {£],£5,£5} of R® generate

the same lattice if and only if £; = v;;£; where (v;;) € GL3(Z).



Crystal defects and solvable groups 6

This paper is concerned with the extension of some of the above results, (i)—(vii), to defective
crystals where the corresponding Lie group is solvable, and the group has non—trivial discrete
subgroups. As stated above, and shown in [1], there are only three classes of three dimensional
Lie groups which have non-trivial discrete subgroups — they are the nilpotent group and two
classes of solvable group, which Auslander, Green and Hahn denote S; and S3. We shall

consider here the class Sp, and treat the remaining class elsewhere.

Recall the following facts regarding solvable Lie groups and algebras:

e In a solvable Lie algebra of dimension 3, it can be shown that there are basis vectors
X,Y ., Z of R3 such that

[(X,Y]=0,[X,Z]=aX +38Y,]Y,Z] =9X +0Y, (1.18)
where «, 3,7, 0 are real numbers such that ad — B # 0;

e If g is a Lie algebra, and one defines g, = 9,9, = [91,9:1]--- 9, = [81_1, 9,_1], then g is
called solvable if g;, = O for some k. It’s clear that if (1.18) holds, then g3 = 0;

e Let G be a connected Lie group, let (G, G) denote the subgroup generated by all commu-
tators of G and define G1 = G, Gy = (G1,G1),...Gr = (Gk—1,Gk—1). Then G is called

solvable if G}, = 0 for some integer k.
e ( is solvable if and only if g is solvable.

In the case with which we shall be concerned G = 57, and we shall write g = s. It will also
be true that G3 = 0, so that commutators of elements of S; commute, and this is an important

fact that one should bear in mind throughout.

Note that group elements & € S; are parameterized by real numbers (x1,x2,x3) and that
we have chosen to identify the group elements with points of R? (so that any discrete subgroup
corresponds to a set of points in R3, for example). Auslander, Green and Hahn [1], on the
other hand, represent group elements as 4 x 4 matrices (still parameterized by (z1,z2,3)),
and in that representation the group composition is matrix multiplication — let .S, denote that

representation of the group. Thus if € S; and group composition in 5] is denoted 1), then

(@) (Y) = T (Y(2,9)), @,y € R, (1.19)

where 7, : S; — Sy, is an isomorphism (which represents elements of S7 as 4 x 4 matrices). In

fact we calculate 1 from Auslander, Green and Hahn’s representation of S, using (1.19).
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This enables us to calculate the basis right invariant fields and their duals, the corresponding
dislocation density tensor, and the exponential in S;. Auslander, Green and Hahn [1] assert
that r,,(e1), rm(e2), rm(e3) generate a canonical form of discrete subgroups D,, C S,, and it
follows that eq, es, e3 generate a canonical form of discrete subgroups D C S} where {ej, es, e3}

is a basis of R3.

The isomorphism 7, involves a function ¢ : R — SLy(R), with ¢(1) € SL2(Z) and this is
central to our calculations. In §2 we derive an expression for 1 in terms of ¢, using the remark
above. Also, it turns out the the ‘structure’ of the discrete subgroup D depends in essence on

properties of the matrix
0=0o¢(1) € SLy(Z), (1.20)

cf. (3.1) below.

In §3, we discuss a canonical discrete subgroup D,,, C S, and show that there exist elements
of Dy, (4 x 4 matrices), denoted A, B,C, such that a general element of D,, has the form
ACBMON Q,M,N € 7Z. We also calculate the commutator subgroup D!, = (D, D,,). Let
D and D' be the subgroups of S; such that their matrix representations are D,, and D),
respectively. We show that D = (Z3,), i.e., that the elements of D C Si, are the points of
73 (and the composition function is 4, of course), and that the points of D’ can be identified

with a proper two-dimensional sublattice of Z3.

The purpose of the calculations in §3 is to allow us, in due course, to calculate the ‘symme-
tries’ of the discrete subgroup D. More precisely, we find the set of all generators of D — that
is we find all choices of three elements g, g5,g3 € D such that the collection of all products
of g;,95,95 and their inverses equals D. To do this, let G’ denote the subgroup of S; which
consists of all products of g;,g,,g5 and their inverses (this subgroup G is unrelated to the
connected Lie group of the third bullet point above). In Lemma 1 we construct a different set
of generators for G which has a particular property that is useful for later calculations (the
matrix representation of the new generators has the form (4.6)). Then we note that, in the case
of interest where commutators commute, one can make sense of the symbol, (z,y)’, =,y € G,
where P is a polynomial in the generators of G and their inverses. This allows us to give a

canonical expression for an arbitrary element g € G:

g= 9?9593(91792)&(92,gg)Pl(gsagl)PQ, (1.21)

cf.(4.19) Lemma 2, where P, Py, P3, are polynomials of the stated form. This relation, (1.21),

is a generalization of the expression © = m1€; + mokls + msls, mi, mo, m3 € Z for the general
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element x of a perfect lattice with basis £1, €5, €3 and a generalization of Mal’cev’s expression
g = g7"g957%g5%, m1,mg,m3 € Z for the elements of a discrete subgroup of a nilpotent Lie
group in terms of a canonical basis g, g4, g3, to the case at hand where the relevant Lie group
is solvable. The statement that (1.22) holds may be found in Bachmuth [14], but we have not

found a proof of the statement, so that is provided in Lemma 2.

From (1.21), a general element of the commutator subgroup G’ = (G, G) has the form

(91792)1)3(92793)P1(93791)P27 (1.22)

for appropriate polynomials Py, P>, P3. This leads to an expression for basis elements of G,
considered now as a two dimensional sublattice of Z3. In fact we know from §3.3 that a basis
of D’ can be given in terms of the columns of the matrix § = ¢(1) € SLa(Z). So, if G' = D’ (as
is necessary if we require that G = D), then we have a connection between an arbitrary set of
generators of D and the columns of . The algebraic conditions deriving from this connection
are treated in §6 — there are other conditions which are (nominally) required in order that
G = D, but we show in §6.2 and §6.3 that they are identically satisfied if G’ = D'.

Note that (1.22) shows, in the language of continuum mechanics, that the Burgers vector
corresponding to any choice of circuit can be decomposed as the product of three fundamental
Burgers vectors, and that these three Burgers vectors generate a two dimensional lattice
(additively).

The conditions which ensure that G = D turn out to be divisibility conditions on integers
that appear in the matrix representations of the group elements g, g,, g3, and we summarize
those condition in the conclusion to the paper. There we also discuss the symmetries of a
continuum strain energy function that models a discrete solid crystal with local structure
corresponding to the points of D — these symmetries derive from the infinite number of different

choices of generators of D.

Finally we note that a particular symmetry of the strain energy, corresponding to a change
in generators from g, g,, g3 to g}, g5, g5 may or may not correspond to an automorphism of
D. Magnus, Karrass and Solitar [15] give a condition that is necessary and sufficient for such
a change to correspond to an automorphism of D. When that condition holds, a result of
Gorbatsevich [16] shows that the automorphisms (of D) extends uniquely to automorphisms of
the continuous group Si, so that in continuum mechanical terms, the discrete symmetries of D

are (restrictions of) elastic deformations when Magnus, Karrass and Solitar’s condition holds.
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So, when that condition holds, the dislocation density is unchanged, because it is an elastic
invariant. Thus the symmetries of the strain energy function may be divided into two classes,
in the case at hand — there are the (self) mappings of the points of D which are restrictions
of elastic deformations, and these are those which are not. One might call these the elastic,
and the inelastic, symmetries of the crystal. We remark that in the case of the perfect crystal,
where § = 0, Magnus, Karrass and Solitar’s condition is empty, so all self mappings of a perfect

lattice corresponding to a change of generators are restrictions of elastic deformations.

2 Continuous groups

According to Auslander, Green and Hahn [1], if S is a connected, simply connected, non
compact, three dimensional Lie group with a discrete subgroup D such that S/D is compact,
and S is not nilpotent, then S is isomorphic to a matrix group S,, where the elements of S,

have the form

0 I
P(x3) 0 Ty
rm(x) = , x=| x e R3. 2.1
() 0 011 o 2 (2.1)
x
0 00 1 ’

In (2.1) , ¢(x3) € SLa(R), (1) € SLa(Z). Also, {p(x3) : 3 € R} is a one parameter subgroup

of the unimodular group, so

o(x)o(y) = d(z +y), =z,yeR. (2.2)

It follows that

$(0) =T = (; ?) (2.3)

and by differentiating (2.2) with respect to y and putting y = 0, etc.,

¢'(z) = ¢(x)¢'(0) = ¢'(0)p(x), (2.4)
where ’ denotes % Let us write
a(z) b(z)
T) = , 2.5
o= (40 M0 ) 25)

SO
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and
a(x)d(x) — b(x)c(x) = 1. (2.7)
From (2.4)
O 4
P(z) = et = ZA]%. (2.8)
= 7
Since ¢(0) = Iy, by differentiating (2.7) and putting z = 0 one obtains that a’(0) + d’(0) = 0,
hence
00
A% 4 det(A)ly = ( 00 ) : (2.9)

where det(A) is the determinant of A. It is then straightforward to show that, for arbitrary
2 x 2 matrices B, satisfying (2.9),

(cosh k)Ig 4+ smhk) B, if det(B) <0, k= +/—det(B);
5 :
€ =9 (cosk)l+ <31zk> B, if det(B) >0, k= /det(B); (2.10)
Ip + B, if det(B) = 0.

See Gallier [17], for example.

We shall be concerned, in this paper, with the particular case where
a(l) +d(1) > 2, (2.11)

which is the condition that guarantees that the integer matrix

a(l) b(1)
o(1) = (2.12)
c(l) d(1)
has (real) positive eigenvalues. We call corresponding group Si, rather than S, for definiteness,
as noted above. Now, with tr denoting trace, so tr A = 0,
2 cosh k, if det(A) < 0;
a(l) +d(1) =tre* =< 2cosk, if det(.A) > 0; (2.13)

2, if det(A) =0,
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where k denotes 4/|det(.A)| here and henceforward. Hence, according to (2.11) above, we shall
be concerned here with the case that det(A) < 0, k = \/—det(A), where ¢ : R — SLy(R) is
given explicitly by

$(z) = e = (cosh kz) Iy + <sin2 k::z) A. (2.14)
Note also that

6(1) = (cosh k)l + <Smkhk> A (2.15)
S0

tr ¢(1) = 2(cosh k). (2.16)

Hence if we define

P(1) = ( Z Z ) , (2.17)

so a = a(1), etc., then
a+d=2coshk, (2.18)

and we have

¢(1) = ( o b ) — %(a+d)112+ (Sinlfk) < @) ¥ ) (2.19)

and

(sinh k) 3(a—d) b )
A= . 2.20
k ( c %(d —a) ( )

Let 9 : R? x R3 — R? be the group operation in S;, then since the group operation in S, is

matrix multiplication we have

P (®)rm(Y) = rm ($(x,y)), @,y € R, (2.21)

and one calculates that

Y(x,y) =x + (a(z3)y1 +b(23) y2) €1 + (c(x3) y1 + d (23) y2) €2 + yses, (2.22)

where * = x;e; = (x1,72,23)7, ¥y = yie; = (y1,%2,y3)", where T denotes transpose, where

{e1, ez, e3} is a basis of R? and the summation convention operates.
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Thus S; is the Lie group (R?, ), isomorphic (via r,,) to the matrix group S,,,. Let s be the

Lie algebra corresponding to S, and let [-, -] denote the corresponding Lie bracket, so
[z, y] = Cijpzjyrei, (2.23)
where
Cip = 20 (0,0) — 0% (0,0) (2.24)
IR Quidyr ) dwpdyy '

and 1 = ¢;e;. One calculates from (2.22) and this last definition that

a'(0), ifi=1,j=3 k=1
v (0), ifi=1,7=3 k=2
L (0,0) = ’(0) ifi=2 j=3, k=1 (2.25)
axjayk ’ - C(): wr=2,7=09, - .
d0), ifi=2 j=3 k=2
0, otherwise,

and from this one obtains
[z,y] = (d(0)zAy-es—V(0)xAy-e1)er+ ((0)xAy -er—d(0)zAy-er)es (2.26)
In particular
[e1,e2] =0, [e1,e3] = —ad'(0)e; —(0)ea, [ez,e3] =—b(0)e; —d'(0)es. (2.27)

Next we calculate the dislocation density tensor corresponding to this choice of Lie group.

First
/ 1
(o)), o

1
Vlll)(O,CB) = 0
0 1

o = O

and this gives that the right invariant lattice vector fields £,(x) = V19(0, x)e, are given by
4 (z) = ey, La(x) = ea, €3(x) = (a'(0)z1 + V' (0)x2) e1 + (<'(0)z1 + d'(0)z2) €2+ e3. (2.29)
The dual lattice fields d,(x) are
di(z) = e1 — (d'(0)z1 + V'(0)z2) e3, da(x) = ea— ('(0)z1 + d'(0)22) €3, d3(x) = e3. (2.30)
Hence the lattice components of the dislocation density tensor are

—b'(0) —d'(0) =b  3(a—d)

0 0

VAd,-d / / & 1

di doAds ) = 5(a — 2.31

<d1'd2/\d3) a'(0) £(0) 0 Sinh(F) La—ad) ¢ 0o |, (231
0 0
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from (2.20). In particular the dislocation density tensor is symmetric. Note that, from (2.11)
and (2.13), e* + e is an integer greater than 2. Also, if the dislocation density tensor is

known, so is ¢'(0) = A via (2.6), so is ¢(0) via (2.8), and vice versa.

Let s,, be the Lie algebra corresponding to the matrix Lie group S,,, then the following

diagram is commutative, see for example Warner [18], Varadarajan [19]

Vrm(0)

Sm
el) l i matrix exponential

T

Fig 1: Mappings between Lie algebras s, s,,, and Lie groups S1, Sn,.

In the figure, e() : s — S is the exponential calculated in the manner that was outlined in

the introduction. Thus
T <6(m)> — eVrm(O):B, (232)

where the exponential on the right hand side is the matrix exponential. From (2.1),

, 0 I
¢'(0)z3
Vrm(0)z = 0 o2 (2.33)
" 0 00 z3 |’
0 010 O
and one calculates that
0
# O | (f(¢’(0)x3) ( o ))
Vrm(0)z _ 2 7 (2.34)
0 O 1 T3
0 0 |0 1
where we define f : GL2(R) — GL2(R) by
f(4) = . (2.35)
VoL
eA — ]12
(So f(A) = if det A # 0).

Recall that from (2.6) and (2.8)

e 03 — (23). (2.36)
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Since 7y, : R3 — S, is invertible, from (2.1), (2.34) and (2.32) we obtain

/ 1
(@ _ f(#'(0)3) ( . > . (2.37)

3

This formula gives the explicit form of the exponentiation which is involved in the iteration

process described in the introduction (derived differently to the method given there).

3 Discrete groups

3.1 D= (Z1)

According to Auslander, Green and Hahn [1] once again, one can assume that the discrete
subgroup D C S is isomorphic, via r,,, to a discrete subgroup D,, C S, and that D,, is

generated by three elements 7, (e1), rmn(€2), rm(es) of Sp,. Set

1 0 01 1 0 0O
0100 0101
A=rp(es) = = ,C =rp(e) =
0 010 0010
0 0 0 1 00 0 1
(3.1)

1

Let (z,y) = = 'y 'zy, denote the commutator of elements ¢,y € D and similarly let

(X,Y) = X'Y~1XY denote the commutator of elements X,Y € D,,.

Recalling (2.17) one finds that
(A,B) = B'™4c*, (A,C) = B*C'™*, (B,C) =0. (3.2)
Now any element of D,, can be expressed as a product of the form
dpm = AN BPICM A2 P22 A% B (3.3)

with «;, 8,7 € {0,+1}, i =1,2...r. Noting that BC = CB, and computing that

(BPC7, A% = B™PC"7,  where ( " ) = ( @b ) < P ) , (3.4)
n c d ¥

we have

BBCTAY = A“BPCYB™ PO = A*B™CO™.
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Using this we can rewrite (3.3) as
dm — AOé1+012+---OerMCN

for some M, N € Z.

Notice then that D,, contains d,, = AYBMCN for any Q, M, N, € Z. So a general element
dy = AYBMCN € D, C S,, has the representation

Q Q
(n) () (V)
c d 0 c d N . (3.5)
0 0 1 Q
0 0 0 1

One calculates that

Q
SRR R L P (3.6)
c d e c d - .

where

€kQ — €7kQ

er — e~
are the Chebyshev polynomials of the second kind, defined alternatively by the recurrence

relation
Ug+1 = nUq — Ug-1, (3.8)

where Uy =0,U; =1 and n = a + d.

Henceforward we write

B _[a b _ a(l) b(1)
9:(’5(1)_(@ d>_<c(1) d(1)>’ (3.9)

and recall that the condition tr § = a + d > 2 implies that 6 has (real) positive eigenvalues.
In fact, since the eigenvalues of A are +/|det A| = £k, by (2.9) and Cayley—Hamilton, the

cigenvalues of 0 = e are e** > 0.

Let € R? be such that

rm(x) = A9BMCN, Q,M,N € Z. (3.10)
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Then

“(¥)
T = N : (3.11)

Q

Since § € SLy(Z), it is clear that r.}(D,,) = D = (Z3,), i.e. that the discrete subgroup of S

with which we are concerned is the cubic lattice Z3 with group multiplication given by(2.22).

3.2 Composition in D,,

Suppose that dj = A" B*1C*2 and dy = AY3BY'CY2 are elements of D,, (i.e. z;,y; € Z,i =

1,2,3). Then
g3 0 0*3 ( 21 ) QY3 0 QY3 ( h )
0 0
didy — €2 Y2
0 0 1 T3 0 0] 1 Y3
0 0] O 1 0 0] O 1
(3.12)
9$3+y3 0 9w3+y3 n 4+ s 1
_ 0 Y2 T2
0 0 1 3+ Y3
0 O 0 1
= ABBAC?2,
and so
Z1 Y1 Low 1 L1 4 Y1 F (v —T) L1
z2 = Y2 1) = x2 Y2 x2
z3 T3+ Y3 3+ Y3
(3.13)
Now

0% —I) = (6'=0)(I+60 1+ 2+ .- +6 vt

3.14
B d—1 —=b D q ( )
—c a-—1 r s
for some p, q,r, s € Z which depend on y3. Thus

didy = A%3tys grityr o@aty2 (Bd_lc_c)pzlJrq:ch (B—bca—1>ml+8$2 ) (3.15)
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3.3 The commutator subgroup D,

The commutator (or derived) subgroup D), of D, is the subgroup generated by all commutators

(di,d9) = dl_ldgldldg, di,ds € D,,. From the previous section we can see that

9—73 0 —I1
dl_l _ 0 —T2 :A—x3BU$3_1xl—U13(a:c1+bx2)cUx3_1x2—Uz3(CﬂC1+d~T2) (316)
1 —I3
0 0| O 1
and then
9—3—y3 0 R I N gr3+ys 0 gratus [ YU ) Lgmws [ 71
(dy, db) 0 Y2 ) 0 Y2 T2
1,02) =
0 0 1 —T3 — Y3 0 0 1 r3 + Y3
0 0 1 0 1
1 0|0
m-p( ") —@=-n "
. 0 11]0 o Y2
0 01 0
0 00 1
- (Bd—lc—C)pm—i-qzz—tyl—uyz (B—bca—l)rzl +sz2—vy1 —wy2
(3.17)
where

t
(pq)=n2+el+..-+6y3“ ( U>ZH2+91+-~+0%“. (3.18)

r S v ow

Thus every commutator in D,,, can be written as a product of B4~1C~¢ = (B, A) and B~*C*~1 =

(C,A). Let rpp(u) = (B, A),rm(v) = (C, A). Since, from (2.22), ¥ (x,y) = x+yifxs =y3 =0,
and all commutators have third components equal to zero, it follows that 7, (cu + fv) =
(B, A)*(C,A)P,a, 3 € Z. Soif D!, = r,,,(D'), then the points of D’ coincide with the sublattice
of Z3 generated (additively) by u and v. Let (u,v) denote the integer linear span of the vectors

u,v € 75,

d—1

d—1 "\ .
instead of u = —c |. Let {u,v} denote

For convenience, we write u = <
—c

the 2 x 2 matrix with columns u, v, so

{u,v} = ( =1 = > =07 L) = (07" —y){e, e} (3.19)

—c a-—1
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Note
det(07! —T) =2 — (a+d) <0. (3.20)

So in the case that a +d = 3, the points of D’ are just Z? = {(a,b,c) € Z3; ¢ = 0}. In the case
that a + d > 3, the points of D’ coincide with those of a proper sublattice of Z? (with unit cell
of area (a +d — 2)).

3.4 Maximal normal nilpotent subgroup N

According to Auslander, Green and Hahn, [1], S has an unique maximal normal connected
nilpotent subgroup N, which is abelian in this case. Thus N = ({(a:, y,2) ER3 2 = 0} ,1/)) and
¥(x,y) =x +y,x,y € N. Moreover, DN N = (Z* ) = (Z*,+), and D' N N = ({(u,v),+)

according to the previous section.

4 Generators of D

Let g;,95,95 be elements of D. We wish to determine conditions on the choice of those
three elements which are necessary and sufficient that the group generated by gy, g5, g3, with

composition function (2.22) denoted

G = gp(91,92,93) (4.1)

equals D.

Let g;,,, = mm(g;). Then, via (3.10), we may write

9im = AOqBﬁlC“/l7
Gow = A®BRC™, (4.2)
G3m = AWDBBCY, o, Bivi €Z,1=1,2,3.

If G = D, then Gy, = gp(G1ms 92m> 93m), With matrix multiplication as group operation, equals
D,,. But if g,,, € G, then

9 = 910950.950.952.952.952, . 995 ghr (4.3)

where ¢;,v;, i € {0,£1}, i = 1...r. This expression may be rewritten, via (3.2), (3.4), (4.2),

as

g, = AOél(€1+"'+8T')+a2(V1+"‘+V7‘)+a3(M1"'+M’f')BMCN’ (4.4)
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for some M, N € Z whose values depend on «;, 8, 7i, €i, Vi, i for i = 1,2,3. Since A € G, and
At £ B™C™ for any £,m,n, € Z\{0}, it follows that there are integers e = ey +--- +&,, v =
vi+ -+ v, p = p1+ -+ pe, such that aje + sy + agp = 1. Therefore aq, as, a3 are
relatively prime integers. Let hcf(a,b...c) denote the positive highest common factor of the

set of integers {a,b...c}. Then
hef(aq, oo, a3) = 1. (4.5)

Lemma 1. Let g1,,,, 9o, 93 e given by (4.2), let Gy = gp(G1ms G2m»> G3m) and suppose that

hef(an, ag, a3) = 1. Then there is a set of generators of G, denoted g',,, G Gsms Such that
Ghm = ABAC, gy, = BRCM gy, = BRC, BlajeZ, i=1,23. (4.6)

Proof
Given g,, = A*BAC7, note that g2 = « is well defined because A* # B™C™ for any £,m,n €
Z\{0}. Note that if P € SL3(Z) with

ayp az ag
P = (BJ) = bl b2 b3 ) Z)] = 1a 2535 (47)
c1 C2 cC3

and {g1,,, 9oms 93m } P is defined to be the set of elements

{952,950 9500 955,952,950 95595950 } = {9hs G T} (48)
of G, then

g'lAm: g’f‘mal + gfmbl + g3Amcl, etc., (4.9)
SO

gim=gmPji, i=12,3. (4.10)

Also note that, according to Coxeter and Moser [20], p92, any element P € SL3(Z) is expressible

as a product of the following matrices:

0 10
-1 00 |- (4.11)

01
0 0
10 0

o = O

11
9 0 ].
00

= o O

For each matrix P’ in the above list (4.11). {G1,,s G2m> G3m } P’ generates G, since {g1,m, 92ms 93m ) —

{G1ms 92m» 93m } P’ is a free substitution, in Magnus, Karrass and Solitar’s terminology [15]. It
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follows that {g1,,, 9om> g3m P generates G, whenever P € SL3(7Z).

Now let {g1.msGomsgam} be given as in (4.2) above, so that g = a;, i = 1,2,3. Since
hef(aq, e, a3) = 1 by (4.5), one may choose @ € SL3(Z) with first row (a1, g, a3), so that
(a1,a2,a3)Q~ ! = (1,0,0). Let P = Q7!, so that P € SL3(Z) and {g1,, Gom>93m}t P =
{1 Goms G b generates Gy, by the above remarks. Then from (4.10),

-1
= OZJQ;Ll :5ila i:172737
where (d;5) is the Kronecker delta, and the result follows. O
To facilitate some of the following calculations, we introduce the notation
h? =p~'hp, h,pecG, (4.13)

for the conjugate of an element h € G. Then we have:

1

(@¥)* =W, (zy)* =27y*, (@) = ()Y, 2™ YV =a¥, (z,9)" = (27, ¢7), (419)

for x,y,z € G.

We define
zY=@")VW=@Y)", neclxz,y=0G.

Also, for example,

(x.2)"" (y ' 2)" = (z.2y), =yz2€G;
m - ™I
(w 7y) = Hl (SC, y) , T,Y € G7 me Z>0; (415)
.7;1 .
(w‘)ym) - H ((E, y)y ) z,Y € G7 me Z>0;

<.
I
—

Now commutators commute in G, and since (x,y)* = (%, y*), terms of the form (x,y)*

also commute in G, x,y, z € G. Furthermore

-1 —-1,,—1

y (my ) =@y, (hy ) =(=y)” Y, 2y, G
i) (2,9 = (z.9)"

= (zw) M(w 2z ) Nz y)(w ! 27 zw
-

= (wvy ) w7y7'z7w€G7
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since (w1, 271)~7! is a commutator.

So one can define (x,y)?, where P is a polynomial with integer coefficients in the generators
of G = gp(g1,99,93), and their inverses, as follows. Let P be written (uniquely) in the form
P = > eqPa, where €4 is nonzero only for a finite number of choices of multi-index a =

o3
a1 o

a1,00,03), Eq € L, a1, a2, a3 € Z, where po = g7 95%g%°, and let P’ = Y &/ p. be similarly
1 J2 I3 ala
(67
defined. Then put

(@,y)" = [ y)ore, (4.16)

[0
and also put

(@ =] {@w’ )" (117)

al

It is straightforward to show that, with these definitions,

)" = {(z,y)"} = {(=,9)"}",
)z, y) = (z,y)PH, (4.18)

{(@, )"} = {(x,9)"} = (@,9)"""

Lemma 2. Let g be arbitrary element of G = gp(g1,92,93). Then g can be written in the form

P P P,
9?959% (91,92) ° (92:93) " (93,91) 7, (4.19)
where Py, Py, P3 are polynomials in gy, gy, gs and their inverses.

Proof

Any non trivial g € G can be written in the form

g=91'95'95" ...9795 95" (4.20)
for e;, v, i € {0,—1,1}, i = 1...r, r a positive integer. We proceed by induction on r. Note

that the lemma holds in the case r = 1, and suppose that it also holds for » < k — 1. Then

v M1 Vi Mk

v ’ / / P! P! P!
9=91'9595" .. 97"95"g5" = 979595’ (9? 95 93 (91,92)" (95.95)" (g3, 91) 2) (4.21)

where o/ = g9+ - - - + &, etc. Noting that terms of the form (x,y)*, and therefore terms of the

form (x, y)P, commute and also that (x,y) z = z (x,y)? this can be rearranged as follows:

/ ! / P/
g = g7'95'g4" (g? 95 93 2

Pl P/
(91,92) *(92,93) ' (93.91) >
’ ’ ’ / Pl P/
= 95'95'9% g5 (g4, 9% )gh 97 (91,92)"% (92,93)"" (93, 91)

/ ! ! P! p! p! ’ ﬁ’ 'y/
= 95'g5'9% 94 g5 97 (91,92)"% (92,95)" (95,91)"7 (g5, g5 )92 95

By

+’Y, ,8/

/ ’ ’ P! ~! P
crtal vi+B ity (92.93) " (95,95 )% (93.91) 2 (95", g7

P! v B
= 97""%g, " g3 (91,92) % (g5, g7 )92 93

al

’

)95 a3

/
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I\ o8 ' . . . .
Next, observe that the commutator (g5', g5 )92 95" is the identity if 1 = 0, and if 1y, = +1

then using point (ii) above and (4.15) it can be rewritten as

‘
~

o8 oy a 8 1+
(92,97 )92 9 = [1(g2,91)%" 9y 95 when 11 =1, o/ >0,
J=1
o g%’ g% gt —o g- gﬂ gu1+v ,
(917, g9)9r 92 95 = [1(g1,g9)% 792 95 when 11 =1, o/ <0,
(ght, g2 )98 95" = =1
2 1 o B'—1 _p1+v o a'—j B'—1 _pi+y ,
(gl 792)92 93 = (91792)91 92 93 When v = _17 a > 07
]71
_ o B'—1 _pi+y’ —a 8 —1 _pi+y
(927910/)91 9 95’ = [1(g2,91)9" A when v; = -1, o/ <0.
7j=1
8 1ty . . .
Hence (951,9?,)92 %' = (g1,95)%® where Q3 is the polynomial given by
a/
> —g? Jg’B g’”Jr'y when vy =1, o >0,
=1
—a!
> g5 Jgﬁ g“1+7 when 11 =1, o <0,
_ ) J=1
s o o —j B'—1_pi4+v ’
> 97 95 df when vy = —1, o >0,
J=1
—a’ R, ,
—g,7g8 gt when vy = 1, o/ <0.
\ j=1
’ /
Similarly, one can rewrite the commutators (gg“,gg )gg and (g4, g% )92 o] as terms of the

form (g5, g3)?" and (g3, g;)%? respectively where Q1, Q2 are polynomials in g, g, g3 and their

inverses, computed in the same way as Q3 above. So from (4.20) we have

+ +
g = Q?Jragyl BQ”1 " (91,92) (91792)Q (92a93) (Qz,gs)Q (93791) (Q3ag1)Q
P
= g7 gy g (g1,92) 5T (g,,95) T (g4, 99) T

which is in the form (4.19), where a« = ;1 + &’ =1 +e2+ ... ek, P3 = P+ Q3 etc. This proves

the lemma. O

Corrollary 3. Let g’ € G' = (G,G). Then g’ can be written in the form

(91,92)" (92, 93)"" (g3, 91) ">, (4.22)

which is a product of terms of the form
(9:,9,)979295, a,B,y€Z, i,j=1,23. (4.23)

Proof
That g’ can be written in the form (4.22) follows immediately from the proof of the lemma
since « = 8 = v = 0, when ¢’ is a commutator. That g’ can be written in the form (4.23)

follows from the definition (4.16) and (g;,9,) " = (9;,9;)- O
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5 Generators of G’

Let g, € D, i =1,2,3,, let g;,,, = rm(g;), i = 1,2,3, and suppose that (4.2) holds. Then

9i =10 (Gim) = 13! (AN BICY)

0 O

according to (3.9) with no summation over i. So

oo [
g; = Vi )

ay

since ¢(a;) = (4(1))* = 0%, «; € Z.

So from (2.22)

e (2)42)
’l,b(gz'agj) = Yi i

Oéi"‘aj

One calculates that g;l = —g,;, and also that

-1 (0% — 1) ( b ) + 0% ( bi )
g9; 9:9; = Yj Yi )

(Q—aj —Hg) < BZ ) . (9_6” _]12) ( ﬂj )
(givgj) = Yi Y )

9;'9:9; = 9;+0%(9:9;)

23

(5.3)

(5.4)

Now it follows from Corollary 3 that G’ is generated by (g, gj)h, for all h of the form gf‘gg g3,

a, 3,y € Z. Also from (5.4)3,
h _
(givgj) = h l(gi>gj)h

noting that r,, ((gi,gj)) = BAC7, for some 83,7 € Z.

(5.5)
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So from (5.4)2,

h —h-
(959;)" = (9:59;)+ (07" —12) (9;,9;) (5.6)
97h3 (gmgj) ’
where h3 is found as the exponent of A in the expression for ry,(h):
a B
g%mggmggm _ (Am BA Cm) (AaQBﬁz C’Y2> (AasBﬁa 073>7 ) (5.7)
Hence
hs = aaq + Basg + yas. (5.8)

Since a1, ag, ag are relatively prime, hs assumes all integer values as «, 3,7 range over Z.

Lemma 4.

Proof
First ¥(a,b) = a + b, a,b € G'. By the preceding remarks, G’ consists of all integer linear
combinations of Hh(gi,gj), i,7,€1,2,3,h € Z. From (3.6)

0" = U0 — Up_11,, heZ, (5.10)

and Uy, € Z for all h € Z. Since (gi,gj)*1 =(9;,9;) = —(8i,9;), the result follows. O

Recall that, according to Lemma 1, G = gp(g;, g, g3) has a set of generators {g}, g5, g5}
such that g} = rm(g}), i = 1,2,3 have the form (4.6). We deal with sets of generators of G of

this form henceforward, and write (dropping the primes),
gim = ABPCM g, = BRC" gg. = BB, (5.11)

Then from (5.4):

(9_1 — ]12) ( )
(91,9%) = — Vi , k=23 (g2,95) =0. (5.12)

So from Lemma 4, with generators of G, chosen in the form (4.6),
G' = (a,b,0a,0b), (5.13)

where a = (g4,9,), b = (91, 93)-
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6 Necessary and sufficient conditions that G = D

6.1 Conditions that G' =D’

From §3.3, D' = (67! —1s) ey, (07 — Iy)es), and from §5,

G = <(91—I[2) ( & ) (67" —1Iy) < Ps ) L0607 —Ty) ( & ) L 007! —1Ty) ( Ps >>
Y2 73 72 73

Define 71,72, T3, T4 € Z? by

T1=<ﬁ2>,72=<53),73:9(62>,T4=9<63>- (62)
Y2 V3 Y2 3

Then since (§~! — I) is non singular, it follows that D’ = G’ if and only if
<T177-27T37T4> = <61782>- (63)

To determine conditions necessary and sufficient in order that (6.3) hold, it is convenient to

introduce a matrix B such that

(ﬂ2 53>B:0(52 ﬂ3>’ (6.4)
Y2 V3 Y2 V3

so that
B = (ad; B2 B3 9 B2 B3 /A
Y2 3 Y2 3
bl c1 /A,
by ¢o
where A = (a3 — (372 € Z, where ad] ( bz Ps ) = ( 7 s ), and the elements of

Y2 3 -2 P
by a :
are Integers.
bg C2

From (6.3), there are integers \;, u;, i = 1,2, 3,4 such that

(6.5)

MT1H+ AoT2 + X373+ M7y = €1, pT1 + poTo + U3T3 + 4Ty = €2, (6.6)

and it follows, in particular, that if we write that the components of 7;, ¢ = 1,2,3,4, are

T
t then,
T2%

hef (T11,T12, T13, T14) = hef (To1, T22, T23, T24) = 1. (6.7)
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r
Also from (6.3), with ( P ) A ( ) = ps — rq, one sees that some integer linear combination
q s
of the quantities T; A 75, i < j, equals e; A e3 = 1, and it follows that

hef ({TiNTj50<j,4,5=1,2,3,4}) = 1. (6.8)
Note that 71 A 79 = T3 A T4, since det § = 1, and that one can re-express (6.8) as

hef (b1, bo,c1,c0,A) =1, (6.9)
after a short calculation.

Lemma 5. Condition (6.7) and (6.9) are necessary and sufficient that (6.3) should hold.

Proof
The above remarks show the necessity of (6.7) and (6.9). To prove sufficiency, note that (6.7)

and (6.9) imply that the invariant factors (see Gantmacher [21]) of the two matrices

1 0 0O
T = T11 T12 T13 Ti4 and E = (6.10)
To1 T22 T23 T24 01 0O

coincide. So there exist unimodular matrices P, Q (P € SLy(Z),Q € SL4(Z)) such that

PTQ =E. (6.11)
Hence
TQ =P 'E. (6.12)

Let the first two columns of @ be (A, Ny, Ny, N))T, (i, pb, i, 4)T. Then (6.12) gives that
NT1+ NoTo + NyT3 + NyTy = U, 71 + phyTo + ph T3 + pyT4 = py *, where pyt, py ! are the
first and second columns of P~' € SLy(Z). Since {p;',py'} is a basis of Z2, it follows that
each of ey, ey is expressible as an integer linear combination of 71, 79, T3, 74 and this is enough
to prove that (6.3) holds. O

6.2 Conditions that DN N=GNN

In §3.4 we showed that D N N = {Z?,+}. From Lemma 2, if g € G, then g can be written in
the form g?gggg(gl,QQ)Pf‘ (92,95)71(g3,91)™2. Recall that we are now dealing with generators
g1, 92, g5 such that (4.6) holds, so if g € GN N, then a = 0. It follows that GN N is generated
by g1, 93 and the generators of G’ = G’ N N. So, using the results of the previous section,

GNN = (11,72, (07" = Io)71, (07" —Io)72,0(0" —Io)71,0(07" —o)72). (6.13)
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Now since det§ = 1,0% = (a +d)f — I, so 0 = (a + d)Iz — 0!, and

9(9_1 — )i =71 —06711 = (9_1 — )T — (a+d—2)71, (6.14)
which is an integer linear combination of 71, (6! — I5)71. It follows quickly that

GNN = (11,72, T3,T4), (6.15)

recalling that 73 = 071, etc.. So conditions (6.7) and (6.9), which are necessary and sufficient

that G’ = D', are also necessary and sufficient that GNN = DN N.

6.3 Conditions that G =D

It is necessary, in order that G = D, that conditions (6.7) and (6.9) hold. These conditions are

r
also sufficient for this purpose, for if they hold, thenanyn=| s | € D liesin DNN = GNN
0
,',,/
and so is a product of elements g;, gy, g3 of the form (4.6). Note that gf = | s’ | for some
Q

integers r, s. Therefore ¢(n, g{) = n+ g¢, from (2.22), is a product of elements g4, g, g5 (and
their inverses), and can be set equal to any element of (Z3,1)) by choice of the integers 7, s, a,

which concludes the argument.

7 Conclusion

The purpose of the calculations given in the body of the paper is to determine the symmetries
that should be imposed on a continuum strain energy density per unit volume that has the
constitutive form w = w({£1,¥€2,£3},S). We take the point of view that the kinematical
quantities £1, €2, £3, S that are the arguments of the strain energy determine a discrete structure
whose symmetries are to transfer to the continuum strain energy (just as the symmetries of
a lattice L = {x : € = nyly,ng € Z,a = 1,2,3} transfer to the continuum strain energy
w = w({l1,£2,£3},0) of a perfect crystal). The discrete structure is a discrete subgroup of the
Lie group whose structure constants C' = (Cj;i) are related to the dislocation density tensor S
via (1.17), with £,(0), r = 1,2, 3, determined by the values of £,., r = 1,2,3. (It is a matter of
choice, whether or not one interprets the given values £1, €5, €3 as elements in the Lie algebra
g, so that £€.(0) = £,, r = 1,2,3, or interprets £;, £, €3 as group generators, in which case

e ) — ¢, r=1,2, 3. In either case, there is a one to one correspondence between £, (0) and
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£,, here. We choose the latter interpretation, below, for ease of presentation). Bearing (1.17)

in mind, we can rewrite the strain energy as
w({£1,£27£3}78) EQI}({Zl,KQ,Eg},C). (71)

Thus the strain energy relates to a particular subgroup, with generators £1,£o,£3, of a Lie
group with structure constants C. The elements of that subgroup correspond to a discrete set
of points in R3, and it is only the relative disposition of those points in R? that determines the
energy (i.e. the description of the set of points in terms of Lie groups and generators does not
does not affect the energy). So if kinematical quantities £},£5,£5,C’ lead to the same set of

points, then
w({£1,£2,03},C = w({€), £,,05},C"). (7.2)

In this paper we have dealt with a single solvable Lie group of a particular class, and implicitly
decomposed tensor quantities with respect to a single basis, so in (7.2) we have C = C’. We
have considered what different sets of generators lead to a given discrete subgroup and so shown
that

W({£1,£2, 5}, C) = w({£y, £, €3}, C). (7.3)

provided that, given generators {£1,£2,€3} = {g1,94,95}, different generators {£}, €5, €5} =

{91, 95, g4} are constructed as follows:

V2 73
This gives that g1, = ABPLC™, Jom = Bf2C2, Jam = BPsCs generate the matrix

(i) One recalls (6.2) and chooses ( & ) ) ( Ps ) such that (6.7) and (6.9) (or(6.8)) hold.

representation of the same discrete subgroup, for arbitrary £, v1;

(ii) Let P € SL3(Z) be arbitrary and define {¢4,,,, 95m> 95m} = {G1m, G2m, Gam } P, recalling
(4.8). Then if g, ¢ = 1,2,3, is such that ¢} = rn(g;), ¢ = 1,2,3, it follows that
{g'. 95,95} is a set of generators of the same subgroup. Moreover, all sets of generators

are obtained in this way.

Finally, we have remarked in the introduction that the symmetries, (7.3) above, which
guarantee that the elements of D (as points of R?) are preserved, may be classified according
as to whether or not they are (restrictions of) elastic deformations of the continuum (or,
automorphisms of the Lie group). We intend to provide the explicit classification, into elastic

and inelastic symmetries, in future work.
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