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Abstract

In this paper we analyze supergeometric locally covariant quantum field theories. We
develop suitable categories SLoc of super-Cartan supermanifolds, which generalize Lorentz
manifolds in ordinary quantum field theory, and show that, starting from a few represen-
tation theoretic and geometric data, one can construct a functor A : SLoc → S∗Alg to the
category of super-∗-algebras which can be interpreted as a non-interacting super-quantum
field theory. This construction turns out to disregard supersymmetry transformations as
the morphism sets in the above categories are too small. We then solve this problem by
using techniques from enriched category theory, which allows us to replace the morphism
sets by suitable morphism supersets that contain supersymmetry transformations as their
higher superpoints. We construct super-quantum field theories in terms of enriched func-
tors eA : eSLoc → eS∗Alg between the enriched categories and show that supersymmetry
transformations are appropriately described within the enriched framework. As examples
we analyze the superparticle in 1|1-dimensions and the free Wess-Zumino model in 3|2-
dimensions.
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1 Introduction and summary

Over the past decades, supersymmetry and supergravity have been strongly vital research
areas in theoretical and mathematical physics. On the one hand, supersymmetric extensions
of the standard model provide interesting perspectives on particle physics and, on the other
hand, supergravity arises as a low-energy limit of string theory and it might have potential
applications to e.g. early universe cosmology. Regarded from the perspective of a quantum
field theorist, interest in supersymmetry arises because of the well-known fact that certain
supersymmetric quantum field theories enjoy unexpected renormalization properties, which
collectively go under the name ‘non-renormalization theorems’, see e.g. [GSR79, Sei93].

In contrast to the immense progress which theoretical physics has made during the past
decades, mathematically rigorous developments of supersymmetric quantum field theories are
quite rare. There are however some notable exceptions: In [BG06], Buchholz and Grundling
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address the nontrivial problems of implementing supersymmetry transformations into the C∗-
algebraic framework of algebraic quantum field theory and constructing super-KMS states. The
study of superconformal nets in two spacetime dimensions has been initiated by Capri, Kawahi-
gashi and Longo in [CKL08]. Since then superconformal nets have been intensively developed,
also with a focus on extended supersymmetry [CHKLX12]. Perturbative superconformal quan-
tum field theories on a special class of (curved) spacetimes have been discussed quite recently by
de Medeiros and Hollands [dMH13], where also a perturbative non-renormalization theorem is
rigorously proven. A formulation of (Euclidean) supersymmetric quantum field theories within
the Atiyah-Segal approach and their connection to elliptic cohomology has been investigated
by Stolz and Teichner, see e.g. the survey article [ST11].

In our work we shall study supersymmetric quantum field theories from the perspective
of locally covariant quantum field theory [BFV03], which is a relatively modern extension of
algebraic quantum field theory to curved spacetimes. In locally covariant quantum field theory,
the focus is on the construction and analysis of functors from a category of spacetimes to a
category of algebras, which are supposed to describe the assignment of observable algebras to
spacetimes. Besides establishing a mathematical foundation for quantum field theory on curved
spacetimes, locally covariant quantum field theory is essential for constructing perturbatively
interacting models [HW01, HW02, BDF09]. Our aim is to extend carefully the formalism of
locally covariant quantum field theory to the realm of supergeometry, focusing in the present
work only on the case of non-interacting models. On the one hand, a solid understanding
of non-interacting super-quantum field theories (super-QFTs) is a necessary prerequisite for
constructing perturbative models and analyzing their renormalization behavior, especially con-
cerning potential non-renormalization theorems. On the other hand, already simple examples
of non-interacting super-QFTs indicate that the basic framework of locally covariant quantum
field theory has to be generalized in order to be able to cope with the concept of supersymmetry
transformations. In more detail, as we will show in this work, the framework of ordinary cate-
gory theory, on which locally covariant quantum field theory is based, is insufficient to capture
supersymmetry transformations on the level of the super-QFT functor. In particular, we ob-
serve that both the fermionic and the bosonic component fields are locally covariant quantum
fields in the sense of [BFV03] (i.e. natural transformations to the super-QFT functor), which
indicates that supersymmetry transformations are not appropriately described in this frame-
work. Using techniques from enriched category theory, we shall propose a generalization of
the framework in [BFV03] which is general enough to capture supersymmetry transformations.
Loosely speaking, we shall develop suitable categories of superspacetimes eSLoc and superalge-
bras eS∗Alg that are enriched over the monoidal category of supersets and consider super-QFTs
as enriched functors eA : eSLoc → eS∗Alg between these enriched categories. Supersymmetry
transformations are captured in terms of the higher superpoints of the morphism supersets in
eSLoc and their action on the superalgebras of observables is dictated by the enriched func-
tor eA : eSLoc → eS∗Alg. Our results will therefore clarify the structure of supersymmetry
transformations in locally covariant quantum field theory, which will be essential for analyzing
perturbative super-QFTs and their renormalization behavior in future works.

Let us outline the content of this paper: In Section 2 we shall give a self-contained and
rather detailed introduction to those techniques of super-linear algebra and supergeometry that
will be used in our work. This should allow readers who do not have a solid background in
those fields to follow our constructions in the main part of this paper. In Section 3 we introduce
super-Cartan structures on supermanifolds and study their properties. These structures have
their origin in the superspace formulation of supergravity [WZ77] and they are used in our
work in order to describe ‘superspacetimes’, which generalize Lorentz manifolds in ordinary
quantum field theory. The dimension and the ‘amount of supersymmetry’ of a super-Cartan
supermanifold is captured in its local model space, which we describe by using representation
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theoretic data corresponding to some spin group. We define a suitable category of super-Cartan
supermanifolds and show that to any super-Cartan supermanifold there is a functorially as-
sociated oriented and time-oriented ordinary Lorentz manifold. This allows us to introduce
a natural notion of the chronological and causal future/past in a super-Cartan supermanifold
and therewith the concept of globally hyperbolic super-Cartan supermanifolds. In Section 4 we
formulate a set of axioms to describe non-interacting super-field theories in an abstract way.
According to our Definition 4.2, a super-field theory is specified by the following data: 1.) A
choice of representation theoretic data that fixes the local model space of the super-Cartan su-
permanifolds. 2.) A full subcategory SLoc of the category of globally hyperbolic super-Cartan
supermanifolds, which allows us later to implement constraints on the super-Cartan structures,
e.g. the supergravity supertorsion constraints [WZ77]. 3.) A suitable natural super-differential
operator which encodes the dynamics of the super-field theory. We show in Section 5 that given
any super-field theory as described above, one can construct a functor A : SLoc → S∗Alg to
the category of super-∗-algebras which satisfies the axioms of locally covariant quantum field
theory [BFV03] adapted to our supergeometric setting, cf. Theorem 5.11. In other words, any
super-field theory gives rise to a super-QFT. As in the case of ordinary quantum field theory,
we first construct a functor L : SLoc→ X to the category of super-symplectic spaces or the cat-
egory of super-inner product spaces (depending on the representation theoretic data), which
is then quantized by a quantization functor Q : X → S∗Alg that constructs super-canonical
(anti)commutation relation algebras. We analyze the functor A : SLoc → S∗Alg and show
that, in addition to the locally covariant quantum field which describes the linear superfield
operators, the bosonic and fermionic component fields are also natural transformations in this
framework. This is an undesirable feature which indicates that the framework developed in
the Sections 4 and 5 does not capture supersymmetry transformations as those would mix the
bosonic and fermionic components. We then solve this problem by making use of techniques
from enriched category theory. In Section 6 we provide a stronger axiomatic framework for
super-field theories by generalizing the category SLoc to a suitable category eSLoc which is
enriched over the monoidal category of supersets SSet. The category SSet is defined as the
functor category Fun(SPtop,Set), where SPt is the category of superpoints and op denotes the
opposite category. Hence, a superset is a functor SPtop → Set, which means that, in addition
to its ordinary points, a superset has further content that is captured by its ‘higher super-
points’. Loosely speaking, enriching the morphism sets in SLoc to the morphism supersets
in eSLoc we obtain in addition to ordinary supermanifold morphisms M → M ′ also super-
manifold morphisms between the ‘fattened’ supermanifolds ptn ×M → ptn ×M

′, where ptn
is any superpoint, that are able to capture supersymmetry transformations; indeed, the odd
parameters which are used in the physics literature in order to parametrize supersymmetry
transformations are elements in the structure sheaf Λn =

∧•
R
n (the Grassmann algebra) of

ptn. It is important to notice that in this functorial approach we do not have to fix a su-
perpoint (or equivalently a Grassmann algebra) from the outside, as it is typically done in
the physics literature, but we are working functorially over the category of all superpoints.
Similar techniques have been used before in order to describe super-mapping spaces between
supermanifolds, see e.g. [Sac09, SW11, Han14]. In the enriched setting, the super-differential
operators which govern the dynamics of the super-field theory should form an enriched natural
transformation. We explicitly characterize these enriched natural transformations and show
that they are in bijective correspondence to ordinary natural transformations (as used in Sec-
tion 4) satisfying further conditions, which one may interpret as covariance conditions under
supersymmetry transformations. This allows us to give a simple axiomatic characterization
of enriched super-field theories in Definition 6.15. In Section 7 we show that any enriched
super-field theory gives rise to an enriched super-QFT that we describe by an enriched functor
eA : eSLoc → eS∗Alg to a suitable enriched category of super-∗-algebras. We show that this
enriched functor satisfies a generalization of the axioms of locally covariant quantum field the-
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ory, cf. Theorem 7.11. We further show that the enriched super-QFT has an enriched locally
covariant quantum field (given by an enriched natural transformation) which describes the
linear superfield operators. In contrast to the non-enriched theory studied in Section 5, our
enriched natural transformation does not decompose into the bosonic and fermionic compo-
nent fields, which indicates that supersymmetry transformations are appropriately described
within our enriched categorical framework. This is confirmed and illustrated in Section 8 by
constructing and analyzing explicit examples of 1|1 and 3|2-dimensional enriched super-QFTs,
together with the structure of supersymmetry transformations. Our 1|1-dimensional example
is the usual superparticle and our 3|2-dimensional example is the free Wess-Zumino model on
a class of curved super-Cartan supermanifolds. In Appendix A we collect some elementary
definitions from enriched category theory which are needed in our work.

2 Preliminaries on supergeometry

We give a self-contained review of those aspects of super-linear algebra and supergeometry
which we shall need for our work. For more details see e.g. [CCF11] and [DM99]. In the
following the ground field K will be either R or C and we set Z2 := {0, 1}. Whenever there is
no need to distinguish between the real and complex case, we shall drop the field K from our
notations.

Super-vector spaces: A super-vector space is a Z2-graded vector space V = V0 ⊕ V1. We
assign to the non-zero homogeneous elements 0 6= v ∈ Vi the Z2-parity |v| := i ∈ Z2, for
i = 0, 1, and call elements in V0 even and elements in V1 odd. The superdimension (or simply
dimension) of a super-vector space V is denoted by dim(V ) := dim(V0)|dim(V1). An example
of an n|m-dimensional super-vector space is Kn|m := K

n⊕K
m, with n,m ∈ N

0. For simplicity,
we shall denote K

1|0 simply by K. A super-vector space morphism L : V → V ′ is a linear map
which preserves the Z2-parity, i.e. L(Vi) ⊆ V

′
i for i = 0, 1.

The category SVec of super-vector spaces has as objects all super-vector spaces and as
morphisms all super-vector space morphisms. Recall that SVec is a monoidal category with
tensor product functor ⊗ : SVec × SVec → SVec and unit object K = K

1|0. Explicitly, the
tensor product V ⊗W of two super-vector spaces V and W is the ordinary tensor product
V ⊗W of vector spaces equipped with the Z2-grading

(V ⊗W )0 := (V0 ⊗W0)⊕ (V1 ⊗W1) , (2.1a)

(V ⊗W )1 := (V0 ⊗W1)⊕ (V1 ⊗W0) . (2.1b)

The tensor product of two SVec-morphisms is simply given by the tensor product of linear maps.
The monoidal category SVec is symmetric with respect to the commutativity constraints

σV,W : V ⊗W −→ W ⊗ V , v ⊗ w 7−→ (−1)|v| |w|w ⊗ v . (2.2)

Moreover, it is closed with internal hom-objects given by the vector space Hom(V,W ) of all
linear maps L : V →W equipped with the obvious Z2-grading; L ∈ Hom(V,W ) is even/odd if
it preserves/reverses the Z2-parity.

Given an object V = V0 ⊕ V1 in SVec, a super-vector subspace is a vector subspace W ⊆ V
together with a Z2-grading W =W0⊕W1 such that Wi is a vector subspace of Vi, for i = 0, 1.
We then may form the quotient super-vector space V/W := V0/W0 ⊕ V1/W1, which comes
together with a canonical SVec-morphism V → V/W assigning equivalence classes.
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Superalgebras: A (unital and associative) superalgebra is an algebra object in SVec. Explic-
itly, this means that a superalgebra is an object A in SVec together with two SVec-morphisms
µA : A⊗A→ A (called product) and ηA : K→ A (called unit), such that the diagrams

A⊗A⊗A

idA⊗µA

��

µA⊗idA
// A⊗A

µA

��

K⊗A

≃
((◗

◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗◗

ηA⊗idA
// A⊗A

µA

��

A⊗K
idA⊗ηA

oo

≃
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠

A⊗A µA

// A A

(2.3)

in SVec commute. We shall often denote the products by juxtaposition, i.e. µA(a1⊗a2) = a1 a2,
and the unit element by ηA(1) = 1. An example of a (real) superalgebra is the Grassmann
algebra Λn :=

∧•
R
n, for n ∈ N

0, with product given by the wedge product and unit element
by 1 = 1 ∈ R =

∧0
R
n ⊆

∧•
R
n. A superalgebra morphism κ : A → A′ is a SVec-morphism

which preserves products and units, i.e. µA′ ◦ (κ⊗ κ) = κ ◦ µA and ηA′ = κ ◦ ηA.

We denote the category of superalgebras by SAlg and notice that it is a monoidal category:
The tensor product A⊗B of two superalgebras is the super-vector space A⊗B equipped with
the following product and unit

µA⊗B := (µA ⊗ µB) ◦ (idA ⊗ σB,A ⊗ idB) : A⊗B ⊗A⊗B −→ A⊗B , (2.4a)

ηA⊗B := ηA ⊗ ηB : K⊗K ≃ K −→ A⊗B . (2.4b)

Explicitly, we have for the product (a1 ⊗ b1) (a2 ⊗ b2) = (−1)|a2| |b1| (a1 a2) ⊗ (b1 b2), for all
homogeneous a1, a2 ∈ A and b1, b2 ∈ B, and for the unit 1A⊗B = 1A⊗1B. The tensor product
of two SAlg-morphisms is simply given by the tensor product of linear maps.

We shall require some special classes of superalgebras. A superalgebra A is called supercom-
mutative if the product is compatible with the commutativity constraint, i.e. µA ◦ σA,A = µA.
Notice that supercommutative superalgebras form a monoidal subcategory of SAlg, which is
symmetric with respect to the commutativity constraints induced by SVec. Moreover, for a su-
percommutative superalgebra A the product µA : A⊗A→ A is a SAlg-morphism with respect
to the tensor product superalgebra structure on A⊗A.

Let us now consider superalgebras over C. A super-∗-algebra is a superalgebra A over C

together with an even C-antilinear map ∗A : A → A (called superinvolution) which satisfies
∗A◦ηA = ηA and ∗A◦µA = µA◦σA,A◦(∗A⊗C∗A). Explicitly, these conditions read as 1∗ = 1 and
(a1 a2)

∗ = (−1)|a1| |a2| a∗2 a
∗
1, for homogeneous elements a1, a2 ∈ A. A super-∗-algebra morphism

κ : A→ A′ is a SAlg-morphism satisfying κ ◦ ∗A = ∗A′ ◦ κ. We denote the category of super-∗-
algebras by S∗Alg and notice that it is a monoidal category; the superinvolution on the tensor
product A⊗C B of two super-∗-algebras is defined component-wise, i.e. (a⊗C b)

∗ := a∗ ⊗C b
∗.

Super-Lie algebras: A super-Lie algebra is a Lie algebra object in SVec. Explicitly, a super-
Lie algebra is an object g in SVec together with a SVec-morphism [ · , · ]g : g ⊗ g → g (called
super-Lie bracket) which satisfies the super-skew symmetry condition

[ · , · ]g ◦
(
idg⊗g + σg,g

)
= 0 (2.5a)

and the super-Jacobi identity

[ · , [ · , · ]g]g ◦
(
idg⊗g⊗g + σg,g⊗g + σg⊗g,g

)
= 0 . (2.5b)

A super-Lie algebra morphism L : g → g′ is a SVec-morphism which preserves the super-Lie
brackets, i.e. [ · , · ]g′ ◦ (L⊗ L) = L ◦ [ · , · ]g.
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Supermodules and the Berezinian: Let A be a superalgebra. A left A-supermodule is a
left module object in SVec. Explicitly, a left A-supermodule is an object V in SVec together
with a SVec-morphism lV : A⊗ V → V (called left A-action), such that the diagrams

A⊗A⊗ V

µA⊗idV
��

idA⊗lV
// A⊗ V

lV
��

K⊗ V

≃
((◗

◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗◗

ηA⊗idV
// A⊗ V

lV
��

A⊗ V
lV

// V V

(2.6)

in SVec commute. A right A-supermodule is defined similarly and an A-bisupermodule is a left
and right A-supermodule with commuting left and right A-actions. If A is a supercommutative
superalgebra, then any left A-supermodule V is also a right A-supermodule with right A-
action rV := lV ◦ σV,A : V ⊗ A → V and, vice versa, any right A-supermodule is also a left
A-supermodule with left A-action lV := rV ◦ σA,V : A ⊗ V → V . Notice that these left and
right A-actions are compatible, hence V is an A-bisupermodule. We shall often denote the left
and right A-actions simply by juxtaposition, i.e. lV (a ⊗ v) = a v and rV (v ⊗ a) = v a. A left
A-supermodule morphism L : V → V ′ is a SVec-morphism which preserves the left A-actions,
i.e. lV ′ ◦ (idA ⊗ L) = L ◦ lV . We denote the category of left A-supermodules by A-SMod. In
the case of A being supercommutative, A-SMod is a monoidal category with tensor product
functor ⊗A : A-SMod× A-SMod → A-SMod (taking tensor products over A) and unit object
A (regarded as a left A-supermodule with left A-action given by the product µA). Again for A
being supercommutative, the monoidal category A-SMod is also symmetric with commutativity
constraints induced by those in SVec and closed with internal hom-objects given by the left
A-supermodules HomA(V,W ) of all right A-linear maps L : V →W equipped with the obvious
Z2-grading; L ∈ HomA(V,W ) is even/odd if it preserves/reverses the Z2-parity.

A free left A-supermodule of dimension n|m is a left A-supermodule V for which there exists
a basis of n ∈ N

0 even elements {e1, . . . , en} and m ∈ N
0 odd elements {ǫ1, . . . , ǫm}, such that

V0 = spanA0
{e1, . . . , en} ⊕ spanA1

{ǫ1, . . . , ǫm} , (2.7a)

V1 = spanA1
{e1, . . . , en} ⊕ spanA0

{ǫ1, . . . , ǫm} . (2.7b)

The collection {e1, . . . , en+m} := {e1, . . . , en, ǫ1, . . . , ǫm} of elements in V is called an adapted
basis for V . Notice that any free left A-supermodule of dimension n|m is isomorphic (in
the category A-SMod) to the standard free left A-supermodule An|m := A ⊗ K

n|m with the
obvious left A-action. The A-SMod-morphisms between two free left A-supermodules can be
represented in terms of matrices with entries in A. Explicitly, let L : V → V ′ be any A-SMod-
morphism between an n|m-dimensional free left A-supermodule V and an n′|m′-dimensional
free left A-supermodule V ′. Making use of any adapted bases for V and V ′ we define the
elements {Lj

i ∈ A : i = 1, . . . , n +m, j = 1, . . . , n′ +m′} via L(ei) =
∑n′+m′

j=1 Lj
i e

′
j , which can

be arranged in an (n+m)× (n′ +m′)-matrix of the form

L =

(
L1 L2

L3 L4

)
, (2.8)

where L1 is an n× n′-matrix with entries in A0, L2 is an n×m′-matrix with entries in A1, L3

is an m× n′-matrix with entries in A1 and L4 is an m×m′-matrix with entries in A0.

Let now A be a supercommutative superalgebra and V any free left A-supermodule. Denot-
ing the group of A-SMod-automorphisms of V by GL(V ), there exists a group homomorphism
(called the Berezinian) to the group of invertible elements in A

Ber : GL(V ) −→ A×
0 , L 7−→ Ber(L) = det(L1 − L2L

−1
4 L3) det(L4)

−1 , (2.9)
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where we have made use of an arbitrary adapted basis for V (the Berezinian does not depend
on the choice of adapted basis). One can easily check that the Berezinian is multiplicative, i.e.
Ber(L′ L) = Ber(L′)Ber(L), for all L,L′ ∈ GL(V ). Moreover, we may assign to any free left
A-supermodule V of dimension n|m its Berezinian left A-supermodule Ber(V ) that is defined as
follows: Ber(V ) is the free left A-supermodule that is generated by the elements [e1, . . . , en+m],
for all adapted bases {e1, . . . , en+m} for V , subject to the relations

[L(e1), . . . , L(en+m)] = Ber(L) [e1, . . . , en+m] , (2.10)

for all L ∈ GL(V ). We declare the elements [e1, . . . , en+m] to be even if m ∈ 2N0 or to
be odd if m ∈ 2N0 + 1. Since any two adapted bases for V can be related by a GL(V )-
transformation, it is clear that Ber(V ) is a free left A-supermodule of dimension 1|0 if m ∈ 2N0

or dimension 0|1 if m ∈ 2N0 + 1. Notice that any choice of adapted basis {e1, . . . , en+m} for
V defines an adapted basis [e1, . . . , en+m] for Ber(V ). The assignment of the Berezinian left
A-supermodules is functorial: Given any A-SMod-isomorphism L : V → V ′ between two free
left A-supermodules V and V ′ we define an A-SMod-isomorphism Ber(L) : Ber(V )→ Ber(V ′)
by setting for any adapted basis [e1, . . . , en+m] for Ber(V )

Ber(L)
(
[e1, . . . , en+m]

)
:= [L(e1), . . . , L(en+m)] , (2.11)

and extending Ber(L) as an A-SMod-morphism.

Supermanifolds: In the following let K = R. A superspace is a pair M := (M̃ ,OM ) consist-

ing of a topological space M̃ (which we always assume to be second-countable and Hausdorff)

and a sheaf of supercommutative superalgebras OM on M̃ (called the structure sheaf). We
denote the restriction SAlg-morphisms in the structure sheaf OM by resU,V : OM (U)→ OM (V ),

for all open V ⊆ U ⊆ M̃ , and the global sections of the structure sheaf simply by O(M) :=

OM (M̃ ). A superspace morphism χ :M →M ′ is a pair χ := (χ̃, χ∗) consisting of a continuous

map χ̃ : M̃ → M̃ ′ and a morphism of sheaves of superalgebras χ∗ : OM ′ → χ̃∗(OM ), where
χ̃∗(OM ) denotes the direct image sheaf. Explicitly, χ∗ : OM ′ → χ̃∗(OM ) consists of assigning

to any open U ⊆ M̃ ′ a SAlg-morphism χ∗
U : OM ′(U)→ OM (χ̃−1(U)), such that the diagram

OM ′(U)

resU,V

��

χ∗
U // OM (χ̃−1(U))

resχ̃−1(U),χ̃−1(V )

��

OM ′(V )
χ∗
V

// OM (χ̃−1(V ))

(2.12)

in SAlg commutes, for all open V ⊆ U ⊆ M̃ ′. For notational simplicity we shall denote the
SAlg-morphism of global sections by χ∗ := χ∗

M̃ ′
: O(M ′)→ O(M). An example of a superspace

is Rn|m := (Rn, C∞
Rn⊗

∧•
R
m), for n,m ∈ N

0, which we denote with the usual abuse of notation
by the same symbol as the standard super-vector space above.

A supermanifold of dimension n|m is a superspaceM = (M̃,OM ) that is locally isomorphic

to R
n|m, with n,m ∈ N

0 fixed. In more detail, given any p ∈ M̃ , there exists an open
neighborhood V ⊆ M̃ of p, such that V is homeomorphic to an open subset U ⊆ R

n and
such that the restricted sheaves of superalgebras OM |V and C∞

Rn |U ⊗
∧•

R
m are isomorphic.

Taking the standard coordinates (x1, . . . , xn) of Rn and the standard coordinates (θ1, . . . , θm)
of Rm, the sheaf isomorphism OM |V ≃ C

∞
Rn |U ⊗

∧•
R
m induces local coordinate functions of M

in V , which we denote by the same symbols (x1, . . . , xn+m) := (x1, . . . , xn, θ1, . . . , θm), hence
suppressing the isomorphism. Notice that the first n coordinate functions xi ∈ OM (V ), for
i = 1, . . . , n, are even and that the last m coordinate functions xn+i ∈ OM (V ), for i = 1, . . . ,m,
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are odd. It is clear that the superspaces Rn|m = (Rn, C∞
Rn ⊗

∧•
Rm) are n|m-dimensional

supermanifolds, for all n,m ∈ N
0. Moreover, given any n|m-dimensional supermanifold M =

(M̃ ,OM ) and any open U ⊆ M̃ , then M |U := (U,OM |U ) is an n|m-dimensional supermanifold,
which we call the open subsupermanifold determined by U . A supermanifold morphism is a
superspace morphism between supermanifolds. It is well known that supermanifold morphisms
χ :M →M ′ are already uniquely specified by their associated SAlg-morphisms χ∗ : O(M ′)→
O(M) on global sections of the structure sheaf, see e.g. [CCF11, Proposition 4.6.1].

We denote the category of supermanifolds by SMan and notice that it is a monoidal category
with monoidal bifunctor × : SMan × SMan → SMan and unit object pt := ({⋆},R). The
monoidal bifunctor is defined as follows, cf. [CCF11, Chapter 4.5]: To any pair (M,M ′) of

objects in SMan it assigns the supermanifold M ×M ′ := (M̃ × M̃ ′,OM×M ′), where the sheaf

of superalgebras OM×M ′ is defined on the rectangular open subsets U × V ⊆ M̃ × M̃ ′ by

OM×M ′(U×V ) := OM (U) ⊗̂OM ′(V ) and extended to all open subsets of M̃×M̃ ′ by a standard
construction. Here ⊗̂ denotes the completed tensor product in the projective tensor topology
corresponding to the standard Fréchet topologies on OM (U) and OM ′(V ). To any pair (χ :M →
N,χ′ :M ′ → N ′) of SMan-morphisms it assigns the SMan-morphism χ×χ′ :M×M ′ → N×N ′

given by χ̃ × χ̃′ : M̃ × M̃ ′ → Ñ × Ñ ′ and χ∗ ⊗̂χ′∗ : ON×N ′ → (χ̃ × χ̃′)∗(OM×M ′), which is
uniquely determined by continuous extension of the usual tensor product morphism χ∗⊗ χ′∗.

Let us recall that any n|m-dimensional supermanifold M has an associated reduced n-
dimensional ordinary manifold. Let us denote by JM the super-ideal sheaf of nilpotents in
OM , i.e. JM (U) := {f ∈ OM (U) : f is nilpotent} for all open U ⊆ M̃ . The reduced manifold

is defined to be the n|0-dimensional supermanifold (M̃,OM/JM ), which for notational conve-

nience we shall simply denote by M̃ . For any SMan-morphism χ : M → M ′ the underlying
continuous map χ̃ : M̃ → M̃ ′ is smooth with respect to the reduced manifold structures on M̃
and M̃ ′. Hence, the assignment M 7→ M̃ and (χ : M → M ′) 7→ (χ̃ : M̃ → M̃ ′) is a functor
from SMan to the category of manifolds. Finally, recall that for any supermanifold M there is
a closed embedding ι

M̃,M
: M̃ → M of the reduced manifold (regarded as an n|0-dimensional

supermanifold) into the supermanifold M . Explicitly, we have that ι̃
M̃,M

= id
M̃

is the identity

map and that ι∗
M̃,M

: OM → OM/JM is the projection taking equivalence classes. Given any

SMan-morphism χ :M →M ′ the diagram

M
χ

//M ′

M̃

ι
M̃,M

OO

χ̃
// M̃ ′

ι˜M′,M′

OO (2.13)

in SMan commutes.

Superderivations and super-differential operators: LetM = (M̃,OM ) be any object in

SMan. For any open U ⊆ M̃ , a homogeneous superderivation (or super-vector field) on OM (U)
is a homogeneous X ∈ Hom(OM (U),OM (U)), such that

X(f g) = X(f) g + (−1)|X| |f | f X(g) , (2.14)

for all homogeneous f, g ∈ OM (U). The collection of all superderivations on OM (U) forms
a super-vector subspace DerM (U) of Hom(OM (U),OM (U)), which is further a left OM (U)-
supermodule via (f X)(g) := f X(g), for all f, g ∈ OM (U) and X ∈ DerM (U). As in the
case of ordinary manifolds, the superderivations DerM (U) also form a super-Lie algebra with
super-Lie bracket given by the supercommutator [X,Y ] := X ◦ Y − (−1)|X| |Y |Y ◦ X, for all
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homogeneous X,Y ∈ DerM (U). The assignment U 7→ DerM (U) (together with suitable restric-

tion morphisms) is a sheaf of left OM -supermodules on M̃ , which is called the superderivation
sheaf DerM .

Note that superderivations are local in the following sense: Let U ⊆ M̃ be any open subset.
The support of f ∈ OM (U) is the closed subset of M̃ that is defined by

supp(f) := U \
⋃{

V : V ⊆ U is open and resU,V (f) = 0
}
. (2.15)

It then holds true that supp(X(f)) ⊆ supp(f), for all X ∈ DerM (U) and f ∈ OM (U).

The superderivation sheaf DerM of any object M in SMan is a sheaf of locally free left
OM -supermodules of the same dimension n|m as the supermanifold M . In local coordinates
(x1, . . . , xn+m) of M in V an adapted basis for DerM (V ) is given by the partial derivatives
{∂1, . . . , ∂n+m}, which are defined by ∂ix

j = δji , for all i, j = 1, . . . , n+m. Notice that the first
n partial derivatives are even and the last m partial derivatives are odd.

We introduce super-differential operators via the usual recursive procedure: For any open
U ⊆ M̃ , we have a SVec-morphism OM (U) → Hom(OM (U),OM (U)) by assigning to any
g ∈ OM (U) the linear map (denoted by the same symbol) g : OM (U)→ OM (U) , f 7→ g f . The
image of this SVec-morphism is denoted by DiffOp0M (U) and it is called the super-differential
operators of order zero. The super-differential operators of order k ≥ 1 are then defined
recursively via

DiffOpkM (U) :=
{
L ∈ Hom(OM (U),OM (U)) : [L, g] ∈ DiffOpk−1

M (U) , ∀g ∈ OM (U)
}
, (2.16)

where the bracket denotes the supercommutator. The super-vector space of super-differential
operators on OM (U) is defined by DiffOpM (U) :=

⋃
k≥0DiffOpkM (U). Notice that DiffOpM (U)

carries the structure of a (not necessarily supercommutative) superalgebra with product given
by the composition ◦ of linear maps Hom(OM (U),OM (U)). The assignment U 7→ DiffOpM (U)

(together with suitable restriction morphisms) is a sheaf of superalgebras on M̃ , which is called
the sheaf of super-differential operators DiffOpM . Super-differential operators are local, i.e.

given any open U ⊆ M̃ we have that supp(D(f)) ⊆ supp(f), for any D ∈ DiffOpM (U) and
f ∈ OM (U). Any superderivation is a super-differential operator of order 1.

Super-differential forms: LetM = (M̃ ,OM ) be any object in SMan. For any open U ⊆ M̃
we define the left OM (U)-supermodule of super-one-forms on OM (U) as the dual of the left
OM (U)-supermodule DerM (U), i.e. Ω1

M(U) := HomOM (U)(DerM (U),OM (U)). The assignment

U 7→ Ω1
M(U) (together with suitable restriction morphisms) is a sheaf of left OM -supermodules

on M̃ that we shall denote by Ω1
M = HomOM

(DerM ,OM ). For simplifying the notation we de-
note the left O(M)-supermodule of global sections of Ω1

M by Ω1(M). The canonical evaluation
of elements in HomOM (U)(DerM (U),OM (U)) on superderivations DerM (U) defines a sheaf mor-

phism ev : Ω1
M ⊗OM

DerM → OM , which due to the commutativity constraint σ in OM -SMod

can also be understood as a pairing

〈 · , · 〉 := ev ◦ σDerM ,Ω1
M

: DerM ⊗OM
Ω1
M −→ OM , (2.17)

where the superderivations are on the left. (Moving DerM to the left will lead to more
convenient sign conventions for the differential below.) Explicitly, given any homogeneous
ω ∈ Ω1

M (U) and X ∈ DerM (U), the pairing reads as 〈X,ω〉 = (−1)|ω| |X| ω(X). The differen-
tial d : OM → Ω1

M is the sheaf morphism defined by the condition 〈X,df〉 := X(f), for all

X ∈ DerM (U) and f ∈ OM (U), where U ⊆ M̃ is any open subset. We notice that Ω1
M is a

sheaf of locally free left OM -supermodules of the same dimension n|m as the supermanifoldM .

10



Explicitly, in local coordinates (x1, . . . , xn+m) of M in V an adapted basis for Ω1
M(V ) is given

by the differentials {dx1, . . . ,dxn+m}, which can also be characterized by the duality relations〈
∂i,dx

j
〉
= δji , for all i, j = 1, . . . , n+m. Notice that the first n differentials are even and that

the last m differentials are odd.

Super-one-forms can be pulled back along SMan-morphisms χ : M → M ′. In our work we
shall only need the pull-back for the special case where χ̃(M̃ ) ⊆ M̃ ′ is open and χ : M →
M ′|

χ̃(M̃)
is a SMan-isomorphism. Let us first assume that χ :M →M ′ is a SMan-isomorphism.

Then χ∗
U : OM ′(U) → OM (χ̃−1(U)) is a SAlg-isomorphism and we can define a push-forward

of superderivations by

χ∗U : DerM (χ̃−1(U)) −→ DerM ′(U) , X 7−→ (χ∗
U )

−1 ◦X ◦ χ∗
U , (2.18)

for all open U ⊆ M̃ ′. The pull-back of super-one-forms (denoted with a slight abuse of notation
also by χ∗

U ) χ
∗
U : Ω1

M ′(U)→ Ω1
M (χ̃−1(U)) is then defined by the duality relations

〈X,χ∗
U (ω)〉 := χ∗

U (〈χ∗U (X), ω〉) , (2.19)

for all ω ∈ Ω1
M ′(U) and X ∈ DerM (χ̃−1(U)). In the case where we only have that χ : M →

M ′|
χ̃(M̃)

is a SMan-isomorphism we define the pull-back of super-one-forms by

χ∗
U (ω) := χ∗

U∩χ̃(M̃ )

(
res

U,U∩χ̃(M̃)
(ω)

)
, (2.20)

for all ω ∈ Ω1
M ′(U) and all open U ⊆ M̃ ′. The following properties are immediate from this

definition

χ∗
U (f ω) = χ∗

U (f)χ
∗
U (ω) , χ∗

U (df) = dχ∗
U (f) , (2.21)

for all f ∈ OM ′(U) and ω ∈ Ω1
M ′(U). We shall denote the pull-back of global sections of Ω1

M ′

simply by χ∗ := χ∗
M̃ ′

: Ω1(M ′)→ Ω1(M).

In complete analogy to the case of ordinary manifolds, one can define a sheaf of differential
graded superalgebras Ω•

M :=
∧• Ω1

M , for which we shall use the same sign conventions as in
[DM99, §3.3]. Sections of this sheaf are called super-differential forms and we recall that for
supermanifolds M of dimension n|m with m 6= 0 there are no top-degree forms.

Berezin integration: Given any object M = (M̃,OM ) in SMan, one can construct the
Berezinian sheaf Ber(Ω1

M ) of the super-one-form sheaf Ω1
M . Notice that Ber(Ω1

M ) is a sheaf of lo-
cally free left OM -supermodules: In local coordinates (x1, . . . , xn+m) = (x1, . . . , xn, θ1, . . . , θm)
of M in V an adapted basis for Ber(Ω1

M )(V ) is given by [dx1, . . . ,dxn,dθ1, . . . ,dθm]. Given

now any f ∈ OM (V ) with compact support in V ⊆ M̃ , we define the local Berezin integral over
the open subsupermanifold M |V by

∫

M |V

[dx1, . . . ,dxn,dθ1, . . . ,dθm] f :=

∫

V
dx1 · · · dxn f(1,...,1) , (2.22)

where we have used the expansion f =
∑

|I|<m θ
I fI + θm · · · θ1f(1,...,1) in terms of the odd co-

ordinate functions. Here I = (i1, . . . , im) ∈ {0, 1}m is a multiindex and θI := (θm)i1 · · · (θ1)im .
Due to the change of variables formula, the local Berezin integral can be globalized, see e.g.
[DM99, §3.10]. In the case of M being oriented this yields a linear functional

∫

M
: Ber(Ω1

M )c(M̃) −→ R , v 7−→

∫

M
v (2.23)
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on the compactly supported sections of Ber(Ω1
M ), which for sections v with support in V is

given by (2.22).

Given any SMan-isomorphism χ : M → M ′, there exists a pull-back χ∗ : Ber(Ω1
M ′) →

Ber(Ω1
M ). In local coordinates (x′1, . . . , x′n+m) of M ′ in V ′ and (x1, . . . , xn+m) of M in V =

χ̃−1(V ′), the pull-back is given by

χ∗
V ′

(
[dx′1, . . . ,dx′n+m]

)
= [dχ∗

V ′(x′1), . . . ,dχ∗
V ′(x′n+m)]

= Ber(J(χ)) [dx1, . . . ,dxn+m] , (2.24)

where J(χ) is the super-Jacobi matrix with entries defined by dχ∗
V ′(x′i) =

∑n+m
j=1 J(χ)ij dx

j.

Notice the property χ∗
U (v f) = χ∗

U (v)χ
∗
U (f), for all v ∈ Ber(Ω1

M ′)(U), f ∈ OM ′(U) and all

open U ⊆ M̃ ′. Given now two oriented supermanifoldsM andM ′ together with an orientation
preserving SMan-isomorphism χ :M →M ′, the global Berezin integral transforms as

∫

M
χ∗(v) =

∫

M ′

v , (2.25)

for all v ∈ Ber(Ω1
M ′)c(M̃ ′). This follows in the usual way from the aforementioned local change

of variables formula.

3 Super-Cartan supermanifolds

We introduce the concept of super-Cartan structures on supermanifolds. These structures have
their origin in the superspace formulation of supergravity, see e.g. [WZ77]. In our work they
are required for constructing natural super-differential operators which govern the dynamics
of super-field theories at the classical and quantum level. In this paper we shall only focus
on the case where the super-principal bundle underlying the super-Cartan structure is globally
trivial (and trivialized), which considerably simplifies our discussion as we do not have to deal
with super-principal bundles and their associated super-vector bundles. Notice that the latter
concepts are essentially well understood, see e.g. [BBHR91], but they are cumbersome to work
with. To the best of our knowledge there is not yet a fully developed theory of (global) super-
Cartan supermanifolds along the lines of standard treatments in ordinary differential geometry
[Sha97, Chapter 5]. In particular, we are not aware of conditions (on the basis supermanifold)
which ensure the existence of super-Cartan structures or conditions which ensure that the
underlying super-principal bundle is generically trivial. We hope to come back to this problem
in a future work, which then would allow us to study super-field theories on globally non-trivial
super-Cartan supermanifolds.

3.1 Representation theoretic data and super-Poincaré super-Lie algebras

We shall briefly review super-Poincaré super-Lie algebras in various dimensions. See e.g. [Del99]
and [Fre99, Lecture 3] for details.

Let W be a finite-dimensional real vector space and g : W ⊗W → R a Lorentz metric
of signature (+,−, · · · ,−). Let further S be a real spin representation of the associated spin
group Spin(W, g) and

Γ : S ⊗ S −→W (3.1)

a symmetric and Spin(W, g)-equivariant pairing. We denote the spin group actions on W and
S by, respectively, ρW : Spin(W, g) ×W → W and ρS : Spin(W, g) × S → S. Moreover, we
simply write spin for the Lie algebra of Spin(W, g) and recall that the spin group actions above
induce Lie algebra actions, which we denote by ρW∗ : spin⊗W → W and ρS∗ : spin⊗ S → S.
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Definition 3.1. Let us fix any choice of the data (W, g, S,Γ).

(i) The super-Poincaré super-Lie algebra sp (corresponding to this data) is given by the
super-vector space

sp := (spin ⊕W )⊕ S (3.2a)

(with (spin⊕W ) even and S odd), together with the super-Lie bracket defined by

[L1 ⊕ w1 ⊕ s1, L2 ⊕ w2 ⊕ s2] =

[L1, L2]⊕
(
ρW∗

(
L1 ⊗ w2 − L2 ⊗ w1

)
− 2Γ(s1, s2)

)
⊕ ρS∗

(
L1 ⊗ s2 − L2 ⊗ s1

)
, (3.2b)

for all L1 ⊕ w1 ⊕ s1, L2 ⊕ w2 ⊕ s2 ∈ sp.

(ii) The supertranslation super-Lie algebra t (corresponding to this data) is given by the
super-vector space

t :=W ⊕ S (3.3a)

(with W even and S odd), together with the super-Lie bracket defined by

[w1 ⊕ s1, w2 ⊕ s2] = −2Γ(s1, s2)⊕ 0 , (3.3b)

for all w1 ⊕ s1, w2 ⊕ s2 ∈ t.

Remark 3.2. Notice that the bracket defined in (3.2b) is indeed a super-Lie bracket. The
super-skew symmetry is evident from its definition and the super-Jacobi identity is a straight-
forward check using the Spin(W, g)-equivariance of Γ, which implies that

ρW∗
(
L⊗ Γ(s1, s2)

)
= Γ

(
ρS∗ (L⊗ s1), s2

)
+ Γ

(
s1, ρ

S
∗ (L⊗ s2)

)
, (3.4)

for all L ∈ spin and s1, s2 ∈ S.

The following statement is easily shown. We therefore can omit the proof.

Proposition 3.3. For any choice of the data (W, g, S,Γ), the super-Poincaré super-Lie algebra
sp is a super-Lie algebra extension of the Lie algebra spin (regarded as a super-Lie algebra) by
the supertranslation super-Lie algebra t, i.e.

0 −→ t −→ sp −→ spin −→ 0 , (3.5)

with the obvious definition of the arrows, is a short exact sequence of super-Lie algebras.

The data (W, g, S,Γ) we have introduced above is sufficient in order to construct the super-
Poincaré and supertranslation super-Lie algebras (corresponding to this choice of data). For our
applications to super-Cartan supermanifolds and super-field theories we require some additional
data. First, let us fix a positive cone C ⊂W of timelike vectors and assume that Γ : S⊗S →W
is positive in the sense that Γ(s, s) ∈ C, for all s ∈ S, with Γ(s, s) = 0 only for s = 0. Here C
denotes the closure of the cone C ⊂ W . The existence of such Γ has been shown in [Del99].
The positive cone C ⊂ W will later play the role of a time-orientation. Next, we assume that
we have given a Spin(W, g)-invariant linear map

ǫ : S ⊗ S −→ R , (3.6)

which is either a metric (of positive signature) or a symplectic structure. Such linear maps
exist if dim(W ) is not equal to 2 or 6 modulo 8, see [DF99]. Finally, we take as part of the data
a choice of orientations oW of W and oS of S. These orientations and also ǫ will be used define
a canonical Berezinian density on any super-Cartan supermanifold and therefore a notation of
integration. In summary, we will always assume as a starting point for our constructions that
the data (W, g, S,Γ, C, ǫ, oW , oS) are given.
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3.2 Super-Cartan structures

In order to simplify our studies on super-Cartan supermanifolds we shall restrict our attention
to super-Cartan structures which are based on globally trivial (and also trivialized) super-
principal Spin(W, g)-bundles. Let us fix any choice of the data (W, g, S,Γ, C, ǫ, oW , oS).

Definition 3.4. Let M be a dim(W )|dim(S)-dimensional supermanifold. A (globally triv-
ial) super-Cartan structure on M is a pair (Ω, E) consisting of an even super-one-form Ω ∈
Ω1(M, spin) (called the super-spin connection) and an even and non-degenerate super-one-form
E ∈ Ω1(M, t) (called the supervielbein). The triple M := (M,Ω, E) is called a super-Cartan
supermanifold.

Remark 3.5. Notice that the requirement that E is non-degenerate fixes the dimension of M
to be the dimension dim(W )|dim(S) of the supertranslation super-Lie algebra t.

To any super-Cartan supermanifold M = (M,Ω, E) we can assign its supercurvature and
supertorsion, which play an important role in supergravity. They are defined by

RM := dΩ + [Ω,Ω] ∈ Ω2(M, spin) , (3.7a)

TM := dΩE := dE + [Ω, E] ∈ Ω2(M, t) , (3.7b)

where the brackets are those induced by the super-Lie bracket in sp via

[ · , · ] : Ωk(M, sp)⊗ Ωl(M, sp) −→ Ωk+l(M, sp) ,

(ω1 ⊗X1)⊗ (ω2 ⊗X2) 7−→ (−1)|X1| |ω2| ω1 ∧ ω2 ⊗ [X1,X2] . (3.8)

We now shall study integration on super-Cartan supermanifolds. Let us recall that the
super-vector space t has an adapted basis {p0, . . . , pdim(M)−1, q1, . . . , qdim(S)}, i.e. pα ∈ W and
qa ∈ S, for all α = 0, . . . ,dim(M) − 1 and a ∈ 1, . . . ,dim(S). Making use of the Lorentz
metric g on W and the metric (or symplectic structure) ǫ on S, we can demand that {pα}
is an orthonormal basis for (W, g) and that {qa} is an orthonormal (or symplectic/Darboux)
basis for (S, ǫ). Making further use of the orientations oW of W and oS of S we demand
that these bases are oriented and finally by using the positive cone C ⊂ W we demand that
the basis for W is time-oriented, i.e. the timelike basis vector p0 lies in C. We shall call any
adapted basis for t which is of this kind an orthonormal (or orthosymplectic) time-oriented
and oriented adapted basis for t. Notice that any two orthonormal (or orthosymplectic) time-
oriented and oriented adapted bases for t are related by a SVec-automorphism L ∈ GL(t),
whose block-matrix components (cf. (2.8)) are L1 ∈ SO0(1,dim(W ) − 1), L2 = L3 = 0 and
L4 ∈ SO(dim(S)) (or L4 ∈ Sp(dim(S),R)). Because of det(L1) = det(L4) = 1 we find that
Ber(L) = 1, cf. (2.9). We now may expand the supervielbein E ∈ Ω1(M, t) in terms of any
orthonormal (or orthosymplectic) time-oriented and oriented adapted basis for t, which yields

E =

dim(M)−1∑

α=0

eα ⊗ pα +

dim(S)∑

a=1

ξa ⊗ qa , (3.9)

where all eα ∈ Ω1(M) are even and all ξa ∈ Ω1(M) are odd. Notice that the collection
{e0, . . . , edim(W )−1, ξ1, . . . , ξdim(S)} is an adapted basis for Ω1(M) since E was assumed to be
non-degenerate. We hence can define an element of the Berezinian supermodule of Ω1(M) by

Ber(E) := [e0, . . . , edim(M)−1, ξ1, . . . , ξdim(S)] ∈ Ber(Ω1(M)) . (3.10)

Recalling (2.10), we find that this definition does not depend on the choice of the orthonormal
(or orthosymplectic) time-oriented and oriented adapted basis for t, since, as we have explained
above, any two such bases are related by an L ∈ GL(t) with Ber(L) = 1.
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Using the Berezinian density (3.10) we can define a pairing on the compactly supported
sections of the structure sheaf of M by

〈 · , · 〉
M

: Oc(M)⊗ Oc(M) −→ R , F1 ⊗ F2 7−→

∫

M
Ber(E)F1 F2 . (3.11)

Notice that the Z2-parity of the linear map 〈 · , · 〉
M

is dim(S) mod 2 and that 〈 · , · 〉
M

can be
extended to all F1, F2 ∈ O(M) with compactly overlapping support. Notice further that

〈F1, F2〉M = (−1)|F1| |F2| 〈F2, F1〉M , (3.12)

for all homogeneous F1, F2 ∈ O(M) with compactly overlapping support.

We finish this subsection by defining a suitable category of super-Cartan supermanifolds.

Definition 3.6. The category SCart consists of the following objects and morphisms:

• The objects are all super-Cartan supermanifolds M = (M,Ω, E).

• The morphisms χ : M → M
′ are all SMan-morphisms (denoted by the same symbol)

χ :M →M ′, such that

1. χ̃ : M̃ → M̃ ′ is an open embedding,

2. χ :M →M ′|
χ̃(M̃)

is a SMan-isomorphism,

3. the super-Cartan structures are preserved, i.e. χ∗(Ω′) = Ω and χ∗(E′) = E.

Remark 3.7. Since χ∗(E′) = E it is clear that any SCart-morphism χ : M →M
′ preserves

the Berezinian densities (3.10), i.e.

χ∗
χ̃(M̃)

(
res

M̃ ′,χ̃(M̃)

(
Ber(E′)

))
= Ber(E) . (3.13)

3.3 Lorentz geometry on the reduced manifold

Given any super-Cartan supermanifold M = (M,Ω, E) we can equip the reduced manifold

M̃ with a Lorentz metric, an orientation and a time-orientation. Explicitly, the pull-back of
the supervielbein E ∈ Ω1(M, t) along the embedding of the reduced manifold ι

M̃,M
: M̃ →M

provides us with a non-degenerate one-form on M̃ with values in the even part W of t that we
shall denote by Ẽ := ι∗

M̃,M
(E) ∈ Ω1(M̃,W ). We define a Lorentz metric g̃M on M̃ by setting

g̃M : Γ∞(TM̃ )× Γ∞(TM̃) −→ C∞(M̃ ) , (X,Y ) 7−→ g
(
〈X, Ẽ〉, 〈Y, Ẽ〉

)
, (3.14)

where g : W ⊗W → R is the Lorentz metric on W and 〈 · , · 〉 is the duality pairing between

vector fields and one-forms on M̃ . The orientation oW of W induces an orientation õM of M̃ ,
which we may represent by the volume form vol(Ẽ) := ẽ0 ∧ · · · ∧ ẽdim(W )−1, where we have

expanded Ẽ =
∑dim(W )−1

α=0 ẽα⊗pα in terms of any orthonormal time-oriented and oriented basis
{pα} for W . The positive cone C ⊂W of timelike vectors in W induces a time-orientation t̃M
on the reduced oriented Lorentz manifold (M̃, g̃M , õM ), which we may represent by the vector

field X̃0 on M̃ that is defined via the duality relations 〈X̃α, ẽ
β〉 = δβα.

We shall now show that the assignment of the reduced oriented and time-oriented Lorentz
manifolds M̃ := (M̃, g̃M , õM , t̃M ) to super-Cartan supermanifolds M is functorial. We define
the category of oriented and time-oriented Lorentz manifolds otLor as follows: The objects
are all oriented and time-oriented Lorentz manifolds and the morphisms are all open isometric
embeddings that preserve the orientations and time-orientations.
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Proposition 3.8. The following assignment defines a functor ·̃ : SCart→ otLor: To any object
M in SCart we assign the oriented and time-oriented Lorentz manifold M̃ := (M̃, g̃M , õM , t̃M )
that has been constructed above. To any morphism χ : M →M

′ in SCart we assign the otLor-

morphism χ̃ : M̃ → M̃
′ that is defined by the reduced morphism χ̃ : M̃ → M̃ ′.

Proof. We have to prove that the reduced morphism χ̃ : M̃ → M̃ ′ is isometric and that it
preserves the orientations and time-orientations. All these properties follow from the fact that
χ̃∗(Ẽ′) = Ẽ, which is shown by the calculation

χ̃∗(Ẽ′) = χ̃∗ ◦ ι∗
M̃ ′,M ′

(E′) = (ι
M̃ ′,M ′ ◦ χ̃)

∗(E′) = (χ ◦ ι
M̃,M

)∗(E′)

= ι∗
M̃,M

◦ χ∗(E′) = ι∗
M̃,M

(E) = Ẽ , (3.15)

where in the third equality we have used the commutative diagram (2.13).

Due to this proposition we can define the chronological and causal future/past of a subset

A ⊆ M̃ in a super-Cartan supermanifold M in terms of the corresponding reduced oriented
and time-oriented Lorentz manifold M̃ . (See e.g. [BGP07] for a definition of the chronological
and causal future/past of a subset of a time-oriented Lorentz manifold.)

Definition 3.9. Let M be a super-Cartan supermanifold and A ⊆ M̃ a subset of its reduced
manifold. The chronological future/past of A in M is defined by

I±
M

(A) := I±
M̃

(A) ⊆ M̃ (3.16a)

and the causal future/past by

J±
M

(A) := J±

M̃
(A) ⊆ M̃ . (3.16b)

We further define IM (A) := I+
M

(A) ∪ I−
M

(A) and JM (A) := J+
M

(A) ∪ J−
M

(A).

3.4 The category of globally hyperbolic super-Cartan supermanifolds

For our studies on super-field theories the category of globally hyperbolic super-Cartan super-
manifolds will play a major role. It can be defined as a certain subcategory of SCart.

Definition 3.10. The category ghSCart consists of the following objects and morphisms:

• The objects in ghSCart are all objects M in SCart such that the reduced oriented and
time-oriented Lorentz manifold M̃ is globally hyperbolic.

• The morphisms χ : M →M
′ between two objects M and M

′ in ghSCart are all SCart-

morphisms such that the image of the reduced morphism χ̃ : M̃ → M̃
′ is a causally

compatible subset of M̃ ′.1

4 Axiomatic definition of super-field theories

Motivated by the examples we will discuss in Section 8, we shall give an axiomatic characteriza-
tion of super-field theories by representation theoretic and geometric data. This is a reasonable
and useful approach since all of our statements concerning the construction of super-QFTs in
Section 5 can be made at this abstract level, so there is no need to focus on explicit models
at this point. Moreover, the problem of constructing models of super-QFTs is thereby reduced
to finding explicit realizations of the assumed representation theoretic and geometric data. It
will be instructive to first provide some motivations explaining our choice of data.

1 Recall that a subset A ⊆ N of a time-oriented Lorentz manifold N is called causally compatible provided
that J±

A (x) = J±
N (x) ∩A, for all x ∈ A.
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Representation theoretic data: Motivated by Section 3, our first choice of data is given by
an eight-tuple (W, g, S,Γ, C, ǫ, oW , oS) consisting of a finite-dimensional real vector space W , a
Lorentz metric g : W ⊗W → R, a real spin representation S of Spin(W, g), a symmetric and
Spin(W, g)-equivariant pairing Γ : S⊗S →W which is positive with respect a choice of positive
cone C ⊂W of timelike vectors, a Spin(W, g)-invariant linear map ǫ : S⊗S → R which is either
a metric (of positive signature) or a symplectic structure, and orientations oW on W and oS
on S. It becomes evident from Section 3 that this data is required, on the one hand, to specify
a super-Poincaré and supertranslation super-Lie algebra and, on the other hand, to describe
super-Cartan structures on supermanifolds together with time-orientation and integration. In
other words, the representation theoretic data fixes the local model space of the super-Cartan
supermanifold and in particular its dimension to dim(W )|dim(S). Physically speaking, this
means that the representation theoretic data fixes the dimension of the reduced spacetime and
the amount of supersymmetry.

Admissible super-Cartan supermanifolds: As we will show in Section 8 by studying
explicit examples, one should not expect that the super-field theory will be defined on the
whole category ghSCart of globally hyperbolic super-Cartan supermanifolds, see Definition
3.10. A common feature in many super-field theories (especially in supergravity) is that one
has to impose constraints on the superfields in order to arrive at a reasonable theory. Such
constraints may in particular include the supergravity supertorsion constraints [WZ77], which
restrict the class of super-Cartan structures, i.e. the objects in ghSCart. As we would like to
keep our axiomatic setting as flexible as possible, we shall at this point not specify the explicit
form of these constraints but rather include a choice of full subcategory SLoc of ghSCart as
a part of the data. Objects in SLoc will be called admissible super-Cartan supermanifolds
and, at least for the examples studied in Section 8, a reasonable choice of SLoc is given by the
supergravity supertorsion constraints.

Super-differential operators: We shall only consider super-field theories whose configu-
rations on any object M = (M,Ω, E) in SLoc can be described in terms of the super-vector
space O(M ) := O(M) of global sections of the structure sheaf. Notice that O : SLocop → SVec

is a functor, namely the global section functor. The dynamics of the super-field theory
will be encoded in terms of super-differential operators PM : O(M ) → O(M ) of Z2-parity
dim(S) mod 2, which are assumed to be natural in the sense that the diagram

O(M ′)

O(χop)=χ∗

��

P
M ′

// O(M ′)

O(χop)=χ∗

��

O(M )
PM

// O(M )

(4.1)

of linear maps commutes, for all SLocop-morphisms χop : M ′ → M (i.e. all SLoc-morphisms
χ : M →M

′). PM can be regarded as the components of a natural transformation P : O ⇒ O,
provided that we enlarge the morphism sets in SVec by parity reversing linear maps. More
precisely, we shall replace the morphism sets HomSVec(V, V

′) in SVec by the sets underlying the
internal hom-objects Hom(V, V ′). The corresponding category is then denoted by SVec and we
have an obvious functor SVec → SVec. Hence, O : SLocop → SVec defines a functor (denoted
by the same symbol) O : SLocop → SVec.2 We additionally demand that, for any object M

2 Notice that enlarging the category SVec to SVec is required only if dim(S) is odd, which is a peculiarity of the
superparticle discussed in Section 8. In the more common situation where dim(S) is even, all our constructions
can be done within the subcategory SVec of SVec, so there is no need to introduce the category SVec in this
case. We however decided to work with SVec in order to develop a framework that is general enough to include
the superparticle, which is a valuable example that can be analyzed in full detail, cf. Section 8.
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in SLoc, the super-differential operator PM is formally super-self adjoint with respect to the
pairing (3.11), i.e.

〈F1, PM (F2)〉M = (−1)|F1| |PM | 〈PM (F1), F2〉M , (4.2)

for all homogeneous F1, F2 ∈ O(M ) with compactly overlapping support. For many of our
constructions we also have to assign retarded/advanced super-Green’s operators to the super-
differential operators PM , for all objects M in SLoc. We therefore demand that, for any object
M in SLoc, the super-differential operator PM is super-Green’s hyperbolic in the following
sense:

Definition 4.1. Let M be any object in SLoc. A homogeneous super-differential operator
PM : O(M )→ O(M ) is called super-Green’s hyperbolic if there exists a retarded and advanced
super-Green’s operator, i.e. linear maps G±

M
: Oc(M) → O(M ) of Z2-parity |G

±
M
| = |PM |

that satisfy

(i) PM ◦G
±
M

= idOc(M),

(ii) G±
M
◦ PM

∣∣
Oc(M)

= idOc(M),

(iii) supp
(
G±

M
(F )

)
⊆ J±

M
(supp(F )), for all F ∈ Oc(M).

Motivated by the discussion above, we can now define abstractly a notion of super-field
theories. Our present axiomatic framework is supposed to cover all super-field theories which
in the physics literature would be called ‘real superfields’. The typical examples in 1|1 and
3|2-dimensions are discussed in Section 8, where it is shown that they comply with our axioms.
In contrast, ‘super-gauge theories’ and ‘chiral superfields’ will require a more sophisticated set
of axioms, which should include aspects of gauge invariance and the chirality constraints (see
[HS13] for an axiomatic approach to ordinary gauge theories). We shall leave these problems
for future work and consider in the present work the case of (real) super-field theories which
we characterize by the following axioms:

Definition 4.2. A super-field theory is specified by the following data:

1. A choice of the representation theoretic data (W, g, S,Γ, C, ǫ, oW , oS).

2. A full subcategory SLoc of ghSCart.

3. A natural transformation P : O ⇒ O of functors from SLocop to SVec, such that PM is
a formally super-self adjoint and super-Green’s hyperbolic super-differential operator of
Z2-parity dim(S) mod 2, for any object M in SLoc.

5 Construction of super-quantum field theories

We show that given any super-field theory according to Definition 4.2, one can construct a
functor A : SLoc→ S∗Alg which satisfies a supergeometric modification of the axioms of locally
covariant quantum field theory [BFV03]. In other words, any super-field theory gives rise
to a super-QFT. We establish a connection between the super-field theory and its associated
super-QFT by showing that the latter has a locally covariant quantum field which satisfies (in
a weak sense) the equations of motion given by the super-differential operators P . As usual
our construction will be done in two steps. First, we assign to a super-field theory a functor
L : SLoc→ X, where X is the category of super-symplectic spaces in the case of dim(S) even and
the category of super-inner product spaces in the case of dim(S) odd. In the spirit of [BFV03]
this functor should be interpreted as a locally covariant classical field theory. The locally
covariant classical field theory is then quantized by a quantization functor Q : X → S∗Alg,
which implements super-canonical commutation relations (SCCR) in the case of dim(S) even
and super-canonical anticommutation relations (SCAR) in the case of dim(S) odd.
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5.1 The functor Oc : SLoc→ SVec

As a preparatory step, we shall show that assigning to objects M in SLoc the super-vector
spaces Oc(M ) := Oc(M) of compactly supported global sections of the structure sheaf can
be described by a functor Oc : SLoc → SVec. Given any SLoc-morphism χ : M → M

′,
we can define a SVec-morphism χ∗ := Oc(χ) : Oc(M ) → Oc(M

′), called the push-forward of
compactly supported sections, by the following construction: Recall that for any SLoc-morphism
χ : M →M

′ the corresponding SMan-morphism χ :M →M ′|
χ̃(M̃ )

is by assumption a SMan-

isomorphism. In particular, we have a SVec-isomorphism

χ∗
χ̃(M̃)

: OM ′(χ̃(M̃)) −→ OM (M̃ ) , (5.1)

which induces a SVec-isomorphism on compactly supported sections

(χ∗
χ̃(M̃)

)−1 : OM,c(M̃) −→ OM ′,c(χ̃(M̃ )) . (5.2)

Making use of the sheaf properties of OM ′ , we can define a SVec-morphism

ext
χ̃(M̃),M̃ ′ : OM ′,c(χ̃(M̃ )) −→ OM ′,c(M̃ ′) , (5.3)

which extends compactly supported sections by zero. This SVec-morphism is a monomorphism
since

res
M̃ ′,χ̃(M̃)

◦ ext
χ̃(M̃),M̃ ′ = id

OM′,c(χ̃(M̃))
. (5.4)

We define the push-forward of compactly supported sections by the composition

Oc(χ) := χ∗ := ext
χ̃(M̃),M̃ ′ ◦ (χ

∗
χ̃(M̃)

)−1 : Oc(M) −→ Oc(M
′) (5.5)

and notice that it is a SVec-monomorphism. The following lemma collects important properties
of the push-forward of compactly supported sections, which shall be frequently used in our work.

Lemma 5.1. Let χ : M → M
′ be any SLoc-morphism. Then the following properties hold

true:

(i) χ∗ ◦ χ∗ = idOc(M) and χ∗ ◦ χ
∗(F ) = F , for all F ∈ Oc(M

′) such that supp(F ) ⊆ χ̃(M̃ ).

(ii) 〈F1, χ∗(F2)〉M ′ = 〈χ∗(F1), F2〉M , for all F1 ∈ O(M ′) and F2 ∈ Oc(M), where the pairing
is defined in (3.11).

(iii) idM ∗ = idOc(M) and (χ′ ◦ χ)∗ = χ′
∗ ◦ χ∗, for all SLoc-morphisms χ′ : M ′ →M

′′.

Proof. Item (i) is shown by two simple calculations. The first part follows from

χ∗ ◦ χ∗ = χ∗
χ̃(M̃)

◦ res
M̃ ′,χ̃(M̃)

◦ ext
χ̃(M̃ ),M̃ ′ ◦ (χ

∗
χ̃(M̃)

)−1 = ididOc(M)
, (5.6)

where in the first equality we have used the diagram (2.12) characterizing sheaf morphisms

(applied to U = M̃ ′ and V = χ̃(M̃)) and in the second equality we have used (5.4). To show

the second part, notice that if F ∈ Oc(M
′) is such that supp(F ) ⊆ χ̃(M̃ ), then χ∗(F ) ∈ Oc(M ),

so the composition χ∗ ◦ χ
∗(F ) is well-defined. By using the same argument as above we find

that

χ∗ ◦ χ
∗(F ) = ext

χ̃(M̃),M̃ ′ ◦ (χ
∗
χ̃(M̃)

)−1 ◦ χ∗
χ̃(M̃ )

◦ res
M̃ ′,χ̃(M̃ )

(F )

= ext
χ̃(M̃),M̃ ′ ◦ resM̃ ′,χ̃(M̃)

(F ) = F , (5.7)
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where the last equality holds true by direct inspection.

Item (ii) holds true as a consequence of the transformation formula for the Berezin integral
(2.25) and the property (3.13); explicitly, we have

〈F1, χ∗(F2)〉M ′ =

∫

M ′

Ber(E′)F1 χ∗(F2)

=

∫

M ′|
χ̃(M̃)

res
M̃ ′,χ̃(M̃)

(
Ber(E′)

)
res

M̃ ′,χ̃(M̃ )
(F1) resM̃ ′,χ̃(M̃)

(χ∗(F2))

=

∫

M
Ber(E) χ∗

χ̃(M̃)

(
res

M̃ ′,χ̃(M̃)
(F1)

)
χ∗
χ̃(M̃)

(
res

M̃ ′,χ̃(M̃)
(χ∗(F2))

)

=

∫

M
Ber(E) χ∗(F1) χ

∗(χ∗(F2)) = 〈χ
∗(F1), F2〉M , (5.8)

for all F1 ∈ O(M ′) and F2 ∈ Oc(M). In the second equality we have used that the support of

χ∗(F2) is contained in χ̃(M̃ ) and in the last equality item (i) of the present lemma.

The first part of item (iii) follows immediately from the definition (5.5) and the second part
from the following calculation

(χ′ ◦ χ)∗ = ext
χ̃′(χ̃(M̃)),M̃ ′′ ◦ ((χ

′ ◦ χ)∗
χ̃′(χ̃(M̃ ))

)−1

= ext
χ̃′(χ̃(M̃)),M̃ ′′ ◦

(
χ∗
χ̃(M̃ )

◦ χ′∗
χ̃′(χ̃(M̃ ))

)−1

= ext
χ̃′(χ̃(M̃)),M̃ ′′ ◦ (χ

′∗
χ̃′(χ̃(M̃))

)−1 ◦ (χ∗
χ̃(M̃)

)−1

= ext
χ̃′(χ̃(M̃)),M̃ ′′ ◦ (χ

′∗
χ̃′(χ̃(M̃))

)−1 ◦ res
M̃ ′,χ̃(M̃)

◦ ext
χ̃(M̃ ),M̃ ′ ◦ (χ

∗
χ̃(M̃)

)−1

= ext
χ̃′(χ̃(M̃)),M̃ ′′ ◦ resχ̃′(M̃ ′),χ̃′(χ̃(M̃))

◦ (χ′∗
χ̃′(M̃ ′)

)−1 ◦ ext
χ̃(M̃),M̃ ′ ◦ (χ

∗
χ̃(M̃)

)−1

= ext
χ̃′(M̃ ′),M̃ ′′ ◦ (χ

′∗
χ̃′(M̃ ′)

)−1 ◦ ext
χ̃(M̃ ),M̃ ′ ◦ (χ

∗
χ̃(M̃)

)−1

= χ′
∗ ◦ χ∗ , (5.9)

where we have made frequent use of standard properties of sheaf morphisms.

Corollary 5.2. The following assignment is a functor Oc : SLoc → SVec: To any object
M in SLoc we assign the super-vector space Oc(M) := Oc(M) and to any SLoc-morphism
χ : M →M

′ we assign the push-forward Oc(χ) := χ∗ : Oc(M )→ Oc(M
′) defined in (5.5).

Proof. This is a direct consequence of Lemma 5.1 (iii).

5.2 Properties of the super-Green’s operators

Let us fix any super-field theory according to Definition 4.2. By assumption, there exists a
retarded and advanced super-Green’s operator G±

M
: Oc(M)→ O(M ) for the super-differential

operator PM : O(M ) → O(M ), for all objects M in SLoc. We shall now derive important
properties of the super-Green’s operators.

Lemma 5.3. Let M be any object in SLoc. Then

〈
F1, G

±
M

(F2)
〉
M

= (−1)(|F1|+|PM |) |PM |
〈
G∓

M
(F1), F2

〉
M

, (5.10)

for all homogeneous F1, F2 ∈ Oc(M ).
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Proof. The proof follows from a short calculation

〈
F1, G

±
M

(F2)
〉
M

=
〈
PM ◦G

∓
M

(F1), G
±
M

(F2)
〉
M

= (−1)(|F1|+|G∓
M

|) |PM |
〈
G∓

M
(F1), PM ◦G

±
M

(F2)
〉
M

= (−1)(|F1|+|PM |) |PM |
〈
G∓

M
(F1), F2

〉
M

. (5.11)

The first equality holds because of property (i) of Definition 4.1. The integral on the right-hand
side is well-defined because of property (iii) of the same Definition and the fact that the reduced

Lorentz manifold M̃ is by assumption globally hyperbolic. The second equality follows from
formal super-self adjointness of PM , cf. (4.2). The last equality is a consequence of property
(i) of Definition 4.1 and |G∓

M
| = |PM |.

We define the retarded-minus-advanced super-Green’s operator

GM := G+
M
−G−

M
: Oc(M ) −→ Osc(M ) ⊆ O(M ) , (5.12)

whose image lies in the super-vector space Osc(M ) of spacelike compact sections (see [BGP07,
Notation 3.4.5]) of the structure sheaf because of Definition 4.1 (iii). This operator has the
following properties.

Theorem 5.4. Let M be any object in SLoc. Then the sequence of linear maps

0 // Oc(M)
PM // Oc(M )

GM // Osc(M)
PM // Osc(M ) (5.13)

is a complex which is exact everywhere.

Proof. The proof follows easily by adapting the steps in the proofs of [BG11, Theorem 3.5] or
[BGP07, Theorem 3.4.7] to our supergeometric setting. We therefore can omit the details.

Corollary 5.5. Let M be any object in SLoc. Then the retarded and advanced super-Green’s
operators G±

M
for PM are unique.

Proof. Let us assume that there are two retarded/advanced super-Green’s operators G±
M

and

G
±
M for PM . Then, for any F ∈ Oc(M), we have that Φ := G±

M
(F )−G

±
M (F ) has supp(Φ) ⊆

J±
M

(K), for some compact K ⊆ M̃ , and satisfies PM (Φ) = 0. We now show that Φ = 0 and

hence that G±
M

= G
±
M as F ∈ Oc(M ) was arbitrary. Indeed, we have that

〈
F ′,Φ

〉
M

=
〈
PM ◦G

∓
M

(F ′),Φ
〉
M

= (−1)(|F
′|+|G∓

M
|) |PM |

〈
G∓

M
(F ′), PM (Φ)

〉
M

= 0 , (5.14)

for all F ′ ∈ Oc(M), which implies that Φ = 0.

We shall now show that the retarded/advanced super-Green’s operators are natural in the
following sense.

Lemma 5.6. Let χ : M →M
′ be any morphism in SLoc. Then

G±
M

= χ∗ ◦G±
M

′ ◦ χ∗ (5.15)

as linear maps from Oc(M) to O(M ).

Proof. Let us define G
±
M := χ∗ ◦ G±

M
′ ◦ χ∗. We will show that G

±
M is a retarded/advanced

super-Green’s operator for PM , which due to the uniqueness result in Corollary 5.5 implies
that G

±
M = G±

M
.
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We have to show that G
±
M satisfies the three conditions of Definition 4.1. Item (i) is satisfied

because of

PM ◦G
±
M = PM ◦ χ

∗ ◦G±
M

′ ◦ χ∗ = χ∗ ◦ PM
′ ◦G±

M
′ ◦ χ∗ = χ∗ ◦ χ∗ = idOc(M) , (5.16)

where in the second equality we have used (4.1) and in the last equality Lemma 5.1 (i). Item
(ii) is satisfied because of

G
±
M ◦ PM

∣∣
Oc(M)

= χ∗ ◦G±
M

′ ◦ χ∗ ◦ PM ◦ χ
∗ ◦ χ∗ = χ∗ ◦G±

M
′ ◦ χ∗ ◦ χ

∗ ◦ PM
′ ◦ χ∗

= χ∗ ◦G±
M

′ ◦ PM
′ ◦ χ∗ = χ∗ ◦ χ∗ = idOc(M) . (5.17)

In the second equality we have used (4.1) and in the first, third and last equality Lemma 5.1
(i). To show that item (iii) is satisfied we use the same argument as in [BG11, Lemma 3.2],

which is based on the causal compatibility of the image of the reduced morphism χ̃ : M̃ → M̃
′.

Indeed,

supp
(
G

±
M (F )

)
= supp

(
χ∗ ◦G±

M
′ ◦ χ∗(F )

)
⊆ χ̃−1

(
supp

(
G±

M
′ ◦ χ∗(F )

))

⊆ χ̃−1
(
J±
M

′

(
χ̃
(
supp(F )

)))
= J±

M
(supp(F )) , (5.18)

for all F ∈ Oc(M ).

5.3 The functor L : SLoc→ X

Let us fix any super-field theory according to Definition 4.2. For any object M in SLoc we can
define a linear map

τM : Oc(M )⊗ Oc(M) −→ R , F1 ⊗ F2 7−→ τM (F1, F2) = 〈GM (F1), F2〉M , (5.19)

where GM := G+
M
−G−

M
is the retarded-minus-advanced super-Green’s operator and 〈 · , · 〉

M

is the pairing (3.11). Since, by definition, the Z2-parity of GM agrees with that of the pairing,
the linear map τM is even and hence a SVec-morphism. As a consequence of (3.12) and Lemma
5.3 we find that

τM (F1, F2) = (−1)|PM |+1 (−1)|F1| |F2| τM (F2, F1)

=

{
− (−1)|F1| |F2| τM (F2, F1) , for dim(S) even ,

(−1)|F1| |F2| τM (F2, F1) , for dim(S) odd ,
(5.20)

for all homogeneous F1, F2 ∈ Oc(M ). Hence, τM is super-skew symmetric if dim(S) is even
and super-symmetric if dim(S) is odd.

Let us recall that by Theorem 5.4 the kernel of the linear map GM : Oc(M ) → Osc(M)
coincides with the image of PM : Oc(M) → Oc(M). As a consequence, the SVec-morphism
τM defined in (5.19) descends to the SVec-morphism (denoted with a slight abuse of notation
by the same symbol)

τM :
Oc(M )

PM (Oc(M ))
⊗

Oc(M )

PM (Oc(M ))
−→ R , [F1]⊗ [F2] 7−→ 〈GM (F1), F2〉M , (5.21)

which is weakly non-degenerate, i.e. τM ([F1], [F2]) = 0 for all [F1] ∈ Oc(M )/PM (Oc(M ))
implies that [F2] = 0. The pair

L(M) :=

(
Oc(M )

PM (Oc(M ))
, τM

)
(5.22)

is therefore a super-symplectic space if dim(S) is even and a super-inner product space if dim(S)
is odd.

We shall now show that the assignment (5.22) is functorial. For this we introduce the
following category which depends on the choice of super-field theory via dim(S) mod 2.
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Definition 5.7. The category X consists of the following objects and morphisms:

• The objects are all pairs V := (V, τ) consisting of a real super-vector space V and a
weakly non-degenerate SVec-morphism τ : V ⊗ V → R, which is super-skew symmetric if
dim(S) is even and super-symmetric if dim(S) is odd, i.e.

τ(v1, v2) = (−1)dim(S)+1 (−1)|v1| |v2| τ(v2, v1) , (5.23)

for all homogeneous v1, v2 ∈ V .

• The morphisms L : V → V
′ are all SVec-morphisms (denoted by the same symbol)

L : V → V ′ satisfying τ ′ ◦ (L⊗ L) = τ .

Proposition 5.8. The following assignment is a functor L : SLoc → X: To any object M in
SLoc we assign the object L(M) in X given by (5.22) and to any SLoc-morphism χ : M →M

′

we assign the X-morphism

L(χ) : L(M) −→ L(M ′) , [F ] 7−→ [χ∗(F )] . (5.24)

Proof. We have already seen above that L(M) is an object in X. It remains to show that (5.24)
is well-defined and an X-morphism. It is well-defined since

χ∗ ◦ PM (F ) = χ∗ ◦ PM ◦ χ
∗ ◦ χ∗(F ) = χ∗ ◦ χ

∗ ◦ PM
′ ◦ χ∗(F )

= PM
′ ◦ χ∗(F ) ∈ PM

′(Oc(M
′)) , (5.25)

for all F ∈ Oc(M ). Moreover it is an X-morphism since

τM ′

(
[χ∗(F1)], [χ∗(F2)]

)
= 〈GM

′ ◦ χ∗(F1), χ∗(F2)〉M ′ = 〈χ∗ ◦GM
′ ◦ χ∗(F1), F2〉M

= 〈GM (F1), F2〉M = τM
(
[F1], [F2]

)
, (5.26)

for all [F1], [F2] ∈ Oc(M)/PM (Oc(M)). In the second equality we have used Lemma 5.1 (ii)
and in the third equality we have used Lemma 5.6. The functoriality of L is induced by the
functoriality of Oc : SLoc→ SVec which has been established in Corollary 5.2.

We finish this subsection by proving some properties of the functor L : SLoc → X, which
are the axioms of locally covariant quantum field theory [BFV03] applied to classical theories.

Theorem 5.9. For any super-field theory according to Definition 4.2 the associated functor
L : SLoc→ X satisfies the following properties:

• Locality: For any SLoc-morphism χ : M →M
′, the X-morphism L(χ) : L(M)→ L(M ′)

is monic.

• Super-causality: Given two SLoc-morphisms M1
χ1
−→ M

χ2
←− M2 such that the images

of the reduced otLor-morphisms M̃1
χ̃1
−→ M̃

χ̃2
←− M̃2 are causally disjoint, then

τM
(
L(χ1)

(
L(M1)

)
,L(χ2)

(
L(M2)

))
= {0} . (5.27)

• Time-slice axiom: Given any Cauchy SLoc-morphism3 χ : M → M
′, then L(χ) :

L(M )→ L(M ′) is an isomorphism.

3 A Cauchy SLoc-morphism is a SLoc-morphism χ : M → M
′ such that its reduced otLor-morphism χ̃ :

M̃ → M̃
′ is Cauchy, i.e. the image of χ̃ contains a Cauchy surface in M̃

′.
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Proof. The locality property is as usual a consequence of τM being weakly non-degenerate;
indeed, assuming that L(χ)([F ]) = 0, for some [F ] ∈ L(M), we find that

τM ′

(
L(χ)([H]),L(χ)([F ])

)
= τM

(
[H], [F ]

)
= 0 , (5.28)

for all [H] ∈ L(M), and hence [F ] = 0. The super-causality property is a consequence of the
support properties of the super-Green’s operators, cf. Definition 4.1 (iii).

To show the time-slice axiom, it remains to prove that L(χ) is surjective for any Cauchy
SLoc-morphism, which is equivalent to proving that any class [F ] ∈ L(M ′) has a represen-

tative F ′ ∈ Oc(M
′) with support contained in χ̃(M̃ ) ⊆ M̃

′. This follows from a standard
argument which we shall now generalize to the case of supermanifolds. Let us take any two

non-intersecting Cauchy surfaces Σ± ⊂ χ̃(M̃) ⊆ M̃
′ of M̃ ′, such that Σ+ lies in the chrono-

logical future of Σ−. Take the open cover U± := I±
M

′(Σ∓) of M̃ ′ and choose some partition
of unity ρ± ∈ O(M ′) subordinated to this cover (see [CCF11, Proposition 4.2.7] for a proof of
existence of partitions of unity on supermanifolds). We choose any representative F ∈ Oc(M

′)
of the class [F ] ∈ L(M ′) and define

H := ρ−G+
M

′(F ) + ρ+G−
M

′(F ) ∈ Oc(M
′) . (5.29)

Then F ′ := F − PM
′(H) ∈ Oc(M

′) is a representative of the class [F ] with support contained

in χ̃(M̃ ) ⊆ M̃
′.

5.4 The quantization functor Q : X→ S∗Alg

The quantization is performed by assigning to objects V in X SCCR superalgebras in the case
of dim(S) even and SCAR superalgebras in the case of dim(S) odd. This reflects the fact that
the objects in X are super-symplectic spaces if dim(S) is even and super-inner product spaces
if dim(S) is odd. We can perform this construction in one step by using suitable sign and
imaginary unit i ∈ C factors (depending on dim(S)mod 2) in the definitions below.

Let V = (V, τ) be any object in X. We consider the complexified tensor superalgebra

TC(V ) :=
⊕

n≥0

T n
C (V ) :=

⊕

n≥0

V ⊗n ⊗ C (5.30)

and denote its product simply by juxtaposition. Notice that TC(V ) is generated (over C) by
the unit 1 := 1 ∈ T 0

C
(V ) ≃ C and the elements v ∼= v ⊗ 1 ∈ T 1

C
(V ) = V ⊗ C, for all v ∈ V .

We equip TC(V ) with the superinvolution which is defined on the generators by 1

∗ = 1 and
v∗ = v, for all v ∈ V , and extended to all of TC(V ) by C-antilinearity and

(a1 a2)
∗ = (−1)|a1| |a2| a∗2 a

∗
1 , (5.31)

for all Z2-parity homogeneous a1, a2 ∈ TC(V ). Using the SVec-morphism τ : V ⊗ V → R, we
define I(V ) to be the two-sided super-∗-ideal in TC(V ) that is generated by the elements

v1 v2 + (−1)dim(S)+1 (−1)|v1| |v2| v2 v1 − β τ(v1, v2)1 , (5.32)

for all homogeneous generators v1, v2 ∈ V , where we have used

β :=

{
i , for dim(S) even ,

1 , for dim(S) odd .
(5.33)

Notice that (5.32) describes SCCR if dim(S) is even and SCAR if dim(S) is odd. We define
the object Q(V ) in S∗Alg by the quotient

Q(V ) :=
TC(V )

I(V )
. (5.34)
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Proposition 5.10. The following assignment is a functor Q : X → S∗Alg: To any object V
in X we assign the object Q(V ) in S∗Alg given by (5.34) and to any X-morphism L : V → V

′

we assign the S∗Alg-morphism Q(L) : Q(V ) → Q(V ′) that is specified by defining on the
generators Q(L)(v) := L(v), for all v ∈ V .

Proof. By our constructions above, we already know that Q(V ) is an object in S∗Alg, for all
objects V in X. It remains to show that Q(L) : Q(V )→ Q(V ′) specified above is well-defined,
i.e. that it preserves the two-sided super-∗-ideals. This is a consequence of the explicit form of
the generators of these ideals (5.32) and the fact that L : V → V

′ satisfies τ ′ ◦ (L⊗L) = τ .

5.5 The locally covariant quantum field theory A : SLoc→ S∗Alg

We compose the functors L : SLoc→ X and Q : X→ S∗Alg in order to define the functor

A := Q ◦ L : SLoc −→ S∗Alg . (5.35)

This functor satisfies a supergeometric modification of the axioms of locally covariant quantum
field theory [BFV03].

Theorem 5.11. For any super-field theory according to Definition 4.2 the associated functor
A : SLoc→ S∗Alg satisfies the following properties:

• Locality: For any SLoc-morphism χ : M → M
′, the S∗Alg-morphism A(χ) : A(M ) →

A(M ′) is monic.

• Super-causality: Given two SLoc-morphisms M1
χ1
−→ M

χ2
←− M2 such that the images

of the reduced otLor-morphisms M̃1
χ̃1
−→ M̃

χ̃2
←− M̃2 are causally disjoint, then

a1 a2 + (−1)dim(S)+1 (−1)|a1| |a2| a2 a1 = 0 , (5.36)

for all homogeneous a1 ∈ A(χ1)(A(M 1)) and a2 ∈ A(χ2)(A(M 2)).

• Time-slice axiom: Given any Cauchy SLoc-morphism χ : M → M
′, then A(χ) :

A(M )→ A(M ′) is a S∗Alg-isomorphism.

Proof. All properties listed above follow by standard arguments from the corresponding prop-
erties of the classical theory given in Theorem 5.9. Let us briefly give a sketch or reference:
The locality property follows by using the techniques summarized in [FV12, Appendix A]. The
super-causality property for a1 and a2 being two generators follows explicitly from the form
of the two-sided super-∗-ideal (5.32) and for generic a1 and a2 by expressing these elements in
terms of generators and using iteratively the super-causality property for the generators. The
time-slice axiom for A = Q ◦ L follows since functors (here Q) preserve isomorphisms.

Remark 5.12. Notice that the super-causality property (5.36) is similar to the graded-causality
property encountered in fermionic quantum field theories, see e.g. [BG11]. In particular, if
dim(S) is even then (5.36) implies that two even elements commute and two odd elements
anti-commute whenever they are spacelike separated. In an ordinary (i.e. non-supergeometric)
quantum field theory one usually postulates that only the even elements of the algebras are
true physical observables, which includes in particular bilinear terms in fermionic quantum
fields such as the stress-energy tensor. A similar construction is also possible in our present
description of super-QFTs: We may define a new functor A0 : SLoc → ∗Alg (the even part
of the super-QFT A : SLoc → S∗Alg) to the category of ordinary ∗-algebras by assigning to
any object M in SLoc the even sub-∗-algebra A0(M ) of A(M) and to any SLoc-morphism
χ : M →M

′ the restriction of A(χ) : A(M ) → A(M ′) to A0(M ). (Because A(χ) preserves
Z2-parity we have that A0(χ) := A(χ)|A0(M) : A0(M) → A0(M

′) maps to A0(M
′).) The

functor A0 : SLoc→
∗Alg then satisfies the ordinary locality, causality and time-slice axiom of

locally covariant quantum field theory [BFV03].
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We conclude this section by constructing a locally covariant quantum field for the functor
A : SLoc → S∗Alg, which establishes a connection to the data specifying a super-field theory
in Definition 4.2. Let us consider the functor Oc : SLoc→ SVec and regard A also as a functor
to SVec (denoted by the same symbol) by composing with the forgetful functor. There is a
natural transformation Φ : Oc ⇒ A of functors from SLoc to SVec with components given by
the SVec-morphisms

ΦM : Oc(M) −→ A(M) , F 7−→ [F ] . (5.37)

In analogy to [BFV03] we shall interpret ΦM (F ) ∈ A(M), for F ∈ Oc(M), as a smeared linear
hermitian superfield operator on M . The connection to the data in Definition 4.2 is established
by noticing that the superfield operators satisfy the equations of motion (in weak form)

ΦM (PM (F )) = 0 , (5.38)

for all F ∈ Oc(M) and all objects M in SLoc. Moreover, they satisfy the super-canonical
(anti)commutation relations

ΦM (F1)ΦM (F2) + (−1)dim(S)+1 (−1)|F1| |F2|ΦM (F2)ΦM (F1) = β τM (F1, F2) , (5.39)

for all homogeneous F1, F2 ∈ Oc(M) and all objects M in SLoc. We recall that β = i if
dim(S) is even and β = 1 if dim(S) is odd.

Remark 5.13. For any object M in SLoc we have a decomposition Oc(M ) = Oc(M)0 ⊕
Oc(M)1 into the even and odd part. We can define new super-vector spaces Oeven

c (M) :=
Oc(M)0 ⊕ 0 and Oodd

c (M) := 0 ⊕ Oc(M)1 and notice that Oeven
c : SLoc → SVec and Oodd

c :
SLoc → SVec are subfunctors of Oc : SLoc → SVec. (The latter statement is due to the fact
that the push-forwards Oc(χ) = χ∗ preserve the Z2-parity.) Consequently, our locally covariant
quantum field Φ : Oc ⇒ A decomposes into two natural transformation Φeven : Oeven

c ⇒ A

and Φodd : Oodd
c ⇒ A, which describe within our physical interpretation the even and odd

component quantum fields of the superfield Φ. The appearance of the even and odd quantum
fields is an undesirable feature, which indicates that our formulation does not appropriately
capture supersymmetry transformations. In fact, supersymmetry transformations are supposed
to mix the even and odd component fields, hence allowing neither of them to be a natural
transformation, i.e. a locally covariant quantum field. It is the goal of the next section to ‘enrich’
(in a mathematically precise way) the categories and functors appearing in our construction in
order to capture also supersymmetry transformations.

6 Axiomatic definition of enriched super-field theories

Motivated by the shortcomings of our present theory, which have been summarized in Remark
5.13, we shall now systematically ‘enrich’ all categories, functors and natural transformations
appearing in the Definition 4.2 of super-field theories. A suitable mathematical framework
is that of enriched category theory, see e.g. [Kel82, BS00] and also Appendix A for a brief
introduction to the basic concepts. Loosely speaking, in an ordinary category the morphisms
between two objects have to form a set and in an enriched category the morphisms between
two objects are allowed to be an object in another (monoidal) category. Enriched functors
and natural transformations are then defined by a suitable generalization of the standard
concepts of functors and natural transformations in ordinary category theory. In our definition
of enriched super-field theories, as well as in the construction of the corresponding enriched
super-QFTs in Section 7, we shall consider enriched categories over the monoidal category SSet

of supersets, which we also call SSet-categories. Again loosely speaking, while an ordinary set
is determined by its points, a superset is determined by its superpoints. To make precise the
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notion of supersets, we shall use the category theoretical approach to supergeometry proposed
by Schwarz [Shv84] and Molotkov [Mol84], and developed in detail by Sachse [Sac08], see also
[SW11, AL12].

6.1 The monoidal category SSet of supersets

For better understanding the concept of supersets, it will be helpful to view ordinary sets from
a categorical perspective. Let A be any set. Then A is determined by its points, which can be
described by maps x : pt→ A from a (once and for all fixed) singleton set pt := {⋆} to the set
A. In other words, the points of A are described by the morphism set HomSet(pt, A). Using
the usual composition of maps, any map between two sets f : A→ B induces a map between
the morphism sets

HomSet(pt, A) −→ HomSet(pt, B) , x 7−→ f ◦ x . (6.1)

Let Pt be the category consisting of the single object pt and the single morphism idpt. Then the
morphism set above can be regarded as a functor HomSet( · , A) : Pt

op → Set (in foresight we use
here the opposite category Ptop) and the map (6.1) as a natural transformation HomSet( · , A) ⇒
HomSet( · , B) between functors from Ptop to Set. What this means is that we have constructed
a functor

Set −→ Fun(Ptop,Set) (6.2)

from the category of sets to the category of functors from Ptop to Set. Notice that the functor
(6.2) is an equivalence between the categories Set and Fun(Ptop,Set). In other words, we can
choose freely if we want to work with the usual category Set of sets or with the functor category
Fun(Ptop,Set).

Motivated by this functorial point of view, we shall define the category of supersets as the
functor category Fun(SPtop,Set), where SPt is the following category of superpoints:

Definition 6.1. The category SPt consists of the following objects and morphisms:

• The objects are given by the supermanifolds ptn := (pt,Λn), where Λn :=
∧•

R
n is the

real Grassmann algebra over Rn and n ∈ N
0.

• The morphisms λ : ptn → ptm are all supermanifold morphisms.

The category SSet of supersets is defined as the functor category

SSet := Fun(SPtop,Set) . (6.3)

Remark 6.2. In [Sac08], the category of superpoints is defined as the full subcategory of SMan

with objects given by all supermanifolds whose underlying topological space is a singleton. This
category is equivalent to our category SPt and moreover we have that SPtop is equivalent to the
category of finite-dimensional real Grassmann algebras Gr. Hence, our category of supersets
(6.3) is equivalent to the functor category Fun(Gr,Set), which is used for example in [Sac08].

Recall that the category Set of ordinary sets is a monoidal category with bifunctor × :
Set× Set→ Set given by the Cartesian product and unit object given by the singleton set pt.
By a general construction, the monoidal structure on Set induces a monoidal structure on the
functor category Fun(SPtop,Set) and hence on the category SSet of supersets. Let us briefly
recall this construction and give explicit formulas. We define a bifunctor (denoted with a slight
abuse of notation also by ×)

× : SSet× SSet −→ SSet (6.4)
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by assigning to any object (F : SPtop → Set,F′ : SPtop → Set) in SSet × SSet the object
F× F′ : SPtop → Set in SSet, which is the functor specified on objects ptn in SPtop by

(F× F′)(ptn) := F(ptn)× F′(ptn) (6.5a)

and on SPtop-morphisms λop : ptn → ptm by

(F× F′)(λop) := F(λop)× F′(λop) : (F× F′)(ptn) −→ (F× F′)(ptm) . (6.5b)

To any morphism (η : F ⇒ G, η′ : F′ ⇒ G′) in SSet × SSet we assign the morphism η × η′ :
F× F′ ⇒ G×G′ in SSet which is given by the natural transformation with components

(η × η′)ptn := ηptn × η
′
ptn

: (F× F′)(ptn) −→ (G×G′)(ptn) , (6.5c)

for all objects ptn in SPtop. The unit object in SSet is the functor I : SPtop → Set specified on
objects ptn and morphisms λop : ptn → ptm in SPtop by

I(ptn) := pt , I(λop) := idpt . (6.6)

In summary, we have

Proposition 6.3. The category SSet of supersets is a monoidal category with bifunctor × :
SSet× SSet→ SSet defined by (6.5) and unit object I defined by (6.6).

6.2 The SSet-category eSLoc

Let us choose as in Definition 4.2 any full subcategory SLoc of ghSCart. The goal of this
subsection is to define a SSet-category eSLoc, such that the objects in eSLoc coincide with
those in SLoc and that the morphism supersets in eSLoc enrich (in a suitable way) the ordinary
morphism sets in SLoc. The main feature of this enrichment will be that supersymmetry
transformations appear as superpoints of the morphism supersets, see Section 8 for explicit
examples.

Before we can define the SSet-category eSLoc we need some preparations. A supermanifold
M can be described in the framework of supersets (6.3) by the functor HomSMan( · ,M) :
SPtop → Set. We will not describe the details of this approach (see [Shv84, Mol84, Sac08,
Sac09]), but we make use of an equivalent picture: HomSMan(ptn,M) clearly coincides with
the set sections of the trivial super-fibre bundle ptn ×M → ptn and natural transformations
HomSMan( · ,M) → HomSMan( · ,M

′) correspond to super-fibre bundle morphisms. We will
discuss the basic properties of this “family point of view” and refer to the literature [Sac09,
Chapter 3.3] and [Del99, §2.8 and §2.9] for more details.

Given any object M in SMan and any object ptn in SPtop, we can consider the prod-

uct supermanifold ptn ×M = (M̃,Λn ⊗ OM ) together with the projection SMan-morphism
prptn×M,ptn

: ptn ×M → ptn onto the first factor. The pair (ptn ×M,prptn×M,ptn
) is typically

called a ptn-relative supermanifold and denoted by the compact notation M/ptn. A a ptn-
relative SMan-morphism (in short: SMan/ptn-morphism) χ : M/ptn → M ′/ptn between two
ptn-relative supermanifolds is a SMan-morphism χ : ptn×M → ptn×M

′ between the product
supermanifolds which preserves the projections, i.e. the diagram

ptn ×M

prptn×M,ptn $$■
■■

■■
■■

■■

χ
// ptn ×M

′

prptn×M′,ptnzztt
tt
tt
tt
t

ptn

(6.7)
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in SMan commutes. Explicitly, a SMan-morphism χ : ptn ×M → ptn ×M
′ is a SMan/ptn-

morphism if and only if χ∗(ζ ⊗ 1) = ζ ⊗ 1, for all ζ ∈ Λn. Notice that the identity idptn×M :
M/ptn → M/ptn is a SMan/ptn-morphism and that two SMan/ptn-morphisms χ : M/ptn →
M ′/ptn and χ′ : M ′/ptn → M ′′/ptn can be composed, i.e. χ′ ◦ χ : M/ptn → M ′′/ptn is a
SMan/ptn-morphism. Using the defining property (6.7), the set of all SMan/ptn-morphisms
χ :M/ptn →M ′/ptn can be easily characterized.

Lemma 6.4. Let M and M ′ be any two objects in SMan and ptn any object in SPtop. Then
the map

αptn : HomSMan/ptn
(M/ptn,M

′/ptn) −→ HomSMan(ptn ×M,M ′) ,
(
χ : ptn ×M → ptn ×M

′
)
7−→

(
prptn×M ′,M ′ ◦ χ : ptn ×M →M ′

)
, (6.8)

is a bijection of sets, where prptn×M ′,M ′ : ptn×M
′ →M ′ denotes the projection SMan-morphism

on the second factor. In fact, its inverse is given by

α−1
ptn

: HomSMan(ptn ×M,M ′) −→ HomSMan/ptn
(M/ptn,M

′/ptn) ,(
ψ : ptn ×M →M ′

)
7−→

(
(idptn , ψ) : ptn ×M → ptn ×M

′
)
. (6.9)

We next show that the assignment ptn 7→ HomSMan/ptn
(M/ptn,M

′/ptn) defines a functor
SPtop → Set, which is basically the functor used in [Sac09, Han14] to define super-mapping
spaces. Given any two objects M and M ′ in SMan and any SPtop-morphism λop : ptn → ptm
(i.e. a SPt-morphism λ : ptm → ptn) we can define a map of sets

HomSMan(ptn ×M,M ′) −→ HomSMan(ptm ×M,M ′) ,(
ψ : ptn ×M →M ′

)
7−→

(
ψ ◦ (λ× idM ) : ptm ×M →M ′

)
. (6.10)

Using also Lemma 6.4 we obtain a map of sets

λop∗ : HomSMan/ptn
(M/ptn,M

′/ptn) −→ HomSMan/ptm
(M/ptm,M

′/ptm) ,

χ 7−→ α−1
ptm

(
αptn(χ) ◦ (λ× idM )

)
, (6.11)

which describes how relative SMan-morphisms behave under the exchange of superpoints. The
following properties can be easily derived from (6.11). We therefore can omit the proof.

Lemma 6.5. (i) For any identity SPtop-morphism λop = idptn : ptn → ptn the map λop∗ is
the identity. For any two SPtop-morphisms λop : ptn → ptm and λ′op : ptm → ptl we
have that (λ′op ◦op λop)∗ = λ′op∗ ◦ λ

op
∗ .

(ii) λop∗ preserves identities and compositions, i.e.

λop∗ (idptn×M ) = idptm×M , λop∗ (χ′ ◦ χ) = λop∗ (χ′) ◦ λop∗ (χ) , (6.12)

for all objects M in SMan and all SMan/ptn-morphisms χ : M/ptn → M ′/ptn and
χ′ :M ′/ptn →M ′′/ptn.

(iii) λop∗ preserves isomorphisms, i.e. χ : M/ptn → M ′/ptn is a SMan/ptn-isomorphism if
and only if λop∗ (χ) :M/ptm →M ′/ptm is a SMan/ptm-isomorphism.

We shall also require a relative notion of differential geometry on ptn-relative supermani-
foldsM/ptn. Let Derptn×M be the superderivation sheaf of the product supermanifold ptn×M

and U ⊆ M̃ be any open subset. A superderivation X ∈ Derptn×M (U) is called a ptn-relative
superderivation provided that X(ζ ⊗ 1) = 0, for all ζ ∈ Λn. The ptn-relative superderiva-
tions form a subsheaf DerM/ptn

of left Optn×M -supermodules of Derptn×M , which is isomorphic
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to Λn ⊗ DerM . The dual Ω1
M/ptn

:= HomOptn×M
(DerM/ptn

,Optn×M ) of the ptn-relative su-
perderivation sheaf DerM/ptn

is called the ptn-relative super-one-form sheaf and it is isomorphic
to Λn ⊗Ω1

M . The ptn-relative differential dM/ptn
: Optn×M → Ω1

M/ptn
is defined as in the non-

relative case and it can be identified with idΛn⊗d : Λn⊗OM → Λn⊗Ω1
M , where d : OM → Ω1

M

is the usual differential. Loosely speaking, we obtain the ptn-relative geometric objects on
M/ptn by Λn-superlinear extension of the ones on M . As a consequence, given any object
M = (M,Ω, E) in SLoc and any object ptn in SPtop, we can assign a ptn-relative supermanifold
M/ptn together with ptn-relative super-one-forms 1⊗Ω ∈ Λn⊗Ω

1(M, spin) ≃ Ω1(M/ptn, spin)
and 1⊗ E ∈ Λn ⊗ Ω1(M, t) ≃ Ω1(M/ptn, t).

With these preparations we can now define the SSet-category eSLoc.

Definition 6.6. The SSet-category eSLoc is given by the following data:

• The objects are all objects M = (M,Ω, E) in SLoc.

• For any two objects M and M
′ in eSLoc, the object of morphisms from M to M

′ is
given by the following functor eSLoc(M ,M ′) : SPtop → Set: For any object ptn in SPtop

we define eSLoc(M ,M ′)(ptn) to be the set of all SMan/ptn-morphisms χ : M/ptn →
M ′/ptn, such that

1. χ̃ : M̃ → M̃ ′ is an open embedding with causally compatible image in the reduced

oriented and time-oriented Lorentz manifold M̃
′,

2. χ :M/ptn →M ′|
χ̃(M̃ )

/ptn is a SMan/ptn-isomorphism,

3. the ptn-relative super-Cartan structures are preserved, i.e. χ∗(1⊗ Ω′) = 1⊗ Ω and
χ∗(1⊗ E′) = 1⊗ E.

For any SPtop- morphism λop : ptn → ptm we define the map of sets

eSLoc(M ,M ′)(λop) := λop∗ : eSLoc(M ,M ′)(ptn) −→ eSLoc(M ,M ′)(ptm) , (6.13)

where λop∗ is given in (6.11).

• For any three objects M , M ′ and M
′′ in eSLoc, we define the composition morphism

• : eSLoc(M ′,M ′′)× eSLoc(M ,M ′)→ eSLoc(M ,M ′′) to be the natural transformation
with components

•ptn := ◦ : eSLoc(M ′,M ′′)(ptn)× eSLoc(M ,M ′)(ptn) −→ eSLoc(M ,M ′′)(ptn) ,

where ◦ is the composition of SMan/ptn-morphisms.

• For any objectM in eSLoc, we define the identity onM morphism 1 : I→ eSLoc(M ,M )
to be the natural transformation with components

1ptn : pt = I(ptn) −→ eSLoc(M ,M)(ptn) , ⋆ 7−→ idptn×M , (6.14)

where idptn×M is the identity SMan/ptn-morphism.

Remark 6.7. Using Lemma 6.5 one can easily see that eSLoc is a SSet-category according
to Definition A.1: Lemma 6.5 (iii) implies that the map of sets eSLoc(M ,M ′)(λop) is well-
defined, i.e. that it has the claimed codomain, and Lemma 6.5 (i) implies that eSLoc(M ,M ′) :
SPtop → Set is a functor. The composition • and identity 1 are natural transformations because
of Lemma 6.5 (ii). Finally, the diagrams in Definition A.1 commute because of the associativity
and identity property of the composition ◦ of SMan/ptn-morphisms.
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6.3 The SSet-functor eO : eSLocop → eSVec

Our next goal is to show that the ordinary global section functor O : SLocop → SVec can be
promoted to a SSet-functor eO : eSLocop → eSVec with values in the SSet-category eSVec of
super-vector spaces. For defining the latter SSet-category we will first discuss how to promote
super-vector spaces to (left) supermodules over Grassmann algebras. This procedure is known
as “extension of ring of scalars” and discussed in detail in [Bou89, Chapter II.5].

Given any object V in SVec and any object ptn in SPtop, we can consider the left Λn-
supermodule Λn⊗V . Given any two objects V and V ′ in SVec, the set of Λn-SMod-morphisms
L : Λn ⊗ V → Λn ⊗ V

′ can be easily characterized.

Lemma 6.8. Let V and V ′ be any two objects in SVec and ptn any object in SPtop. Then the
map

βptn : HomΛn-SMod(Λn ⊗ V,Λn ⊗ V
′) −→ HomSVec(V,Λn ⊗ V

′) ,(
L : Λn ⊗ V → Λn ⊗ V

′
)
7−→

(
L ◦ (ηn ⊗ idV ) : V ≃ R⊗ V → Λn ⊗ V

′
)
, (6.15)

is a bijection of sets, where ηn : R→ Λn denotes the unit in Λn.

Proof. The map βptn is invertible by assigning to any SVec-morphism K : V → Λn ⊗ V
′ the

Λn-SMod-morphism β−1
ptn

(K) : Λn ⊗ V → Λn ⊗ V ′ that is specified by β−1
ptn

(K)(ζ ⊗ v) :=
(ζ ⊗ 1)K(v), for all ζ ⊗ v ∈ Λn ⊗ V , and R-linear extension.

Given any two objects V and V ′ in SVec and any SPtop-morphism λop : ptn → ptm (i.e. a
SPt-morphism λ : ptm → ptn) we can define a map of sets

HomSVec(V,Λn ⊗ V
′) −→ HomSVec(V,Λm ⊗ V

′) , K 7−→ (λ∗ ⊗ idV ′) ◦K . (6.16)

Using also Lemma 6.8 we obtain a map of sets

λop∗ : HomΛn-SMod(Λn ⊗ V,Λn ⊗ V
′) −→ HomΛm-SMod(Λm ⊗ V,Λm ⊗ V

′) ,

L 7−→ β−1
ptm

(
(λ∗ ⊗ idV ′) ◦ βptn(L)

)
. (6.17)

The following properties can be easily derived from (6.17), see also [Bou89]. We therefore can
omit the proof.

Lemma 6.9. (i) For any identity SPtop-morphism λop = idptn : ptn → ptn the map λop∗ is
the identity. For any two SPtop-morphisms λop : ptn → ptm and λ′op : ptm → ptl we
have that (λ′op ◦op λop)∗ = λ′op∗ ◦ λ

op
∗ .

(ii) λop∗ preserves identities and compositions, i.e.

λop∗ (idΛn⊗V ) = idΛm⊗V , λop∗ (L′ ◦ L) = λop∗ (L′) ◦ λop∗ (L) , (6.18)

for all objects V in SVec and all Λn-SMod-morphisms L : Λn ⊗ V → Λn ⊗ V ′ and
L′ : Λn ⊗ V

′ → Λn ⊗ V
′′.

(iii) λop∗ preserves isomorphisms, i.e. L : Λn ⊗ V → Λn ⊗ V
′ is a Λn-SMod-isomorphism if

and only if λop∗ (L) : Λm ⊗ V → Λm ⊗ V
′ is a Λm-SMod-isomorphism.

With these preparations we can now define the SSet-category eSVec.

Definition 6.10. The SSet-category eSVec is given by the following data:

• The objects are all objects V in SVec.
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• For any two objects V and V ′ in eSVec, the object of morphisms from V to V ′ is given by
the following functor eSVec(V, V ′) : SPtop → Set: For any object ptn in SPtop we define
eSVec(V, V ′)(ptn) to be the set of all Λn-SMod-morphisms L : Λn ⊗ V → Λn ⊗ V

′. For
any SPtop-morphism λop : ptn → ptm we define the map of sets

eSVec(V, V ′)(λop) := λop∗ : eSVec(V, V ′)(ptn) −→ eSVec(V, V ′)(ptm) , (6.19)

where λop∗ is given in (6.17).

• For any three objects V , V ′ and V ′′ in eSVec, we define the composition morphism
• : eSVec(V ′, V ′′) × eSVec(V, V ′) → eSVec(V, V ′′) to be the natural transformation with
components

•ptn := ◦ : eSVec(V ′, V ′′)(ptn)× eSVec(V, V ′)(ptn) −→ eSVec(V, V ′′)(ptn) ,

where ◦ is the composition of Λn-SMod-morphisms.

• For any object V in eSVec, we define the identity on V morphism 1 : I → eSVec(V, V )
to be the natural transformation with components

1ptn : pt = I(ptn) −→ eSVec(V, V )(ptn) , ⋆ 7−→ idΛn⊗V , (6.20)

where idΛn⊗V is the identity Λn-SMod-morphism.

Remark 6.11. Let us briefly compare our category eSVec with the functorial formulation
of super(linear) algebra used in [Sac08, Section 3], [Mol84, Section 2] and [Shv84]. In the
latter approach, one considers module objects in the monoidal category SSet, i.e. functors M :
SPtop → Set such that allM(ptn) carry module structures and allM(λop) :M(ptn)→M(ptm)
are homomorphisms of modules. Together with appropriate morphisms in SSet, they form the
category Mod(SSet). It is easy to see [Sac08, Section 3.4] that any object V in SVec gives rise
to an object V in Mod(SSet) (i.e. a functor) defined by

V (ptn) := (V ⊗ Λn)0 , V (λop : ptn → ptm) := (idV ⊗ λ
∗)|0 . (6.21)

Moreover, it can be shown [Sac08, Corollary 3.4.2] that the assignment · : SVec→ Mod(SSet)
defines a fully faithful functor; its image SVec consists of representable modules. Compar-
ing with Definition 6.10, we see that eSVec and SVec have isomorphic classes of objects
but our enriched category eSVec contains more morphisms. In fact, since · is full, we have
HomSVec(V ,W ) ∼= HomSVec(V,W ) ∼= eSVec(V,W )(pt0). Thus, all additional information con-
tained in eSVec(V,W )(ptn) for n > 0 is not seen in SVec and our definition provides a proper
enrichment of the latter category. It may be possible to give a natural meaning to our enrich-
ment constructions inside the functor categories Mod(SSet) (or SMod(SSet)), but this discussion
is beyond the scope of the present publication.

We now can define a SSet-functor eO : eSLocop → eSVec as follows: To any object M

in eSLocop we assign the object eO(M ) := O(M ) in eSVec. To any two objects M and M
′

in eSLocop we assign the SSet-morphism eOM ,M ′ : eSLocop(M ,M ′)→ eSVec(O(M ),O(M ′))
given by the natural transformation (of functors from SPtop to Set) with components

(eOM ,M ′)ptn :
(
χ : ptn ×M

′ → ptn ×M
)
7−→

(
χ∗ : Λn ⊗ O(M )→ Λn ⊗ O(M ′)

)
. (6.22)

Naturality of these components is easily checked. We obtain

Proposition 6.12. The assignment eO : eSLocop → eSVec given above is a SSet-functor.
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Proof. We have to prove that this assignment is compatible with the composition and identity,
see Definition A.3. Let ptn be any object in SPtop and M , M ′ and M

′′ any three objects in
eSLocop. We obtain that, for all χ ∈ eSLocop(M ,M ′)(ptn) and χ

′ ∈ eSLocop(M ′,M ′′)(ptn),

(eOM ,M ′′)ptn
(
χ′ •opptn χ

)
= (eOM ,M ′′)ptn

(
χ ◦ χ′

)
= (χ ◦ χ′)∗ = χ′∗ ◦ χ∗

= (eOM
′,M ′′)ptn(χ

′) ◦ (eOM ,M ′)ptn(χ)

= (eOM
′,M ′′)ptn(χ

′) •ptn (eOM ,M ′)ptn(χ) , (6.23)

which proves compatibility with the composition. Compatibility with the identity is shown by

(eOM ,M )ptn(1ptn(⋆)) = (eOM ,M )ptn(idptn×M ) = (idptn×M )∗

= idΛn⊗O(M) = 1ptn(⋆) , (6.24)

for all objects M in eSLocop.

Remark 6.13. As in the ordinary case, we can enlarge the morphisms in the SSet-category
eSVec by replacing in Definition 6.10 all appearances of the sets HomΛn-SMod(Λn⊗V,Λn⊗V

′) of
Λn-SMod-morphisms by the sets underlying the internal hom-objects HomΛn

(Λn ⊗V,Λn⊗ V
′)

in the category Λn-SMod, i.e. all right Λn-linear maps L : Λn ⊗ V → Λn ⊗ V ′. We denote
the resulting SSet-category by eSVec and note that there is an obvious SSet-functor eSVec →
eSVec. Consequently, we can regard the SSet-functor eO : eSLocop → eSVec also as a SSet-
functor (denoted with a slight abuse of notation by the same symbol) eO : eSLocop → eSVec.
As explained in Footnote 2, this generalization will be needed in Section 8 to describe 1|1-
dimensional examples (i.e. superparticles), which are somewhat peculiar.

6.4 Structure of the SSet-natural transformations eO ⇒ eO

In super-field theories, cf. Definition 4.2, we have described the dynamics by a suitable natural
transformation P : O ⇒ O of functors from SLocop to SVec. In the enriched setting, we shall
use suitable SSet-natural transformations P : eO ⇒ eO of SSet-functors from eSLocop to eSVec.
Recalling Definition A.5, such enriched natural transformations are given by assigning to every
object M in eSLocop a SSet-morphism PM : I→ eSVec(O(M ),O(M )), such that the diagram
given in this definition commutes. The SSet-morphisms PM : I → eSVec(O(M ),O(M )) are
given by a natural transformations of functors from SPtop to Set, whose components are maps
of sets that we denote by

(PM )ptn : pt = I(ptn) −→ eSVec(O(M ),O(M ))(ptn) ,

⋆ 7−→ (PM )ptn(⋆) =: PM/ptn
. (6.25)

Consequently, any SSet-morphism PM : I→ eSVec(O(M ),O(M )) is specified by a collection
of right Λn-linear maps PM/ptn

: Λn⊗O(M )→ Λn⊗O(M ), for all objects ptn in SPtop, such
that

λop∗
(
PM/ptn

)
= PM/ptm

, (6.26)

for all SPtop-morphisms λop : ptn → ptm. Notice that, for all objects ptm in SPt, there is the
terminal SPt-morphism λ : ptm → pt given by λ̃ = idpt and the unit λ∗ = ηm : R→ Λm in Λm.
As a consequence, the equation (6.26) applied to the terminal SPtop-morphisms λop : pt →
ptm implies that any PM/ptm

can be expressed in terms of the single right Λ0=R-linear map
PM/pt : O(M )→ O(M ) via

PM/ptm
= idΛm ⊗ PM/pt : Λm ⊗ O(M ) −→ Λm ⊗ O(M ) ,

ζ ⊗ F 7−→ (−1)|ζ| |PM/pt| ζ ⊗ PM/pt(F ) . (6.27)
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The commutative diagram in Definition A.5 requires that

PM
′/ptn

•ptn (eOM ,M ′)ptn(χ) = (eOM ,M ′)ptn(χ) •ptn PM/ptn
, (6.28)

for all objects M andM
′ in eSLocop, all objects ptn in SPtop and all χ ∈ eSLocop(M ,M ′)(ptn).

Using (6.27), these conditions are equivalent to the commutative diagrams

Λn ⊗ O(M ′)

χ∗

��

idΛn⊗P
M′/pt

// Λn ⊗ O(M ′)

χ∗

��

Λn ⊗ O(M )
idΛn⊗PM/pt

// Λn ⊗ O(M )

(6.29)

of right Λn-linear maps, for all objects M and M
′ in eSLocop, all objects ptn in SPtop and all

χ ∈ eSLocop(M ′,M )(ptn). (For later convenience we have exchanged here M and M
′.) We

therefore have shown

Proposition 6.14. There is a bijective correspondence between

1. SSet-natural transformations P : eO ⇒ eO of SSet-functors from eSLocop to eSVec,

2. ordinary natural transformations P : O ⇒ O of functors from SLocop to SVec, such that
the diagram

Λn ⊗ O(M ′)

χ∗

��

P
M ′/ptn

:= idΛn⊗P
M′

// Λn ⊗ O(M ′)

χ∗

��

Λn ⊗ O(M )
PM/ptn

:= idΛn⊗PM

// Λn ⊗ O(M )

(6.30)

of right Λn-linear maps commutes, for all objects M and M
′ in eSLocop, all objects ptn

in SPtop and all χ ∈ eSLocop(M ′,M )(ptn).

6.5 The definition

With this preparation we can now give a simple definition of enriched super-field theories. In
particular, using Proposition 6.14 we can define an enriched super-field theory to be a super-
field theory (cf. Definition 4.2) together with extra conditions which ensure that the ordinary
natural transformation P : O ⇒ O extends to a SSet-natural transformation P : eO ⇒ eO.

Definition 6.15. An enriched super-field theory is a super-field theory according to Definition
4.2, such that the diagram (6.30) of right Λn-linear maps commutes, for all objects M and M

′

in eSLocop, all objects ptn in SPtop and all χ ∈ eSLocop(M ′,M )(ptn).

7 Construction of enriched super-quantum field theories

We show that given any enriched super-field theory according to Definition 6.15 one can con-
struct a SSet-functor eA : eSLoc → eS∗Alg, i.e. an enriched super-QFT. As in Section 5 we
decompose our construction into two steps: First, we construct a SSet-functor eL : eSLoc→ eX

which describes the enriched classical theory. Second, we construct a SSet-functor eQ : eX →
eS∗Alg describing the enriched quantization. We shall also study properties of the enriched
functors and establish a connection between the enriched super-field theory and the enriched
super-QFT by constructing an enriched locally covariant quantum field. In contrast to ordinary
super-QFTs, our enriched approach captures also supersymmetry transformations. It should
be emphasized that the SSet-categories eSLoc, eX and eS∗Alg are defined using Z2-parity pre-
serving morphisms. The appearance of supersymmetry transformations in the enriched setting
is due to the higher superpoints of the morphism supersets in eSLoc, eX and eS∗Alg.
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7.1 The SSet-functor eOc : eSLoc→ eSVec

As a preparatory step we construct a SSet-functor eOc : eSLoc→ eSVec that assigns to objects
M in eSLoc the super-vector spaces of compactly supported sections eOc(M ) := Oc(M ). We
assign to any two objects M and M

′ in eSLoc the SSet-morphism eOcM ,M ′ : eSLoc(M ,M ′)→
eSVec(Oc(M),Oc(M

′)) given by the natural transformation (of functors from SPtop to Set)
with components

(eOcM ,M ′)ptn :
(
χ : ptn ×M → ptn ×M

′
)
7−→

(
χ∗ : Λn ⊗ Oc(M )→ Λn ⊗ Oc(M

′)
)
, (7.1)

where χ∗ denotes the push-forward of compactly supported sections of the structure sheaf
Optn×M (cf. (5.5)), which exists as a consequence of the conditions 1.) and 2.) in Definition 6.6.
Because of functoriality of the push-forwards, i.e. (idptn×M )∗ = idΛn⊗Oc(M) and (χ′ ◦ χ)∗ =
χ′
∗ ◦ χ∗ as in Lemma 5.1 (iii), we have shown

Proposition 7.1. The assignment eOc : eSLoc→ eSVec given above is a SSet-functor.

Let M = (M,Ω, E) be any object in eSLoc and ptn any object in SPtop. Making use of
the ptn-relative differential geometry on M/ptn, together with the ptn-relative supervielbein
1⊗ E ∈ Ω1(M/ptn, t), we can define a ptn-relative version of the pairing (3.11) by

〈 · , · 〉
M/ptn

:
(
Λn ⊗ Oc(M)

)
⊗Λn

(
Λn ⊗ Oc(M )

)
−→ Λn ,

H1 ⊗Λn H2 7−→

∫

M/ptn

Ber(1⊗ E) H1H2 , (7.2)

where
∫
M/ptn

is the ptn-relative Berezin integral, see e.g. [DM99, §3.10]. Explicitly, the ptn-
relative pairing reads as

〈ζ1 ⊗ F1, ζ2 ⊗ F2〉M/ptn
= (−1)(|ζ1|+|ζ2|) |Ber(E)| (−1)|ζ2| |F1| ζ1 ζ2

∫

M
Ber(E) F1 F2

= (−1)(|ζ1|+|ζ2|) |PM | (−1)|ζ2| |F1| ζ1 ζ2 〈F1, F2〉M , (7.3)

for all homogeneous ζ1, ζ2 ∈ Λn and F1, F2 ∈ Oc(M ), i.e. it is given by Λn-superlinear extension
of the pairing on Oc(M ). Here, we have moreover used that by assumption |Ber(E)| = |PM |.
Notice that (7.2) can be extended to all H1,H2 ∈ Λn ⊗ O(M ) with compactly overlapping
support.

Lemma 7.2. Let M and M
′ be any two objects in eSLoc and ptn any object in SPtop. Then

for any χ ∈ eSLoc(M ,M ′)(ptn) the following properties hold true:

(i) χ∗◦χ∗ = idΛn⊗Oc(M) and χ∗◦χ
∗(H) = H, for all H ∈ Λn⊗Oc(M

′) such that supp(H) ⊆

χ̃(M̃ ).

(ii) 〈H1, χ∗(H2)〉M ′/ptn
= 〈χ∗(H1),H2〉M/ptn

, for all H1 ∈ Λn ⊗ O(M ′) and H2 ∈ Λn ⊗
Oc(M ).

Proof. The proof of item (i) is as in Lemma 5.1 (i). In the proof of item (ii) one follows the
same steps as in Lemma 5.1 (ii), but uses instead of the usual transformation formula (2.25)
its relative version for the relative Berezin integral, see [DM99, §3.10].

7.2 Enriched properties of the super-Green’s operators

Let us fix any enriched super-field theory according to Definition 6.15. As a consequence of PM

being formally super-self adjoint (cf. (4.2)) one easily checks by using (7.3) that the ptn-relative
super-differential operator PM/ptn

:= idΛn ⊗ PM : Λn ⊗ O(M )→ Λn ⊗ O(M ) satisfies

〈
H1, PM/ptn

(H2)
〉
M/ptn

= (−1)|H1| |PM |
〈
PM/ptn

(H1),H2

〉
M/ptn

, (7.4)
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for any object ptn in SPtop and all homogeneous H1,H2 ∈ Λn⊗O(M) with compactly overlap-
ping support. The right Λn-linear maps G±

M/ptn
:= idΛn ⊗G

±
M

: Λn ⊗ Oc(M )→ Λn ⊗ O(M )

are easily seen to be retarded/advanced super-Green’s operators for PM/ptn
. We also define

GM/ptn
:= G+

M/ptn
−G−

M/ptn
: Λn⊗Oc(M )→ Λn⊗Osc(M ). Our statements in Subsection 5.2

easily generalize to the ptn-relative setting since all the proofs are algebraic and only use the
properties of super-Green’s operators. We summarize without repeating the proofs the main
properties which are used in the next subsections.

Lemma 7.3. (i) Let M be any object in eSLoc and ptn any object in SPtop. Then

〈
H1, G

±
M/ptn

(H2)
〉
M/ptn

= (−1)(|H1|+|PM |) |PM |
〈
G∓

M/ptn
(H1),H2

〉
M/ptn

, (7.5)

for all homogeneous H1,H2 ∈ Λn ⊗Oc(M ).

(ii) Let M be any object in eSLoc and ptn any object in SPtop. Then the sequence of right
Λn-linear maps

0→ Λn ⊗ Oc(M)
PM/ptn

// Λn ⊗ Oc(M )
GM/ptn

// Λn ⊗ Osc(M)
PM/ptn

// Λn ⊗ Osc(M)

(7.6)

is a complex which is exact everywhere.

(iii) Let ptn be any object in SPtop and χ ∈ eSLoc(M ,M ′)(ptn). Then

G±
M/ptn

= χ∗ ◦G±
M

′/ptn
◦ χ∗ . (7.7)

7.3 The SSet-functor eL : eSLoc→ eX

Given any object V = (V, τ) in X and any object ptn in SPtop, we can consider the object
Λn ⊗ V in Λn-SMod and define a Λn-SMod-morphism

τptn : (Λn ⊗ V )⊗Λn (Λn ⊗ V ) −→ Λn ,

(ζ1 ⊗ v1)⊗Λn (ζ2 ⊗ v2) 7−→ (−1)|ζ2| |v1| ζ1ζ2 τ(v1, v2) . (7.8)

Let us now enrich the category X given in Definition 5.7.

Definition 7.4. The SSet-category eX is given by the following data:

• The objects are all objects V = (V, τ) in X.

• For any two objects V and V
′ in eX, the object of morphisms from V to V ′ is the following

functor eX(V ,V ′) : SPtop → Set: For any object ptn in SPtop we define eX(V ,V ′)(ptn)
to be the set of all Λn-SMod-morphisms L : Λn⊗V → Λn⊗V

′ satisfying τ ′ptn ◦(L⊗ΛnL) =
τptn . For any SPtop-morphism λop : ptn → ptm we define the map of sets

eX(V ,V ′)(λop) := λop∗ : eX(V ,V ′)(ptn) −→ eX(V ,V ′)(ptm) , (7.9)

where λop∗ is given in (6.17).

• The composition and identity morphisms are defined as in the SSet-category eSVec, see
Definition 6.10.
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We can now define the SSet-functor eL : eSLoc→ eX as follows: To any object M in eSLoc

we assign the object eL(M) := L(M) in eX that is given in (5.22). To any two objects M

and M
′ in eSLoc we assign the SSet-morphism eLM ,M ′ : eSLoc(M ,M ′)→ eX(L(M ),L(M ′))

given by the natural transformation (of functors from SPtop to Set) with components

(eLM ,M ′)ptn(χ) : Λn ⊗ L(M) −→ Λn ⊗ L(M ′) , [H] 7−→
[
χ∗(H)

]
, (7.10)

for all χ ∈ eSLoc(M ,M ′)(ptn). Notice that (7.10) is well-defined since

χ∗

(
ζ ⊗ PM (F )

)
= (−1)|PM | |ζ| χ∗ ◦ PM/ptn

◦ χ∗ ◦ χ∗(ζ ⊗ F )

= (−1)|PM | |ζ| χ∗ ◦ χ
∗ ◦ PM

′/ptn
◦ χ∗(ζ ⊗ F )

= (−1)|PM | |ζ| PM
′/ptn

◦ χ∗(ζ ⊗ F ) ∈ Λn ⊗ PM
′(Oc(M

′)) , (7.11)

where in the first and third equality we have used Lemma 7.2 (i) and in the second equality the
commutative diagram (6.30). Moreover, (7.10) defines an element in eX(L(M),L(M ′))(ptn)
because of the equality

τM/ptn
([H1], [H2]) =

〈
GM/ptn

(H1),H2

〉
M/ptn

, (7.12)

for all [H1], [H2] ∈ Λn⊗L(M) and all objects M in eSLoc, from which it follows that τM ′/ptn
◦

((eLM ,M ′)ptn(χ)⊗Λn (eLM ,M ′)ptn(χ)) = τM/ptn
, for all χ ∈ eSLoc(M ,M ′)(ptn); indeed,

τM ′/ptn
([χ∗(H1)], [χ∗(H2)]) =

〈
GM

′/ptn
◦ χ∗(H1), χ∗(H2)

〉
M

′/ptn

=
〈
χ∗ ◦GM

′/ptn
◦ χ∗(H1),H2

〉
M/ptn

=
〈
GM/ptn

(H1),H2

〉
M/ptn

= τM/ptn
([H1], [H2]) , (7.13)

for all [H1], [H2] ∈ Λn ⊗ L(M), where in the second equality we have used Lemma 7.2 (ii) and
in the third equality Lemma 7.3 (iii). In summary, we have shown

Proposition 7.5. The assignment eL : eSLoc→ eX given above is a SSet-functor.

We finish this subsection by observing that the SSet-functor eL : eSLoc → eX satisfies an
enriched version of the properties in Theorem 5.9 for ordinary super-field theories, which can
be proven in exactly the same way:

Theorem 7.6. For any enriched super-field theory according to Definition 6.15 the associated
SSet-functor eL : eSLoc→ eX satisfies the following properties, for all objects ptn in SPtop:

• Enriched locality: For any χ ∈ eSLoc(M ,M ′)(ptn), we have that (eLM ,M ′)ptn(χ) ∈
eX(L(M ),L(M ′))(ptn) is monic.

• Enriched super-causality: Given χ1 ∈ eSLoc(M1,M)(ptn) and χ2 ∈ eSLoc(M2,M)(ptn),

such that the images of the reduced otLor-morphisms M̃1
χ̃1
−→ M̃

χ̃2
←− M̃2 are causally

disjoint, then

τM/ptn

(
(eLM1,M )ptn(χ1)

(
Λn ⊗ L(M1)

)
, (eLM2,M )ptn(χ2)

(
Λn ⊗ L(M2)

))
= {0} .

(7.14)

• Enriched time-slice axiom: Given any χ ∈ eSLoc(M ,M ′)(ptn) such that χ̃ : M̃ → M̃
′

is Cauchy, then (eLM ,M ′)ptn(χ) ∈ eX(L(M),L(M ′))(ptn) is an isomorphism.
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7.4 The SSet-quantization functor eQ : eX→ eS∗Alg

We define an enriched version of the category S∗Alg using “extension of scalars” for algebras
(cf. [Bou89, Chapter III.1.5] for the general concept) and adapt the results obtained in Sub-
section 6.3 to the category of super-∗-algebras. For this let us denote by ΛC

n := Λn ⊗ C the
complexification of the Grassmann algebra, for all n ∈ N

0, and notice that ΛC
n is an object

in S∗Alg when equipped with the superinvolution ∗ := idΛn ⊗ · : Λ
C
n → ΛC

n . We shall denote
the product in ΛC

n by µCn and the unit by ηCn . Let A and A′ be any two objects in S∗Alg and
ptn any object in SPtop. A S∗Alg-morphism κ : ΛC

n ⊗C A → ΛC
n ⊗C A

′ is called a ΛC
n-relative

S∗Alg-morphism (in short ΛC
n -S

∗Alg-morphism) provided that κ(ζ⊗C1) = ζ⊗C1 for all ζ ∈ ΛC
n ,

i.e. κ is Λn-superlinear. Notice that the identity idΛC
n⊗CA is a ΛC

n -S
∗Alg-morphism and that

any two ΛC
n -S

∗Alg-morphisms κ : ΛC
n ⊗C A→ ΛC

n ⊗C A
′ and κ′ : ΛC

n ⊗C A
′ → ΛC

n ⊗C A
′′ can be

composed, i.e. κ′ ◦ κ : ΛC
n ⊗C A → ΛC

n ⊗C A
′′ is a ΛC

n -S
∗Alg-morphism. In analogy to Lemma

6.8, the ΛC
n -S

∗Alg-morphisms κ : ΛC
n ⊗C A→ ΛC

n ⊗C A
′ can be easily characterized.

Lemma 7.7. Let A and A′ be any two objects in S∗Alg and ptn any object in SPtop. Then the
map

γptn : HomΛC
n-S

∗Alg(Λ
C
n ⊗C A,Λ

C
n ⊗C A

′) −→ HomS∗Alg(A,Λ
C
n ⊗C A

′) ,
(
κ : ΛC

n ⊗C A→ Λn
C ⊗C A

′
)
7−→

(
κ ◦ (ηCn ⊗C idA) : A→ ΛC

n ⊗C A
′
)

(7.15)

is a bijection of sets.

Given any two objects A and A′ in S∗Alg and any SPtop-morphism λop : ptn → ptm (i.e. a
SPt-morphism λ : ptm → ptn) we can define a map of sets

HomS∗Alg(A,Λ
C
n ⊗C A

′) −→ HomS∗Alg(A,Λ
C
m ⊗C A

′) , ϕ 7−→ (λ∗ ⊗C idA′) ◦ ϕ , (7.16)

where the extension of λ∗ : Λn → Λm to the complexifications is implicitly understood. Using
also Lemma 7.7 we obtain a map of sets

λop∗ : HomΛC
n-S

∗Alg(Λ
C
n ⊗C A,Λ

C
n ⊗C A

′) −→ HomΛC
m-S∗Alg(Λ

C
m ⊗C A,Λ

C
m ⊗C A

′) ,

κ 7−→ γ−1
ptm

(
(λ∗ ⊗C idA′) ◦ γptn(κ)

)
. (7.17)

The following properties can be easily derived from (7.17). We therefore can omit the proof.

Lemma 7.8. (i) For any identity SPtop-morphism λop = idptn : ptn → ptn the map λop∗ is
the identity. For any two SPtop-morphisms λop : ptn → ptm and λ′op : ptm → ptl we
have that (λ′op ◦op λop)∗ = λ′op∗ ◦ λ

op
∗ .

(ii) λop∗ preserves identities and compositions, i.e.

λop∗ (idΛC
n⊗CA) = idΛC

m⊗CA , λop∗ (κ′ ◦ κ) = λop∗ (κ′) ◦ λop∗ (κ) , (7.18)

for all objects A in S∗Alg and all ΛC
n-S

∗Alg-morphisms κ : ΛC
n ⊗C A → ΛC

n ⊗C A
′ and

κ′ : ΛC
n ⊗C A

′ → ΛC
n ⊗C A

′′.

(iii) λop∗ preserves isomorphisms, i.e. κ : ΛC
n ⊗C A→ ΛC

n ⊗C A
′ is a ΛC

n-S
∗Alg-isomorphism if

and only if λop∗ (κ) : ΛC
m ⊗C A→ ΛC

m ⊗C A
′ is a ΛC

m-S∗Alg-isomorphism.

With these preparations we can now define the SSet-category eS∗Alg.

Definition 7.9. The SSet-category eS∗Alg is given by the following data:

• The objects are all objects A in S∗Alg.
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• For any two objects A and A′ in eS∗Alg, the object of morphisms from A to A′ is given by
the following functor eS∗Alg(A,A′) : SPtop → Set: For any object ptn in SPtop we define
eS∗Alg(A,A′)(ptn) to be the set of all ΛC

n -S
∗Alg-morphisms κ : ΛC

n ⊗CA→ ΛC
n ⊗CA

′. For
any SPtop-morphism λop : ptn → ptm we define the map of sets

eS∗Alg(A,A′)(λop) := λop∗ : eS∗Alg(A,A′)(ptn) −→ eS∗Alg(A,A′)(ptm) , (7.19)

where λop∗ is given in (7.17).

• For any three objects A, A′ and A′′ in eS∗Alg, we define the composition morphism
• : eS∗Alg(A′, A′′) × eS∗Alg(A,A′) → eS∗Alg(A,A′′) to be the natural transformation
with components

•ptn := ◦ : eS∗Alg(A′, A′′)(ptn)× eS∗Alg(A,A′)(ptn) −→ eS∗Alg(A,A′′)(ptn) , (7.20)

where ◦ is the composition of ΛC
n -S

∗Alg-morphisms.

• For any object A in eS∗Alg, we define the identity on A morphism 1 : I→ eS∗Alg(A,A)
to be the natural transformation with components

1ptn : pt = I(ptn) −→ eS∗Alg(A,A)(ptn) , ⋆ 7−→ idΛC
n⊗CA , (7.21)

where idΛC
n⊗CA is the identity ΛC

n -S
∗Alg-morphism.

The quantization SSet-functor eQ : eX → eS∗Alg is constructed as follows: To any object
V in eX we assign the object eQ(V ) := Q(V ) in eS∗Alg that has been constructed in (5.34).
To any two objects V and V

′ in eX we assign the SSet-morphism eQV ,V ′ : eX(V ,V ′) →
eS∗Alg(Q(V ),Q(V ′)) given by the natural transformation (of functors from SPtop to Set) with
components

(eQV ,V ′)ptn :
(
L : Λn ⊗ V → Λn ⊗ V

′
)
7→

(
(eQV ,V ′)ptn(L) : Λ

C
n ⊗C Q(V )→ ΛC

n ⊗C Q(V ′)
)
,

(7.22)

where (eQV ,V ′)ptn(L) is the ΛC
n -S

∗Alg-morphism which is specified by defining on the gen-
erators (eQV ,V ′)ptn(L)(ζ ⊗C v) := L(ζ ⊗ v), for all v ∈ V and ζ ∈ Λn. It remains to
show that (eQV ,V ′)ptn(L) is well-defined, i.e. that it preserves the two-sided super-∗-ideals

(5.32). Written in terms of the tensor product superalgebra ΛC
n ⊗C TC(V ) the super-canonical

(anti)commutation relation super-∗-ideal is generated by the elements

w1w2 + (−1)dim(S)+1 (−1)|w1| |w2|w2 w1 − β τptn(w1, w2)⊗C 1 , (7.23)

for all homogeneous w1, w2 ∈ Λn⊗V . Using now that by definition of eX, τ ′ptn◦(L⊗ΛnL) = τptn ,

we obtain that (eQV ,V ′)ptn(L) is a well-defined ΛC
n -S

∗Alg-morphism. By direct inspection one
further observes that eQV ,V ′ is compatible with composition and identity. We therefore have
shown

Proposition 7.10. The assignment eQ : eX→ eS∗Alg given above is a SSet-functor.

7.5 The enriched locally covariant quantum field theory eA : eSLoc→ eS∗Alg

Recalling Remark A.4, we can compose the two SSet-functors eL : eSLoc→ eX and eQ : eX→
eS∗Alg in order to define the SSet-functor

eA := eQ ◦ eL : eSLoc −→ eS∗Alg . (7.24)

By using the same arguments as in the proof of Theorem 5.11, the results of Theorem 7.6 imply
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Theorem 7.11. For any enriched super-field theory according to Definition 6.15 the associated
SSet-functor eA : eSLoc→ eS∗Alg satisfies the following properties, for all objects ptn in SPtop:

• Enriched locality: For any χ ∈ eSLoc(M ,M ′)(ptn), we have that (eAM ,M ′)ptn(χ) ∈
eS∗Alg(A(M ),A(M ′))(ptn) is monic.

• Enriched super-causality: Given χ1 ∈ eSLoc(M1,M)(ptn) and χ2 ∈ eSLoc(M2,M)(ptn),

such that the images of the reduced otLor-morphisms M̃1
χ̃1
−→ M̃

χ̃2
←− M̃2 are causally

disjoint, then

A1A2 + (−1)dim(S)+1 (−1)|A1| |A2|A2A1 = 0 , (7.25)

for all homogeneous A1 ∈ (eAM1,M )ptn(χ1)
(
ΛC
n ⊗C A(M 1)

)
⊆ ΛC

n ⊗C A(M ) and A2 ∈
(eAM2,M )ptn(χ2)

(
ΛC
n ⊗C A(M 2)

)
⊆ ΛC

n ⊗C A(M ).

• Enriched time-slice axiom: Given any χ ∈ eSLoc(M ,M ′)(ptn) such that χ̃ : M̃ → M̃
′

is Cauchy, then (eAM ,M ′)ptn(χ) ∈ eS∗Alg(A(M ),A(M ′))(ptn) is an isomorphism.

We conclude this section by showing that the SSet-functor eA has an enriched locally
covariant quantum field given by a SSet-natural transformation (cf. Definition A.5) Φ : eOc ⇒
eA of SSet-functors from eSLoc to eSVec, where eA is implicitly understood to be composed with
the forgetful SSet-functor eS∗Alg → eSVec. We assign to every object M in eSLoc the SSet-
morphism ΦM : I → eSVec(Oc(M ),A(M )) given by the natural transformation (of functors
from SPtop to Set) with components

(ΦM )ptn : pt = I(ptn) −→ eSVec(Oc(M),A(M ))(ptn) ,

⋆ 7−→ (ΦM )ptn(⋆) =: ΦM/ptn
(7.26a)

given by the Λn-SMod-morphisms

ΦM/ptn
: Λn ⊗ Oc(M) −→ ΛC

n ⊗C A(M ) , ζ ⊗ F 7−→ ζ ⊗C [F ] . (7.26b)

Notice that the diagram in Definition A.5 commutes, i.e.

ΦM
′/ptn

•ptn (eOcM ,M ′)ptn(χ) = (eAM ,M ′)ptn(χ) •ptn ΦM/ptn
, (7.27)

for all χ ∈ eSLoc(M ,M ′)(ptn) and all objects ptn in SPtop. In complete analogy to the
ordinary case discussed in Subsection 5.5 we obtain that

ΦM/ptn

(
PM/ptn

(H)
)
= 0 , (7.28)

for all H ∈ Λn ⊗ Oc(M ), all objects M in eSLoc and all objects ptn in SPtop, as well as the
super-canonical (anti)commutation relations

ΦM/ptn
(H1)ΦM/ptn

(H2) + (−1)|H1| |H2|ΦM/ptn
(H2)ΦM/ptn

(H1) = β τM/ptn
(H1,H2) ,

(7.29)

for all homogeneous H1,H2 ∈ Λn ⊗ Oc(M), all objects M in eSLoc and all objects ptn in
SPtop.

In contrast to the ordinary case discussed in Remark 5.13, the even and odd component
quantum fields do not form natural transformations in our enriched setting. The reason for this
is that the push-forward (eOcM ,M ′)ptn(χ) = χ∗ : Λn⊗Oc(M )→ Λn⊗Oc(M

′) along a generic

χ ∈ eSLoc(M ,M ′)(ptn) does not restrict to a Λn-SMod-morphism Λn⊗O
even/odd
c (M)→ Λn⊗
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O
even/odd
c (M ′). In fact, the push-forward of a homogeneous element 1⊗F ∈ Λn⊗O

even/odd
c (M)

schematically reads as

χ∗(1⊗ F ) =
∑

I

ζI ⊗ FI , (7.30)

where {ζI ∈ Λn} is any adapted basis for Λn and FI ∈ Oc(M
′) is of Z2-parity |FI | = |F | −

|ζI | mod 2. Hence, if there is a non-vanishing coefficient FI for some odd ζI , then we can not

restrict χ∗ to a Λn-SMod-morphism Λn ⊗O
even/odd
c (M )→ Λn ⊗O

even/odd
c (M ′). Those χ with

this property can be identified with supersymmetry transformations, see Section 8 for some
illustrating examples. In summary, our formalism implies that (as expected) supersymmetry
transformations prevent the even and odd component quantum fields to be enriched natural
transformations.

Remark 7.12. We would like to emphasize that the presence of the supersymmetry trans-
formations is due to the enrichment of the involved categories over SSet. The morphism
χ ∈ eSLoc(M ,M ′)(ptn) ⊆ HomSMan/ptn

(M/ptn,M
′/ptn) appearing in (7.30) respects Z2-

parity by definition. However, due to the presence of odd sections of the structure sheaf Λn of
ptn, the action of χ∗ need not preserve the splittings Oc(M

(′)) = Oeven
c (M (′))⊕ Oodd

c (M (′)) of
the second tensor factor. Moreover, these odd parameters appearing in the structure sheaf Λn of
ptn are exactly the odd quantities used in the physics literature to parametrize supersymmetry
transformations.

Remark 7.13. We note that our enriched super-QFT eA : eSLoc → eS∗Alg cannot be
restricted to its even part4 eA0 (cf. Remark 5.12 for such a construction for the ordinary
super-QFT A : SLoc → S∗Alg): Recall that the SSet-morphism eAM ,M ′ : eSLoc(M ,M ′) →
eS∗Alg(eA(M), eA(M ′)) is a natural transformation (of functors from SPtop to Set) whose
components (eAM ,M ′)ptn assign to elements χ ∈ eSLoc(M ,M ′)(ptn) certain super-∗-algebra

morphisms (eAM ,M ′)ptn(χ) : ΛC
n ⊗C eA(M) → ΛC

n ⊗C eA(M ′). If now χ corresponds to a
supersymmetry transformation, i.e. it is like in (7.30) with a non-vanishing coefficient FI for
some odd ζI , then (eAM ,M ′)ptn(χ) does not map ΛC

n ⊗C eA0(M ) to ΛC
n ⊗C eA0(M

′); indeed,
a supersymmetry transformation “maps an element of the even component eA0(M) to some
element of the odd component eA1(M

′)”. The fact that the even (i.e. true) observables in
a supergeometric quantum field theory do not carry a representation of the supersymmetry
transformations is however not problematic from the physical point of view. Supersymmetry
and supergeometry are meant to serve as a selection criterion for quantum field theories by de-
manding that only a limited collection of observables, such as for example the action functional
and quantities derived from it, transform covariantly under supersymmetry transformations.

8 Examples

8.1 1|1-dimensions

As our first example we shall study a super-field theory in 1|1-dimensions, i.e. a superparticle.
For defining this theory we have to provide all the data listed in Definition 4.2.

Representation theoretic data: We takeW = R together with the standard 1-dimensional
(Lorentz) metric

g : W ⊗W −→ R , w1 ⊗ w2 7−→ w1w2 . (8.1)

4 We would like to thank the anonymous referee for suggesting this question to us.
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The corresponding spin group is Spin(W, g) ≃ {+1,−1} and we take S = R the 1-dimensional
spin representation

ρS : Spin(W, g) × S −→ S , (z, s) 7−→ z s . (8.2)

Notice that ρW : Spin(W, g)×W →W , (z, w) 7→ w is the trivial representation. As Γ we shall
take the following Spin(W, g)-equivariant symmetric pairing

Γ : S ⊗ S −→W , s1 ⊗ s2 7−→ s1s2 . (8.3)

As positive cone we take C := R
+ ⊂ W and we notice that Γ(s, s) ∈ C, for all s ∈ S, and

Γ(s, s) = 0 only for s = 0. For ǫ we take

ǫ : S ⊗ S −→ R , s1 ⊗ s2 7−→ s1s2 (8.4)

and we notice that it is symmetric and Spin(W, g)-invariant. We define orientations on W and
S by using the normalized standard bases p = 1 ∈ W = R and q = 1 ∈ S = R. In 1|1-
dimensions, the super-Poincaré super-Lie algebra coincides with the supertranslation super-Lie
algebra (since spin is trivial), and we obtain for the super-Lie bracket relations in the normalized
adapted basis {p, q} for sp = t =W ⊕ S

[p, p] = 0 , [p, q] = 0 , [q, q] = −2 p . (8.5)

The objects in ghSCart: Let us characterize explicitly the objects in the category ghSCart for
the case of 1|1-dimensions. To simplify our studies we shall further demand that the underlying
topological spaces are connected, which is also physically reasonable as they describe a time
interval. Given any such object M = (M,Ω, E) we first notice that Ω = 0 since spin is trivial

in 1|1-dimensions. Moreover, the reduced 1-dimensional manifold M̃ is diffeomorphic to the

real line R as the reduced Lorentz manifold M̃ is assumed to be globally hyperbolic. The
structure sheaf OM is isomorphic to C∞

R
⊗

∧•
R and the supervielbein can be expanded as

E = (γ dt+ α θ dθ)⊗ p+ (δ dθ + β θ dt)⊗ q , (8.6)

where α, β, γ, δ ∈ C∞(R) are coefficient functions and t, θ ∈ O(M ) are any global even/odd
coordinate functions. As E is by assumption non-degenerate, the functions γ and δ have to be
invertible and we may choose new coordinates (denoted with abuse of notation by the same
symbols) t ∈ (t0, t1) ⊆ R and θ, such that

E = (dt+ α θ dθ)⊗ p+ (dθ + β θ dt)⊗ q , (8.7)

where now α, β ∈ C∞(t0, t1). Coordinate functions in which E takes the form (8.7) are called
geometric coordinates. The supercurvature RM = 0 vanishes in 1|1-dimensions and the super-
torsion is given by

TM = dE = (∂tα θ dt ∧ dθ + α dθ ∧ dθ)⊗ p+ (β dθ ∧ dt)⊗ q , (8.8)

where ∂tα denotes the time derivative of α. The pairing (3.11) reads as

〈F1, F2〉M =

∫ t1

t0

dt
(
f1 h2 + h1 f2

)
, (8.9)

where we have used the expansion F = f + θ h ∈ O(M ) with f, h ∈ C∞(t0, t1).
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Super-differential operators: Using the dual superderivations

X = ∂t − β θ ∂θ , D = ∂θ + αθ ∂t (8.10)

corresponding to E, we define an odd super-differential operator

PM := X ◦D : O(M ) −→ O(M ) , F = f + θ h 7−→ ∂th+ θ ∂t(α∂tf)− θ αβ ∂tf . (8.11)

Notice that due to the last term in (8.11), the super-differential operator PM is i.g. not formally
super-self adjoint with respect to the pairing (8.9). If however β = 0, then PM is formally
super-self adjoint. Comparing with (8.8), the constraint β = 0 can be regarded as a supertorsion
constraint which demands that the odd part of the supertorsion vanishes. Such constraints also
appear in supergravity, see e.g. [WZ77, Eqns. (10) and (11)].

The category SLoc: We define a full category SLoc of ghSCart by the conditions that 1.) the
underlying topological spaces are connected and 2.) all supergravity supertorsion constraints
given in [WZ77, Eqns. (10) and (11)] hold true, which implies that β = 0 and that α is a constant
which we fix to α = 1. Then the admissible super-Cartan supermanifolds M = (M,Ω = 0, E)

are such that M̃ = (t0, t1) ⊆ R is an open interval (or R itself) and

E = (dt+ θ dθ)⊗ p+ dθ ⊗ q (8.12)

in geometric coordinates. The morphisms in SLoc can be explicitly characterized: Let M and
M

′ be any two objects in SLoc. A SMan-morphism χ : M → M ′ is specified by its action on
the (geometric) coordinates t′, θ′ ∈ O(M ′), which we can parametrize by the ansatz

χ∗(t′) = a(t) , χ∗(θ′) = b(t) θ , (8.13)

where a, b ∈ C∞(t0, t1). In order to qualify as a SLoc-morphism, χ has to preserve the super-
vielbeins

χ∗(E′) =
(
da(t) + b(t)2 θ dθ

)
⊗ p+ d

(
b(t) θ

)
⊗ q = E = (dt+ θ dθ)⊗ p+ dθ ⊗ q , (8.14)

which implies that a(t) = t + c, with c ∈ R, and b(t) ≡ 1. Furthermore, for the reduced

morphism χ̃ : M̃ = (t0, t1) → M̃ ′ = (t′0, t
′
1) to exist, the constant c ∈ R has to be such that

(t0 + c, t1 + c) ⊆ (t′0, t
′
1), i.e. t

′
0− t0 ≤ c ≤ t

′
1− t1. For a generic F ′ = f ′(t′) + θ′ h′(t′) ∈ O(M ′),

we have that

χ∗(F ′) = f ′(t+ c) + θ h′(t+ c) ∈ O(M ) , (8.15)

hence χ : M → M
′ describes a translation by c. It then follows automatically that such

χ : M → M
′ are morphisms in ghSCart (and hence in SLoc), i.e. they satisfy the additional

conditions imposed in Definitions 3.6 and 3.10.

The natural transformation P : O ⇒ O: So far we have established the first two points
in the Definition 4.2 of a super-field theory. It remains to show that (8.11) are the components
of a natural transformation of formally super-self adjoint and super-Green’s hyperbolic super-
differential operators. For any object M in SLoc the super-differential operator (8.11) takes
the form

PM (F ) = ∂th+ θ ∂2t f , (8.16)

for all F = f + θ h ∈ O(M ), from which it is clear that it is formally super-self adjoint and
super-Green’s hyperbolic with super-Green’s operators given by

G±
M

(F ) = G±
∂2
t
(h) + θ G±

∂t
(f) , (8.17)
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for all F = f + θ h ∈ Oc(M ), where G±
∂2
t
and G±

∂t
denote the retarded/advanced Green’s

operators for the component differential operators ∂2t and ∂t, respectively. The super-differential
operators (8.16) are the components of a natural transformation since they are translation
invariant, hence we have constructed an example of a super-field theory according to Definition
4.2. Applying Theorem 5.11 we further obtain a super-QFT, which in the 1|1-dimensional case
describes a quantized superparticle.

Enriched super-field theory: We shall now show that the super-field theory defined above
is also an enriched super-field theory according to Definition 6.15. Let us take any two ob-
jects M and M

′ in SLocop and any object ptn in SPtop. We characterize explicitly the set
eSLocop(M ′,M )(ptn). Any SMan/ptn-morphism χ : M/ptn → M ′/ptn is specified by its ac-
tion on the (geometric) coordinates 1⊗ t′,1⊗ θ′ ∈ Λn ⊗O(M ′), which we can parametrize by
the ansatz

χ∗(1⊗ t′) =
∑

I even

ζI ⊗ aI(t) +
∑

I odd

ζI ⊗ bI(t) θ , (8.18a)

χ∗(1⊗ θ′) =
∑

I even

ζI ⊗ cI(t) θ +
∑

I odd

ζI ⊗ dI(t) , (8.18b)

where ζI is any adapted basis for the super-vector space underlying the Grassmann algebra Λn

and aI , bI , cI , dI ∈ C
∞(t0, t1). For χ ∈ eSLocop(M ′,M )(ptn) it has to preserve the ptn-relative

supervielbeins, i.e. χ∗(1⊗ E′) = 1⊗ E. The odd part of this condition reads as

χ∗(1⊗ dθ′) = (idΛn ⊗ d)
(
χ∗(1⊗ θ′)

)

=
∑

I even

ζI ⊗ d
(
cI(t) θ

)
+

∑

I odd

ζI ⊗ d
(
dI(t)

)
= 1⊗ dθ , (8.19)

and it implies that χ∗(1⊗ θ′) = 1⊗ θ+ ζ ⊗1, for some odd element ζ ∈ Λn. Using this result,
the even part of the above condition reads as

χ∗
(
1⊗ (dt′ + θ′ dθ′)

)
= (idΛn ⊗ d)

(
χ∗(1⊗ t′)

)
+ χ∗(1⊗ θ′) (idΛn ⊗ d)

(
χ∗(1⊗ θ′)

)

=
∑

I even

ζI ⊗ d
(
aI(t)

)
+

∑

I odd

ζI ⊗ d
(
bI(t) θ

)
+ 1⊗ θ dθ + ζ ⊗ dθ

= 1⊗
(
dt+ θ dθ

)
, (8.20)

which implies that χ∗(1⊗ t′) = 1⊗ (t+ c)− ζ ⊗ θ. As in the ordinary case, the constant c ∈ R

has to satisfy t′0 − t0 ≤ c ≤ t′1 − t1 for the reduced morphism χ̃ : M̃ = (t0, t1) → M̃ ′ = (t′0, t
′
1)

to exist. Hence, we have shown that

eSLocop(M ′,M)(ptn) ≃ {c ∈ R : t′0 − t0 ≤ c ≤ t
′
1 − t1} × (Λn)1 , (8.21)

where (Λn)1 is the odd part of the Grassmann algebra Λn = (Λn)0 ⊕ (Λn)1. In particular,
the ptn-relative automorphisms eSLocop(M ,M )(ptn) are in bijective correspondence with R×

(Λn)1 if M̃ = R and with (Λn)1 if M̃ ⊂ R is a proper interval. These ptn-relative automorphisms
describe ordinary and supertranslations. For a generic F ′ = f(t′) + θ′ h(t′) ∈ O(M ′), we have
that

χ∗(1⊗ F ′) = 1⊗
(
f ′(t+ c) + θ h′(t+ c)

)
+ ζ ⊗

(
h′(t+ c)− θ ∂tf

′(t+ c)
)
, (8.22)

which reproduces the usual supersymmetry transformations. The diagram (6.30) commutes,
since using (8.22) one can easily compute that

χ∗
(
1⊗ PM

′(F ′)
)
= (idΛn ⊗ PM )

(
χ∗(1⊗ F ′)

)
, (8.23)
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for all F ′ ∈ O(M ′). We remind the reader that (idΛn⊗PM )(ζ⊗F ) = (−1)|ζ| |PM | ζ⊗PM (F ), for
all homogeneous ζ ∈ Λn and F ∈ O(M ). As a consequence, we have constructed an enriched
super-field theory according to Definition 6.15. Applying Theorem 7.11 we further obtain an
enriched super-QFT, which in the 1|1-dimensional case describes a quantized superparticle
together with its supersymmetry transformations.

Supersymmetry transformations in the enriched super-QFT: In order to illustrate
the structure of supersymmetry transformations let us fix any object M in SLoc. The SSet-
functor eA : eSLoc → eS∗Alg studied in Theorem 7.11 provides us with a superalgebra of
observables A(M ) and a SSet-morphism eAM ,M : eSLoc(M ,M) → eS∗Alg(A(M ),A(M ))
which describes the enriched automorphism group of A(M ). Using (8.21) and focusing only
on the odd part given by (Λn)1 (i.e. proper supersymmetry transformations), we obtain the
ΛC
n -S

∗Alg-automorphisms (eAM ,M )ptn(χ) : Λ
C
n⊗CA(M )→ ΛC

n⊗CA(M ), for any object ptn in
SPtop, which can be parametrized by the odd elements ζ ∈ (Λn)1. Explicitly, on the generators
ΦM/ptn

(1⊗ F ) = 1⊗C [F ] ∈ ΛC
n ⊗C A(M), with F ∈ Oc(M ), these ΛC

n -S
∗Alg-automorphisms

act as

(eAM ,M )ptn(χ)
(
ΦM/ptn

(1⊗ F )
)
= ΦM/ptn

(1⊗ F )− ΦM/ptn
(ζ ⊗Q(F ))

= ΦM/ptn
(1⊗ F )− (ζ ⊗C 1)ΦM/ptn

(1⊗Q(F )) , (8.24)

where Q := ∂θ−θ ∂t is the generator of supersymmetry transformations and ζ ∈ (Λn)1. On the
superalgebra of observables A(M ) itself, these ΛC

n -S
∗Alg-automorphisms can be understood as

an odd superderivation Q̂ : A(M) → A(M ): On the generators ΦM (F ) = [F ] ∈ A(M ), with
F ∈ Oc(M ), the superderivation Q̂ reads as

Q̂
(
ΦM (F )

)
= −ΦM (Q(F )) (8.25a)

and it satisfies the superderivation property

Q̂
(
ΦM (F1)ΦM (F2)

)
= Q̂

(
ΦM (F1)

)
ΦM (F2) + (−1)|F1|ΦM (F1) Q̂

(
ΦM (F2)

)
, (8.25b)

for all homogeneous F1, F2 ∈ Oc(M ), as a consequence of (eAM ,M )ptn(χ) being a ΛC
n -S

∗Alg-
morphism. We may decompose ΦM into its component quantum fields (careful: neither ψM

nor φM are natural in the enriched setting) via

ΦM (F ) = ψM (f) + φM (h) , (8.26)

for all F = f + θ h ∈ Oc(M ), from which we recover the usual supersymmetry transformations

Q̂
(
ψM (f)

)
= φM (∂tf) , Q̂

(
φM (h)

)
= −ψM (h) , (8.27)

for all f, h ∈ C∞(t0, t1).

8.2 3|2-dimensions

Our second example is the free Wess-Zumino model in 3|2-dimensions. There are two reasons
why we prefer to analyse this toy-model instead of the physically more relevant Wess-Zumino
model in 4|4-dimensions: First, in 3|2-dimensions there are only 2 odd dimensions (instead
of 4 in 4|4-dimensions), which considerably simplifies the component analysis of the super-
Cartan structures and superfields discussed below. Second, the Wess-Zumino model in 4|4-
dimensions requires a chirality constraint, the implementation of which would lead to additional
technical/computational complications that we would like to postpone to future work.

We provide all the data listed in Definition 4.2.
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Representation theoretic data: We take W = R3 together with the standard Lorentz
metric g = diag(1,−1,−1). The corresponding spin group is Spin(W, g) ≃ SL(2,R) and we
take ρS : Spin(W, g) × S → S the defining representation of SL(2,R) on S = R

2. Notice
that SL(2,R) is the two-fold cover of the identity component SO0(1, 2) of the special pseudo-
orthogonal group and that ρW : Spin(W, g)×W →W is given by composing the covering map
with the defining representation of SO0(1, 2).

The standard basis {pα} of W = R
3, with α = 0, 1, 2, is an orthonormal basis of (W, g).

We denote the metric coefficients in this basis by gαβ := g(pα, pβ) and the coefficients of the
inverse metric in the dual basis {pα} by gαβ . Elements w ∈W will be indicated by w = wα pα,
with summation over repeated indices understood. For the coefficients of the dual vector
g(w, · ) = wα gαβ p

β ∈ W ∗ we shall also write wβ = wα gαβ . Notice that wα = wβ g
βα. The

choice of basis {pα} fixes an orientation on W .

The representation ρS induces up to SL(2,R)-equivalence a unique representation of the
Clifford algebra Cl(W, g) in terms of purely imaginary matrices γα, with α = 0, 1, 2, on the
complexification SC of S. These matrices thus satisfy the Clifford relations

γα γβ + γβ γα = 2 gαβ idSC
. (8.28)

Furthermore, there exists a charge conjugation matrix C which satisfies

CT = −C , γTα = −C γα C
−1 , (8.29)

where T denotes matrix transposition. A possible representation is given in terms of the Pauli
matrices by γ0 = σ2, γ1 = i σ1, γ2 = i σ3 and C = γ0. We define the antisymmetrized product

γαβ :=
1

2

(
γαγβ − γβγα

)
(8.30)

and note the identities

(
γα C

−1
)T

= γα C
−1 ,

(
γαβ C

−1
)T

= γαβ C
−1 , Tr(γα) = Tr(γαβ) = 0 , (8.31a)

γαβ = i ǫαβδ γ
δ , L =

1

2
Tr(L) idSC

+
1

2
Tr(Lγα) γ

α , (8.31b)

where ǫαβδ is totally antisymmetric with ǫ012 = 1 and L is an arbitrary endomorphism of SC.

As the pairing Γ we shall take

Γ : S ⊗ S −→W , s1 ⊗ s2 7−→ (s1, γ
α C−1 s2) pα , (8.32)

where ( · , · ) is the standard inner product on S = R
2. (Notice that γα C−1 is a real matrix.)

The pairing Γ is symmetric, Spin(W, g)-equivariant and positive with respect to the forward
light cone C = {w ∈W : g(w,w) > 0 and w0 > 0}. For ǫ we take

ǫ : S ⊗ S −→ R , s1 ⊗ s2 7−→ (s1, iC
−1s2) , (8.33)

which is Spin(W, g)-invariant, antisymmetric and non-degenerate. We choose a symplectic basis
{qa} of S = R

2, with a = 1, 2, and use the index notation ǫab := ǫ(qa, qb) with ǫ12 = −ǫ21 = 1.
We further set ǫab := ǫab for the coefficients of the symplectic structure on the dual vector space
S∗ in the dual basis {qa} and notice that ǫab ǫbc = −δ

a
c . Elements s ∈ S will be indicated by

s = sa qa, with summation over repeated indices understood. For the coefficients of the dual
spinor ǫ(s, · ) = sa ǫab q

b ∈ S∗ we shall also write sb = sa ǫab. Notice that sa = sb ǫ
ab. The

choice of basis {qa} fixes an orientation on S. The two pairings Γ and ǫ read in our bases as

Γ(s1, s2) = −s
a
1 s

b
2 i γ

α
ab pα , ǫ(s1, s2) = sa1 s

b
2 ǫab . (8.34)
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In order to state explicitly the super-Lie bracket relations in the super-Poincaré super-Lie
algebra sp = (spin⊕W )⊕S corresponding to this choice of data, we recall that the Lie algebra
spin may be spanned by generators Lαβ = −Lβα, with α, β = 0, 1, 2, and that the Lie algebra
actions induced by ρW and ρS read as

ρW∗ : spin⊗W −→W , Lαβ ⊗ pγ 7−→ gαγ pβ − gβγ pα , (8.35a)

ρS∗ : spin⊗ S −→ S , Lαβ ⊗ qa 7−→
1

2
γαβ

b
a qb . (8.35b)

Thus, the super-Lie bracket relations in sp read in the adapted basis {pα, qa} as

[Lαβ, Lγδ ] = gβγ Lαδ + gαδ Lβγ − gαγ Lβδ − gβδ Lαγ , (8.36a)

[Lαβ, pγ ] = gαγ pβ − gβγ pα , [Lαβ , qa] =
1

2
γαβ

b
a qb , (8.36b)

[pα, pβ ] = [pα, qa] = 0 , [qa, qb] = 2 i γαab pα . (8.36c)

The objects in ghSCart: We characterize explicitly the objects M = (M,Ω, E) in the cate-
gory ghSCart for the case of 3|2-dimensions under the following simplifying assumptions: As in

the 1|1-dimensional case, we assume that the underlying topological spaces M̃ are connected
and furthermore that the structure sheaf OM is globally isomorphic to C∞

M̃
⊗

∧•
R
2. Due to

the latter assumption, there exist global odd coordinate functions θa, with a = 1, 2, and we set
(with abuse of notation)

θ2 := −ǫab θ
a θb = −2 θ1 θ2 . (8.37)

Notice that

θa θb = −
1

2
ǫab θ2 . (8.38)

The most general even supervielbein E = eα⊗pα+ξ
a⊗qa ∈ Ω1(M, t) (summation over repeated

indices understood) is given by

eα = ẽβ
(
δ α
β + j α

β

θ2

2

)
− dθb hαbc θ

c , (8.39a)

ξa = ẽβ l a
β b θb + dθb

(
δ a
b + k a

b

θ2

2

)
, (8.39b)

where Ẽ = ẽα ⊗ pα is the vielbein on the reduced Lorentz manifold M̃ and j α
β , hαbc, l

a
β b , k

a
b ∈

C∞(M̃ ) are coefficient functions. Notice that we have chosen the odd coordinates θb in such
a way that the coefficient of dθb in ξa has a very simple form. This is always possible due
to the assumption of non-degeneracy of E. Similar to the 1|1-dimensional case, we call such
odd coordinates geometric coordinates. We introduce the dual Lorentz vielbein ẽα by the
duality condition 〈ẽα, ẽ

β〉 = δ β
α and the dual superderivations ∂a by 〈∂a,dθ

b〉 = δ b
a . Notice

that 〈∂a, ẽ
α〉 = 〈ẽα,dθ

a〉 = 0. Using these dual superderivations, we can write the inverse
supervielbein as

eα =

(
δ β
α + J β

α

θ2

2

)
ẽβ − l

b
α c θ

c ∂b , with J β
α := −j β

α + l b
α c h

β c
b , (8.40a)

ξa = hβab θ
b ẽβ +

(
δ b
a +K b

a

θ2

2

)
∂b , with K b

a := −k b
a − h

β c
a l b

β c . (8.40b)
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The duality relations 〈eα, e
β〉 = δ β

α , 〈ξa, ξ
b〉 = δ b

a and 〈ξa, e
α〉 = 〈eα, ξ

a〉 = 0 hold true. For
the super-spin connection, the most general even Ω ∈ Ω1(M, spin) can be expanded as

Ω = ẽα
(
ωα + λα

θ2

2

)
+ dθa φab θ

b , (8.41)

where ωα, λα, φab ∈ C
∞(M̃, spin) are coefficient functions with values in the Lie algebra spin.

The category SLoc: We define a full subcategory SLoc of ghSCart by the conditions that 1.)
the underlying topological spaces are connected, 2.) the structure sheaves are globally isomor-
phic to C∞

M̃
⊗

∧•
R
2 and 3.) the supergravity supertorsion constraints given in [WZ77, Eqns.

(10) and (11)] hold true. In order to discuss the latter constraints, we consider an arbitrary

(local) coordinate system xµ on M̃ , with µ = 0, 1, 2, and use the notation XM for the combined
super-coordinate system {xµ, θm}, where θm are global geometric odd coordinates. (With abuse
of notation we will denote the indices on XM by the same symbol as the supermanifold.) We set
|M | := |XM | for the Z2-parity of XM . Analogously, we use the notation PA for the combined
generators {pα, qa} of the supertranslation super-Lie algebra t = W ⊕ S and set |A| := |PA|.
Consequently, we can expand the supervielbein as E = EA ⊗ PA = dXM EA

M ⊗ PA and its
inverse as EA = EM

A ∂M . Using this notation, we may expand and compute the supertorsion
(3.7)

TM = TA ⊗ PA =
1

2
EB ∧ EC T A

BC ⊗ PA , (8.42a)

where

T A
BC = (−1)|M | |C|EM

B EN
C

(
∂N EA

M − (−1)|N | |M |∂M EA
N

)
+Ω A

BC − (−1)|B| |C|Ω A
CB ,

(8.42b)

and

Ω A
CB :=

{
〈EC ,Ω

A
B 〉 , if (A,B) = (α, β) or (A,B) = (a, b) ,

0 , otherwise .
(8.42c)

Here, Ω β
α and Ω b

a are defined, for arbitrary w = wα pα ∈W and s = sa qa ∈ S, as

ρW∗ (Ω⊗ w) =: wα Ω β
α ⊗ pβ , ρS∗ (Ω⊗ s) =: saΩ b

a ⊗ qb . (8.43)

Note that the signs in (8.42b) are only correct if E is even.

The supertorsion constraints introduced in [WZ77] read as

T α
bc = 2 i γαbc , T a

βc = T a
bc = T α

βγ = T α
βc = 0 . (8.44)

It is remarkable that these constraints, together with the requirement that E and Ω are even,
determine the supervielbein and super-spin connection uniquely in terms of the reduced Lorentz
vielbein Ẽ. In particular, demanding that E is even rules out a non-vanishing Rarita-Schwinger
field (gravitino) in the expansion of E. The unique solution to the supertorsion constraints is

j β
α = −i γβ

b
a (ωα)

a
b =

1

2
ǫβγδ (ωα)γδ , J β

α = 0 , (8.45a)

hαab = i γαab , lα
b

a = −(ωα)
b

a , k b
a = 0 , K b

a = i γβ
c

a (ωβ)
b

c , (8.45b)

(ωβ)
α

γ − (ωγ)
α

β = ẽµβ ẽ
ν
γ

(
∂µ ẽ

α
ν − ∂ν ẽ

α
µ

)
, φab = 0 , (λα)

γ
β = −Ricαδ ǫ

γδ
β , (8.45c)
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where the first identity in (8.45c) implies that ω = ẽα ωα is the connection one-form of the
Levi-Civita connection and Ric denotes the corresponding Ricci curvature tensor, cf. [Wal84,
Section 3.4].

The Berezinian density Ber(E) has a particularly simple form for objects M = (M,Ω, E)
in SLoc. In fact, for a general

F = ϕ+ ψa θ
a + η

θ2

2
∈ Oc(M ) (8.46)

one has
∫

M
Ber(E)F =

∫

M̃
vol

M̃

(
η + ϕ

(
j α
α − l

b
α c h

α c
b − k

a
a

))
=

∫

M̃
vol

M̃
η , (8.47)

where vol
M̃

is the canonical volume form on the reduced oriented Lorentz manifold. Conse-
quently, the pairing (3.11) reads as

〈F1, F2〉M =

∫

M̃
vol

M̃

(
ϕ1 η2 + ϕ2 η1 + ψ1

a ψ2a

)
, (8.48)

where the expansion (8.46) has been used.

The natural transformation P : O ⇒ O: Given any super-Cartan supermanifold M , we
can consider the super-differential operator Da

Ω ◦Da : O(M )→ O(M ) defined by

Da(F ) := ξa(F ) , (8.49a)

DΩb ◦Da(F ) := ξb (Da(F )) + 〈ξb,Ω
c

a 〉Dc(F ) , (8.49b)

D
a
Ω ◦Da(F ) := ǫabDΩb ◦Da(F ) , (8.49c)

for all F ∈ O(M ). For any object M in SLoc, one may compute using the expansion (8.46)

D
a
Ω ◦Da(F ) =− 2η

+
(
2hα b

a ẽα(ψb) +K b
a ψb + hα b

a (ωα)
c

b ψc + (φ b
a ) c

b ψc

)
θa

−
(
2hα b

a ẽα

(
hβ

a
b ẽβ(ϕ)

)
+

(
K c

d + hβ
a

d (ωβ)
c

a + (φ a
d ) c

a

)
hα d

c ẽα(ϕ)
) θ2

2

+
(
hβ

b
a (ωβ)

a
b + (φ b

a ) a
b

)
η
θ2

2

=− 2 η + 2 (i6∇ψ)a θ
a + 2�ϕ

θ2

2
, (8.50)

where i6∇ is the geometric Dirac operator and � is the geometric d’Alembert operator. Here
we used the essential identity

σ := γβ
b

a (ωβ)
a

b =
i

2
(ωα)βγ ǫ

αβγ = 0 , (8.51)

which holds because for each point x ∈ M̃ one can find a vielbein Ẽ such that (ωα)βγ(x) = 0
and thus σ(x) = 0. However, σ is a scalar invariant and thus σ ≡ 0 independent of the chosen
vielbein.

For any object M in SLoc and any constant m ≥ 0, we define the super-differential operator

PM :=
1

2
D

a
Ω ◦Da +m idO(M) : O(M ) −→ O(M ) . (8.52)
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Solutions of PM (F ) = 0 satisfy

−η +mϕ = 0 , i6∇ψa +mψa = 0 , �ϕ+mη = 0 , (8.53)

and thus in particular ψa is a solution of the Dirac equation and ϕ is a solution of the Klein-
Gordon equation �ϕ + m2ϕ = 0. The super-differential operator PM is formally super-self
adjoint with respect to the pairing (8.48). In general, one may show for arbitrary homogeneous
F1 ∈ O(M ) and arbitrary F2 ∈ Oc(M ) that (see e.g. [BK98, Section 5.2.8.])

∫

M
Ber(E)F1 D

a
Ω ◦Da(F2) = (−1)1+|F1|

∫

M
Ber(E)D

a(F1)Da(F2) (8.54)

if T β
aβ − T

b
ab = 0 and thus not all supertorsion constraints are necessary for the formal super-

self adjointness of PM . Notice that PM is also super-Green’s hyperbolic: If we write PM in
matrix form as

PM =



m 0 −1
0 i6∇ +m 0
� 0 m


 , (8.55)

then the retarded/advanced super-Green’s operators G±
M

for PM can be written as

G±
M

=




mG±
�+m2 0 G±

�+m2

0 G±
i 6∇+m 0

−� ◦G±
�+m2 0 mG±

�+m2


 , (8.56)

where G±
�+m2 and G±

i 6∇+m are the retarded/advanced Green’s operators for the component

differential operators �+m2 and i6∇+m, respectively. Finally, the super-differential operators
(8.52) are the components of a natural transformation since they are constructed geometrically
in terms of the supervielbein E and a constant m ≥ 0. Hence, we have constructed an example
of a super-field theory according to Definition 4.2. Applying Theorem 5.11 we further obtain
a super-QFT, which in the present case describes the quantized free Wess-Zumino model in
3|2-dimensions.

Enriched super-field theory: We shall now discuss the super-field theory defined above in
the enriched setting. We consider two objects M and M

′ in eSLocop and any object ptn in
SPtop. Before discussing the set eSLocop(M ′,M )(ptn) in more detail, we remark that, since
any χ ∈ eSLocop(M ′,M )(ptn) preserves by definition the ptn-relative supervielbeins, and PM

is constructed geometrically, the super-field theory discussed in this example automatically
satisfies the axioms of an enriched super-field theory given in Definition 6.15.

Instead of fully characterizing the set eSLocop(M ′,M )(ptn), we aim for analyzing a pre-
sumably large subset which contains supersymmetry transformations by considering a well-
motivated ansatz. For a generic F ′ ∈ Oc(M

′) expanded as in (8.46), we consider SMan/ptn-
morphisms χ :M/ptn →M ′/ptn of the form

χ∗(1⊗ F ′) = 1⊗ F + ζ ⊗Q(F ) , (8.57a)

F := χ̃∗(ϕ′) + χ̃∗(ψ′
a) θ

a + χ̃∗(η′)
θ2

2
, (8.57b)

where ζ ∈ Λn is odd, χ̃ : M̃ → M̃ ′ is a smooth map which preserves the reduced Lorentz
vielbein χ̃∗(Ẽ′) = Ẽ and Q is an odd superderivation. A necessary condition for such χ to be
an element of eSLocop(M ′,M )(ptn) is that Q supercommutes with the dual supervielbein, i.e.

[Q, ξa] = 0 , [Q, eα] = 0 . (8.58)

50



We can expand Q as

Q = Aα
b θ

b ẽα +

(
Ba + Ca θ

2

2

)
∂a (8.59)

and evaluate the constraints (8.58) in the given order. After a straightforward computation we
find that these constraints are satisfied if and only if

Bc (ωα)
a
c = 0 , ẽα(B

c) = 0 , Aα
b = −iBc γαbc , Cb = 0 . (8.60)

Thus, we find that a non-zero Q is only possible if the Levi-Civita connection ω is vanishing,
and hence also the super-spin connection Ω is vanishing on M . In this case χ defined as above
is an element of eSLocop(M ′,M )(ptn) if and only if the super-spin connection Ω′ on M

′ is
also vanishing.

This rather restrictive condition for the existence of interesting enriched morphisms χ ∈
eSLocop(M ′,M )(ptn) originates from our requirement that the supervielbein E is even and
that χ must preserve the ptn-relative supervielbein. In the treatment of supergravity one
usually deals with supervielbeins which are not purely even and considers, in the terminology
of this paper, enriched morphisms which have to preserve the ptn-relative supervielbein and
ptn-relative super-spin connection only up to local Lorentz transformations. This class of
enriched morphisms contains the so-called supergravity transformations [WB92].

Supersymmetry transformations in the enriched super-QFT: We close the discussion
of this example in analogy to the 1|1-dimensional case by illustrating the structure of supersym-
metry transformations. As discussed above, these transformations appear only if we consider
an object M = (M,Ω, E) in eSLoc with Ω = 0, such as for example the 3|2-dimensional super-
Minkowski space. Given any such object, we can use the SSet-functor eA : eSLoc→ eS∗Alg con-
structed in Theorem 7.11 to obtain a superalgebra of observables A(M ) and a SSet-morphism
eAM ,M : eSLoc(M ,M )→ eS∗Alg(A(M ),A(M )), which describes the enriched automorphism
group of A(M ). Proper supersymmetry transformations are described by the odd superderiva-
tions

QB := Ba ∂a − iB
a γαab θ

b ẽα , (8.61)

with Ba a constant spinor, and they are parametrized by odd elements ζ ∈ (Λn)1. As in
the 1|1-dimensional case, such supersymmetry transformations may be understood as odd
superderivations Q̂B : A(M ) → A(M ) which act on the generators ΦM (F ) = [F ] ∈ A(M ),
with F ∈ Oc(M ), as

Q̂B

(
ΦM (F )

)
= −ΦM (QB(F )) . (8.62)

We may decompose ΦM (F ) into its component quantum fields by using the expansion

F = f + ρa θ
a + h

θ2

2
. (8.63)

Explicitly, we set

ΦM (F ) = φM (f) + ψa
M (ρa) + ηM (h) , (8.64)

and we recover the usual supersymmetry transformations

Q̂B

(
φM (f)

)
= ψa

M (f Ba) , (8.65a)

Q̂
(
ψa
M (ρa)

)
= φM (Ba i6∇ρa) + ηM (Ba ρa) , (8.65b)

Q̂B

(
ηM (h)

)
= −ψa

M (i6∇(hBa)) . (8.65c)
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A Basics of enriched category theory

We review some elementary definitions of enriched category theory which will be used in our
work. For detailed introductions to this subject see e.g. [Kel82] and [BS00].

Let V be a monoidal category. For our purposes we can assume that the associator in V is
trivial. We denote the monoidal bifunctor by ⊗ : V × V→ V and the unit object in V by I.

Definition A.1. A V-category (or a category enriched over V) C consists of

• a class Ob(C) of objects;

• for all objects A,B ∈ Ob(C), an object C(A,B) in V called the “object of morphisms
from A to B”;

• for all objects A,B,C ∈ Ob(C), a morphism •A,B,C : C(B,C)⊗ C(A,B)→ C(A,C) in V

called the “composition”;

• for every object A ∈ Ob(C), a morphism 1A : I → C(A,A) in V called the “identity on
A”.

This data must satisfy the associativity and unit axioms, which are expressed by commutativity
of the diagrams

C(C,D) ⊗ C(B,C)⊗ C(A,B)

•B,C,D ⊗ idC(A,B)

��

idC(C,D) ⊗•A,B,C
// C(C,D)⊗ C(A,C)

•A,C,D

��

C(B,D)⊗ C(A,B) •A,B,D

// C(A,D)

(A.1a)

I ⊗ C(A,B)

1B ⊗ idC(A,B)

��

≃

**❚❚
❚❚

❚❚❚
❚❚❚

❚❚❚
❚❚❚

❚
C(A,B)⊗ I

≃

tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥

idC(A,B) ⊗1A

��

C(B,B)⊗ C(A,B) •A,B,B

// C(A,B) C(A,B)⊗ C(A,A)•A,A,B

oo

(A.1b)

in the category V, for all objects A,B,C,D ∈ Ob(C).

Remark A.2. For ease of notation, we shall always drop the labels on the composition and
identity, i.e. we simply write • : C(B,C)⊗ C(A,B)→ C(A,C) and 1 : I → C(A,A).

Definition A.3. Let C and D be two V-categories. A V-functor (or enriched functor) F : C→ D

is given by the following assignment:

• for every object A ∈ Ob(C), an object F(A) ∈ Ob(D);
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• for all objects A,B ∈ Ob(C), a morphism FA,B : C(A,B)→ D(F(A),F(B)) in V.

This assignment must be compatible with the composition and identity, which is expressed by
commutativity of the diagrams

C(B,C)⊗ C(A,B)

FB,C ⊗FA,B

��

• // C(A,C)

FA,C

��

D(F(B),F(C))⊗ D(F(A),F(B)) •
// D(F(A),F(C))

(A.2a)

C(A,A)

FA,A

��

I

1

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧

1
))❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘

D(F(A),F(A))

(A.2b)

in the category V, for all objects A,B,C ∈ Ob(C).

Remark A.4. Notice that V-functors can be composed: Consider three V-categories C,D,E
and two V-functors F : C → D and G : D → E. We define the V-functor G ◦ F : C → E by the
following assignment: To every object A ∈ Ob(C) we assign (G ◦ F)(A) := G(F(A)) ∈ Ob(E).
To all objects A,B ∈ Ob(C) we assign the V-morphism

(G ◦ F)A,B := GF(A),F(B) ◦ FA,B : C(A,B) −→ E(G(F(A)),G(F(B))) , (A.3)

where ◦ denotes the composition of morphisms in V. It is easy to check that G ◦ F : C→ E is
a V-functor.

Definition A.5. Let C and D be two V-categories and F,G : C→ D two parallel V-functors. A
V-natural transformation (or enriched natural transformation) η : F⇒ G is given by assigning
to every object A ∈ Ob(C) a morphism ηA : I → D(F(A),G(A)) in V, such that the diagram

I ⊗ C(A,B)
ηB ⊗FA,B

// D(F(B),G(B))⊗ D(F(A),F(B))

•

**❱❱
❱❱❱

❱❱❱
❱❱❱

❱❱❱
❱❱❱

❱

C(A,B)

≃
88♣♣♣♣♣♣♣♣♣♣♣

≃
&&◆

◆◆
◆◆

◆◆
◆◆

◆◆
D(F(A),G(B))

C(A,B)⊗ I
GA,B ⊗ ηA

// D(G(A),G(B)) ⊗ D(F(A),G(A))

•

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

(A.4)

in the category V commutes, for all objects A,B ∈ Ob(C).

Remark A.6. Notice that for V being the monoidal category Set of sets, with monoidal
bifunctor given by the Cartesian product and unit object given by any singleton set pt := {⋆},
all definitions above reduce to the definitions in ordinary category theory. Hence, category
theory enriched over Set is the same as ordinary category theory.

53



References

[AL12] A. Alldridge and M. Laubinger, “Infinite-dimensional supermanifolds over arbitrary
base fields,” Forum Math. 24, 565–608 (2012) [arXiv:0910.5430 [math.DG]].

[BBHR91] C. Bartocci, U. Bruzzo and D. Hernández Ruipérez, “The geometry of superman-
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