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Abstract
In this study, we propose a ‘rainbow’ metamaterial to achieve broadband multi-

frequency vibration attenuation. The rainbow metamaterial is constituted of a [1-shaped
beam partitioned into substructures by parallel plates insertions with two attached
cantilever-mass acting as local resonators. Both resonators inside each substructure can
be non-symmetric such that the metamaterial can have multi-frequency bandgaps.
Furthermore, these cantilever-mass resonators have a progressively variant design
along the beam, namely rainbow-shaped, for the purpose of achieving broader energy
stop bands. [1-shaped beams partitioned by parallel plate insertions can be extended to
honeycomb sandwich composites, hence the proposed rainbow metamaterial can serve
as a precursor for future honeycomb composites with superior vibration attenuation for
more industrial applications. A mathematical model is first developed to estimate the
frequency response functions of the metamaterial. Interaction forces between
resonators and the backbone structure are calculated by solving the displacement of the
cantilever-mass resonators. The plate insertions are modeled as attached masses with
both their translational and rotational motion considered. Subsequently, the
mathematical model is verified by comparison with experimental results. Metamaterials
fabricated through an additive manufacturing technique are tested with a laser doppler
receptance measuring system. After the validation of the mathematical model, a

numerical study is conducted to explore the influences of the resonator spatial
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distributions on the frequency response functions of structures. Results show that for
metamaterials with both symmetric and non-symmetric resonators, rainbow-shaped
resonators can introduce inertial forces inside wider frequency range when compared
to the periodic resonators of the same total mass, hence broader bandgaps. Meanwhile,
the attenuation inside the bandgaps decreases when the bandgap become broader.
Metamaterials with broadband multi-frequency range vibration attenuation can be

achieved with non-symmetric sinusoidally varying resonators.
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1. Introduction

Metamaterials are a new class of artificial constructions consisting of microunits
that are engineered to have novel properties. In the past decades, metamaterials have
attracted tremendous attention from researchers in numerous research fields, thanks to
the outstanding properties they manifest for manipulating waves in general.

Metamaterials were originally introduced for tailoring electromagnetic and optical
waves [1-4]. Unusual properties such as negative magnetic permeability, electric
permittivity and negative refractive index are achieved by electromagnetic
metamaterials, which can be attributed to the resonance response of their
metamolecules [1, 5]. The concept of metamaterials has been expanded to the
elastoacoustic field in recent years. Such metamaterials are now widely applied in the
fields of vibration and noise control [6-10], acoustic cloaking [11-13], seismic shields
[14, 15], acoustic wave lensing [16, 17], wave trapping [18, 19] and acoustic black
holes [20, 21] among other fields. Effective negative constants can be observed from
elastic/acoustic metamaterials as well as electromagnetic metamaterials, including
negative mass and dynamic stiffness [22-24], negative bulk modulus [25] and double
negative characteristic [26, 27].

Another important feature of metamaterials is the existence of bandgaps, i.e.
frequency bands within which no waves can propagate. These bandgaps are mainly
generated by two phenomena, Bragg scattering and local resonances. Structures
exhibiting Bragg destructive scattering are commonly known as phononic crystals.
Bragg scattering bandgaps take place when the wavelength of travelling wave is
comparable with the lattice dimensions of the metamaterial, consequently, it is hard to
achieve in the low frequency range bandgap by phononic crystals. In contrast, locally
resonant bandgaps rely on the resonance of internal oscillating inclusions. The local
resonance bandgaps occur at frequencies much lower than Bragg scattering ones and
are associated with the imaginary part of the unity cell propagation constant, i.e., rapidly
decaying waves, instead of negative group velocity as it is usually misunderstood. Liu
et al. [28] first fabricated an elastic metamaterial by periodic inclusions coated with soft
rubber. The proposed elastic metamaterials exhibited bandgaps at frequencies where
the lattice dimensions are two orders of magnitude smaller than the wavelength.
Henceforth, more metamaterial designs have been proposed with various local
resonators, including Helmholtz resonators [7, 25], cantilever beam oscillators [29] and
membrane members with attached masses [30, 31], rubber rings surrounded by metal
rings [32], and so forth. These local resonators are combined with engineering
structures such as rods, beams and plates to constitute elastic/acoustic metamaterials

for low frequency vibration suppression. For instance, Nobrega et al. [33] and Xiao et



al. [34] investigated bandgaps of metamaterial rods combined with periodically
attached local resonators through a Finite Element (FE) approach. Huang et al. [35],
Zhang et al. [31] and Yu et al. [36] proposed metamaterials dedicated to flexural wave
bandgaps and attenuation by combining engineering beams with various local
resonators. Xiao et al. [37] and Li et al. [38] presented plate-type metamaterials
consisting of plates with out-of-plane local resonators, i.e., the local resonators are
attached or deposited to the surfaces of plates. Nouh et al. [39] developed metamaterials
with plates and built-in local resonators. The abovementioned locally resonant
metamaterials consist of different engineering structures and local resonators, but most
of them contain one resonator in each periodic unit, hence have a single resonance
bandgap at low frequencies. A few researchers proposed metamaterials with multiple
resonators which had multi bandgaps. Instead of a single resonator, two or more
integrated resonators exist in each unit cell of these metamaterials. Huang and Sun [40],
Chen et al. [41] created two resonator mass-in-mass lattice structures that had multiple
bandgaps. Pai et al. [42], Peng et al. [43], Xiao et al. [44], and Miranda Jr et al. [45]
proposed multi stopband metamaterials by replacing single mass-spring resonators with
two integrated mass-spring subsystems.

Even though locally resonant metamaterials are capable of manipulating wave
propagation and provide effective vibration attention, their narrow bandgaps limit their
applications for industrial purposes. The design of metamaterials with broad bandgaps
remains a critical and challenging topic for researchers in related areas. Metamaterials
with spatially varying resonators came into the view by few researchers. Sun et al. [46]
and Pai [47] made the first attempt at developing elastic metamaterials with spatially
varying mass-spring-damper subsystems. Their investigations showed the prospect of
enlarging the bandgap with properly designed spatially varying local resonators.
Nonetheless, as far as we know, no relevant research has been found on the influence
of nonperiodic resonators systematically, let alone proposed metamaterials with well-
designed spatially varying resonators.

In this manuscript, we present for the first time a systematic study for metamaterial
with rainbow-shaped resonators that aim at enlarging local resonance bandgaps. The
proposed metamaterial includes linearly varying or sinusoidally varying cantilever-
mass resonator in the substructure of the 1-shaped beams partitioned by plate insertions.
Frequency response functions (FRFs) of the rainbow metamaterial are estimated by the
new mathematical model concerning the dynamics of cantilever-mass structures and
transfer matrix between segments of the rainbow metamaterial. Compared with
conventional FE model that requires large computation time and computer memory, the

mathematical model can give efficient prediction of dynamic properties of rainbow



metamaterials, hence is more applicable for exploring design routes or conducting
further optimization for the rainbow metamaterials. Experimental results are also
offered validating the exhibited analytical scheme. The influence of rainbow resonators
is studied and design suggestions are given through a numerical parametric study.

This paper is structured as follows. Section 2 gives a description of the rainbow
metamaterial. A mathematical model is proposed to estimate the FRFs of the proposed
metamaterial efficiently. Subsequently, the mathematical model is verified in Section 3
by comparison with experimental results. An additional numerical study is conducted
in Section 4 to investigate the influence of non-symmetric rainbow-shaped resonators.
Finally, Section 5 draws some concluding remarks and further perspectives.

2. Mathematical modelling method for the structural dynamics of the rainbow
metamaterial

A mathematical modelling method is set up in this section to determine the
structural dynamics of the rainbow metamaterial. Figure 1 shows the schematic of the
proposed rainbow metamaterial. The lN-shaped beam is partitioned into substructures
by periodic plate insertions. Non-symmetric cantilever-mass subsystems are clamped
to the two side walls of the lN-shaped beam in each substructure. Instead of being
periodic, the resonating subsystems are spatially varying along the length of the beam.
The interaction forces between the N-shaped beam and cantilever-mass resonators as

shown in Fig. 2 are initially derived. Subsequently, the displacement transfer matrix

and FRFs of the rainbow metamaterial are deduced.

WL,

Fig. 1 Schematic of the rainbow metamaterial with non-symmetric spatially
varying resonators.
2.1 Interaction force between N-shaped beam and cantilever-mass resonators
The interaction force between the IN-shaped beam unit cell and two non-symmetric

local resonators, described in terms of the vibration of a single cantilever-mass

resonator (see Fig. 3), is analyzed first.
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Fig. 2 Schematic diagram of the unit cell of [1-shaped beam with non-symmetric

cantilever -mass resonators.
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Fig. 3 Deflection of the cantilever-mass resonator

Assuming the displacement of the [l-shaped backbone is W, and the total

displacement of the cantilever beam is W, ()?), the deflection of the cantilever beam

can be given as
8, (%) =wy, (%)~ w, @)

Since the length of the cantilever beam is much larger than both its width and height,
the cantilever beam is regarded as a Euler-Bernoulli beam. Therefore, the deflection is

written as

51 (X):Qleiikﬂi +Qzeik51)~( + Q3eik5‘i +Q4ek“’~‘ Q)
1/4 ) ) .
where K =(,0'°gl/ Elsl) \/Z), p denotes the material density, E=E,(1+in), E,

and 7 are the Young’s modulus and loss factor of the material respectively.

A, =hyb, and 1 ,=b,h} /12 are the cross-section area and second moment of area

of the cantilever beam, respectively.

At the fixed point, the deflection and slope of the beam are both zero, i.e.

Sy =0 3)

5., =0 (4)

%=0
while at the interface of mass and cantilever beam, the shearing force of cantilever beam

is subjected to

E I 51 " ~

X=lg;

sl —-my, Wsl |X:Is] =0 (5)

where m,=ph, g, b, represents the mass of the resonator, and E is the Young’s

modulus of the beam. Given the rotation angle 6, of the mass as shown in Fig. 3, the



bending moment of cantilever beam is subjected to

El, o,

" 43,.,6,=0 (6)

X=lg;

where J,,=m, (gf1 / 3+h / 12) represents the moment of inertia of the mass. Since the
rotation angle of the mass is small, it can be approximated to
6, ~tan g, ~ 51,|>”<=|51 (7

Therefore, Eqs. (5) and (6) can be rewritten as

EI 5 m

sl 1

2
+m, @ W51|HS] =0 (8)
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X=Ig,
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Substituting Eq. (2) into Egs. (3)-(4) and (8)-(9), the unknow parameters Q,,

Q,, Q and Q, are given as

Q 0
0
Q =T, , (10)
Q —my "W,
Q, 0
where T, is
i 1 1 1 1 ]
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At one end of the cantilever beam, the force exerted on the N-shaped beam by the

cantilever-mass resonator is given by

:_Elslk;(in_Qz_iQ3+Q4):N51Wo (12)
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where Ny, =-El kim0 (<T," (1,3)+ T, (2,3)+iT;' (3,3)- T, (4.3)).
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Given the above, the interaction force between the non-symmetric resonators and

the lN-shaped beam unit cell is

Ft:Fsl+F52:(Nsl+N52)WO (13)



where F,, represents the exerted force by the other resonator. F;, and N, can be
deduced following the same derivation procedures for F;, and Ng,.

It is assumed that the mass of resonators is much smaller than that of -shaped
beam, rotation of beam by the non-symmetric resonators is ignored for simplicity.
2.2 Displacement transfer matrix of the rainbow metamaterial

For a IM-shaped beam with resonators partitioned by periodical plate insertions, the

schematic diagram of the nth and (n + 1) th segments of the complex beam can be

seen in Fig. 4, where p,Ly (i=1,2,...) represents the locations of both resonators

inside the ith segment.

and pn41Ld
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Fig. 4 Schematic diagram of nth and (n + 1) th segments of the rainbow

metamaterial
Assuming a Euler-Bernoulli beam theory, displacements of the 1-shaped beam at
the left and right sides of (before and after) the local resonators inside the nth segment
can be written as,

—ik(x-%,) + Ie_k( XX
n,

iK( X=X, K(x=Xy
W, =&, € + X0 %) +€n,le( ) (14)

k(x4 +PrLg )
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where K= ( pA/ EIZ) Jo, A= w,b, +2t,H, represents the cross-section area of

the MN-shaped beam. |, is the second moment of area of the IN-shaped beam about its

z

centroidal axis, given as

_Hgtg +2t,Hiw,b,
2 3A
As discussed in Section 2.1, the interaction between the cantilever-mass resonators

(16)



and [l-shaped beam is expressed by a force F . Therefore, the continuity of

displacement, slope and equilibrium of bending moment and shearing force at the fixed

point of the cantilever beam should be

| X=Xq_1+Pyly - Wn’r X=Xq_;+Pply
! — WV
nl X=X+ Pply n.f X=X+ PnLy
" _ Wﬂ (1 7)
nl X=X+ Pply oo X=Xp_; + Pnlyg

" _ m

EIZ Wnﬂl X=X+ Pnlyg * Ft’n B EI z Wn’r X=Xy +Pplyg
Substituting Eqgs. (13), (14) and (15) into Eq. (17), yields
an,r an,l
B B,
" = RcianAn,l " (1 8)

Zn,r Zn,l
gn,r gn,l

where the matrices R,, R, and A,, are given as

1 1 1 1
R - - -1 i 1
-1 1 -1 1
LK’ —ELK —ELK® ELK
[ 1 1 1 1 |
—i -1 i 1
Ro=l 1 1 1 (19)
(iELK°+N,,) (-ELK+N,) (<ELK +N,) (ELK +N,,)

An’l — dlag(e_lkpnl-d , e_kand , eikpnl-d , ekand )
Displacements of the M-shaped beam at the left side of the local resonators inside

(n + 1) th unit cell can be written as

ik(x=x,)

- —k
Wn+1,| _an+1,le + n+1,|e

(X_Xn)

iK( X=X, K(X=X,
+Zn+1,le ( ) +€n+1,le ( ) (20)

To find out the displacement transfer matrix between the nth and (n +1)th

unit cell, the plate insertions are modeled as added masses to the M-shaped beam. At
the interface of the two segments, considering the continuity of displacement, slope and

equilibrium of bending moment and shearing force, yields



Wn,r X=X, = Wn+1,| X=X

ng,r X=X, = Wr'1+1,l X=X (21)
Eler:,r x=%, - ‘]fa)2 ng,r X=x, = Elz Wr":+1,l X=x,
Elz Wr’::r X=X, + mfa)2 Wn,r X=X, = Elz W:'H,I X=X,

where M=pt,H,W, and J,=m; <H§/3+t\f,/12) are the mass and moment of

inertia of the plate insertions respectively.
Substituting Eqgs. (15) and (20) into Eq. (21), yields

an+1,| an,r
ﬂm—l,l _ RilUAn ) ﬂn,r (22)
l/n+1,l ' Zn,r
gn+l,| gn,r
where
A =diag(e_ik(l_pn)|-d e_k(l_pn)l-d eik(l_pn)l-d ek(l_pn)Ld )
1 1 1 1
R- — -1 i 1 (23)
C|-ELK* ELK* -ELK* ELK’
iEIZk3 —Elzk3 —iEIZk3 Elzk3
i 1 1 1 1 i
— -1 i 1
U= (-E1k* +iJfa)2k) (E|Z|<2 +J;@k) (—ElLK’ —iJfa)zk) (E1LK* -3, k)
(iELk+me’)  (-ELK +m@’) (HELK +me’) (ELK +mo’)
Thus, the displacement transfer matrix of the metamaterial is expressed by
Ay oy a,
ﬂm—l,l _ Tn ﬁn,l :TnTn_l . Tl ﬁl,l (24)
Xl Xn.l Xl
Eniyl &l &)

where T, =R'UA, R, 'R A,,. The transfer matrix is applicable for both periodic
, , pp

and rainbow metamaterial beams.
2.3 Determining the Frequency Response Function of finite rainbow metamaterial
For a rainbow metamaterial of finite length, the displacements at the two ends of

the complex beam can be given as,

Wi L:O =0, + B+ ey (25)



efik(lf pm)Ld 1- pm)

W =

m.r[y—L m,r

+ e I g € g SO (26)

where L and m=L/L, are the length and the number of segments of the finite

metamaterial respectively.

. . T
Relations  between  the  two  matrices [au B X 6‘1’|:| and

[Ozm,r B Xmx Emx " are deduced by combing Egs. (18) with (24),

am,r al,l
ﬂm,r _ H ﬁl,l (27)
Zm,r Zl,l
& gl,l

where l—I:l{cill{mlxm,lTm—le—z o Tl .

Assuming the finite metamaterial is of free-free boundary and subjected to an
excitation F at one end, given the equilibrium conditions, governing equations at the

two ends are,

F+mo’w, \xﬂ =El,w," (28)
-J, 0’ Wi, L:X =El, W1,|” (29)
El,w,,"|  +m@’w, | =0 (30)
x=L X=
El,w,,'| —J@ W, | =0 (31)
x=L x=
According to Egs. (28)-(31), one obtains
o, 0
F
w| P (32)
A 0
o, 0

where W=[¥, ‘I‘Z]T, ¥, and ¥, are givenas

(B -ik) o) (ELK-K), &) (-ELK +ik) &) (EIK +K);e)
¥ = 33
| (BLK-me?) (-ELK-me) (-ELK-m&) (ELK-ma) )

(-ELK +iJ,ark) (LK +3,aK) (-ELK —iJ,afk) (ELK*—J,aK|

B |
" (BLiKm )  (-BLK+me?) (-ELiK+me’) (ELK+mdf) Auell G4



Based on Eq. (32), the unknown parameters are derived as

a, 0

ﬁl,l Z‘I’_l F

yAN 0

&L 0

35
o, 0 (35)
F

ﬂm,r — H‘Ilq
X 0
gm,r 0

Substituting Eq. (35) into Egs. (25) and (26), the displacement of the
metamaterial with excitation F at one end can be obtained. Furthermore, the

receptance function of the rainbow metamaterial is derived by,

mFix=L

R.. =20log,, (36)

In addition, according to the Bloch theorem [29], the wave number d of the

periodic metamaterial can be defined from transfer matrix

an+1,| an,l an,l
ﬁn+l,| _ Tn ﬂn,l :eiqLd ﬁn,l (37)
Zn+1,| /?«/n,l Zn,l
gn+1,l gn,l gn,l
that is
T, 1| =0 (38)

By analogy of the wavenumber of periodic metamaterials, an equivalent
wavenumber (" is defined for the finite length rainbow metamaterial with spatially

varying resonators, as

E—elt

=0 (39)

where E=T,T, .. T,. The equivalent wavenumber q° can be also interpreted as the

wavenumber when the finite rainbow metamaterial is a periodic unit of an infinite
complex beam. It is used as a tool to understand the wave-like behavior of non-periodic
structures.

3. Prototype manufacturing and experimental validation

To verify the proposed mathematical model, a receptance measuring experiment
was performed with the rainbow metamaterials produced by additive manufacturing

(AM) method. AM is becoming a common method for manufacturing of



elastic/acoustic metamaterials with complex geometries [48-51]. AM technologies
create structures in a layer-by-layer process, either through material deposition or by
selective solidification of a feedstock. AM technologies can fabricate complex
structures that are impossible or not feasible to fabricate by traditional manufacturing
methods, hence attract much attention from researchers from many fields. Specifically,
the emergence of a variety of AM technologies, such as powder bed fusion, material
jetting, stereolithography and binder jetting, allows for the fabrication of structures with
different materials, dimensions and accuracies.

Two metamaterial samples were fabricated by the powder bed fusion process
depicted in Fig. 5 using an EOS Formiga P100 machine with Nylon-12 employed to fill
the powder bed.

Laser Scanner

Powder roller Printed part

e

Powder bed

v

Fig. 5 Schematic illustration of the powder bed fusion process

Powder delivery

One sample of the printed metamaterials is shown in Fig. 6. The tested metamaterial
is stuck firmly to the shaker at one end with the Ethyl 2-cyanoacrylate superglue. The
printed structures have nominal density of 930 kg/m?, a Young’s Modulus of 1.8 GPa,
a Poisson’s ratio of 0.3, and a loss factor of 0.03. The density of the samples was
estimated by the ratio of mass and volume, and Young’s Modulus was obtained by
testing structures printed by the same material and AM method with the universal
testing machine. Geometrical parameters of the two printed metamaterials are listed in
Table 1.

Table 1 Geometrical parameters of tested rainbow metamaterials.

MN-shaped beam with plate insertions

Height Hy =10 mm

Width W, =51 mm
Side wall thickness ty =2 mm
Backplate thickness by =5 mm
Plate insertion thickness t, =2 mm
Ly =15 mm

Distance between plate insertions



Number of segments m=17

Total length of metamaterial beams L=0.257m

Cantilever beam

Sample 1#
Height h, =h, =1.4 mm
Width b, =b,, =1.9 mm
Length I, =1,=21.2 mm
Sample 2#
Height h, =1.4 mm, h, =2.3 mm
Width b, =1.9 mm, b, =2.3 mm
Length I, =1, =212 mm

The measurement system consists of a mechanical shaker, a vibrometer, sensors and
auxiliary components as shown in Fig. 7. A junction box follows the command by
computer and generates the vibration signal, which controls the exciting force of the
shaker after amplification. The tested metamaterials are excited by the mechanical
shaker at one end. The actual exciting force is measured by a force sensor attached to
the metamaterial, and the displacement of the metamaterial at the other end measured
by a laser vibrometer. A cooling system is connected to the shaker. In the experiment
we used the Modal Shop 2060E shaker, PCB 288D01 impedance head that contains a
force sensor, Polytec PDV-100 portable digital laser vibrometer and Polytec VIB-E-400

junction box. A chirp signal was used as input signal of the shaker.

Fig.6 Experimental setup of a rainbow metamaterial sample.
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Amplifier

Computer
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Fig.7 Experimental setup for receptance tests of the rainbow metamaterials.

The mathematical results are shown with the experimental measurements in Figs.

8(a) and (b). Ratios of resonator mass to a reference mass M, of the two metamaterials
are also plotted in Figs. 8(a) and (b). The reference mass M, is derived as
m, = — (40)

where M, are the total mass of the M-shaped beam and plate insertions.

It can be seen from Figs. 8(a) and (b) that the mathematical results are in good
agreement with the experimental ones. For sample 1* with symmetric resonators, one
bandgap can be seen in both the mathematical and experimental curves as shown in Fig.
8(a). As to sample 2" with non-symmetric resonators, the two bandgap regions being
obvious exist in both experimental and mathematical curves as shown in Fig. 8(b). The
discrepancies between the experimental and mathematical results lie in the bandgap
frequencies, which might be attributed to the dimension and physical parameter
variability of the tested samples, as well as to the uncertainty introduced by the
manufacturing and experimental conditions. Although the manufacturing variability
can play an important role on the metamaterial performance [52], this issue will be
addressed in further work. In addition, the discrepancies might be attributed to
modelling assumptions which consider only idealized flexural deformation of the I1-
shaped beam for simplicity. Other minor deformations, such as local deformation in the
cross section introduced by forces of resonators at two side walls, might occur in the
experiment and affect the stiffness of the structure, hence result in differences between
predicted and measured results. Especially, the local deformation by non-symmetric

resonators could be larger than that by symmetric resonator, discrepancies of



metamaterial beam

with non-symmetric resonators are hence enhanced compared with

that of metamaterial beam with symmetric resonator as shown in Figs. 8(a) and (b).
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Fig.8 Amplitude of transfer receptance comparison between mathematical (—)

and experimental (---) results (a) Sample 1%, (b) Sample 2*. The mass

distributions are also plotted in the subfigures.

4. Numerical study

In this section, a numerical study is conducted to explore the influence of resonator

distributions on the FRF performance of the metamaterial. On the basis of the

abovementioned mathematical model, dispersion curves and receptance functions of

rainbow metamaterials are compared with that of metamaterials with periodic

resonators. Besides, differences of dispersion curves and receptance due to symmetric

and non-symmetric resonators are also discussed in this section. The calculated samples

have a density of 1

010 kg/m’®, a Young’s Modulus of 1.2 GPa, a Poisson’s ratio of 0.3,



and a loss factor of 0.02. Geometrical parameters of the calculated structures are listed
in Table 2.

Table 2 Geometrical parameters of calculated rainbow metamaterials

M-shaped beam

Height H, =10 mm
Width w,; =49 mm
Side wall thickness t; =2 mm
Backplate thickness by =5 mm
Plate insertion thickness t, =2 mm
Distance between plate insertions L, =15 mm
Number of segments m =30
Total length of metamaterial L=0.45m
Cantilever beam
Height h, =h,=1.5mm
Width b, =b, =2 mm
Length I, =1, =21mm

4.1 Metamaterial beams with symmetric periodic cantilever-mass resonators
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Fig. 9 Wavenumbers of a metamaterial beam with periodic cantilever-mass

resonators. The cross lines (+++) and dot lines(ooo) represent waves in the complex

beam with resonators, and solid and dashed lines(-—-) represent the waves in beam

without resonators .
The obtained wavenumbers of the metamaterial beam with symmetric periodic

cantilever-mass resonators are shown in Fig. 9. I' represents the mass ratio of all



resonators to the metamaterial beam. The ratio I ofthe calculated beam shown in Fig.
9 is 20%. The wavenumbers of the bare beam without resonators are also plotted for
comparison.

It can be seen from Fig. 9 that two kinds of waves, propagating and evanescent
waves, exist inside the beams. For a lossless beam, propagating waves refer to the
waves whose wavenumbers have purely real components, such that they are oscillatory
and propagate inside the structure. In addition, evanescent waves refer to exponentially
decaying waves as their imaginary parts of wavenumbers have relatively big absolute
values. The two propagating waves and evanescent waves are easily distinguished in
the considered frequency regime for the bare beam without resonators. With regard to
the metamaterial beam, wavenumbers of all the four waves have both imaginary and
real components inside the bandgap regime, which means purely propagating waves do
not exist. The large contribution of the imaginary part leads to a rapidly decay and

ensures no wave propagation as expected.
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Fig. 10 Amplitude of the transfer receptance of the metamaterial beams with
symmetric periodic cantilever-mass resonators of different mass.

Next, we consider the transfer receptance of finite metamaterial beams with
symmetric periodic resonators (see Fig. 10). The ratios r are 10%, 20% and 30%
respectively. It can be seen from Fig. 10 that a single sharp dip appears in each of the
receptance curves. As discussed in the last paragraph, the periodic resonators can
suppress vibration by inducing strong attenuation. Hence, a bandgap in which no
waves are transmitted will be generated. Besides, it also can be seen that the bandgap
shifts to lower frequencies for increasing mass of the resonators. Likewise, the
cantilever-mas resonance frequency decreases when the mass increases, the bandgap
frequencies decrease accordingly. It is impressive to observe that additional resonating

mass does not have a drastic impact on the depth of the bandgap.



4.2 Metamaterial beams with symmetric rainbow-shaped cantilever-mass resonators
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Fig. 11 Amplitude of the transfer receptance function of the metamaterial beam with
symmetric uniform (= --), linearly varying (---) and sinusoidally varying (—)
cantilever-mass resonators (I =20%). The mass distributions of the structures are

plotted in each corresponding subfigure.
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Fig. 12 Equivalent wavenumber of the metamaterial beam with symmetric uniform
(=), linearly varying (— =) and sinusoidally varying (—— ) cantilever-mass
resonators (I =20%).

In order to reveal the influence of the rainbow-shaped resonators and explore
helpful design routes for the rainbow metamaterials, we consider beams with non-
periodically distributed resonators, i.e. linearly and sinusoidally varying resonators.
More complex distributions can be piled up on the basis of simple ones. The obtained
transfer receptance and wavenumbers of the metamaterial beams with symmetric
periodic and spatially varying resonators are compared in Figs. 11 and 12, respectively.

The total mass ratio of the resonators is identical for the three cases, r=20%. The

ratio of each resonating mass to a reference mass m, is also plotted in Fig. 11.



It can be seen from Fig. 11 that when compared to a metamaterial beam with
periodic resonators, the rainbow-shaped resonators create broader bandgap regions.
Since the rainbow-shaped resonators can introduce inertia forces inside a broader
frequency range, the bandwidth is hence enlarged. This can also be explained from
results shown in Fig. 12. For the linearly and sinusoidally varying profiles, the
imaginary part of the wavenumber gets increasingly broader while simultaneously
getting smaller. This widening and reduction of the imaginary part of the wavenumber

causes an increased attenuation bandwidth with smaller attenuation amplitude.
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Fig. 13 Amplitude of the transfer receptance function of metamaterials with
different linearly (a) and sinusoidally (b) varying resonators (I =20%). The receptance
functions of metamaterials with periodic resonators are also shown (- ) for
comparison. The mass distributions of these metamaterial are shown in each

corresponding subfigure.



Moreover, we compare the amplitude of receptance of metamaterials with different
degrees of linearly and sinusoidally distributed resonators in Figs. 13(a) and (b). The
total mass of the resonators is the same for all of the cases, with a ratio I =20%. It can
be seen from Fig. 13(a) that, the bandgap increases with increasing slope of the linear
mass line, while the receptance reduction inside the bandgap on the contrary decreases.
That is, the bandgap by local resonators could be broadened when their mass changes
dramatically, which simultaneously sacrifices the attenuation amplitude inside the
bandgap. The same changing pattern can be seen for metamaterials with sinusoidal
resonators in Fig. 13(b). The bandgap is enlarged by increasing amplitude of the
sinusoidal mass line, while the receptance reduction falls conversely. One should
consider both the bandwidth and receptance of reduction when designing the rainbow
metamaterials. It should also be noted that for increasingly steeper variations of the
masses of the resonators, there is band gap annihilation related to the level of disorder
degree. It has been shown that this is caused by internal wave trapping phenomena [52]
due to the existing critical sections, i.e. local changes from propagating to non-
propagating waves [53].

4.3 Metamaterial beams with non-symmetry cantilever-mass resonators

The aforementioned metamaterial beams have symmetric resonators. Even though
the width of bandgaps can be enlarged by rainbow-shaped resonators, only one bandgap
can be seen within the considered frequency spectrum. In order to achieve multi-
frequency range vibration attenuation, beams having non-symmetric resonators are

discussed in this section.
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Fig. 14 Amplitude of receptance of the metamaterial beams with symmetric (===
and non-symmetric (— ) periodic cantilever-mass resonators

Figure 14 shows the receptance of metamaterial beams with symmetric and non-

symmetric cantilever-mass resonators. The resonators of the two metamaterial beams



in different segments are assumed to be identical, i.e. a periodic profile. The mass of

symmetric resonators is 0.2M, /2m, while the masses of non-symmetric resonators for

both sides are 0.3M,/2m and 0.1M,/2m. The wavenumbers of the metamaterial

beam with non-symmetric wavenumber are plotted in Fig. 15. It can be seen from Figs.
14 and 15 that the metamaterial beams with non-symmetric cantilever-mass resonators
presents two bandgaps, at frequency ranges 79-85 Hz and 127~143 Hz. Moreover, it
can be seen from Fig. 14 that the bandgap width and the attenuation of the beam with
non-symmetric periodic resonators are both reduced when compared to that of beams
with symmetric periodic resonators. Since the inertia forces decrease with decreasing

resonator mass, the attenuation that is introduced by the non-symmetric resonators is
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Fig. 15 Wavenumber of metamaterial beams with non-symmetric periodic

cantilever-mass resonators. The cross lines ( +++ ) and dot lines (ooo) represent

propagating waves and evanescent waves in the complex beam with resonators
respectively.

The displacement of the M-shaped beam and of both resonators along the beam are
plotted in Figs. 16(a), (b) and (c). It can be seen from Figs. 16(a) and (b) that the

displacements of resonators with the mass of 0.1M,/2m are almost the same as that

of the M-shaped beam within the first bandgap (79-85 Hz), which means that inertia

forces that attenuate the N-shaped beam vibration is introduced by the resonators with

the mass of 03M,/2m . On the contrary, the resonators with the mass

m, =0.3M,/2m have no effect on the vibration of the lN-shaped beam within the

second bandgap (127~143 Hz), the attenuation is provided by the resonators with the



mass 0.1M,/2m as shown in Figs. 16(a) and (c).
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Fig. 16 Displacement amplitude of the lN-shaped beam (a), and the displacement

amplitude of the resonators of mass 0.3M,/2m (b) and resonators of mass

0.1IM,/2m (c) due to a point harmonic excitation at x = 0.

For the purpose of enlarging the bandwidth, non-symmetric rainbow shaped
resonators can be further introduced as discussed in the last subsection. Figures 17 and
18 show the amplitude of receptance and equivalent wavenumber of the metamaterial
beams with non-symmetric sinusoidally varying and periodic cantilever-mass
resonators. It can be seen that the bandwidth is enlarged by the sinusoidally varying
resonators. Therefore, broadband multi-frequency range attenuation can be achieved by

beams with non-symmetric rainbow-shaped cantilever-mass resonators.
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Fig. 17 Amplitude of the transfer receptance functions of the metamaterial beams
with non-symmetric sinusoidally varying (— ) and uniform (---) cantilever-mass
resonators. The resonators mass distributions of the two structures are shown in each

corresponding subfigure
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Fig. 18 Equivalent wavenumbers of metamaterial beams with non-symmetric
sinusoidally varying (— ) and uniform (---) cantilever-mass resonators.

5. Conclusions

A design of rainbow metamaterials with multi-frequency broad bandgaps was
proposed in the present paper. The metamaterials were constituted of lN-shaped beams
as a backbone structure with non-symmetric rainbow shaped cantilever-mass resonators
partitioned by plate insertions. A mathematical model was developed to estimate the
FRFs of the proposed metamaterials. The interaction forces between the IN-shaped beam
and resonators were represented by calculating the displacements of the cantilever-mass
structures and the plate insertions were modeled as added mass to the IN-shaped beam.
Once the displacement transfer matrix between different segments of the metamaterials
was obtained, the FRFs of the metamaterials could be solved out. The mathematical
model was validated by experimental results. Two metamaterial structures were
fabricated by AM methods and then tested with a receptance measuring system. After
that, a numerical study was employed to explore the influence of the rainbow-shaped
resonators on the dispersion curves and receptance of the metamaterials. Metamaterials
with spatially varying resonators were proved to have broader bandgaps than that with
periodic resonators, and their bandgaps can be enlarged when the resonators change
dramatically. However, the broadened bandgaps result in reduced attenuation.
Furthermore, metamaterials with non-symmetric resonators were found to have two
bandgaps introduced by each set of resonators. Hence, multi-frequency broad bandgaps
could be achieved by metamaterials with non-symmetric properly designed rainbow-
shaped resonators.

Results of the present study can serve as a benchmark and be instructive for
researchers in related areas to develop metamaterials with enhanced dynamic properties.
The rainbow metamaterial beams with multi-frequency bandgaps could be introduced

in many industrial structures as vibration attenuation and noise control systems.



Especially, the M-shaped beam partitioned by plate insertions can be easily extended to
honeycomb composites which have been widely found application in engineering fields.
The proposed metamaterial beams lay the foundation stone of the future rainbow
sandwich structures with enhanced vibroacoustic dissipation properties. Finally, the
proposed analytical model provides an efficient tool for optimization work for the
rainbow metamaterials due to its low computation cost when compared to standard FE
methods. This is going to be explored in further work.
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