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Abstract

We introduce a novel heterogeneous multi-scale method for the consolidation
analysis of two-dimensional porous domains with a complex micro-structure. A
two-scale strategy is implemented wherein an arbitrary polygonal domain can
be discretised into clusters of polygonal elements, each with its own set of fine
scale discretization. The method harnesses the advantages of the Virtual El-
ement Method into accurately capturing fine scale heterogeneities of arbitrary
polygonal shapes. The upscaling is performed through a set of numerically
evaluated multi-scale basis functions. The solution of the coupled governing
equations is performed at the coarse-scale at a reduced computational cost. We
discuss the computation of the multi-scale basis functions and corresponding
virtual projection operators. The performance of the method in terms of ac-
curacy and computational efficiency is evaluated through a set of numerical
examples for poro-elastic materials with heterogeneities of various shapes.
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1. Introduction

It is often in nature that physics evolve across highly heterogeneous, geo-
metrically complex, and multiscale deformable domains; examples pertain to
sound absorption and transmission in foams and fibrous materials [Il 2, [3, 4]
and fracture analysis of composite components [5]. Focal point of this work is
the mechanical response of highly heterogeneous saturated poro-elastic domains
where material variability spans several length scales, within the context of the
Biot consolidation theory [6]. Pertinent applications involve large scale geome-
chanics [7, 8], reservoir modelling and subsurface flows [9], and tissue modelling
[10].

Achieving numerical solutions for the Biot consolidation problem in highly
heterogeneous domains with standard discretization methods, .e.g, the FEM,
BEM [I1], etc. necessitates the explicit resolution of all underlying hetero-
geneities so that i) material distributions are accurately accounted for and ii)
geometrical interfaces are accurately resolved. In computational terms, this can
be prohibitively expensive. Multiscale modelling methods have been developed
over the years to accurately treat heterogeneous material distributions across
scales while reducing computational costs using the robust mathematical frame-
work of homogenisation [I2]. These include volume averaging [see, e.g., [13],
analytical homogenization [14] and computational homogenization approaches
[see, e.g., [15] [16], see, also, FE? methods [17].

Homogenization theory relies on the assumptions of scale separation and
periodicity. However such assumptions do not necessarily hold for the case of
highly heterogeneous domains. Hence, alternative methods that do not rely
on this assumption have been developed, such as multiscale finite volume [18]
and multiscale finite element methods (MsFEM) [19,20]. A comparison between
different multiscale approaches in the context of elliptic problems was performed
in [21].

The MSFEM relies on the notion of nested computational domains and the

evaluation of a numerical basis that maps quantities, i.e., displacements, from
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the one to the other. Contrary to FE? (see, e.g., in [I7]) methods where a micro-
scale finite element mesh is attached to each coarse scale integration point, in
the MSFEM the coarse scale is fully spanned by the fine scale. Hence, the
MsFEM is more suited to highly heterogeneous domains where scales cannot be
fully separated. The MsSFEM was based on the pioneering work of [22] and was
further developed by, e.g., [23] to resolve flows in highly heterogeneous media.

The Coupling Multiscale Finite Element Method (CMsFEM) [24] was de-
veloped to resolve the coupled field fully saturated porous media consolidation
problem using a two-scale (meso-macro) approach. Meso-scale heterogeneities
are mapped to the macroscopic scale using numerically computed multiscale ba-
sis functions. A thorough discussion on the computational gains of the MsFEM
and the CMsFEM is provided in [23] 24, 25]. A more specific comparison of
different multiscale finite element approaches for composites and porous media
flows was done in [26].

In all the aforementioned multiscale finite element methods, scales are meshed
with classical quadrilateral elements. Unfortunately, accounting for complex
meso-scale morphologies using such elements necessitates quite fine discretiza-
tions, rendering the computation of these multiscale basis functions expensive.
Optimization of the meshes involved could significantly improve the performance
of the method. To do this, one requires numerical methods that can handle more
flexible element geometries.

Polygonal finite elements (PFEM) [see, e.g., 27, 28] 29] are used in fluid
mechanics [30], contact mechanics [31], computational fracture and damage
modelling [32] [33] 34] and topology optimization [35, [35], where one encoun-
ters complex inclusion and interface geometries. Analytical basis functions [36]
are employed over simplex polyhedra. Numerical approaches are necessary for
computing basis functions for non-convex domains such as maximum-entropy
[37] and harmonic [38] shape functions. This can significantly drive up compu-
tational costs especially in the case of non-linear problems [39, [40]. The Virtual
Element Method (VEM) [M1], [42] 43, [44], 45, [46], [47] is a recently developed

numerical method that specifically addresses these limitations.
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The VEM has found extensive application in linear elasticity [48] [49] 50, [51],
topology optimization [52], modelling of plates and shells [53], 54, [55], linear
and ductile fracture mechanics [56, 57, 58], contact mechanics [59], homogeniza-
tion of fiber reinforced composites [60], geomechanics and porous media flows
[61, 62] and mixed VEM finite-volume discretization of Biot poromechanics
[63]. The scheme has recently been extended to account for curved geometries
[64, 65, [66]. The method naturally emerged from advances in Mimetic Finite
Difference (MFD) methods [see, e.g., [67, [68] [69] [70] [7T], [72]. MFDs, when used
in conjunction with the Finite Element Method, seek to model trial and test
functions spaces without resorting to explicit representations of basis functions
over the element interior. When extended to non-standard element geometries,
the accuracy of the method is improved by enriching the function spaces with
possibly non-polynomial expressions. The basis functions, which are allowed
to assumed complex non-polynomial forms, are implicitly defined through care-
fully chosen degrees of freedom. This implicit representation does away with
the problem of analytically or numerically deriving basis functions over complex
element domains. A significant point of departure of the VEM from MFDs lies
in VEM’s attempt to preserve polynomial accuracy over element boundaries
[41]. This allows for extension to more generalized inter-element continuity and
conformity requirements [73]. The authors have introduced a multiscale VEM
formulation for elasto-statics, where the VEM has been introduced within a
multiscale setting considering the case of regular coarse element domains only
[74]. Very recently, the VEM has been employed within a mixed-formulation
setting to address elliptic problems [43] [75, [76]. Furthermore, a three field VEM
formulation for the Biot consolidation equations has been presented in [77].

In this work, we harness the merits of the VEM in accurately resolving com-
plex material interfaces and develop a novel Coupled Multiscale Virtual Element
Method (CMsVEM) for the consolidation analysis of highly heterogeneous de-
formable domains across multiple length scales. To achieve this, we recast the
three field VEM formulation for the Biot consolidation equations [{7] within an

engineering context and originally employ it to compute fine scale Representa-
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tive Volume Element (RVE) state matrices. Contrary to the work of [63], we
employ the VEM to resolve both the solid and pore-pressure governing equa-
tions. Further to the methodology provided in [74], the proposed CMsVEM
is specifically designed to treat the generic case of arbitrary polygonal coarse
element geometries. Using this novel approach, we derive multiscale basis func-
tions to upscale highly heteregoneous porous domains and perform the solution
procedure in the time domain at the macroscopic scale at a reduced computa-
tional cost. We investigate the potential merits and bottlenecks of the proposed
scheme in terms of solution accuracy and computational merits. The influence
of the type of boundary conditions used to evaluate the multiscale basis is also
examined.

The rest of this manuscript is structured as follows. In Section [2] the gov-
erning equations and the VEM formulation for the Biot consolidation problem
for fully saturated poroelastic media is presented. The upscaling procedure and
associated kinematical constraints used in deriving a CMsVEM is discussed in
Section [3] Numerical examples are provided in Section [4] to verify the method
and assess its efficiency when comparted to the standard FEM, VEM, and the
CMsFEM. Concluding remarks and future outlooks are provided in Section [f]

2. Preliminaries

2.1. Problem Statement

The case of an arbitrary continuous two-dimensional porous domain £ C R?
with a domain boundary T is considered as shown in Fig. [[h. The domain is
subjected to a set of prescribed displacements u on I',, enforced pressures p
on I'p, applied tractions t on I'y and applied volume fluxes g on I'y such that
I'yNTy =0 and I'y NIy = 0. The domain is also subjected to body forces b
and a source/sink term Q.

Considering the case of a linear elastic material, small strains, isothermal

conditions, and neglecting inertial effects, the governing equations of the con-
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discretized

Figure 1: Schematic representation of a two dimensional domain  with boundary 9Q. (a)
Essential and natural boundaries for the solid phase @ and t are prescribed on I'y, and I'y
respectively. Similarly, the relevant boundaries for the fluid phase p and q are applied on I'y,

and T'y respectively. (b) The discretized domain 7}, is decomposed into polygonal elements.

solidation problem assume the following form [24]
div(De(u)) = div(epmp) — b (1a)

k
anéur +8:p = div( = Vp+Q), (1b)

where u and p are the vectors of the solid skeleton displacements and the
pore-fluid pressures, respectively.
In Eq. , e(+) is the strain operator that under the assumption of small

strains assumes the following form
1 T
e(u) = 5 (Vu+(Vu)7), (2)

and m is the identity tensor in Voigt notation, i.e., m = {1 1 O]T. The
quantity €y represents the rate of volumetric strain, i.e., &€y = mTz-:(u). Fur-
thermore, D is the 2-D elastic constitutive matrix and a g is the Biot’s coefficient.

In Eq. , Se is the storage coefficient and k, ¢ are the specific permeabil-
ity and pore-fluid specific viscosity, respectively. Finally, div(-) and V(-) denote
the divergence and gradient operators, respectively and () denotes differentia-

tion with respect to time. The storage coefficient S, is evaluated through the



following expression,

Sa = nﬁ + (aB - H)Cs, (3)

where 3, C4 are the pore-fluid and solid-grain compressibility, respectively.

The linear elastic constitutive equations for the solid phase are expressed as

o = De, (4)

where o denotes the Cauchy stress tensor. The constitutive relation for the fluid
phase is expressed through the static Darcy law for a single phase flow through

a porous medium
k
a=—Vp, (5)
vt

where q denotes the specific discharge, i.e., the specific volume of pore-fluid

exiting a control volume; this is expressed as
q =n(vi—vg), (6)

s with vy and v, being the velocities of the pore-fluid and the solid-skeleton,
respectively.
The coupled system of Egs. is supplemented by the following set of initial

and boundary conditions

u = uy, P=Dpy, In§ —initial conditions (7a)
u=uaonly, p=p,onl, — enforced boundary conditions (7h)
t=tonIly, q=4q, only — natural boundary conditions, (7c)

where ug and p, denote the initial displacement and pressure distributions over
the domain at time ¢ = 0. The Dirichlet boundary values for solid and fluid
phases are represented by u and p, respectively. The Neumann traction and

1 flux boundary values are contained in t and q, respectively.
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2.2. Virtual Element discretization

The weak form of the governing Egs. is derived accordingly as:

Find (u,p) € Vi x Vs 1= [H(Q)]* x [H'(2)] such that :
as(u7 V)]D) - a(E,O) (p7 v)aBm = fu(v) Vv e Vl (8)

a(E’O) (ll, W)aBmT + ao(p,w)ss + av(pﬂN)k/% = fp(w) Vw e Va )

where al?, ) are bilinear and linear functional operators and v and w are
appropriate test functions such that u,v € V; and p,w € V. The spaces V;
and Vs denote the spaces of admissible displacements and pressures, respectively.
These assume standard two-dimensional [H'(£2)]? and one-dimensional H'()
Hilbert Spaces, respectively.

In this work, the coupled weak form of Eq. is discretized using the Virtual
Element Method to account for non-simplex and non-convex element domains.
Within this setting, the displacement field is approximated through the following

finite dimensional approximation, i.e.,
up, vy € V1 C Vi, (9)

where u, and vy, are the discretized trial and test functions, respectively; these
are defined over a finite-dimensional subspace Vy1.

Similarly, the discretized pressure field trial p, and test wy functions are
defined accordingly as

Pn, Wn € Vo C Vz, (10)

over the finite-dimensional subspace Vys.
Using the discrete approximations introduced in Egs. @D and , the ab-

stract formulation of the discretized weak form is expressed

Find (up,py,) € Va1 X Vhe such that :

a®(un, vu)p — 3(670)(ph’vh)a}3m =1{"(vh) Vvh €V
Y (Phs Wh)i/y = P(Wn)  Vwn € Via,
(11)

a(E’O) (l:lha Wh)aBmT + aO(ph7Wh)Ss +a
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where a(?), ) are bilinear and linear functional operators. The individual op-

erators are defined as follows:

a€ (up, vi)p = /s(uh)ID)s(vh) dQ (12a)
Q
a%%(py, Vi) apm = /e(vh)aBmph dQ (12b)
Q

ae’o(ﬁh,wh)aBmT = e(up) apm? wy, dQ (12¢)

ﬂ

T dt

Q
a¥ (Ph, Wi/, = / V(p (Wn) dQ (12e)
Q

fu(Vh) :/E~Vh dF+/th dQ, (12f)
Ty Q
fp(Wh) = —/(_]-Wh dF+/QWh dQ. (12g)
Iy Q

The nature of the finite-dimensional subspaces V1 and Vyo chosen for the
discrete problem varies slightly between the classical FEM and VEM. The FEM
approach allows for solutions over simplex elements where the basis functions
are explicitly expressed. To extend this approach to account for non-simplex,
non-convex element domains, certain conditions on the approximating subspace
need to be relaxed. In particular, one allows for a more flexible discretization of
Q) into ne non-intersecting polygonal elements [C;, i = 1, ..., ne with arbitrarily
defined edges and convexities. The same condition on completeness is required,

ie. @~ Tyf|= U K as illustrated in Fig. .
Ki€Tn

To accommodate for such arbitrary elements, the necessary finite-dimensional

space needs to be enlarged, i.e., a weaker definition that allows for non-polynomial

function definitions over the element interior, is required. The global virtual

IThe parameter h is interpreted as the maximum diameter of all elements contained in Ty,.
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space of k'-order V;VEM is defined as

VWM = {v € [HN Q) NCTu)] : vk € VF(K), VK € Th}, (13)
where the local virtual space V}’f is defined over an element K as
Vi (K) ={veH(K)NCYK)] : vile € Pr(e) Ve € 9K ;
Av ;| € Pr_o(K), fori=1,2}. (14)
The virtual element spaces Vi1 and V2 now assume the following form:
Vi = [VVEM]2,  yy, = VVEM, (15)

Based on the aforementioned, we consider a polygonal element I of N,
number of edges and vertices, and area |K|, with arbitrarily chosen polynomial
order k > 1, as shown in Fig. @; the corner nodes are represented by vj, j =
1,...,Ny. Each edge e;, j = 1,..., N, connects nodes v; and vjy; and contains

k — 1 internal nodes per edge, which are denoted by v°.

Figure 2: Conventions adopted for computing barycentric coordinates over a polygonal ele-

ment. The nodes are shown for a k = 2 pentagonal virtual element

The bilinear and linear functional forms used in Eq. can now be com-

puted through assembling local element-wise operators as shown in Egs. .

10
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as('a') = Z ai('v')’ (16a)

KeTn
av('7') = Z az('7'>7 (16b)
KeTn
al(, ) = Z al(-,), (16¢)
KeTn
200 = 37 Al (), (164)
KeTn
e =D R0, (16e)
KeTn
PO =3 20 (16t)
KeTn

The arguments of these functionals belong to either VN (K) C Vui(Th) or
VE(K) € Via(Tw). The functions belonging to V) (K) and V[ (K) are not
explicitly defined, They are defined implicitly through carefully chosen degrees
of freedom (DOFS)ﬂ These DoFs are defined in Table |1} where Mj_»(K) and
[M,_2(K)]? denote spaces containing scalar and vector valued monomials of
order k — 2, respectively.

There are three primary operations performed on the discrete functions as
detailed in Eq. , i.e., e(-) contained in a€(-,-), V() contained in aV (-, -), and
(+) contained in a%(-,-).

The operators &(-) and V() cannot directly act upon functions belonging
to the virtual spaces V}’ﬁ and Vh’CQ as they are not explicitly defined. Further,
performing numerical integration for all three cases can be computationally
expensive. This is because high order quadrature rules are necessary to obtain
accurate results for non polynomial integrands.

To avoid this, three operation specific projectors, i.e., Hff, HIY and Hﬁ are in-

troduced to replace the €(+), V(-) and (-) operators respectively. These operators

2The member functions of the virtual element spaces Vh’cl and V{)CQ are often referred to
in VEM literature as a canonical basis ®. These basis functions are defined implicitly in a

barycentric fashion, i.e., ®j(xj) = d;; where dj; is the Kronecker Delta function.

11



DoF Type Location Vi Vho
Number L. Number L.
Description Description
of DoF's of DoF's
uy (v;), Vi),
Corner vertices of IC 2N, h( J) N, P J)
i=1...,Ny j=1,...,Ny
internal boundary uy, (v5), PR (v5),
Edge points on each 2Ny (k—=1)  j=1,...,k—1 Ny(k—=-1) j=1,....k—1
edge of K for each edge for each edge
point lying in 1 1
Area o K(k_1) I Ju,-mdK Kle—1) T [pp-mdK
interior of 2=~ K 5 K
Moment Vm € [M;_»(K)]? Vm e My_o(K)

domain I

Table 1: Degrees of Freedom for V}’fl and V}’.Cz- For Area moment, the monomials belong to

[M,_2]? and My _o spaces, respectively.

o project the virtual functions onto an appropriate scalar, or vector polynomial

space, denoted by [P, (K)]9, d = 1,2, respectively .

This approximation induces additional error into the formalism. Minimiz-

ing the influence of this error is critical to the performance of the VEM. The

projectors are defined to this end using the following optimality criteria:

€ : VN (K) — [P(K))? := af

Y - V5 (K) = Pu(K) := ay (p, — Y p,, m) =0,

I« V5 (K) = Pu(K) := ag(py, — Mpy, m) =0,

(un — Hfuh,m) =0,

(17a)

Vp, € VS (K), m € P (K),

(17b)

Vp, € VS(K), m e P (K).

(17¢)

The criteria enforced in these definitions ensure that the errors arising from

these projections, i.e., (uh—Hfuh), (ph—prh) and (ph—Hﬁph) are energet-

ically orthogonal to the approximating subspaces, [P (K)]? and Py (K), respec-

12

Vu, € VS (K), m € [Pu(K)]?,
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tively. It follows that the energies associate with these bilinear functionals are
computed ezactly, despite the simplifying assumptions introduced by the poly-
nomial approximations. This property is referred to in standard VEM literature
as polynomial k-consistency [41].

The approximating subspaces, [Px(K)]? and Py(K) are spanned by scaled

monomials belonging to [My(K)]?

and My (K), respectively. These monomial
spaces also contain members that contribute zero energy to a% (-, -) and ay (-, ),
e.g., e([1, 0]7) = [0, 0, 0], V(1) = [0, 0]7. These zero energy modes are specific
to the operator considered and are called the kernel of the operator. To avoid ill
conditioned matrices and consequent spurious results, these are excluded when

computing the projectors. The aO,C(~, -) has no zero energy modes.

Following this reasoning, Eq. can finally be established as follows:

¢ .= af(u, — Mfuy,, my) =0, Vuy, € VN(K), m;j € M (K))* \ KE(K),
(18a)

1Y o= a¥(py — M pymy) =0, Vwi, € VS(K), m; € My (K) \ KY(K),
(18b)

I = a%(p, — Mpymy) = 0, Vpy, € VS(K), my € M (K), (18¢)

where K& (K) and KV (K) belong to the kernels of zero energy modes of ag(-, )
and a¥(~, -), respectively. The contents of these spaces can be derived using
kinematical decomposition relations mentioned in [76]. The monomials spaces
used for the VEM formulation are detailed in Appendix [A] The procedure fol-
lowed in deriving the necessary virtual projectors IIE, HIY , Hg is provided in
Appendix [B| Consequently the associated bilinear functionals ag(-,-), ay.(-,-)

and al-(-,-) are discussed within a multiscale context in the following section.

13
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(b)

Figure 3: @ Multiscale mesh with ny; = 16 coarse nodes and ny,, = 9 quadrilateral coarse
elements, each clustering its own fine quadrilateral mesh. @ Multiscale mesh with ny; = 22
coarse nodes and nyp,; = 9 polygonal coarse elements, each clustering its own fine polygonal

mesh.

3. Coupled Multiscale Virtual Element Methods for polygonal do-

mains

3.1. Overview

The standard CMsFEM accounts for rectangular elements in the coarse scale
and quadrilaterals in the fine scale as shown in Fig. this limits the applica-
bility of the method especially for the case of inclusions or voids of an arbitrary
and typically non-convex geometry. In principle, one would be able to account
for such heterogeneities via a very fine finite element discretization; this would

considerably increase the number of elements to be resolved at the micro-scale

14
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Coarse Fine

Nodes Elements Nodes Elements

Fig nyn = 16 nMcl = 9 n, = 100 nmcl = 81
Flg nn = 22 nM, = 9 ny, = 100 Ny, = 81

Table 2: Total number of coarse and fine-scale nodes and elements in the multiscale domains

illustrated in Fig.

hence countering the computational advantages of the multiscale procedure.
Our objective is to treat the most general case of arbitrarily shaped domains
at both the macro- and the micro-scale, see, also, Fig. To achieve this we
harness the flexibility of the the VEM to efficiently resolve non-simplex and
non-convex geometries. The discretizations used at both scales in Fig. |3| are
summarized in Table 2
In the proposed CMsVEM, each polygonal coarse-element Kyy), o =

1...np,,, clusters its own underlying fine-scale virtual element mesh comprising

«
Me]?

micro-elements Ky, i=1...n where nyp, and ng,  denote the number of
coarse-elements and micro-elements clustered in Kyy(q), respectively . This is
illustrated for the case of the coarse element MoMsMoMsgM;Mg in Fig. [

The resolved parameters at the fine scale are mapped to the coarse scale
where the solution of the governing equations is performed. The CMsVEM pro-
cedure is schematically depicted in Fig.[d] The upscaling procedure is achieved
by numerically deriving appropriate multiscale basis functions to perform this
mapping. It is critical that these basis functions sufficiently capture all signifi-
cant static modes of the coarse element under consideration. In coupled porous
consolidation problems, this is equivalent to capturing deformation modes of
the solid skeleton and pressure gradient modes of the pore-fluid.

Within this setting, two sets of multiscale basis functions are computed. One
set describes the solid skeleton displacements and the other captures the pore-

fluid pressure. For these evaluations, both phases are assumed to be decoupled

from each other. The basis functions for the displacement field are evaluated

15



through the solutions of the following homogeneous sub-problems

Find uy € Vhi1(Kw(a)) such that

(19)
a‘s(uh,vh)]@ =0 V Vh € Vhl(’CM(a)).
Similarly, the fluid phase multiscale basis functions are evaluated as
Find py, € Vha(Kwm(a)) such that
h (@) (20)

a¥ (P Wh)k/pe =0V Wy € Va2 (Kni(a))-

These equations are subjected to Dirichlet constraints, which are imposed
at the coarse element boundary. In CMsFEM the constraints are either linear
or periodic in character. Periodic boundaries are not possible in polygonal
RVEs. Alternately, a reduced version of the cell problems Egs. and

»s are solved at the boundary called oscillatory boundary conditions [78]. The
implementation of linear and oscillatory boundary conditions is discussed in
Section The accuracy of the method depends heavily on the ability of
the constraints to satisfactorily reflect the physical behaviour of the problem.
When encountering comparable coarse and fine length scales in heterogeneous

20 problems, one can artificially enlarge the sampling domain to control resonance

errors through oversampling methodologies [25] .

3.2. Virtual fine-scale state matrices
The bilinear forms defined over the coarse-element domain Ky;(q) in Egs.
and , respectively can be assembled from individual fine element contribu-

tions as shown in Eq. (16):

a% (uy, vn) Z ag (un,vh), V(un,vy) € V}]fl(lCm(i)) C Vni(Kma)) (21a)

n®
Om el

Y (P> Wh) Z ag, (Phs Vi), V(PR wh) € V(K@) € Via(Kuga))  (21b)

Employing the VEM, the solid phase bilinear form at the micro-scale is ex-

pressed as

ag,, (un, vin) = ag,, ((uh — T uy) + Ty, (vi — I vy) + Hf‘“vh)) (22)

16
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Multiscale domain Coarse / Solution domain

RVE Domain

to the coarse domain

Figure 4: Schematic representation of the CMsVEM upscaling procedure.

and the fluid-phase bilinear form becomes
ay, (Pn, Wh) = ay,. ((Ph — I ™ py,) + T py,), (wi =TT wiy) +HkaWh)) , (23)

where Hi"‘ and Hkv‘“ represent the projectors discussed in Section
Expanding Egs. and 7 exploiting the symmetry properties of bilinear
functionals and the orthogonality conditions laid out in Eq. , one obtains

the following relations for the solid phase

a%m(llh, Vi) = a%m(ﬂfmuh, Hf“‘vh) + aﬁm (uy — Hf“‘ uy, v — Hfmvh)a (24)

solid phase consistency term solid phase stability term

and the fluid-phase

ay (Ph, Wn) = aXm(HszmHZmWh) +ay (p, — L™ py, wh — L™ wy,),

fluid phase consistency term fluid phase stability term

(25)
respectively. The corresponding fine scale VEM expressions for a’(p,,, wy,) and

a(&9 (uy, wy) are derived in a similar manner and are omitted for brevity.

Remark 1. The consistency terms comprise entirely polynomial terms and hence

can be computed analytically. However, this is not coercive. The stability term is

17
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introduced to overcome this rank-deficiency. Any bilinear form satisfying basic
coercivity and stability properties can be taken up as the stability term. It is de-
signed to reduce to zero over polynomial subspaces. The stability terms contain
non-polynomial integrands un, vp, p,, and wy, that have no explicit expression
over the element domain, therefore an exact computation is impossible. Ob-
taining close numerical approximations require higher order numerical quadra-
ture rules, rendering the procedure computationally expensive. Conversely, the
stability terms can be estimated with easy to compute forms that approximate
the energy contributed by higher order modes. The additional error introduced
through this approximation is chosen such that optimal error convergence rates

are still achieved.

Based on the approximation of the stability term, the expression of the solid-
phase element-wise bilinear operator at the micro-scale assumes the following

form
g ~ g Hem Hsm Se _ Hsm _ Hgm 26
a (uh7 Vh) ~ag ( k  Uh, Vh) + Km (uh k Uh, Vh k Vh)a ( )

where S,%m (+,-) denotes the stability term approximation.
The corresponding element-wise approximations for the fluid phases are ex-

pressed as

ax,, (Pn> W) ~ ., (I i, IR W) + Y, (P — T py, way — I wy)

m

(27a)
aoicm (Pn> Wn) ~ aolcm (Hf‘"ph, HE"’Wh) + 3)%,“ (Pn — Himphv W — Hi‘"wh), (27b)

where S,gm(, -) and S,%m(~,~) denote the stability term approximations for
ax. (-,-) and ag (-,-), respectively.
Finally, the VEM approximation for the coupling term is expressed as

(€,0) ~ (E0) (TTVm Vi (€,0) Vin Vin
ax. (uh,wh)Na,Cm (L™, I Wh)—i-S,Cm (up — I ap, wy — ILE™wy),

(28)
where S,(Cio) is the corresponding stability term. The choice of these stability
terms are not unique. One is referred to [79, 80, 8I] for an extensive discussion

on the properties of stability terms.
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Expanding Egs. — and re-writing in matrix form following Eq. ,

the following set of state-matrices is eventually defined at the micro-scale, i.e.,

T
Ko~ af. (un, vii)p = / e(1E (w)) De(TE(vi)) Ak + SE_ (. vi)
K

(29a)

T
Qi(ol‘) ~ aff )(uh,wh)QBm = / E(Hf(uh)) am (Hg(wh)> daK + S,%m(uh,wh),

Km()
(29b)
cla Tk
HIG ~ o, (i = [ V(08 0) 2 V(I () + ST, (b w)
Ky
(29¢)

T
St~ ok s = [ (I00) e (T2(w)) A+ S5, (g )
————

K stability

consistency

(29d)

where the expressions for the consistency and stability state matrices are pro-
vided in Appendix [C] and Appendix [D] respectively.

These fine scale matrices can be assembled over the coarse element domain

to provide the RVE state matrices using a direct approach:

a Tnep el,a a el, a fliney el,a a Tnep el,a
Ki = A Ko, Qi= é Qi Hi= AHLE, sh= ATSng

(30)
The state-matrices defined in are used to evaluate the multiscale basis

functions as discussed in Section [3.3l

Remark 2. A virtual element formulation is not necessary for the load vectors
for our upscaling purposes. This is so because while the state matrices are evalu-
ated at the fine scale for an RVE, the load vectors, in the absence of source/sink
terms and body forces, can directly be evaluated over the boundary at the coarse

scale thus rendering a virtual element approach unnecessary.
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8.3. Constructing multiscale basis functions
The micro-nodal field variables u$ and pg are mapped to the associated

coarse-nodes using the following relations:

nmMm

E NlexuMX I+ E NleyuMY>J

J=1 J=1
ny ny
my, § NlJyxuMXJ + § NlJyyuMy,J (31)

J=1 J=1
nm

— 1%

= E NijPm,3s
J=1

where Umx,i, Umx,i and py,;, 1 = 1...n7 are the displacement and pressure

components of the i*® micro-node, n% is the number of micro-nodes within the
coarse-element o and ny; is the number of coarse-nodes belonging to the at®

coarse-element. The terms umx,j, Umy,J and PM,J denote the displacement and

th

pressure components at the J® macro-node of the o coarse-element. The

Nijxys Nijyxs Nijyy and NPJ interpolate the

multiscale basis functions Nij,,

fine-scale displacements and pressures, respectively. The relations in Eq.

hold only if:

nm
Z NIJXX =1 Z NIny
Ty JI=1...ny,
Z NIJyx =0 Z NIJyy M (32)
nl\/[
P Niy =
The RVE specific fine-element nodal displacements u$, = [Umx, Umy]’, and

pressures pg, are associated with the corresponding coarse-element field variables
through the following equations, i.e.,

uy i) = Nio e (33a)

P = Ny Pi(); (33b)

where uf“n(i) and pfn(i) denote the displacement and pressure vectors for the

b fine-element in the o element. The arrays Num(i) and an(i) represent the

multiscale basis functions mapping the at? coarse-element nodal displacements

up(q) and pressures pyj(q) to the fine-scale.
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Collecting the contributions from each fine-element, Eq. can be ex-
pressed over the entire RVE:

up, = N (o) (34a)
Pm = NLPM(a) (34b)

where NI and NP correspond to the coarse element multi-scale basis functions
for the displacement and pressure field, respectively. Each column of these
arrays corresponds to a possible static displacement or pressure mode of the
RVE. To compute these snapshots of the system in a manner consistent with
Eqgs. and , the discretized matrix forms of the boundary value sub-
problems in Eqgs. and are solved over the RVE domain:

Kous ={0} ,on Ky
@ o1 T=1,2 (35)
ug = uyj , on 8ICM((X)

H%p%: {(Z)} , 01 K:Moc
@ o1 J=1 (36)

Ps = Pu , on a’CM(OZ)7
where K¢ and HY are the RVE specific state matrices, which are assembled
from fine-element contributions using Eq. and , respectively.

In the CMsFEM, the prescribed displacements ug and pressures ps at the
RVE boundary are assigned linear or periodic kinematical constraints u and p.
For generalized polygonal RVEs (Fig. , assigning periodic constraints is not
possible. Alternatively, oscillatory boundaries are used, i.e., reduced versions of
Eq. and Eq. are solved over the required edges of the RVE.

In comparison to prescribing linear constraints (Fig. , oscillatory condi-
tions allow for a less rigid enforcement of displacement and pressure profiles
along the RVE boundaries (Fig. [5b)). Furthermore, the effect of material het-
erogeneities along the boundaries naturally emerges in the evaluation of the of
the corresponding displacement profiles hence providing a physically rigorous
approach to the evaluation of the multiscale basis functions. The procedure
followed in assigning these kinematical constraints is provided in Appendix [E]

for the sake of completeness.
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Figure 5: An example 6-noded coarse element (o = 2) clustering nm,, =9 fine elements and
ny = 21 fine nodes. Linear kinematical constraints are prescribed over edges I'n,m; and

IvigMg s Oscillatory kinematical constraints are prescribed over edges I'ni,nvg and Ivigm, -

Remark 3. The terminologies ”Coarse-Element” and ”Representative Volume
Element (RVE)” are used interchangeably here. This is to remain consistent
with the literature. A coarse-element, as employed in this work, is not truly
representative of the entire domain, and should therefore not be confused with
the classical notion of the RVE found in homogenization theory with scale sep-

aration.

8.4. Governing multiscale equilibrium equations

The element-wise governing equations introduced in Eq. are expressed

in matrix form as

el,a el,a a e el,a

Kty ~Quiy| JWw (| 0 O 1) ima b _ i | (g
el,« a el,a T el,a e el,a

0 H o P Q.o Swn] (Pmg) fil(i)

ill’(oi‘), ill’(?), Sill’(ai‘) are evaluated using the

VEM according to Eq. (29). The vectors £ Zl)a and 2, Zl)a correspond to the

where the state matrices Kill’(?), Q
nodal forces and outflows, respectively at the i** micro-element.

Substituting the micro to macro mapping Egs. into Eq. and pre-

multiplying the first row-set of equations by N' 7" and the second row-set by
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NP T the following equation is obtained

el el . el
KM@),m@)  —QM(a)m() | ) UM(a) N 0 0 i) | _ | Ba),m)
1 17T 1 . el
0 Ho)m) | (PM@) ) | Qi(a)ymi)  SM(a),m) PM(a)( | Bi(a).m(i)
38

where the stiffness and coupling matrices of the 3" micro-element mapped at

the coarse element nodes are expressed as

el o uT grel,a nyu
K (a),m(i) = Ny Ky Nin i) (39)

e u el,a
Qfi().m() = Ninlty Quu(h Ny (40)

Furthermore, permeability and compressibility matrices are expressed as

pT el,a nTP
Hi)m() = Nowyy By Ny (41)
p T qel,a nP
SSi(@)m6) = Nonty Sty Nons)- (42)
Finally, the forcing terms assume the following form
u e u el,«
£y m() = Non(o fm(sy (43)
Bk .am() = Nowco sy (44)

for the nodal forces and outflows, respectively.
In principle, the coarse-element equilibrium equations could be expressed in

a form analogous to Eq. , ie.,

K¢ Uni(a 0 0 Wf(a £
M)~ Qe | e | o i LBy

0 Hjw. | |Puw@ Qo) St (Prie) i)
where KM(Q)7 QM(Q M(a) Sel( y denote the coarse-element state matrices
and f" M(a): fﬁ/l(a) denote the coarse-element load vectors, respectively. Due to

the heterogeneous material distribution at the fine scale, explicit expressions for
these matrices do not exist. Yet, these can be evaluated on the basis of energy

equivalence between the coarse element domain Eqgs. and the upscaled fine-

element components Egs. (39)-(44).
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Considering Eq. 7 the internal energy associated with each operator is

defined as

EiIflt = €MDEM dIC = uM(Q)KM(Q)uM(O&)

E:?lt / PMm apIm e dIC pM(a)QM M( )
Kai(a)

k

EiI;Ilt = / VP{/{ % Vpy d = p{/l(a)Hi}l(a)PM(a)
Kar(a)

Eisnt = / PM Se pm dK = PM Sel M(a)
}CM(a)

(46a)

(46b)

(46¢)

(46d)

where ey and py; correspond to the strain and pressure fields defined over the

coarse element domain.

The internal energy of the RVE is also additively decomposed into the con-

tributions of its underlying fine-elements, i.e.,

Ny nm

el

K z : z : el,a a
Elnt = / m( ) ]D)Em( d]C u K ( ) Hl(l)
i=1 i=1
Km)

Nm Nm,

el
1
Ei = Z / Pin(i) BT (i) AK = meo QL) (i)
Nmg) |
m—Z / Vi) — meod’C > P H G Pin)
i=1
nmel nn‘el
S _ T _ aT gel,a o
B =) / Pinci) Se Py A = D PLESLE Py
i:1’Cm(i) i=1

Equating Eqs. (46al) and (47a)) the following expression is derived

Mel

UM(a)KM(a)uM(a) = uM(a Z (Nm( )Km( )Nm( ))uM(a)

that holds if and only if
1
Ky = Z K i)

24
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Hence, Eq. provides the reduced order stiffness matrix of the coarse ele-

ment that however comprises stiffness contributions from the underlying micro-

elements.

The upscaled expressions for the coupling, permeability, and compressibility

matrices are derived in a similar manner as

Nmg,

Z QR (a) m(i)

Nmy

Hij(o) = Z H{l () (i)

and

Nmg
el _ el
SRi(a) = D Shia) mi:
i=1
respectively.

Finally, the upscaled load and outflow vectors are

n m,

fNi () = Z £ ().

and

p el p el
(o) = Z £1(e).m(i):

respectively (see, also, [24]).

(53)

(54)

The coarse element state and load matrices defined in Eqgs. can then

be assembled using a direct assembly approach to derive the reduced order

structure matrices and corresponding forcing vectors

nn nnM,

el e 1
Ky = a‘il th(a), Qu = A QM(Q), i = A f&fa), (55a)
nl\/[el
Hy= A HY) (), Su= A St = A fgfi (55b)

Hence, the upscaled governing equations assume the following form

KM 7QM umM 0 0 ﬁM
+

0 Hy | (pPum Qu Swu| |Pu
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The unknown field variables uy; and py represent the global coarse-nodal dis-
placements and vectors, respectively.

The algorithmic implementation of the multiscale virtual element method
vis-a-vis the assembly of the discretized governing equations at the coarse scale

is summarized in Algorithm

Algorithm 1 Upscaling procedure performed for solid and fluid phases

Result: Global coarse scale stiffness matrices Ky, Hy and load vectors £, £y

for QM(a)a 1< a< ny, do
1. Compute RVE stiffnesses,

1
(a) Solid phase: K% with K& = > Kill’(?),
i=1

m)
1 ‘A e} : a el,a
(b) Fluid phase: H% with H% = i; H )
2. Compute multiscale basis functions using kinematic constraints with
(a) Solid phase: N : K% ug = 0, where u% = NU,
(b) Fluid phase: NP : H2 p% = 0, where p% = NP
3. Compute multiscale contributions with

(a) Solid phase: K§j ) me = NuHKOON o and £

€] (1) M(a),m(i)
uT guel,a
N fm)
: o el _ p T yyel,a ngpP p,el
(b) Fluid phase: HM(a),m(i) = Nm(i)Hm(i)Nm(i) and fM(a%m(i)
p,T epel,a
N EnG
4. Assemble coarse-element stiffnesses with
A Nmg , 1 Dmg , 1
(a) Solid phase: Kﬁ}[(a) = i; K%(Q)’m(i), and fl\l/l[fa) = i; f&fa%m(i),
. Nmg) , 1 Nmg) , 1
(b) Fluid phase: Hi/ll(a) = i; Hl‘i}[(a),m(i), and fl\‘jl(ea) = i; fﬁ[(ea),m(i)a

end
Assemble global coarse stiffness matrix and load vector with

(a) Solid phase: Ky = ALY Ki}[(a) and fii = ALY fl\l/ll’f;)

(b) Fluid phase: Hy = A Mg HYj ) and £ = A fl{’d’f;)
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8.5. Solution procedure at the coarse scale

Eq. is a system of first order differential/ algebraic equations with re-

spect to time of the following generic form
AX+BX=F, (57)

where X = {UM7 pM}T. The quantities A, B and F can be obtained from
Eq. by inspection.

In this work, a theta rule time discretization scheme is employed to obtain
solution states at each time step. Assuming that the time domain is discretized
into a finite number of Ny 4+ 1 points, i.e., tp < t1--- < tp < tpy1 < --- < tn,

the solution vector X and it’s time derivative X are defined as

Xpso = (1 — 0)Xy + 0Xpi1 (58)
and
Y Xn+1 - Xn
Xn = T AL
+0 A7 (59)

respectively, where At is the time increment and 6 is the implicitness parameter
0 < 60 < 1. The vectors X, and X, 41 denote the state vectors at time t,, and
tnt1, respectively.

Substituting Eqgs. and into Eq. gives rise to the following time
marching scheme

AX, 1 = BX, + AtF, 0, (60)

where A and B are the effective state matrices, which after the necessary alge-

braic manipulation assume the following form, i.e.,

- 6K —0
A= M QM (61)
Qi Swm + AtfHy

n

and

B (0 — 1)Ky (1-0)Qu , (62)

Qi Su — (1 — 0)AtHy,

n+

T
respectively and the discretized forcing vector F, 19 = {f‘lf/[ ff\’/[}
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A central difference scheme, 0 = % is adopted in this work. Since such a

scheme is conditionally stable, one should exercise caution in choosing appro-

priate spatial and temporal time discretization steps.

3.6. Downscaling

The fine-scale displacements and pressures at each time-step can be eval-
uated from the solution of Eq. by employing the following down-scaling
procedure. The coarse element-wise displacements and pressures are first ex-
tracted at the desired time steps from {upm}, and {pm}n, respectively. These
values are now stored in the vectors of coarse-nodal displacements uy(,) and
pressures Py(a), @ = 1...nyp,, respectively. The displacements and pressures
associated with the i*" fine-element in the at" coarse-element / RVE can be eval-
uated using Eq. . Derivative quantities, like strains and stresses associated

with the fine-scale elements can now be computed:
« _ RE&,o « _ (e
€ma) =B Uy o) =Deng), (63)

Similarly, the derivative quantities for the fluid phase, i.e., the pressure flux and

specific discharge, can be evaluated
a V.« o k a
VPhng =B Py dma) = T VPu)- (64)

The terms BE and BY are VEM based strain and gradient matrices, respec-
tively. They are described fully in Appendix
The process flow of the CMsVEM is graphically shown in Fig. [6]

4. Numerical Examples

In the following, we examine the performance of the CMsVEM in terms
of accuracy and computational efficiency, through three numerical examples.
A first-order VEM (k = 1) is used in all cases. The element-types used are
illustrated in Fig.[7} The centroidal Voronoi tesselations (CVT) shown in Fig.

are generated using Polymesher [82].
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Figure 6: Process flow of the Coupled Multiscale Virtual Element procedure.

The accuracy of the displacement and stress/strain approximations is quanti-

fied through the relative L5 norm and the #; semi-norm, respectively as follows:
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(a) 100 QUAD elements  (b) 100 CVT elements

Figure 7: Mesh types used

ne,, /1Q Q Q 2
1 (Wati) ~ ey Uat) ~ Yresci))
lup? —u,lle, = 2 o
h refilf2 nou <u?€f(i)’ u’"Qef(i)>

R <5(u;?(¢)) - E(u?ef(i))v o'(u}?(i)) - U(uif(i)»

lui? —u I, =
ref 1 no., = (s(uif(i)),o'(ur%f(i)))

(65b)

Similarly, the accuracy of the pressure and the pressure flux/specific discharge

approximations is quantified as

no.y Q Q Q Q
1 <phz _pre i7phi _pre 2>
||p}?_prgef|‘£2: Z (®) Qf() Q() f() (66a)
ne. i (Pres(iy Presiiy)
nQ.y

Q _wp? Q) —q(p2
192 = b2, = (| L S (TP = VPH - aPily) APy
(66b)

To enable fair comparisons the relative £o and H; error norms are computed
135 over a query mesh with ng,, elements unless stated otherwise. The terms u,?,
p,?, urQe f and pTQe 7 denote the numerically evaluated and reference displacements
and pressures, interpolated at the nodes of the query mesh 9, respectively. The
operator (-,-) represents the scalar product. All reference solutions u; and

Pr are obtained through finely discretized VEM solutions. All solutions were

a0 performed using our in-house source codes developed in Matlab.
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4.1. Porous domain with cavity

s s s R SR

Figure 8: Geometry and boundary conditions of a porous domain with circular cavity

A rectangular porous domain with dimensions 10m x 4m is considered, with

a cavity of radius R = 1m as shown in Fig.[8] Only half the domain is analysed
due to symmetry. The boundary conditions are also shown in Fig. 8] The right

us edge is exposed to air and maintains a pressure p = 0. Null flow conditions
are imposed at all boundaries, i.e., Vp-n = 0. A compressive load denoted by
t= {tx, ()} T, where t, = 75 kN/m is incrementally applied on the right edge of

the domain. The loading history is shown in Fig.[0] A homogeneous material

300

=3
n
=

200

compressive load [kN]
B

10 15 20 25
time [h]

Figure 9: Compressive loading history

is assumed over the entire domain and the corresponding material parameters

0 used are summarized in Table [3

Three discretization schemes are used as shown in Fig.[10]and summarized in

Table[d] Mesh 1 (Fig.[10a)) is a pure VEM mesh of CVT elements with an average
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Parameter E v o K K¢ g Ps Pf n

ap
[MPa] [/] [Pa-s] [Pa] [Pa] [m-s7? kg-m™® kg-m™® [/] [/]
Value 5 02 1072 3x10* 10% 0 10° 103 02 1

Table 3: Homogeneous material parameters used

Label Full Mesh Multiscale Mesh

[-] Macro Micro
Mesh 1 ng = 2500 - B
Mesh 2 neg =2500 ny, =50 1y, =50
Mesh 3 ne =2500 ny, =250 1y, =10

Table 4: Discretization scheme specifications

diameter h = 0.1076m. Mesh 2 (Fig. is a multiscale mesh comprising 50
coarse CVT elements of average diameter h = 0.7880m. Each coarse element
35 clusters 50 fine CVT elements. Mesh 3 (Fig. is also a multiscale mesh
consisting of 250 coarse CVT elements of average diameter h = 0.5543m. Here,

each coarse element clusters 10 fine CVT elements.

Figure 10: @ Mesh 1,@Mesh 2, Mesh 3.

4.1.1. Field contours
In all cases, the maximum pore-fluid pressures occur at t; = 6.83 hours,

w0 i = 42; these are shown in Fig. The corresponding displacement contours
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(a) Mesh 1 (c) Mesh 3

Figure 12: ugz: x-Displacements of solid skeleton at t; = 6.83 hours, i = 42

u, and u, are shown in Figs. [[2] and [T3] respectively. The pressures computed
by the method over Mesh 2 and Mesh 3 are nearly identical to the reference
VEM solution, as illustrated in Fig. Similarly, the displacements u, and
uy evaluated over Meshes 2 and 3 are found to be equivalent to the associated
Mesh 1 contours. This can be seen from Figs. [I2] and [I3] respectively. It
can be concluded from this that the CMsVEM procedure over Mesh 2 proves
sufficient for computing primary quantities, while offering stark reductions in
computational complexity.

The stress contours ouz, 0y, 0gy are illustrated in Figs. [T4], [I5], and [T6]
respectively. The Darcy velocities v, and v, are shown in Figs. and

respectively. The Darcy velocity is evaluated through the following expression:

V= CI/TZ, (67)

where n denotes the porosity and q is the Darcy flux computed using Eq. .
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Figure 13: uy: y-Displacements of solid skeleton at t; = 6.83 hours, i = 42
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Figure 15: oyy: Stresses of solid skeleton at ¢; = 6.83 hours, ¢ = 42
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Figure 16: o4y: Stresses of solid skeleton at t; = 6.83 hours, 7 = 42
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Figure 17: vg: Darcy velocity of pore fluid at ¢t; = 6.83 hours, ¢ = 42

The stresses 0gz, Oyy, 0zy and the Darcy velocities v, v, computed over
Mesh 2 show significant deviations from the reference solution i.e., Mesh 1.
Conversely, Mesh 3 offers practically equivalent results. Hence, Mesh 2 is insuf-
ficient in capturing local variations in secondary or derived fields. A finer coarse
discretization, i.e., Mesh 3 is required in such cases. Despite proving more ex-
pensive than Mesh 2, it still offers significant reduction in computational effort

compared to Mesh 1. This trade-off between accuracy and computational effort

is studied more rigorously in Section and respectively.

4.1.2. Convergence behaviour

To investigate the convergence behaviour of the proposed CMsVEM, six
different discretization schemes are considered at the coarse scale, i.e., with 25,
50, 100, 250, 500 and 1000 polygonal elements. For each case, the five different

micro-structure discretizations shown in Fig. are employed and the relative
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Figure 18: vy: Darcy velocity of pore fluid at t; = 6.83 hours, i = 42

Lo and H; error norms are evaluated. A standard VEM solution with 5000
CVT elements is used as the reference solution.

Figs. and summarize the convergence analysis results for the solid
skeleton displacements and stresses, respectively. The error in the solid skeleton
quantities reduces for finer coarse and micro-element discretizations. The case of
250 coarse elements and 25 micro-elements per coarse element is an upper bound
below which all solutions seems to provide identical and well-behaved results.
This is not the case for the fluid phase, where the error is primarily controlled
by the coarse element size rather than the micro-structure resolution as shown
in Figs. and for the pressures and fluxes, respectively. Although this
observation hints at the idea of resolving the two governing equations at different
meshes hence further reducing computational costs, it is important to mention
that this example involves a homogeneous domain where such a convergence
response is to be expected.

The error convergence rates for both phases are summarized in Table [5]
These are found to nearly coincide with the theoretical convergence rates of 2
in the £5 and 1 in the H; relative error norms, respectively. The theoretical
convergence rates are provided in [83] for elasto-static problems. Hence, all
microstructural configurations result in near optimal error convergence rates.
This establishes the CMsVEM as an alternative to the CMsFEM when flexible

mesh generation is required.
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(b) CVT10 (c) CVT25

(a) CVT1

(d) CVT50 (e) CVT100

Figure 19: 5 microstructures illustrated for an arbitrarily chosen polygonal coarse element

l[up — Uexllz,  |Ph = Pezllz,  [[un —We|l2,  [IPh — Pel#,

CVT1 1.6901 1.8265 0.8993 1.0316
CVT10 2.0504 2.0008 0.9279 1.0121
CVT25 1.8949 2.0470 0.9265 1.0141
CVT50 1.7623 1.6956 0.8926 1.0049
CVT100 2.0117 1.7914 1.1331 0.9780

Table 5: Rates of error convergence

4.1.3. Discussion on computational effort

To examine the computational toll of the CMsVEM, the time required for
pre-processing, analysis, and downscaling is recorded. These times are averaged
over five runs and are illustrated as a function of the coarse and fine discretiza-
tions used in [4.1.21

The time required to create the coarse elements is displayed in Fig.
This includes the evaluation of the multiscale basis functions and the upscaling
procedure used to create coarse element state matrices. A linear front is ob-
served, indicating that the number of operations required depends on both, the

number of coarse and fine elements. This is expected as in this case the RVEs
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Figure 20: Convergence results for 5 microstructure configurations at t; = 6.83 hours, i = 42

are non-periodic and the basis-functions are evaluated for each coarse element
individually. In the case of periodically repeated RVEs, basis functions would
be evaluated once for each periodic group and the computational time would be
independent of the number of coarse elements involved.

The time required for the assembly of the global coarse state matrices Ky,
Qur, Has, Sy, and the solution of global system of linear equations at the coarse
scale through finite-differences are shown in Figs. and respectively. It
is evident that these times depend exclusively on the number of coarse elements.
The assembly procedure is of the order of magnitude 1F —02 seconds and can be
considered negligible in comparison to the solve times. This can be accounted
for by the fact that the global state matrices are assembled only once.

The time required for downscaling is provided in Fig.[2Id] This includes the
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Figure 21: Computational time (in seconds) for@Coarse elements creation@ Global coarse

element state matrices assembly Solution at the coarse scale Down-scaling Total

time
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procedure described in Section The computational effort here is a function
of the coarse and fine scale discretizations. Finally, to account for possible

overheads in the computation, the total time taken for the entire CMsVEM is
provided in Fig.

4.2. Heterogeneous Soil Domain

A fully saturated soil domain of 40 m x25 m shown in Fig.[22]is considered.
Two discretizations are examined, which are summarized in Table[6] In the first
(see also, Fig. a coarse structured grid containing 40 (8 x 5) quadrilateral
elements is considered. Each coarse element comprises a micro-mesh of 5 x 5
quadrilateral micro-elements. The total number of micro-elements is 1000. The
second discretization, shown in Fig. 22| involves an unstructured coarse mesh
containing 40 uniform CVT elements. In this case, each coarse element clusters
25 CVT fine elements and the total number of micro-elements is again 1000.
A reference discretization of 40 x 25 quadrilateral elements is considered to
facilitate comparisons. The domain is subjected to a compressive load at the
top boundary with the loading history shown in Fig. The domain is fully
supported at its bottom edge. Sliding conditions are considered in the left and

right-most edges.

T, o S

- -

20 20|0H g

-

15 : 15[ %

10 y 100 %

- )

5 = 3

y o Ly oy y 08 g

T 0 5 10 15 20 25 30 35 40 T 0 5 10 15 20 25 30 35 40
x x

(a) (b)

Figure 22: Saturated 40 m X 25 m soil domain With@ 8 X 5 coarse structured quadrilateral
mesh and 40 X 25 fine structured quadrilateral mesh, @coarse unstructured CVT polygonal
mesh with 40 elements and fine unstructured CVT polygonal mesh with 1000 elements
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Label Full Mesh Multiscale Mesh

-] Macro Micro
QUAD 40 x 25 8x5 5x5
CVT 1000 40 25

Table 6: Discretization schemes
300
250

200

[ 5 10 15 20 25 30 35 40
time [h]

Figure 23: Loading history.

To investigate the fidelity of the phase-decoupling hypothesis used in deriving
the multiscale basis functions in Section two heterogeneous descriptions of
the domain are examined. To investigate the influence of the assumed boundary
conditions at the coarse element boundary for the evaluation of the micro-basis
functions two cases are run for each heterogeneous description, i.e, the case of

linear and oscillatory boundary conditions. The methods used are summarized

in Table ®

4.2.1. Case 1 - Heterogeneous permeability k
In this case, isotropic heterogeneous random permeability fields are con-

sidered, sampled from a lognormal distribution of mean pu(log(k)) = —12 and

Parameter v Ve Ks Ks g Ps Pt
[Pa-s] [Pa]  [Pa] [m-s7?] [kg-m™®] [kg-m™?]
Value 02 107% 10 2x10° 0 2.8 x 103 103

0.2

Table 7: Homogeneous material parameters of the soil domain
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Figure 24: @ Randomly sampled heterogeneous isotropic permeability field, @ Randomly

sampled heterogeneous Young’s modulus

Abbreviation Method Mesh-Type  Boun

dary Conditions

VEM Virtual Element Method Quadrilateral
MS-QUAD LIN  Multiscale Virtual Element Method Quadrilateral
MS-CVT LIN Multiscale Virtual Element Method Polygonal
MS-QUAD OSC Multiscale Virtual Element Method Quadrilateral
MS-CVT OSC  Multiscale Virtual Element Method Polygonal

Linear
Linear
Oscillatory
Oscillatory

Table 8: Methods investigated

standard deviation o(log(k)) = 1.0. The field has a maximum and minimum
value of k = 5 x 107 m? and k = 7 x 107 m?, respectively. A snapshot is pro-
vided in Fig. For the solid phase, a homogeneous modulus E = 5 x 10° Pa
is employed. The remaining material parameters are uniformly distributed over
the entire domain and are summarized in Table Due to the random distri-
bution of the permeability, multiscale basis functions are evaluated all coarse
elements individually.

Three points of interest, i.e., points A(20, 25), B(10,15), and C(20,10) are
considered as shown in Fig. The time evolution of the expectation values of
displacements ug, 1y, and pressures p obtained over n, = 5000 samples at these
points are illustrated in Fig. 25

Due to symmetry the horizontal displacement component u, at Points A

and C is practically zero as illustrated in Figs. and respectively. Minor
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Figure 25: Time evolution t = 40h of expectation values of horizontal displacement E[ux],

vertical displacement E[uy], and pore-fluid pressure E[p] at points A, B, and C, obtained for
ns = 5000 samples
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Figure 26: E[uy] displacement contours (in [mm]) at t = 40h obtained for ns = 5000 samples.

deviations from zero are attributed to asymmetric permeability fields sampled
from the lognormal distribution. As shown in Figs.[25|regardless of the boundary
conditions employed, all CMsVEM runs match perfectly the standard VEM
solutions.

Snapshots of the expectation values of the results obtained at ¢t = 40 hours

are shown in Figs. [26] and [27] for the vertical displacement component and the

pressures, respectively.
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Figure 27: E[p] pressure contours (in [Pa]) at t = 40h obtained for ns = 5000 samples.

4.2.2. Case 2 - Heterogeneous permeability k and heterogeneous Young’s mod-
ulus E

Here, the heterogeneous permeability k field employed in the previous case
is considered together with a heterogeneous Young’s Modulus F distribution.
The heterogeneous random Young’s modulus fields are defined with maximum
and minimum values of E = 1 x 10'°Pa and E = 7 x 10® Pa, respectively.
A snapshot is provided in Fig. The remaining material parameters are
uniformly distributed over the entire domain and are summarized in Table [7]
As in the previous case, the multiscale basis functions are evaluated for all coarse
elements individually.

The resulting time evolution of the expectation values of u,, u,, and p at
points A, B and C as obtained over ngy = 5000 samples are shown in Fig.
Contrary to Case 1, the heterogeneities in the solid domain increase the granu-
larity between the different methods considered. Although the accuracy of the
predicted displacements is acceptable, the methods using oscillatory boundary
conditions, i.e., MS-QUAD OSC and MS-CVT OSC provide the best match
to the standard VEM solution. The differences are more pronounced in the

predicted pressure fields Figs. 28] where MS-QUAD LIN and MS-CVT LIN
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Figure 28: Time evolution t = 40h of expectation values of horizontal displacement E[ux],

vertical displacement E[uy|, and pore-fluid pressure E[p] at points A, B, and C, obtained for

ng = 5000 samples

consistently under-predict pressures at the three points.

The contours of expectation values for the horizontal and the vertical com-

ponent of the displacement fields at ¢ = 40 hours are shown in Figs. [29] and [30]

respectively. The corresponding pressure field is shown in Fig. 31}

The linear boundary conditions impose a strict constraint on the deforma-

bility of the heterogeneous micro-structure. This is consistent with the physics

of the problem where a nonlinear displacement profile is to be expected due to

the joined permeability and Young’s modulus heterogeneity. The choice on the
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Figure 29: E[ux] displacement contours (in [m]) at t = 40h obtained for ns = 5000 samples.
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Figure 30: E[uy] displacement contours (in [mm]) at t = 40h obtained for ns = 5000 samples.
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Figure 31: E[p] pressure contours (in [Pa]) at t = 40h obtained for ny = 5000 samples.

boundary conditions to be employed for the evaluation of the basis-functions
should be driven by the physics. Using a decoupled scheme for the evaluation of
the basis-functions on the other hand does not significantly affect the accuracy
of the CMsVEM while imposing minimum costs on the evaluation of the basis
vector. This observation could prove particularly beneficial in the case of non-
linear problems where a re-evaluation of the basis would be required. However
such aspects are beyond the scope of this work.

To examine whether the oscillatory boundary conditions ensure compatibil-
ity of the fine scale solution across boundaries, contour plots of the total dis-
placement, pressure, strain component €,,,, and stress component o, obtained
at t = 40 hours for a single realization of the heterogeneous Young’s modu-
lus and permeability fields using oscillatory boundary conditions are shown in
Figs. In all cases, the downscaled quantities vary smoothly across the coarse
element boundaries, despite the prevalence of significant heterogeneities.

Consistency and continuity properties are investigated in more detail by con-
sidering two neighbouring coarse elements, i.e. 16 and 31, as shown in Fig.
The interface encountered is non-conforming in nature. These elements are cho-

sen as the underlying material description here is highly heterogeneous. Conse-
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Figure 32: [lu|| (in [m]), @ p (in [Pal), —oyy (in [Pa]) and @ —eyy contours at

t = 40 hours for a single realization of the heterogeneous E and k field.

quently, continuity of field variables at this interface should provide satisfactory
guarantees for similar continuous behaviour across other coarse element inter-
faces as well. The total displacements ||u|| and strain e,, evaluated at the
fine-scale interface nodes belonging to each coarse element are provided in Ta-
bles [A and [[Q

It can be seen from Tables [9] and [I0] that ||ul| and e, evaluated at the fine
nodes corresponding to coarse node Myr, i.e., 1 and 29, and Mjs, i.e., 15 and 5
are practically identical. Despite non-conformity of intermediate edge interface

nodes, the quantities appear continuous here as well.

49



530

535

interface

Figure 33: Microstructures of adjacent coarse elements 16 and 31. The interface joins coarse

nodes My7 and Msg.

4.2.8. Discussion on computational gains

The computational efficiency of the CMsVEM is assessed by recording times
for critical procedures for all methods. All times displayed are averaged over
five runs.

The time taken for assembling global coarse scale state matrices Kus, Qas,
H,; and S); is shown in Fig. This includes the computation of multiscale
basis functions and upscaling procedures used to create coarse element state
matrices. All multiscale methods practically perform equally in this regard and
offer a speedup of approximately a factor eight (= 8x) when compared to the
VEM. As using oscillatory boundary conditions when computing multiscale ba-
sis functions does not require more computational effort than the simpler case
of linear boundaries, one should always prefer MS-QUAD OSC and MS-CVT
OSC over MS-QUAD LIN and MS-CVT LIN in the event of highly heteroge-

50



540

545

550

555

Fine

Node

15 14 13 5 2 1

[lu| 3.19442  3.05568 2.98009 2.83392 2.70283 2.65383
Eyy -0.1645 -0.1645 -0.1646 -0.1647 -0.1647 -0.1648

Table 9: Fine-scale ||u|| (in [mm]) and ey, (x1073) along interface for coarse element 16

Fine

Node

5 14 15 28 29

]| 3.19442 290025 2.82015 2.71886 2.65383
e,y -0.165  -0.1649 -0.1648 -0.1649 -0.1649

Table 10: Fine-scale ||u|| (in [mm]) and eyy(x1072) along interface for coarse element 31

neous material definitions.

The time taken for the solution procedure is illustrated in Fig. All
multiscale methods again perform equally efficiently and offer a speedup of
~ 200x when compared to the VEM. This enormous reduction in computational
effort is to be expected as the number of nodes in the multiscale procedures is
significantly reduced in comparison to it’s VEM counterparts. Repeated matrix
inversions in the case of finite-difference time domain solutions further establish
the effectiveness of the CMsVEM.

The postprocessing times are displayed in Fig. This involves the down-
scaling procedure used to recover fine scale information and evaluating deriva-
tive quantities like stresses, strains and fluxes over fine element domains. Once
again, all multiscale methods perform equivalently and offer a speedup of ~ 2x
in comparison to the VEM. This is attributed to the fact that in the multi-
scale methods, the downscaling procedure is performed for each coarse element.
This implicitly vectorizes the associated stress and flux computation loops. It
is of interest to note that since the consolidation problem examined is linear,

the multiscale basis functions are computed offline. As a result, no significant
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Figure 34: Time taken to assemble global coarse element state matrices, @ Time taken

to solve system of linear equations at coarse scale

overheads are incurred to the overall solution procedure.

R Postprocessing
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Figure 35: Time taken to postprocess the solution ,@ Total time taken

It can be seen from Fig. [35H] that all multiscale methods offer an appre-
ciable total speedup of ~ 4x when compared with the VEM. Such speedups
prove extremely valuable when obtaining statistical moments for random field
simulations using for e.g. classical Monte-Carlo approaches. In this example,
expectation values for 5000 samples were computed, thus generating an over-
all speed up of =~ 20000x when compared to the VEM. A similar comparison
between FEM, VEM, MsFEM and MsVEM is provided in Figs. and
The VEM and MsVEM are found to offer quicker assembly and postprocessing
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computational times than their FEM and MsFEM counterparts.
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Figure 36: Time taken to assemble global coarse element state matrices, @ Time taken

to solve system of linear equations at coarse scale
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Figure 37: Time taken to postprocess the solution ,@ Total time taken

4.3. Honeycomb structure

The honeycomb structure shown in Fig. [38]is considered herein. The overall
dimensions of the domain are 5m x 5m. This domain consists of 25 periodically
repeated heterogeneous unit cells. Each unit cell comprises a matrix with a
Young’s modulus £ = 5 MPa and a stiffer inclusion with £ = 500 MPa. The

structure is clamped at its bottom. The deflections along the horizontal are
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E v vr Ks Ky Ps Pf n
[MPa] [/] [Pa-s] [Pa]  [Pa] [kg-m™?] [kg-m™? [/]

Matrix 5
02 1072 3x10* 10* 103 103 0.2
Inclusion 500

Table 11: Material parameters used

restricted on the left and right edges. No-flow conditions are imposed across all
boundaries. The top maintains a pressure p = 0 and is subject to a progressively

applied compressive load t = |:() ty]. The loading history is shown in Fig. H

i

The material parameters used are provided in Table [T1]

Figure 38: Schematic of a honeycomb structure

A multiscale discretization is considered wherein each of the 25 periodically
repeating unit cells comprises 500 CVT elements. This is compared against a
reference VEM solution evaluated over 12,500 CVT elements. All multiscale
solutions are evaluated using oscillatory boundary conditions. Four multi-node
coarse-element configurations, MS; to MSy, are designed to examine the trade-
off between accuracy and speedup. These are illustrated in Fig.

All CMsVEM models involve the solution of a significantly reduced system of
governing equations when compared to the reference VEM solution. In Fig.

the order reduction achieved per coarse element is provided as the ratio of the
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Figure 39: The multi-node coarse element configurations

total number of degrees of freedom of the multiscale formulation to the degrees
of freedom of the standard VEM implementation. Even in the case of the high-
fidelity MSy coarse element, the order of the problem is practically halved.
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Figure 40: Percentage reduction in DoF's offered by each coarse element configuration, in

relation to the complete VEM discretization.

The maximum pore-fluid pressures are found to occur at t; = 6.83 hours,
1 = 42. Displacement, pressure, stress and flux contours are provided at this
instant for the VEM and multiscale solutions. The total displacement contours
||u|| are shown in Fig. Pressure contours p are provided in Fig.

It can be seen from the Figs. and [42| that the total displacement ||ul]
and pressure p contours are practically the same for all cases. Von-Mises stress

contours oy are illustrated in Fig. Total Darcy flux contours ||q|| are

displayed in Fig.
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Figure 41: ||u|| total displacement contours at t; = 6.83h, i = 42.
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Figure 42: p pressure contours at t; = 6.83h, i = 42.

Fig. @reveals that the total flux ||q|| contours is also practically equivalent

for all cases. However, significant variations can be observed in the case of the
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Figure 43: oy s Von-Mises stress contours at t; = 6.83h, i = 42.
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Figure 44: ||q|| total flux contours at t; = 6.83h, ¢ = 42.
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Von-Mises stresses as shown in Fig. The contours obtained are increasingly
accurate moving from MS; to MS; when compared against the reference VEM
solution. This is to be expected as the coarse element described by MSy pro-
vides a high-fidelity representation of the original curved boundary. This in
turn ensures more accurate upscale and downscale mappings performed by the
multiscale basis functions.

The time evolution of the relative Lo and H; error norms in u and p are
provided in Fig. An appreciable reduction in errors is observed in Figs.
and as the number of coarse nodes is increasing. This is to be
expected as a more detailed account of the RVE geometry and underlying het-
erogeneities can prove critical to the fidelity of the upscaling and downscaling

procedures.
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Figure 45: Evolution of errors in displacements and pressures for the four coarse-element

configurations MSj, MSa, MS3 and MSy.
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4.3.1. Discussion on computational gains
The computational cost associated with the MS;, MSs, MS3 and MSy is
studied here in terms of the speedup offered. The speedup metric is defined as
follows
tveMm (operation)

speedup(operation) = s, (operation) i1=1,...4, (68)

where tygm(operation) and s, (operation) denote the times taken to complete
a certain operation, using the VEM and CMsVEM discretizations, respectively.

The speedup offered by MS; through MS, for (a) assembly of global coarse
element state matrices, (b) solving system of linear equations at the coarse
scale, (¢) post-processing the solution to obtain fine-scale information, and (d)
the complete CMsVEM procedure, are shown in Figs. and
respectively. These operations are as defined in Section

Near-linear trends in the speedup reduction is observed in Figs. [6a] and

o0 [46d} A near-exponential decreasing trend is observed in the case of the solution

625

630

procedure at the coarse-scale, as shown in Fig. The decreasing trends
exhibited at all operations is further evidenced by the decrease in percentage

reduction of coarse-scale DoFs, as shown in Fig. [40]

5. Conclusions

A novel CMsVEM has been developed for analysing consolidation phenom-
ena in highly heterogeneous poroelastic media. The novelty of the method lies
in using the VEM at the fine scale to enable flexible meshing capabilities to
efficiently capture all types of heterogeneities. The solution procedure is per-
formed at the coarse scale to reduce computational cost. Fine scale information
is mapped onto the coarse scale through a set of numerically computed multi-
scale basis functions. Subsequently, the solution is downscaled using the same
basis functions to describe local fine scale variations. The ability of the method
to handle flexible coarse element geometries enables more versatile meshing of

non-standard domains.
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Figure 46: Speedup offered during @ assembly of global coarse element state matrices, m

solving system of linear equations at the coarse scale, postprocessing the solution, @
complete CMsVEM procedure

These extended meshing capabilities offered by the method allows for effi-
cient modelling of complex geometries at the coarse and fine scale while retaining
the accuracy of the standard FEM and its CMsFEM counterpart. The accuracy
of the proposed method is validated against standard FEM and VEM solutions.
Our convergence studies demonstrated that the CMsVEM is well behaved even
in the case of highly oscillating heterogeneities at the fine scale.

The boundary conditions used in computing the multiscale basis functions
are known to play a critical role in the accuracy of the method. Oscillating
boundary conditions are shown to offer a better account of the behaviour of the

system when significant heterogeneities are present.
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The computational upscaling procedure performed offline, is shown to sig-
nificantly drive down computational costs compared to the standard FEM or
VEM, by reducing computational complexity. Consequently, overhead memory
requirements are also appreciably lowered.

A limitation of the proposed method lies in it being confined to 2-D do-
mains only. Extending the method to allow for more general 3-D polyhedral

discretizations at both scales is currently under development.
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Appendix A Monomial Spaces

The contents of the scalar and vector valued monomial spaces, i.e., M (K)

and [M,(K)]? are provided in Table

where { = *32¢ and 1 = 3% denote the scaled scalar valued monomials

in each parametric direction, respectively. The diameter and the centroid of
the element K are denoted by hx and (zi,yx)?, respectively. The number

1) _ (k+1)(k+2)
ko 2

of members of each of these spaces is generalizable to n and

n,(f) = (k+ 1)(k + 2), respectively. The contents of the kernels K€ and KV are

expressed as:
KE(M(K)*) = KE(K) = , : (69a)

KY (M(K)) = KY (K) = {1} . (69b)

70


https://doi.org/10.1007/s00158-011-0706-z
https://doi.org/10.1007/s00158-011-0706-z
https://doi.org/10.1007/s00158-011-0706-z
http://dx.doi.org/10.1007/s00158-011-0706-z
http://dx.doi.org/10.1007/s00158-011-0706-z
http://dx.doi.org/10.1007/s00158-011-0706-z
https://doi.org/10.1007/s00158-011-0706-z

Polynomial

M, (K) (ML (K))?
order
k=0 Mo(K) = {1} NGRS 0}
0 1

gk
(M (K)]* = {[Mkl(’@]z» .

arbitrary M (K) = {Mkfl(lc)v £, 0 ghln 0
order k ln, L nk} gk 7 0 ’ 1y

Table 12: Generalized scalar and vector valued monomials for My, (KC) and [My (K)]?, respec-

tively

s The zero-energy modes of K€ (K) can be endowed with a rigid-body mechanics
interpretation. In a 2D physical space, these correspond to two translations and

a rotation, respectively.

Appendix B Virtual Projectors

Following Eq. , the projected quantities are expanded through the rele-
vant monomial bases:

n(2)—3
k
Mfu, = > ¢Fm;,  Vm; € M(K)]* \ K(K) (70a)
i=1
ng)—l
MVp, = > Vmy, Vm; € Mi(K) \KY (K) (70b)
i=1
n{M
1) py, = ZCszi; Vm; € My (K), (70c)
i=1
where the unknown quantities (£, ¢V and (Y are to be understood as dis-

cretized forms of the corresponding projection operators. These are collected
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and stored in vector form in ¢€, ¢V and ¢°, respectively. Inserting the expres-

sions in Eq. into the orthogonality conditions in Eq. and simplifying,

the following relations are obtained:

n(2>73
k
> ¢Fag(mi,my) = ag(uy, my) (71a)
i=1
n](:)—l
> ¢Yax (mimy) = ay (py, my) (71b)
i=1
n®
k
Z ¢ ag (my, my) = ag(py,, my). (71c)
i=1
The discretized projectors are solved for as follows
¢ =[G 'BE, (72a)
¢V =[GY]'BY, (72b)
¢’ =1G"'B", (72¢)
010 For a more detailed discussion on the evaluation of Lo operator, please refer

to [73, [76].
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Appendix C Consistency Terms

The consistency terms as shown in Eq. are defined as:

KC:CET /s(mi)a(mj)dlC ¢, di,j=1,...,n% -3, (73a)

m

(73b)

He =¢V' /V(mi){k} V(m)dk|¢Y, dj=1,...,nk—1,  (73¢)
LC ,Yf

m

GV

Se = ¢ /V(mi) (S} V(my)dK|¢®, ij=1,... nl, (73d)

m

GO
where only the integral term in Eq. (73b]) needs to be freshly computed. The

other integrals G€, GY and G° have already been computed to derive the

w5 necessary projection operators in Section [B]

Appendix D Stability Terms

The stability terms as shown in Eq. are defined as:

S (an, vi) = Ks = (Io — II5,,) B (Io — TI,,) (T4a)
SR (un,wi) = Qs = (Lo ~ TI,,) Bg (I — IIY,,) (74b)
St (ppwi) = Hg = (I, - IIY,) B (I — T, (74c)
SR (pn, W) = Ss = (I — Tyy,) Bs (I — TI,y), (74d)

where I; and I, denote appropriately sized identity matrices and Bk, 8¢, Bu
and (s denote stabilization parameters. The classical choice for these parame-

ters, as originally defined only for Sk in [41l [73] is given:

=K, (75)
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920

where the area of the element under consideration has been included to ensure
scaling of the stabilization energy with element-size. However, non-optimal error
convergence rates in the case of three-dimensional higher order methods have
been reported with this choice in [83].

An alternate strategy for defining Bg, the D-recipe stabilization, (originally
proposed in [81] and adapted into an engineering context in [48]) is used here

for defining all stability parameters:

D =k |icm§§?])3€>, (76a)
55 = 0 Kl (761)
87 = K ety (76¢)
5 = s Kl porigas (760)

where the scaling parameters yx = v = yg = s = 1. The D-recipe approach
ensures correct scaling in relation to the associated consistency terms by taking
into account the material parameters involved in the formulation. The terms

D€, DV and D contain the relevant monomials evaluated at each DoF:

dof;(my) ... dOfl(mn;(f)*?')
D€ = z : , Vm € [My(K))* \ K= (K)
dof,,2y(m;) ... dof,= (mngz)_?))
(77a)
dof;(my) ... dofy (mng)il)
O : . Vm e My(K) \KY(K) (77b)
dof,,1y(my) ... dof,q) (mng)_l)
dofi(my) ... dofl(mngcn)
D’ = : : , Vm e M(K), (77c)
dof,y(my) ... dof,a) (mnfj))

where n1) = kN, + @ and n® = 2kN, + k(k + 1) are the number of DoF's
of the Vo and Vy1, respectively, as shown in Table
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The projection operators in Eq. are defined as follows:

5, = D¢® + DE¢§ (78a)
Iy, =DV¢Y + DYCY (78b)
m, = D%, (78¢)

where Dg and Dg contain monomials from the relevant kernel spaces, evaluated

at each DoF.
dofi(m;) ... dofy(ms3)
D§ = : : , VmeK®(K) (79a)
dof,,2)(my) ... dof, e (mj3)
dofy (my)
DY = : , Vm e KY(K). (79b)
dof,, 1) (my)

The stability projection operators Cg and Cg can be computed:
¢5=1GS]'BS (80a)
¢5 =I[GY]'BY, (80D)

where Gg = Bng and Gg = BEDX. The terms Bg and Bg are specially

defined:

N, 0 N, 0

BE=| 0o 1N, 0 1/N, ... (81a)
n(x1) —€(x1) n(x2) —&(x2)

BY = :l/NU 1/N, ...|. (81b)

For a more detailed discussion on defining stability matrices, please refer to [73].
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Appendix E Computing oscillatory kinematical constraints

For the RVE (o = 2) shown in Fig. [5bland the micro-element i = 9, Eq.

assumes the following form:

~——r

12x12

przn(g) = an(g) PM(2)» (82b)
——

6Xx6

where the fine nodal displacement ufn(g) and pressure pfn(g) vectors are

2 —
um(9) - |:umx,6 Umy,6 Umx,7 Umy,7 Umx,13 Umy,13
T
Umx,12 Umy,12 Umx,11 Umy,11 Umx,10 umy710;:| (83)

and
) T
Pm(9) = [pm,ﬁ Pm,7 Pm,13 Pm,12 Pm,11 pm,lO] ) (84)

respectively. Similarly, the corresponding nodal vectors at the coarse scale are

Um(2) = [UMX,2 UMy,2 UMx,3 UMy,3 UMx,9 UMy,9
T
UMx,8 UMy,8 Umx,7 Umy,7 Umx,6 umy,67:| ’ (85)

and
T
pM(2):{pM,2 PMm,3 Pmyo Pms Pwmz pM,6] g (86)

for the displacements and pressures, respectively.

For the RVE (« = 2) shown in Fig. the arrays of multiscale basis function

u
m

arrays N and NP are 42 x 12 and 21 x 6 matrices, respectively. To compute
the kinematical constraints for Ny; ¢ and N} ¢ as illustrated in Fig. the edge
boundaries are grouped into opposite and adjacent edges as shown in Table

Kinematical constraints are then assigned to the RVE as follows:

e To compute Ny, 4:
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1. Solve reduced version of Eq. for Ty over I'agq;:

-%(E%‘_{g):mn Painter ie(bnty) = 1, ie(éni,) =0 (87a)
f%(E%?):OOn Tty Te(ntg) = 1, iie(nt,) = 0. (87D)

2. Assign 1, to x—DoF's on adjacent edges: ﬁx\padj = Uy.

3. Assign sliding conditions to y—DoFs on adjacent edges: uy|r,,; = 0.

4. Assign fully clamped conditions on opposite edges: ulr,,, = 0.

u .
935 e To compute Ny g:

1. Solve reduced version of Eq. for Gy over I'ag;:

4 (E%) =0on M'vovg,  Ty(mg) =1, Ty(§m,) =0 (88a)

_% ' (E%?> =0 on PMesz ﬁy(gMe) = ]-7 ﬁy(sz) =0. (88b)

2. Assign 1y to y—DoF's on adjacent edges: ty|r,,; = Uy.
3. Assign sliding conditions to x—DoFs on adjacent edges: x|r,, = 0.

adj

4. Assign fully clamped conditions on opposite edges: ulr,,, = 0.

e To compute Ny 4:

1. Solve reduced version of Eq. for p over I'pq;:

K 95

_825 : (%g}g) =0onI'nvyme, D(EMg) =1, P(ém,) =0 (89a)
0 k 0p ~ _ 1 = —

“% (%875) =0on I'vem,,  P(éMg) =1, D(ém,) =0 (89b)

940 2. Assign p on adjacent edges: plr,,; = D-

3. Assign zero conditions on opposite edges: f)\popp =0.

7



Edges Nodes

Opposite
(FM2M37 F1\/131\/197 FMgMga FME;M7) (1, 2, 3, 8, 15, 18, 21, 20, 19)
(Opp)
Adjacent
, ((RYRYRS VRV (19,17, 16, 9, 4, 1)
(Adj)

Table 13: Opposite and adjacent boundary edges and nodes used for computing multiscale

basis functions
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