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Abstract — This paper describes a novel analytical methodology
for modelling winding copper losses as a result of circulating
currents (CC) in permanent magnet synchronous machines
(PMSM). CCs are important to be considered at an early design
stage especially in high frequency and high performance machines
where sub-optimal design choices can lead to significant
alternating current (AC) losses. Nowadays mainly FEM method is
used for precise calculation of circulating currents. However, it
suffers on significant computational time required for building
models and simulation of circulating current effect that makes it
inapplicable for optimization purpose. The paper demonstrates
the computationally efficient methodology through comparison
with FEM based models for high power density PMSM with
concentrated winding and validation against experimental results
for a stator section at the fundamental frequency from 500 Hz to
2000 Hz. The methodology allows simulation of CC and AC Ohmic
losses when machine supplied by any current waveforms, for
arbitrary size and location of the conductors in the slots. A key
novelty of the proposed method is the utilization of subdomain
(SDM) approach in conjunction with solution of a system of
ordinary differential equations (ODE) for an equivalent electrical
circuit of machine windings. This approach is precise and fast but
has never been used before for circulating current loss evaluation
in windings of electrical machines. The model is intended to be
used at the design stage of an electrical machine where multiple
geometric dimensions, winding configurations and conductor
placement in the slot are considered towards an optimal design.

Index Terms— Analytical model, circulating current loss, AC
loss in electrical machines

NOMENCLATURE

ௌܴଵ, ௌܴଶ. . ௌܴ Strands resistance
.ௌଶܮ,ௌଵܮ ௌܮ. Strands inductance
.ଶܧ,ଵܧ ܧ. bEMFs induced in strands
[௦௧ܯ] Square n×n strands inductance matrix
൧ܯൣ Rectangular n×x matrix of mutual inductances

between machine phases and each strand of
investigated coil, x – number of phases

[ܴ] Resistance matrix
.ଵܫ ܫ. Current through each strand
._ଵܫ _௫ܫ. Phase current
݊ Number of parallel strands per coil
ܷ Voltage across the terminals of stranded coil
ܣ Vector potential in the air gap
௦ܣ Vector potential in the slot opening
௦ܣ Vector potential in the slots with bulk coils
ெܣ Vector potential in the PM subdomain
௧ܣ,ܣ,௧ܣ Vector potentials in the slots with stranded coils

ܣ
ெ ܤ,

ெ ܥ,
ெ ܦ,

ெ Coefficients for the function of vector potential
in PM subdomain

ܦ,ܥ,ܤ,ܣ
Coefficients for the function of vector potential
in the air gap

ܤ,ܣ,௦ܤ,௦ܣ
Coefficients for the function of vector potential
in the slot opening

ܣ,௦ܤ,௦ܣ ܤ,
Coefficients for the function of vector potential
in the slots with bulk coils

௧_ܣ,௧ܤ,௧ܣ ௧_ܤ,

_ܣ,ܤ,ܣ _ܤ,

௧_ܣ,௧ܤ,௧ܣ ௧_ܤ,

Coefficients for the function of vector potential
in the slots with stranded coils

ߠ,ݎ Radial and angular coordinates

ݍ
Harmonic order of vector potential for
permanent magnets and air gap subdomains

,݇݉
Harmonic orders of vector potential for slot
opening and slot subdomains

ܴ. .ܴସ Radii of machine geometry

ܴ


, ܴ௫௧


, ܴ
௦ , ܴ௫௧

௦ Internal and external radii of probe and source
conductors in the stranded coils

,ܼ ௦ܼ௧
Number of slots and number of slots with
stranded coils

݆ Number of conductors in strand
ߙ Slot span
ߛ Slot opening span
Β Bulk coil span

ߚ Strand span

߯ Angular position of conductors inside the slot
ܬ DC component of current density

ܬ
Amplitude of the mth harmonic of current
density

ܬ Fourier decomposition of current density
ଵߠ Slot angular position
Δଵ Rotor position
s Number of PM segments per pole pitch

ܯ ,ܯ ఏ
Radial and tangential components of the
magnetization vector in the PM subdomain

ܬ
Amplitude of the mth harmonic of current
density

ܬ Fourier decomposition of current density
ଵߠ Slot angular position
Δଵ Rotor position
l Active length
Sௗ Conductor area

I. INTRODUCTION

IRCULATING currents (CC) or uneven current
distribution between parallel paths or conductors in

armature windings of electrical machines can be significant
especially when machines operate at high frequencies. The
impact of circulating currents can be very harmful and should
always be taken into account at design stage of electrical
machines since the effect may lead to significant Ohmic loss
increase and eventually to lower than expected efficiency and
increase of heat load.

When estimating CC, the machine geometry, the winding
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electrical connections as well as the parallel conductors’ size
and their exact location within the slot should be taken into
account. With the increased availability of fast switching, wide-
bandgap devices electrical machines are often pushed to work
at very high fundamental frequencies to improve achievable
power densities. These machines are particularly susceptible to
AC losses and sensitive to loss density. On the other hand,
advances in coil forming and winding techniques can allow for
more controlled positioning of conductors in slots to minimize
CC losses. Published methodologies for calculating CC loses
are mainly based on detailed finite element (FEM) and Monte
Carlo based methods [1], [2], [3]. Despite of high accuracy of
FEM, the simulation times for such approaches are
unacceptably high especially for optimization purposes due to
the large number of individual conductors in slots the and the
time required to generate those strands in the model that could
be even higher that the computational time itself.

There are several works published on calculation of CC
losses in permanent magnet synchronous machines (PMSM)
and high-speed induction machine by using FEM: [4], [5], [6]
and [7] where CC losses were analysed with high accuracy but
the major drawback of this approach is very high computational
time required (up to several hours) to perform the work. In [8],
[9] and [10] methods are described for modelling CC for Roebel
bars of large hydro and turbo-generators also based on FEM and
therefore having the same problem of being time consuming.
An analytical method based on equivalent magnetic circuit was
proposed in [11] for high-speed PMSM which utilises only the
fundamental air-gap harmonic for CC calculation and does not
take into account the mutual inductance of parallel strands that
may lead to inaccuracies. The method proposed for PMSM in
[12] is considered as analytical but it still uses FEM for the
calculation of the magnetic field in the slots.

In the present work an alternative analytical methodology for
modelling CC loss in the windings of synchronous electrical
machines is proposed taking into account the size and the
arrangement of conductors in slots. The methodology has been
applied for PMSM with Halbach array but conceptually can be
adapted for a wide range of other machine types. This model
when used for design optimization purpose: in particular for
optimization of strands placement in machine slots to minimize
the AC copper losses, provides significant faster simulation
times compared to FEM based approaches whilst maintaining
high accuracy. For instance the computational time by the
proposed model for a case study described in section VII takes
about 4.5 min compared to 30min for a FEM based approach
(PC hardware: Intel Xeon CPU E5-1620 v3 at 3.5 GHz, 32-GB
RAM; software: MATLAB R2017a).

The novel methodology described in this work is purely
analytical and can be applied to multiphase PMSM with
arbitrary arrangement of the conductors in the slot and winding
connections. It takes into account the design of permanent
magnet (PM) Halbach array as well as the impact of the stator
slot opening and high order harmonics of magnetic field in
active parts of machine that were not considered in analytical
models before.

II. ASSUMPTIONS

The proposed methodology was developed for an inner rotor
(IR) PMSM with Halbach array but can be adapted for different
type of machines by changing the rotor topology and its
mathematical description.

The model was developed taking into account the following
assumptions:
 The model is developed in polar coordinate system (ߠ,ݎ)

and 3D effects are neglected however the additional end-
winding inductance of the strands is introduced into the
model as a parameter and can be taken into account.

 The stator and rotor cores have an infinite magnetic
permeability μ → ∞, thereby the material saturation is
neglected Fig. 1.

 The magnetic properties of permanent magnets (PM) are
linear and described as (1)

ܤ = ܪ)ߤ + ܯ ) (1)
where ܪ is the magnetic strength of external field, ܯ is the
magnetization of PM. The magnetic permeability of PMs is
equal to 1.

 The direction of magnetization (DOM) of PMs are

considered: to be ideal. Thereby the vectors ܯ are aligned
with the polar coordinate system within each PM segment.

 The strands shape is assumed to be sector geometry since all
the boundaries in the model should be aligned with the polar
system of coordinates. However the strands cross-section
can be normalized to an equivalent round wire cross-
section.

 The eddy-currents (skin and proximity) effects inside the
strands are not considered.

 The armature coils of the machine are fed by a current
source. The current source is assumed to have an arbitrary
waveform.

Fig. 1 The design of IR PMSM with Halbach array

Whilst the proposed methodology allows for considering all
the coils of a given machine at strand level, a mixed approach
where only some coils are considered at strand level and others
bulked together can lead to reduced computational times
without loss of accuracy. This is illustrated in Fig.1. All the
coils where the CC is a matter of investigation needs to be
considered as stranded. For instance if CC path covers several
coils connected in series then they need to be considered as
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stranded to calculate the CC correctly. However, in the most
simplest case only one coil can be considered as stranded if
parallel strands of that coil are shorted at its terminals – so the
CC path is localized within this coil and the CC in all the other
coils are out of the scope of investigation.

III. THE METHODOLOGY DESCRIPTION

The main reason of uneven current distribution among
parallel strands of coils of electrical machines is the difference
in self and mutual inductances between the strands as well as
the difference of back Electromotive Force (bEMF) induced in
each strand. The difference of bEMF and inductance depends
on the strand position within the slot and strand dimensions
which are in turn affected by particular machine geometry. An
equivalent circuit of a synchronous machine with current-fed,
multiphase winding system can be represented as in Fig. 2.
Each phase of the machine can be represented as an individual
circuit since the current sources predefine the phase current.
The only interaction between of the phases occurs via mutual
inductance. Each phase of machine may include parallel strands

ଵܵǡܵ ଶǤǤܵ  in phase coils; where ݊ is the number of parallel
strands. If the phase coils are connected in series then the
parallel strands can be either joined together at the end of each
coil at points A and B in Fig. 2 or they can be connected
together at the phase terminals – thereby the bulk level coils in
the circuit in Fig. 2 become redundant.

In this section we will first focus on the stranded coils of the
circuit in Fig. 2 and the current circulating through the parallel
strands ଵܵǤǤܵ . Phase 1 in Fig. 2 is presented at more detailed
level: it contains the part that belongs to the stranded coils and
to the bulk coils. Each coil strand has its own resistance
ܴௌଵǡܴ ௌଶǤǤܴ ௌ inductance ௌܮௌଶǤǤܮௌଵǡܮ and induced bEMF:
.ܧଶǤǤܧଵǡܧ At a more detailed level each strand includes a set
of the conductors ܥଵǤǤܥ connected in series; where ݉ is the
number of conductors in a strand. Each conductor has its own
location in the machine slot, inductance and bEMF. The strand
resistance, inductance and bEMF can be written via the sum of
resistance, inductance and bEMF of the appropriate set of
conductors belonging to that strand. All the strands in the
equivalent circuit interact with each other via mutual
inductance.

Fig. 2 Equivalent circuit

The Kirchhoff’s law for a section of electrical circuit that is
related to the stranded level coil Fig. 2 can be written in matrix
format (2).
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(2)

Where ܫଵǤǤܫ is the current through each strand;ܫ�̴ ଵǤǤܫ̴ ௫ is

the phase current; ܧଵǤǤܧ is the bEMF induced in an appropriate
strand; [௦௧ܯ] is the square ݊ൈ ݊ strands matrix of inductance,

൧ܯൣ is rectangular ݊ൈ ݔ matrix of mutual inductance

between machine phases and each strand, here ݔ is a phase
index; ܷ is the voltage between the terminals A-B of parallel
strands; [ܴ] is the diagonal ݊ൈ ݊ resistance matrix with strands
resistance ܴଵǤǤܴ . The circulating currents ܫଵǤǤܫ can be found
as the result of solution of the system of ordinary differential
equations (ODE) (2). To solve this system we have to define the

inductance matrix ,[௦௧ܯ] the mutual inductance matrix ൧ܯൣ

and the vector of strands bEMF over one electrical period. The
matrix [௦௧ܯ] has a structure (3). The main diagonal of [௦௧ܯ]
is the vector of strands self-inductance while all the other
elements are the mutual inductances of the strands.

௦௧ܯ ൌ 

ଵܮ ڮ ܯ ଵ̴ 

⋮ ⋱ ⋮
̴ܯ ଵ ڮ ܮ

൩ (3)

The mutual inductance matrix ൧hasܯൣ the structure (4) and

contains the mutual inductance of all the machine phases with
each single strand.

ܯ = 

ܯ ଵ̴ ଵ ڮ ܯ ଵ̴ ௫

⋮ ⋱ ⋮
ܯ ̴ ଵ ڮ ̴ܯ ௫

 (4)

Thereby the proposed methodology comprises the following
main steps highlighted below and illustrated in Fig. 3:
 Inductance matrix evaluation: calculation of self and mutual

inductances for all strands of stranded coil as well as
between stranded and bulk coils by using subdomain model
(SDM)

 Back EMF evaluation: calculation of bEMFs waveforms
induced in each strand for one electrical period by using
SDM model

 Solution of ODE system (1) – (2) for an equivalent electrical
circuit to define the current through each strand.

 AC loss estimation in strands
In the next sections of the paper each of the main steps above

will be described in detail.
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Fig. 3 The sequence of the proposed methodology for circulating current
calculation

IV. INDUCTANCE MATRIX

The inductance matrix can be calculated by using SDM
technique. Since the model is linear the PMs can be removed
from consideration when the induction matrix have been
calculated. When the PMs are «switched off» an arbitrary
current can be injected into the source conductors and then the
linked flux in all other conductors (probe conductors) can be
calculated. Each strand in a turn includes a pair of conductors
with «in» and «out» current direction as illustrated in Fig. 4.
Once the linked flux in the probe coil is calculated the
appropriate self or mutual inductance can be defined via (5).

Fig. 4 SDM model geometry for inductance matrix calculation

ൌܮ


ூ
(5)

Where Φ is the flux linked with a probe conductor and isܫ an
arbitrary current through the pair of source conductors. To
define the flux Φ the magnetic field distribution in each slot
with stranded coil needs to be evaluated by solving Maxwell’s
equations (6) – (7) in all subdomains of machine.

ቄ
ܤή ൌ Ͳ
ൈ ܪ ൌ Ͳ

– SDM without current (6)

൜
ܤή ൌ Ͳ
ൈ ܪ ൌ ܬ

– SDM with current (7)

The equations (6) – (7) can be solved by introducing vector
magnetic potential (8) which will lead to Laplace’s (9) and
Poisson’s (10) equations.

ܤ ൌ ൈ ܣ (8)

οܣ ൌ Ͳ�– SDM without current (9)

οܣ ൌ െߤܬ�– SDM with current (10)

TABLE 1
EQUATIONS OF SDM MODEL

SDM Region Equation Range of Region
Number of

Regions

Air gap ܣ = ∑൫ܣݎ
ି + ݎܤ

൯cos(ߠݍ) + ൫ܥݎ
ି + ݎܦ

൯sin(ߠݍ) , =ݍ 1,2.. (11)
∋ݎ [ܴ;ܴଶ]
ߠ ∈ [0; [ߨ2

1

Slot opening ௦ܣ = ௦ܣ + ௦ܤ lnݎ+ ݎܣ)∑
ିఌ + ݎܤ

ఌ) cosቂߝቀߠ+
ఊ

ଶ
− ,ଵቁቃߠ =ߝ

గ

ఊ
, ݇= 1,2.. (12)

∋ݎ [ܴଶ;ܴଷ]

ߠ ∈ ቂߠଵ −
ߛ

2
ଵߠ; +

ߛ

2
ቃ

ܼ

Slot – bulk
coil

௦ܣ = +௦ܣ ௦ܤ lnݎ+
ఋబ

మ

ସ
+ ∑ቀܣ ݎ

ିఠ + ܤ ݎ
ఠ +

ఋ 
మ

ସିఠ మ
ቁcos ቂ߱ ቀߠ+

ఈ

ଶ
− ,ଵቁቃߠ ݉ ≠

ଶఈ

గ
(13)

௦ܣ ൌ ௦ܣ ݎ��௦ܤ
ఋబ

మ

ସ
+ ∑൬ܣݎ

ିଶ  ܤ ݎ
ଶ +

ఋ
మ

ସ
ቀ
ଶ୪୬ି ଵ

ଶ
ቁ൰���ቂ߱ ቀߠ

ఈ

ଶ
െ ݉�,ଵቁቃߠ ൌ

ଶఈ

గ

where ߱ =
݉ ߨ

ߙ
, ߜ = ܬߤ− , ߜ = ,ܬߤ− ݉ = 1,2..

∋ݎ [ܴଷ;ܴସ]

ߠ ∈ ቂߠଵ −
ߙ

2
ଵߠ; +

ߙ

2
ቃ

ܼെ ௦ܼ௧

Slot top –
stranded coil

௧ܣ = ௧ܣ + ௧ܤ lnݎ+ ∑൫ܣ௧_ ݎ
ିఠ + ௧_ܤ ݎ

ఠ൯cos ቂ߱ ቀߠ+
ఈ

ଶ
− ଵቁቃߠ (14)

∋ݎ ൣܴ ଷ; ܴ൧

ߠ ∈ ቂߠଵ −
ߙ

2
ଵߠ; +

ߙ

2
ቃ ௦ܼ௧

Conductor –
stranded coil

ܣ = +ܣ ܤ lnݎ+
ఋబ

మ

ସ
+ ∑ቀܣ_ ݎ

ିఠ + _ܤ ݎ
ఠ +

ఋ
మ

ସିఠ మ
ቁcos ቂ߱ ቀߠ+

ఈ

ଶ
− ,ଵቁቃߠ ݉ ≠

ଶఈ

గ
(15)

ܣ ൌ ܣ ݎ��ܤ
ݎߜ

ଶ

4
+  ൭ܣ ݎ

ିଶ  ܤ ݎ
ଶ +

ݎߜ
ଶ

4
൬

2 lnݎ− 1

2
൰൱���ቂ߱ ቀߠ

ߙ

2
െ ,ଵቁቃߠ

݉ ൌ
ଶఈ

గ

where ߱ =
݉ ߨ

ߙ
, ߜ = ܬߤ− , ߜ = ,ܬߤ− ݉ = 1,2..

ൣ�אݎ ܴǢܴ ௫௧൧

ଵߠ�ቂא�ߠ −
ߙ

2
Ǣߠଵ +

ߙ

2
ቃ ௦ܼ௧

Slot bottom –
stranded coil

௧ܣ = +௧ܣ ௧ܤ lnݎ+ ∑൫ܣ௧_ ݎ
ିఠ + ௧_ܤ ݎ

ఠ൯cos ቂ߱ ቀߠ+
ఈ

ଶ
− ଵቁቃߠ (16)

∋ݎ ൣܴ ௫௧;ܴସ൧

ߠ ∈ ቂߠଵ −
ߙ

2
ଵߠ; +

ߙ

2
ቃ ௦ܼ௧
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The detailed solution of (9) and (10) is well known and was
given in [13]. Table 1 contains the description of SDM regions
and the appropriate equations for vector magnetic potential. The
equations (11) – (16) contain unknown coefficients that can be
found by applying the boundary conditions described in Table
2.

Fourier decomposition of conductor current density for the
defined angular position ߯ in the slot and the angular dimension
ߚ Fig. 4 for equation (15) can be expressed as (17).

=ܬ ܬ + ∑ ܬ ୀଵ,ଶ.. (17)

Where ܬ the DC part (18) and ܬ is the AC part (19) of Fourier
series.

ܬ =
ఉ

ఈ
(18)

ܬ =
ସ

 గ
sinቀܬ

 గఉ

ଶఈ
ቁcosቀ

 గఞ

ఈ
ቁcos ቂ߱ ቀߠ+

ఈ

ଶ
− 1ቁቃߠ (19)

For the bulk coil with the angular dimension Β the
decomposition of current density in the slot will look as (20) for
the coils located on the right side of the slot Fig. 4 and as (21)
for the left side bulk coils.

ܬ =
ସ

గ
sinቀܬ

 గ

ଶఈ
ቁcosቀ

 గ

ଶఈ
ቁcos ቂ߱ ቀߠ+

ఈ

ଶ
− 1ቁቃߠ (20)

ܬ =
ସ

గ
sinቀܬ

 గ

ଶఈ
ቁcosቀ

 గ(ఈି ଶ⁄ )

ఈ
ቁcos ቂ߱ ቀߠ+

ఈ

ଶ
− 1ቁቃ(21)ߠ

TABLE 2
BOUNDARY CONDITIONS OF SDM MODEL

Boundary Boundary Condition

=ݎ ܴ
డ

డ
= 0, ∀ ߠ ∈ [0; [ߨ2 (22)

=ݎ ܴଶ

డ

డ
= ൝

డೞ

డ
ቚ
ୀோమ

∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ

0 ݈݁ ݏ݁ ℎݓ ݎ݁݁
(23)

௦ܣ = ,ܣ ∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ (24)

=ݎ ܴଷ
for bulk coils

డೞ

డ
= ൝

డೞ

డ
ቚ
ୀோయ

∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ

0 ݈݁ ݏ݁ ℎݓ ݎ݁݁
(25)

௦ܣ = ,௦ܣ ∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ (26)

=ݎ ܴସ
for bulk coils

డೞ

డ
= 0, ∀ ߠ ∈ ቂߠଵ −

ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (27)

=ݎ ܴଷ
for conductors

డ

డ
= ൝

డೞ

డ
ቚ
ୀோయ

∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ

0 ݈݁ ݏ݁ ℎݓ ݎ݁݁
(28)

௦ܣ = ,௧ܣ ∀ ߠ ∈ ቂߠଵ −
ఊ

ଶ
ଵߠ; +

ఊ

ଶ
ቃ (29)

=ݎ ܴ

for conductors

డ

డ
=

డ

డ
, ∀ ߠ ∈ ቂߠଵ −

ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (30)

ܣ = ,௧ܣ ∀ ߠ ∈ ቂߠଵ −
ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (31)

=ݎ ܴ௫௧

for conductors

డ್

డ
=

డ

డ
, ∀ ߠ ∈ ቂߠଵ −

ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (32)

ܣ = ,௧ܣ ∀ ߠ ∈ ቂߠଵ −
ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (33)

=ݎ ܴସ
for conductors

డ್

డ
= 0, ∀ ߠ ∈ ቂߠଵ −

ఈ

ଶ
ଵߠ; +

ఈ

ଶ
ቃ (34)

The development of the boundary conditions (BCs) (22) –
(34) will lead to the system of 2ܼ(2 + ݉  ௫ + )݇ +
4 ௦ܼ௧(1 + ݉  ௫) + ݍ4 linear equations which can be solved to
define the unknown coefficients of (11) – (16).

a) b) c)

d) e) f)

Fig. 5 To the flux linkage evaluation

Once the function of vector potential in the slot is defined the
flux linked with each single conductor can be calculated as an
average value of vector potential within the conductor area.
There are 6 different cases of probe conductor location with
respect to the source conductor that needs to be considered Fig.
5. The probe conductor can be located in ௧ܣ region – case (a),
partially in ௧ܣ and ܣ region – case (b), totally in ܣ region –
case (c) (in general, the probe and source conductors can differ
in size), between and ܣ and ௧ܣ region – case (d), in ௧ܣ region

– case (e) and in all three regions – case f.
Variations of flux linkage calculation with change in relative

location of the probe conductor are summarized in Table 3. In
the cases where the probe conductor is located between several
regions the flux linkage is calculated as a sum flux linkages
belonging to the covered area of corresponding region – the
cases (b), (d), and (f).

TABLE 3
FLUX LINKAGE CALCULATION

Case
Logical

Condition
Expression for Flux Linkage Evaluation

a ܴ


≥ ܴ௫௧
௦ Φ =



ௌ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ


ோ
 (35)

i݈s an active length, ܵௗ is a conductor area

b
ܴ௫௧


> ܴ௫௧
௦ ∪

ܴ


< ܴ௫௧
௦ ∪

ܴ


> ܴ
௦

Φ =


ௌభ
∫ ∫ ݎ݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ
ೞ

ோ
 +



ௌమ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ 


ோೣ
ೞ , here ଵܵ and ଶܵ are

the areas of the probe conductor belonging to
an appropriate region, (36)

c ܴ௫௧


≤ ܴ௫௧
௦ ∪

ܴ


≥ ܴ
௦

Φ =


ௌ
∫ ∫ ݎ݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ


ோ

 (37)

d
ܴ௫௧


> ܴ
௦ ∪

ܴ


< ܴ
௦  ∪

ܴ௫௧


< ܴ௫௧
௦

Φ =


ௌభ
∫ ∫ ݎ݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ


ோ
ೞ +



ௌమ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோ
ೞ

ோ
 (38)

e ܴ௫௧


≤ ܴ
௦ Φ =



ௌ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ


ோ

 (39)

f ܴ௫௧


> ܴ௫௧
௦ ∪

ܴ


< ܴ
௦

Φ =


ௌభ
∫ ∫ ݎ݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ
ೞ

ோ
ೞ +



ௌమ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ 


ோೣ
ೞ +



ௌయ
∫ ∫ ݎ௧݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோ
ೞ

ோ

 (40)
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The self-inductance of source conductor and mutual
inductance between machine phases and conductors is
calculated by (41).

Φ =


ௌ
∫ ∫ ݎ݀ܣ ݎ݀ ߠ

ఞା
ഁ

మ

ఞି
ഁ

మ

ோೣ 
ೞ

ோ
ೞ (41)

Here ܣ needs to be substituted with ܣ for the self-inductance

calculation and with ௦ܣ for the mutual inductance.
If the self and mutual inductances of all the conductors are

defined then the strand self and mutual inductance can be
calculated via summation of conductors connected in series and
of which the strand consists. For instance the formula for self-
inductance of the 1st strand Fig. 2 is (42), for the mutual
inductance of the first and nth strand is (43) and for the mutual
inductance of the 1st strand and xth phase is (44).

ௌଵܮ = ∑ ୀଵ..ܮ (42)

ଵ_ܯ = ∑ _ୀଵ..ܯ (43)

ଵ_௫ܯ = ∑ _௫ୀଵ..ܯ (44)

V. BACK EMF

To calculate the bEMF in each strand the equation (13) needs
to be written in a form (45) since the current density in the slots
is zero.

௦ܣ = ௦ܣ + ௦ܤ lnݎ+

ܣ)∑ ݎ
ିఠ + ܤ ݎ

ఠ ) cos ቂ߱ ቀߠ+
ఈ

ଶ
− ଵቁቃߠ (45)

The range of the air gap region ܣ should be changed to ∋ݎ
[ܴଵ;ܴଶ] and the SDM region ெܣ related to PM needs to be
introduced (46) Fig. 6. An ideal segmentation of Halbach array
have been assumed for PMs region: in each segment of PM the
DOM is constant in radial and tangential direction. The Fourier
decomposition of the PM magnetization function is given in
[14].

Fig. 6 SDM model geometry for bEMF calculation

The equation (46) describes the distribution magnetic vector
potential in PM region.

ܣ∆ = ∇ߤ × ܯ (46)

The solution of (46) was described in [13], [15] and can be
written as (47) – (48).

ெܣ = ∑ ቀܣ
ெ ିݎ + ܤ

ெ ݎ +
ఋభ

ଵିమ
+ߠ)ݍ]ቁcosݎ Δ)] +ஶ

ୀଶ

ቀܥ
ெ ିݎ + ܦ

ெ ݎ +
ఋమ

ଵିమ
+ߠ)ݍ]ቁsinݎ Δ)], for q>1 (47)

ெܣ = ቈܣ
ெ


ିݎ + ܤ

ெ ݎ +
ఋభቀ୪୬ି

భ

మ
ቁ

ଶ
cos(ߠ+ Δ) +

ቈܥ
ெ ଵିݎ + ܦ

ெ +ݎ
ఋమቀ୪୬ି

భ

మ
ቁ

ଶ
sin(ߠ+ Δ), for q=1 (48)

Where Δ =
గ

ଶ௦
 − Δଵ, Δଵ is the rotor position, ݏ is the number

of segments per pole pitch, =ݍ 1,2. . ∞ - harmonic order, ଵߜ
and ଶߜ are (49) and (50) respectively.

ଵߜ = ௦ܯݍߤ − ఏܯߤ (49)

ଶߜ = ܯݍߤ− − ఏ௦ܯߤ (50)

Where ,௦ܯ ,ܯ ,ఏ௦ܯ ఏܯ are the expressions corresponding
to sin and cos parts of the magnetization functions ܯ and ఏܯ

of rotor – given in the Appendix of [14].
The BC at the boundary ܴ and ܴଵ are (51) – (53) Fig. 6.

డುಾ

డ
ቚ
ୀோబ

= ൜
0, for radial component

,ఏܯߤ− for tangential component
(51)

ெܣ = ܣ , ݐܽ =ݎ ܴଵ (52)

డ

డ
=

డುಾ

డ
, =ݎݐܽ ܴଵ (53)

The BCs (51) – (53) will lead to the linear equations which
needs to be solved together with the ones from the BCs (23) –
(27) to define the vector potential in the slot .௦ܣ

Once the function ௦ܣ is defined the flux linked with each
conductor can be calculated by the formula (41) for a particular
rotor position. This procedure has to be repeated for all rotor
positions related to one electrical period with the time step .ݐ∆
Then the bEMF in the mth conductors can be calculated as a
derivative of the flux linkage of that conductor over time (54).

ܧ = −
డ 

డ௧
(54)

The bEMF of the strand is the sum of all the bEMFs of the
conductors included in the strand. For instance (55) is the
expression for the bEMF calculation of the 1st strand.

ଵܧ = ∑ ୀଵ..ܧ (55)

VI. ODE SYSTEM SOLUTION

The system of ordinary differential equations (ODE) (1) – (2)
can be solved by using Euler’s method. All the derivatives in
(1) have been replaced by the finite difference approximation
(56).

ௗ௬

ௗ௧
≈

௬ି ௬షభ

∆௧
(56)

Where isݐ∆ the time-step; ݕ is the value of the function at the
current step and ିݕ ଵ is the value of the function at the previous
step. By introducing (56) and after some treatment the ODE
system (1) – (2) can be written in a matrix format (57).
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⎣
⎢
⎢
⎢
⎡
భ

∆௧
⋯

ெ భ_

∆௧
ܴଵ

⋮ ⋮ ⋮ ⋮
ெ _భ

∆௧
⋯

ெ _

∆௧
ܴଵ

1 ⋯ 1 0 ⎦
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎡
ଵܫ


ଶܫ


⋮
ܫ
⎦
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡ ܷ− ଵܧ

+ ௌଵܮ
ூభ
షభ

∆௧
+. . . ଵܯ+

ூ
షభ

∆௧
− ଵభܯ

ூభ
 ିூభ

షభ

∆௧
− ⋯ − ଵೣܯ

ூೣ
 ିூೣ

షభ

∆௧

⋮

ܷ− ଶܧ
+ ௌଶ_ଵܯ

ூభ
షభ

∆௧
+. . . ଶܯ+

ூ
షభ

∆௧
− ଶభܯ

ூభ
 ିூభ

షభ

∆௧
− ⋯ − ଶೣܯ

ூೣ
 ିூೣ

షభ

∆௧

ܫ ⎦
⎥
⎥
⎥
⎥
⎤

(57)

The vector of initial conditions for ଵܫ
. ܫ.

 needs to be specified.
It can be set to zero if the initial current ܫ = 0. After that the
system (57) can be solved by standard methods for solving
linear systems of algebraic equations – as the result the currents
.ଵܫ ܫ. as well as the voltage ܷ can be found.

VII. COMPARISON WITH FEM

The application of the proposed methodology for evaluation
of circulating current loss for a machine with a 3-phase
concentrated winding with 15 pole pairs and 36 slots has been
presented in this section. The parameters of the machine are
listed in Table 4. The aim of this section is to demonstrate the
significant effects of CC losses in machines with high
fundamental frequency as well as validation of the proposed
model against an FEM based model. Linear (no saturation) and
nonlinear material properties were considered for validation of
the computational method. It should be noted in advance that
the machine described here was prototyped with litz wire to
suppress the effect of CC currents.

TABLE 4
PARAMETERS OF THE MOTOR FOR COMPARISON WITH

Parameter Description Value

ܯ Magnetization 923 kA/m
 Pole pairs 15
ݏ Number of segments per pole pitch 2
ܼ Number of slots 36
ߚ Coil span 0.273°
ܫ Phase current 523 Apeak
݂ Fundamental frequency 750 Hz

Nominal speed 3000 rpm
Number of phases 3
Diameter of equivalent round wire 1 mm

ݍ ௫ Maximum harmonic order in PM and
air gap subdomains

100

݊ ௫ Maximum harmonic order in slot
subdomain

10

݇ ௫ Maximum harmonic order in inner
slot opening subdomain

10

Winding configuration concentrated
Winding temperature 200oC
Core material Vacoflux 48
Boundary conditions/periodicity angle Odd periodic (60°)

For this example the uniform strands arrangement was chosen
Fig. 7. The cross-section of all the conductors in the slot is kept
the same by normalizing the area of the conductors to the round
wire with equivalent area. The strands are placed horizontally
within a bundle: 5 stands in a row, 6 layers in a bundle. The
order of the strands is highlighted in red arrows in Fig. 7. The
coil was fed by sinusoidal current source with an amplitude of
523 A and the frequency of 750 Hz. FEM results are presented
in Fig. 7 which shows the uneven distribution of current density
(A/m2) between the strands.

Fig. 7 Instantaneous current density [A/m2] distribution in the coil – FEM-linear
results

The comparison of the current waveforms of specific strands
derived from FEM-linear and analytical modelling respectively
are given in Fig. 8 (left). The circulating current can be
observed even without load as in Fig. 8 (right). This shows the
comparison of the current through the strands when the net
phase current is zero (machine is open circuited). Once the
current through each strand of the coil is defined, the Ohmic AC
loss of each strand can be easily estimated as ܲ = ܫ

ଶ ∙ ܴ where
ܫ is the current and ܴ is the resistance of nth strand. Fig. 9
shows the comparison of AC loss for each strand at full load
and no load condition with FEM-linear and nonlinear
modelling. The AC losses without load are significantly lower
but still unevenly distributed among the strands as it shown in
Fig. 9 (bottom plot). The comparison is given for the first
harmonic of magnetic field in the considered subdomains (grey
label) as well as for high order harmonics (blue label) which
gives better accuracy.

Figure 10 demonstrates the attained total slot AC losses from
the analytical and FEM models described above against results
form a nonlinear FEM simulation. This shows acceptable
agreement for the intended use of the proposed modelling
technique. For the machine example considered in this section
the total AC losses in the slot are about 1630 W for the case
when the saturation effects are accounted for (FEM nonlinear),
1860 W when the saturation effects are neglected (FEM linear).
The proposed analytical model gives the value of 1840 W for
the total AC loss in the slot which overpredicts the result by
12.9% against nonlinear FEM. The analytical and FEM linear
models are within 1.1% of each other.
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Fig. 8 Uneven current distribution between the parallel strands – comparison of analytical (SDM) and FEM-linear results: (left) – at full load, (right) – no load

Fig. 9 Uneven distribution of AC loss in the strands - comparison FEM with analytical model (upper figure) – at full load (bottom figure) – no load

Fig. 10 Comparison of total AC losses at full load in a slot

This example is selected to demonstrate the proposed
methodology and the potential impact of CC losses if an
appropriate mitigation strategy is not considered. For presented
case study the use of bunches with parallel round wire leads to
a very high current density and copper losses Fig. 7, Fig. 9.

High order magnetic field harmonics generated as a result of
the airgap permeance variation and current harmonics can have
an impact on the estimation of CC losses. To demonstrate this
impact on the CC waveform, the CCs for the first harmonic of
vector potential in all considered subdomains were calculated
analytically and then superimposed with the ones where the
high order harmonics of magnetic fields were considered as
shown in Fig. 11. It is clearly seen that there is a difference that

can be attributed to this. These differences can vary depending
on the conductor location as shown in Fig.9. Fig. 12 shows the
estimated error between FEM-linear and analytical model in
case of considering only the fundamental harmonic of magnetic
field in the subdomains and in case of considering high order
harmonics. Without consideration of high order harmonics the
error varies in the range from 2% to 10.5% for the presented
strands for on-load condition while in case of taking into
account the high order harmonics the error range drops to 1% -
7.8% as shown in Fig. 12.

Fig. 11 An impact of high order harmonics of magnetic field on the circulating
current waveform at on load condition (analytical modelling)
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Fig. 12 Strand to strand error estimation for the proposed model for the case of
engagement high order field harmonics of magnetic field and only the 1st
harmonic (the errors were estimated with respect to FEM – linear model)

Fig. 13 shows the total harmonic distortion (THD) for the
circulating currents presented in Fig. 8 for full load and no load
cases. The circulating current THD varies from 2% to 3% for
on load condition and from 21% to 39% for no load condition
for the presented strands.

Fig. 13 The circulating current THD for no-load and on load case

VIII. EXPERIMENTAL VALIDATION

The experimental validation of the model was performed for
a stator section (motorette) of the machine as presented Fig. 14.
The geometry, materials and winding of the motorette were
selected to represent a generic motor case and for convenience
of the experimental setup. A semi-closed slot design to engage
all the subdomains considered in the model was opted for.
Given the lack of a rotor, in the experimental validation the
influence of rotor (bEMF) is clearly not considered and only the
armature effects are. This however can be justified as all the
critical parameters of the proposed model are validated
including the inductance matrix, SDM and ODE model blocks
in Fig. 3. The block related to the bEMF was validated in the
previous section via comparison with FEM. It should be also
noted that the impact of the rotor on AC loss is not significant
as it was shown in [16] and [17].

The core of the motorette is made of high grade silicon steel
10JNHF600 with the lamination thickness of 0.1 mm to
suppress as much as possible the hysteresis and eddy-current
effects in the core and minimize their impact on the results. The
core has two semi-closed slots with two plastic blocks inside.
Each plastic block has a set of staggered holes that hold the wire
in a predefined place in the slot as shown in Fig. 14. The coil
comprises 4 parallel strands with 5 turns in each strand. The
strands arrangement is highlighted in different grey shades in
Fig. 14 b.

The flowchart of the experiment and the comparison with
analytical model is given Fig. 15. The experiment consists of
two tests. At the preliminary stage within the scope of Test 1
the inductance matrix of all the strands was measured by LCR-
analyzer and an impedance analyzer. The purpose of the Test 1
is to define in conjunction with 2D FEM analysis the additional

inductance matrix for the end-winding of the coil which is not
calculated analytically in the model.

The Test 1 procedure is the following: at the first step the
self-inductance of each strand was measured individually to fill
in the main diagonal on the inductance matrix. At the next step
an inductance of two strands connected in series was measured.
In this case the measured inductance is the sum of self-
inductances of the strands and double of mutual inductance
between those strands connected in series. For instance for the
1st and 2nd strand we have the equation (58)

ଶ_௦௧__௦௦ܮ = ଵܮ + ଶܮ + ଵଶܯ2 (58)

Here ଵଶܯ is the measured mutual inductance between the
strand 1 and 2, ଶ_௦௧__௦௦ܮ is the measured inductance of two
strands connected in series, ଵܮ and ଶܮ is the measured self
inductance of the first and the second strand respectively. From
the equation (58) a measured mutual inductance can be obtained
as (59).

ଵଶܯ =
మ_ೞೝ__ೞೝೞି భିమ

ଶ
(59)

It should be mentioned that M12 = M21 so the inductance
matrix is symmetrical.

Fig. 14 a) the motorette for experimental validation; b) the motorette description
and strands distribution

As the result the end-winding inductance matrix was
evaluated as a difference between the measured matrix, which
contains both the end-winding and active length self and mutual
inductances, and the matrix calculated by 2D FEM which
contains the self and mutual inductance for the active length
only (Fig. 15). That additional end-winding inductance matrix
was added to the main inductance matrix in the analytical
model. The comparison of the analytical results with the
experiment is given for both cases 2D analytical and
2D analytical with end-winding influence.

The Test 2 (main test) was perform by using a sinusoidal
current source at the frequency of 500 Hz, 1000 Hz and
2000 Hz. To avoid the wire resistance increase due to the
temperature rise the current density value in the strands was
kept reasonably low by supplying the current with the value of
2 Arms. The aforementioned current was supplied into the
parallel strands 1-4 and recorded together with the currents
through each single strand. The current waveforms were
acquired by an oscilloscope – Tektronix MSO 2024 with a
bandwidth 200 MHz, and a sample rate of 1 GS/s. The used
current probe is Fluke i30s with a nominal current range
20 Arms, lowest measured current 50 mA and useable
frequency range DC – 20kHz.
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Fig. 15 The experimental validation flowchart

High grade silicon steel 10JNHF600 with 0.1 mm
laminations allows a significant suppression of hysteresis and
eddy-current loss in the core. Nevertheless, to take these losses
into account the iron core losses have been calculated by FEM
and subtracted from the measured total loss as shown in Fig. 15.
For instance at 2 A (rms) and 2 kHz of fundamental frequency
the calculated iron losses are 3.2 mW (according to Steinmetz
method for iron loss estimation) which is about 3% of the losses
in the copper.

The result of comparison of the measured current waveforms
with the ones predicted by the analytical model at 1 kHz is
presented in Fig. 16. A high agreement can be observed
between the experimental and analytical results – especially for
the 2D analytical with the effect of end-winding contribution. It
can be clearly seen that the currents in the strands have different
amplitude and phase that eventually leads to uneven AC loss
distribution between those strands. It should be mentioned that
despite the using of sinusoidal current source high order
harmonics exist in the spectrum of the supplied current. For this
reason the first 30 harmonics of the actual supplied current were
used for analytical simulation. The supplied current THD is
0.43%, 0.92% and 1.64% for 500 Hz, 1000 Hz and 2000 Hz
respectively.

Knowing the measured and simulated current through each
strand as well as the strands resistance the AC ohmic loss can
be easily evaluated as Pn = In

2Rn, where Pn is the measured loss
in nth strand; In is the measured current through nth strand and
Rn is the measured resistance of nth strand. The comparison of
the losses generated in each strand at 1 kHz of fundamental
frequency and 2 Arms total current is shown in Fig. 17. The
strands with lower index (strand 1 and 2) are placed close to the
slot-opening and have lower inductance compared to the
strands which are placed deeper in the slot (strand 3 and 4). As
the results show, the current amplitude and the AC losses of the
lower inductance strands is higher as shown in Fig. 17. For the
presented case the measured AC loss for the 1st strand at 1 kHz
is ~41.9 mW while for the 4th one is ~6.1 mW which is about
6.9 times lower.

The experimental and modeled total AC Ohmic loss
comparison for the investigated coil at the frequency of 500 Hz,
1000 Hz and 2000 Hz is presented in Fig. 18. The difference
between the measured AC loss and the proposed method for the
coil is in the range from 2.5 % to 6.8 % however, by taking into
account the additional self and mutual inductance of the end-

winding the accuracy of the model is falling into the range from
2.1 % to 3.5 % depending on the frequency.

Fig. 16 Current waveform comparison (Total current – 2 Arms, 1 kHz)

Fig. 17 Strand to strand loss comparison at 2 Arms, 1kHz

Fig. 18 Comparison of experimental results and analytical prediction for AC
loss in the coil at different current frequency

IX. CONCLUSIONS

The proposed analytical methodology allows modelling of
circulating current loss in the parallel paths of the windings of
synchronous electrical machines with permanent magnets. The
approach is based on the direct solving of Laplace’s and
Poisson’s equations in the subdomains of the active parts of
machine and subsequent solving of a system of ordinary
differential equations for an equivalent circuit of machine
winding. The methodology described in this work was
implemented for PMSM with Halbach array. The model takes
into account the slot geometry including the slot opening
dimensions, the amount of PM segments per pole pitch, the
direction of magnetization of PM segments as well as position
of the conductors in the slots.

The experimental data and the comparison with FEM are in
line with the analytical modelling results. The deviation of the
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modelled AC losses from the measured ones is in the range
from 2.5 % to 6.8 % without considering the end-winding and
from 2.1 % to 3.5 % when taking into account an additional self
and mutual inductance of the end-winding.

The proposed model is faster than FEM and was developed
to use for optimisation of strands arrangement in the slots of
electrical machines. For the presented case study the model
allows reducing the simulation time from 30 min to 4.5 min
keeping the accuracy within the range 1-2% compared to linear
FEM and about 13% compared to non-linear FEM.
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