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Abstract
Starting from the chiral first-order pure connection formulation of General
Relativity, we put the field equations of GR in a strikingly simple evolution
system form. The two dynamical fields are a complex symmetric tracefree 3× 3
matrix Ψij, which encodes the self-dual part of the Weyl curvature tensor, as
well as a spatial SO(3,C) connection Aia. The right-hand sides of the evolution
equations also contain the triad for the spatial metric, and this is constructed
non-linearly from the field Ψij and the curvature of the spatial connection Aia.
The evolution equations for this pair are first order in both time and spatial
derivatives, and so simple that they could have been guessed without a com-
putation. They are the most natural spin two generalisations of Maxwell’s spin
one equations. We also determine the modifications of the evolution system
needed to enforce the ‘constraint sweeping’, so that any possible numerical
violation of the constraints present becomes propagating and gets removed
from the computational grid.

Keywords: GR, new first-order formulation, recasting evolution equations

1. Introduction

In 2015 the LIGO-Virgo collaboration made the first direct observation of gravitational waves
[1]. By now, there are about a hundred observed events, and the rate of detection is only expec-
ted to increase as new gravitational wave observatories become operational. On the theoretical
front, the first stable evolutions of a binary black hole configuration were achieved in 2005,
see [2, 3]. Numerical relativity is by now a mature field, see e.g. [4]. At the same time, existing
numerical schemes take a very long time to run, with up to one month to complete a single
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simulation. Geometrodynamics in its standard form is difficult and computationally expensive
business.

It is known that General Relativity can be reformulated in many different ways, see e.g. [5],
and it is not impossible that one of such reformulations may hide the potential to be signific-
antly more efficient for numerical simulations. For a review of different formulations from the
perspective of numerical relativity see e.g. [6]. The goal of this paper is to explore one of the
alternative formulations of GR in the hope to find a more economic evolution system than the
one provided by the standard metric formulation.

A special feature of four spacetime dimensions is that GR admits a series of chiral for-
mulations. In the physical Lorentzian signature these formulations necessitate the usage of
complex-valued objects, but in all signatures they recast the equations of GR in a form that
makes many of its hidden properties manifest. In this paper we explore the potential of one of
such chiral formulations, namely the chiral first-order pure connection formulation. The main
goal of the paper is to recast the field equations of this formalism into an evolution system
form, and also suitably gauge-fix it to ensure ‘constraint sweeping’, see below.

The parent of all chiral formulations of GR in four spacetime dimensions is the Plebanski
chiral formalism, see [7] for the original paper and e.g. [8] for a more modern description. This
formalism describes GR as the dynamical theory of three fields Ai,Σi,Ψij, with the dynamics
following from the following action:

S[A,Σ,Ψ] =
i

16πG

ˆ
M
Σi ∧F i − 1

2
ΨijΣi ∧Σ j. (1)

Here i is the imaginary unit, see below, G is Newton’s constant and F i = dAi +(1/2)ϵijkA j ∧
Ak is the curvature of the SO(3) connection Ai, and ϵijk is the completely anti-symmetric tensor
in R3. The lowercase Latin indices from the middle of the alphabet are ‘internal’ R3 indices,
i = 1,2,3. This is the action describing the zero cosmological constant GR. The inclusion of
a non-zero Λ corresponds to adding one more term to the action, but we will not consider a
non-zero cosmological constant here, as it is irrelevant for black hole binaries modelling.

There are 3 field equations arising by minimising the above action. The field Ψij, which is
required to be tracefree, is a Lagrangemultiplier field, variation with respect to which produces

Σi ∧Σ j ∼ δij. (2)

This is known as the ‘metricity constraint’ in the literature. It can be shown that this equation
implies that the information encoded by Σi is that of a spacetime metric together with a frame
in the space of self-dual 2-forms. The SO(3) gauge symmetry manifest in this formalism is
precisely the symmetry of orthogonal transformations acting on this frame. The metric that Σi

encodes can be recovered via the formula (58).
The variation with respect to the connection produces

dAΣi = dΣi + ϵijkA j ∧Σk = 0. (3)

It can be shown that when Σi satisfies (2) this equation implies that Ai coincides with the
self-dual part of the Levi-Civita connection for the metric encoded by Σi.

Variation with respect to Σi produces the equation

F i =ΨijΣ j. (4)

When the other two equations are satisfied, this is the Einstein equations in disguise. Indeed,
when Ai is the self-dual part of the Levi-Civita connection, the curvature Fi is the self-dual part
of the Riemann curvature tensor. The above equation says that the self-dual part of the Riemann
curvature tensor is self-dual as a 2-form. This is equivalent to the statement that the metric is
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Ricci-free. The cosmological constant is encoded in this formalism as the trace of the matrix
appearing on the right-hand side of (4), and so it is zero in the version of the formalism we are
now discussing. Thus, the above set of equations is equivalent to the Einstein equations with
zero cosmological constant. It is important to note that when all field equations are satisfied,
the field Ψij encodes the components of the self-dual part of the Weyl curvature tensor.

Metrics of different signatures are encoded differently by a triple of 2-forms Σi. Metrics
of Euclidean and split signatures are described by real 2-forms Σi, which is related to the fact
that the Hodge star on 2-forms squares to plus the identity in these two signatures. Metrics of
Lorentzian signature require complex-valued 2-forms Σi. This explains the appearance of the
imaginary unit in front of the action (1). Real Lorentzian metrics arise via (58) whenΣi satisfy
the following set of reality conditions

Σi ∧Σ j = 0, Re(Σi ∧Σi) = 0. (5)

With no reality conditions imposed, a triple of complex 2-forms Σi satisfying Σi ∧Σ j ∼ δij

encodes complex metrics. Reality conditions is one of the most subtle issues of this approach
to GR. We will return to discuss them towards the end of the paper.

The 3+1 decomposition of the above system of equations leads [9] to Ashtekar’s Hamilto-
nian formalism for GR [10]. This formalism has already been explored from the perspective
of numerical relativity, see [11–13].

The formulation of GR that is the main subject of this paper arises by solving the (algebraic)
field equation (4) for the 2-form field Σi, and substituting the result back into the action (1).
This results in the following action

S[A,Ψ] =
i

32πG

ˆ (
Ψ−1

)ij
F i ∧F j. (6)

This is an action of a diffeomorphism invariant gauge theory, which is built with the help of
a Lagrange multiplier field Ψ. The field equations of this formulation of GR will be spelled
out below. In this formalism it is the curvature 2-forms Fi that encode the metric. When the
connection and Ψij satisfy their field equations the metric encoded by Fi is Einstein with zero
cosmological constant. There are also reality conditions that need to be imposed in order for
this formalism to describe real metrics of Lorentzian signature. If desired, the ‘Lagrange mul-
tiplier’ field Ψij can be ‘integrated out’ from the action (6) as well, resulting in a ‘pure con-
nection’ description, see [14, 15]. As experience shows, however, this is not the most sensible
strategy, and the dynamics resulting from (6) is almost always the most tractable one. We will
only consider the formulation based on (6) in this paper.

All chiral formalisms have some remarkable properties. One of the almost immediate prop-
erties is a clear separation of the conformal mode of the metric from the other nine metric com-
ponents. In the ‘parent’ Plebanski formalism the perturbation around a general background is
encoded in the perturbation δΣi, and this can be decomposed into self-dual and anti-self dual
parts. It is not hard to see that the conformal mode is encoded by the self-dual part of δΣi,
while the other nine components of the metric perturbation are stored in the anti-self-dual part
of δΣi.

The behaviour of the linearisation of the Plebanski action around an arbitrary (Einstein)
background becomes particularly striking in the pure connection formalism, see section 5.9.5
of [8] and also [16]. Thus, it can be shown that the linearisation of the Plebanski action around
an arbitrary Einstein background, with all linearised fields apart from the connection integ-
rated out, is of an incredibly simple form, schematically Ψ−1(∂a)2, when a certain gauge is
imposed. It is the availability of a certain gauge in the land of connections, together with the
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incredible simplicity of the arising gauge-fixed action, that suggested to us that the pure con-
nection formalism may also hide potential as an efficient alternative to the standard metric
evolution system for GR. The simplicity of the arising evolution equations in this formalism,
see below, shows that this hope is at least to some extent realised.

One of the main results in this paper is that the field equations resulting from (6) can be
rewritten in the form of evolution equations, resulting in a strikingly simple system.We present
these equations already in the Introduction, to hopefully motivate the reader to understand
further details.

The new evolution system of GR that follows from (6) makes the fieldΨij, which we remind
encodes the self-dual part of the Weyl curvature, the main dynamical field. It is for this reason
that we have the ‘Weyl curvature evolution system for GR’ as the title of this paper. However,
the evolution equation forΨij explicitly contains the spatial SO(3,C) connectionAia, where a=
1,2,3 is the spatial 1-form index. For this reason one must also evolve the spatial connection.
The evolution system is as follows

DtΨ
ij−NaDaΨ

ij = iNϵkljγkaDaΨ
il,

DtA
i
a − ∂aA

i
0 −NbF i

ba = iNΨijγ j
a. (7)

Here N,Na are the usual lapse and shift (which are real quantities). The objects Dt,Da are the
covariant derivatives with respect to the Ai0 and A

i
a components of the connection respectively.

The object F i
ab = 2∂[aAib] + ϵijkA j

aAkb is the curvature of the spatial connection. The object γ
i a

is the (inverse) spatial triad, which is required to be real by the reality conditions that this
system must be supplemented with, and which is constructed from the curvature of the spatial
connection according to

γia :=

√
det(Ψ)

det(F̃)
(Ψ−1)ijF̃ja, F̃ia :=

1
2
ϵ̃abcF i

bc, det(F̃) :=
1
6
ϵijkϵ

˜
abcF̃

iaF̃jbF̃kc. (8)

Here and in what follows the tilde over a symbol encodes the fact that the object has density
weight one, and the tilde under a symbol denotes density weight minus one. There is a single
set of constraints that the system (7) must be supplemented with. These are

γiaDaΨ
ij = 0. (9)

We note that the objectsΨij and Aia are inherently complex fields, as is in particular manifest
from the fact that their evolution equations contain an explicit factor of the imaginary unit on
the right-hand side. Nevertheless, the spatial frame γia is required to be real (in order to produce
a real metric of Lorentzian signature), in the sense that γiaγib is a real symmetric 3× 3 tensor.
It can be shown that the evolution equation (7) are compatible with these reality conditions in
the sense that, if the reality conditions and their time derivatives are imposed at one moment
of time, they will remain satisfied at all times.

From the point of view of evolution equation (7), the objects that are dynamical are the
Weyl curvature field Ψij and the spatial connection Aia. All other fields present in (7), namely
N,Na,Ai0 are not dynamical and can be chosen to be what one wishes. Their presence in the
evolution system is of course the manifestation of the diffeomorphism and gauge invariance
of the theory. The quantity Ai0 has been referred to as the ‘triad lapse’ in [11–13], but we will
not be using this terminology in the present paper.

The evolution equation (7) encode all of the dynamics of GR. Their form is considerably
simpler than that of the standard Arnowitt-Deser-Misner (ADM) evolution system, see e.g.
[4], equations (2.134) and (2.135)
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∂tKab−Nc∂cKab−Kac∂bN
c−Kcb∂bN

c = N(Rab− 2KacK
c
b+KKab)−DaDbN,

∂tγab−DaNb−DbNa =−2NKab. (10)

We rewrote the equations from [4] using our index conventions, and placed all the terms
involving the shift to the left-hand side of the equations. The second of these ADM equations
is the definition of the extrinsic curvature Kab, while the first gives its evolution. To draw an
analogy with our system, the second equation in (7) can be viewed as the definition of Ψij,
while the first one describes the evolution of this field. It is clear that the right-hand side of
the first equation in (7) is significantly simpler than the right-hand side of the ADM evolution
equation for the extrinsic curvature.

There is also a simplification as compared to the usual story with regards to the constraints.
The familiar Hamiltonian and diffeomorphism constraints of GR are absent in the formula-
tion (7) entirely, and are replaced by a single ‘Gauss’ constraint (9). This fact has significant
consequences for the problem of numerical constraint violation and gauge-fixing, and will be
further dealt with below. Another feature of the system (7) that makes it differ from the ADM
evolution system is that it is first order in both the time and spatial derivatives.

However, the price that one pays for the simplicity is the non-linearity of the spatial
frame (8) as constructed from the curvature of the connection. The other price is the fact that all
quantities have become complex-valued and one must impose the reality conditions to recover
real GR. This last issue is not a point of concern in ‘exact’ General Relativity, because the
reality conditions can be imposed on the initial data, and it is guaranteed that they will be
preserved at all times. However, the issue of the reality conditions may become a problem in
numerical GR, when it is no longer guaranteed that the reality conditions are preserved by
the evolution, and small errors introduced by the discretisation may make the numerical code
invalid very quickly. We will come back to the discussion of these issues in the last section.

The organisation of the remainder of this paper is as follows.We start in section 2 by provid-
ing an analogy between the new evolution system for GR (7) and the chiral description ofMax-
well theory. In the later, it is possible to combine the electric Ei and magnetic Bi fields into
a single complex-valued field ϕi = Bi + iEi. The Maxwell’s equations then take an incred-
ibly simple form of a single evolution equation for the complex field ϕi. What the system (7)
achieves for GR is an exact generalisation of this chiral description of spin one to the case of
spin two.

We give more details on the chiral first-order pure connection formalism in section 3. We
present details of the derivation of the evolution system (7) in sections 4–6. We proceed to
describe the gauge-fixing that we expect to be most appropriate for the system (7) in section 7.

After the first version of this paper was placed on the arXiv, we became aware of an earlier
work [17] that has a substantial overlap with us in both motivations and results. Thus, our
evolution system (7) is to a large degree contained in [17]. The main difference between (7)
and evolution equations in [17] is that we use the spatial triad γia (defined by the fields Ψij

and the curvature of Aia) to write the equations in a simpler form, while this is not the case in
[17]. Even though this paper rediscovers some of the results already available in the literature,
the novelty of our treatment is that we describe the gauge-fixing procedure that makes the
constraint violation propagating, thus ensuring ‘constraint sweeping’. Another novelty of this
work is that we draw a parallel between the connection description of gravity and the ‘chiral’
description of Maxwell’s equations.

5
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2. Chiral description of Maxwell’s theory

Most of the things we do in the case of gravity have a Maxwell analog. We discuss the much
simpler Maxwell case first, as the parallel with it helps to understand the constructions that
follow.

2.1. Chiral Maxwell

The 3+1 covariant form of Maxwell’s equations follows from the Lagrangian (Fµν)
2, where

Fµν = 2∂[µAν] is the field strength of the gauge potential Aµ. In four spacetime dimensions
one can add to this Lagrangian an appropriate multiple of iϵµνρσFµνFρσ, which is a surface
term. This makes the Lagrangian complex, but brings with it some significant simplifications.

The most useful for our purposes version of this trick is its first-order form, in which one
introduces an ‘auxiliary’ complex vector field ϕi, which then ends up to be not auxiliary at
all, and encode precisely the quantities one is interested in, namely the electric and magnetic
fields.

At the Lagrangian level we proceed as follows. We start by introducing a triple of self-dual
2-forms

Σi = idt∧ dxi +
1
2
ϵijkdx j ∧ dxk. (11)

We will also need them in the component form, and our differential form conventions are
Σi = (1/2)Σi

µνdx
µ ∧ dxν . We sometimes omit the symbol of the wedge product, when no

confusion can arise and for compactness of the expressions that result. The metric is taken
to have the signature mostly plus ηµν = diag(−1,1,1,1). The 2-forms Σi introduced are self-
dual, see (53) in the orientation ϵ0123 =+1.

Let us consider the following action

S[A,ϕ] =−
ˆ

Σiµνϕi ∂µAν − g2(ϕi)2. (12)

Integrating out the ‘auxiliary’ field ϕi by solving its field equation

ϕi =
1
2g2

Σiµν∂µAν , (13)

and substituting the result back into the action gives

S[A] =− 1
4g2

ˆ (
Σiµν∂µAν

)2
. (14)

We can now use

ΣiµνΣiρσ = ηµρηνσ − ηµσηνρ − iϵµνρσ (15)

to conclude that

S[A] =− 1
8g2

ˆ
(Fµν)

2 − i
2
ϵµνρσFµνFρσ. (16)

The last term is a total derivative, which shows that the action (12) gives an equivalent descrip-
tion of Maxwell theory.

6
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2.2. The action in the 1+3 form

We now perform the 1+3 decomposition of the action (12), and obtain the associated field
equations in the form of an evolution system. We have

S[A,ϕ] =−
ˆ
ϕi (i∂tAi − i∂iA0 + ϵijk∂jAk)− g2(ϕi)2. (17)

Here ∂t := ∂/∂t and ∂i := ∂/∂xi. The field equations arising from this action are as follows.
First, we have the constraint that arises by varying with respect to A0

∂iϕ
i = 0. (18)

Second, we have the equation that determines ϕi and arises by varying the action with respect
to this field

2g2ϕi = i∂tAi − i∂iA0 + ϵijk∂jAk = Bi + iEi, (19)

where we rewrote the appearing combinations in terms of the electric and magnetic fields.
Finally, the variation of the action with respect to the spatial part of the electromagnetic poten-
tial gives

i∂tϕ
i = ϵijk∂jϕ

k. (20)

The beauty of this last equation is that it is independent of the electromagnetic potentials Ai,A0,
and combines the two Maxwell’s equations on Bi,Ei into a single complex equation

i ˙⃗ϕ=∇× ϕ⃗. (21)

on the complex vector ϕ⃗= B⃗+ i E⃗. We can now interpret the equation (20) as the evolution
equation for ϕi, and (19) as the evolution equation for the electromagnetic potential. In this
evolution equation the quantity A0 remains an arbitrary function whose presence there reflects
gauge-invariance. The evolution equation for ϕi must be supplemented by the constraint (18).
The interesting feature of this system is that, if one is only interested in the physical fields
Ei,Bi, it is sufficient to evolve only ϕi, as its evolution equation decouples from that for the
potential.

2.3. Constraint sweeping

The above system of equations puts the dynamical equations ofMaxwell’s theory into the form
of an evolution system subject to the single Gauss constraint (18). It is not hard to see from
the form of the equation (20) that if the constraint is satisfied at some moment of time, it will
remain satisfied always. Indeed, this follows from the fact that the divergence of the curl is
zero, and so the time derivative of ϕi is divergence-free.

However, any numerical implementation of the above evolution system will unavoidably
lead to constraint violation. If this is not dealt with, any numerical code will become unstable.
There is a very simpleway to deal with this, which is to introduce an additional fieldwhose time
evolution is controlled by the would-be constraint. If the constraint is satisfied the additional
field remains zero. However, when constraint violation is introduced, the modified system can
be arranged in such a way that any constraint violation propagates away with the speed of
light.

Another way to motivate the modification of (20) is to consider the double time derivative
of ϕi. We have

ϕ̈i =−iϵijk∂jϕ̇k =−ϵijk∂jϵklm∂lϕm =−∂i ∂jϕ j+∆ϕi. (22)

7
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Only the last term here is the one desired to obtain the □ϕi = 0 equation. The first term van-
ishes when the Gauss constraint is satisfied, but in general obscures the desired □-type struc-
ture of the squared evolution equation.

All these problems are solved in one go if one introduces an new field ϕ, which has an
evolution equation of its own, and which modifies the evolution equation for ϕi. The new
system of evolution equations is

∂tϕ = i∂iϕ
i, ∂tϕ

i =−i(ϵijk∂jϕk+ ∂iϕ). (23)

The squaring procedure now gives

ϕ̈i =−iϵijk(∂jϕ̇k+ ∂i ϕ̇) =−∂i ∂jϕ j+∆ϕi + ∂i ∂jϕ
j =∆ϕi. (24)

It is also easy to see that ϕ̈=∆ϕ, and so both ϕi,ϕ propagate with the speed of light.
The describedmodification (23) of theMaxwell evolution system are known under the name

of ‘constraint sweeping’. The idea is that the constraint can be imposed only initially, and then
any numerical violation of the constraint will propagate off the grid, preventing dangerous
accumulation of the constraint violation that can render the code unstable. Such ‘constraint
sweeping’ is known to lead to improved numerical stability, see e.g. the discussion surround-
ing formula (11.59) in [4]. Note that ‘constraint sweeping’ is different from ‘constraint damp-
ing’. The first type of modification to the evolution equations makes the constraint violation
propagate away from the point in the grid where it occurs. The second type of modifications
makes the constraint violation exponentially suppressed, by adding to the equations specially
adjusted friction terms. We will return to the discussion of whether ‘constraint sweeping’ is
sufficient to deal with the issue of constraint violation in the Discussion section.

2.4. Lagrangian for gauge-fixing

The described modification (23) of the evolution system can be obtained from a simple gauge-
fixed Lagrangian. Indeed, we supplement the action (17) by the following gauge-fixing term,
which is clearly a version of the Lorentz gauge

Sg.f =
ˆ
ϕηµν∂µAν − g2ϕ2 =

ˆ
ϕ(−∂tA0 + ∂iAi)− g2ϕ2. (25)

It is easy to see that the modifications this addition does to the field equations of Maxwell’s
theory are precisely as described by (23). Indeed, the field equation that result by varying the
Lagrangian with respect to A0 is now precisely the first equation in (23). The field equation
that follows by varying with respect to Ai is the second equation in (23). Finally, the equation
that follows by varying the action with respect to the new field ϕ is

2g2ϕ =−∂tA0 + ∂iAi. (26)

This can be viewed as an evolution equation for A0, given ϕ,Ai. Thus, once our dynamical
system is gauge-fixed as described there remain no free functions, and A0 evolves together
with Ai as dictated by the corresponding equation.

2.5. Reality conditions

It is interesting to discuss the question of the reality conditions that the system of equation (23)
must be supplemented with. It is clear that we want the electromagnetic potentials A0,Ai to
be real. It is then clear that equation (26) requires the auxiliary field ϕ to be real. Given that
ϕi = Bi + iEi, and ∂iBi = 0 automatically, we have Re(∂iϕi) = 0 satisfied automatically. This

8
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makes the first of the equations in (23) consistent. The second equation in (23) then splits into
its real and imaginary parts ∂tB⃗=∇× E⃗,∂tE⃗=−∇× B⃗−∇ϕ.

So, the reality conditions areA0,Ai are real, as well as the induced by the evolution equations
reality conditions on ϕ,ϕi. The later can be interpreted as the time derivatives of the reality
conditions on A0,Ai. These can be stated as ϕ is real, as well as a differential condition

∇× Im(ϕ⃗) = ∂tRe(ϕ⃗), (27)

which is one of theMaxwell’s equations, re-stated as a condition linking the real and imaginary
parts of the complex vector ϕ⃗. The fact that some of the reality conditions in the Maxwell case
can only be stated as a differential relation will have an analog in the gravitational case.

Below we will see that the action (6) is for GR what the action (12) is for Maxwell theory.

3. Chiral pure connection gravity in the first-order formalism

Our presentation of the chiral pure connection formalism is very brief, and we only indicate
the main interpretational steps. For more details the reader is referred to the book [5], see in
particular section 6.

3.1. Action and field equations

Chiral Gravity can be described using an SO(3,C) connection Ai and the complex symmetric
tracefree matrix of quantities Ψij 1. As already mentioned, the matrix of the quantities Ψij is
required to be tracefree and symmetric

tr(Ψ) = Ψkk = 0, Ψ(ij) =Ψij. (28)

Varying the action (6) with respect to the connection produces

dA
(

1
Ψij

F j

)
= 0 (29)

where dA is the exterior covariant derivative. The notation that we have used and will continue
to use in what follows is

1
Ψij

≡ (Ψ−1)ij. (30)

Using the Bianchi identity on the curvature form

dAF i = 0, (31)

one can rewrite equation (29) as

dA
(

1
Ψij

)
F j = 0. (32)

As we will see below, this contains both a constraint and an evolution equation. Varying the
action (6) with respect to Ψij leads to

1
Ψik

F k ∧F l 1
Ψlj

∼ δij, (33)

1 We remind the reader that the Latin indices i, j,k, . . . , z are the internal ones on which SO(3,C) acts, Latin indices
at the start of the alphabet a,b,c, . . . ,h represent 3d spatial coordinates and Greek indices are the spacetime indices.
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where the Kronecker delta on the right-hand side appears because only the tracefree part of
the variation is required to vanish, thus implying that there is only the (arbitrary) trace part on
the right-hand side. Multiplying this by (Ψ2)ij results in

F i ∧F j ∼ΨikΨkj. (34)

The proportionality constant is a (different from zero) scalar function that will be fixed below.

3.2. Interpretation of the field equations

The two equations of motion for our system are thus equations (32) and (34).
The second equation receives the following interpretation. As wewill discuss below, a triple

of 2-forms Σi satisfying Σi ∧Σ j ∼ δij defines the metric (58). One obtains real Lorentzian
signature metrics when the 2-forms are complex and satisfy the reality conditions (5).

Coming back to the equation (33), we can see that this equation suggest that we define

Σi :=
1
Ψij

F j. (35)

The object Σi so defined is constructed algebraically from the fields Ψij and the curvature of
the connection Ai. The equation (34) then says that this object satisfies Σi ∧Σ j ∼ δij and thus
defines the metric via (58).

The interpretation of the first equation (32) is then as follows. It is clear that using the intro-
duced object Σi it can be rewritten as dAΣi = 0. It can then be shown that, when equation (34)
holds, this equation implies that Ai coincides with the self-dual part of the Levi-Civita con-
nection for the metric defined by Σi. When this is the case the Einstein equations for the
metric defined by Σi are a simple consequence of (35). Indeed, when Ai is the self-dual part of
the Levi-Civita connection, then Fi is the self-dual part of the Riemann curvature. The defini-
tion (35) can be rewritten asF i =ΨijΣ j, and thus implies that the self-dual part of the Riemann
curvature is self-dual as the 2-form. This is one of the ways to state the Einstein condition.
With Ψij being tracefree, the relation F i =ΨijΣ j also implies that the cosmological constant
is zero. Thus, all in all, F i =ΨijΣ j is a rewrite of the Ricci-flatness condition, provided both
equations (32) and (34) are satisfied.

The action (6) thus gives a chiral, pure connection description of General Relativity with
zero cosmological constant. It becomes the description of Lorentzian signature GR when the
reality conditions (5) get imposed.

The field equations (32) and (34) can be shown to have the property that the evolution
they describe commutes with the reality conditions. Thus, if reality conditions are imposed
at a moment of time, they will continue to hold throughout the evolution. For this reason our
strategy will be to first understand the space plus time decomposition of the equations (32)
and (34), as well as the problems related to the necessary gauge-fixings of this system. Only at
the very end we will return to the problem of the reality conditions and comment on the most
sensible ways to deal with it.

4. Field equations in the 1+3 split form

In this section we start the procedure of casting the field equations into the form of evolution
equations.

10
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4.1. Notations and conventions

The 1+3 split of the connection is

Ai = Ai0dt+Aiadx
a. (36)

The curvature form can be similarly split

F i =
1
2
F i

µνdx
µdxν = F i

0adtdx
a+

1
2
F i

abdx
adxb. (37)

The two components appearing can be written using the connection

F i
0a = ∂tA

i
a−DaA

i
0, F i

ab = ∂aA
i
b− ∂bA

i
a+ ϵijkA j

aA
k
b (38)

where Daχ
i = ∂aχ

i + ϵijkA j
aχk is the spatial covariant derivative. A useful description of F i

ab

is given by its dual

F̃ia :=
1
2
ϵ̃abcF i

bc ⇒ F i
ab = ϵ

˜
abcF̃

ic. (39)

The determinant of the field F̃ia is given by

det F̃ :=
1
6
ϵijkϵ

˜
abcF̃

iaF̃jbF̃kc. (40)

The inverse of F̃ia can be defined as

P
˜

i
a =

1

2det F̃
ϵijkϵ

˜
abcF̃

jbF̃kc, (41)

and satisfies

F̃iaP
˜

j
a = δij, F̃iaP

˜

i
b = δab . (42)

This new variable F̃ia fully defines the spatial curvature form. Using this parameterisation the
equations of motion can be split into the 1+3 formalism.

4.2. Field equations in the 1+3 form

The equation (32) is equivalent to

ϵ̃µνρσDν

(
1
Ψij

)
F j
ρσ = 0. (43)

To obtain a 1+3 form, we set the index µ= 0,a. The first case results in

ϵ̃0abcDa

(
1
Ψij

)
F j
bc = ϵ̃abcDa

(
1
Ψij

)
F j
bc. (44)

This gives a constraint equation, which is natural to refer to as the Gauss constraint:

CiG = Da

(
1
Ψij

)
F̃ja ≡ 0. (45)

The case µ= a gives

ϵ̃aνρσDν

(
1
Ψij

)
F j
ρσ = ϵ̃a0bcDt

(
1
Ψij

)
F j
bc+ 2ϵ̃ab0cDb

(
1
Ψij

)
F j
0c. (46)

11
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We use conventions in which ϵ̃0abc = ϵ̃abc, where a single tilde over the object denotes the fact
that this object is a density of weight plus one. One thus gets the evolution equation for Ψij

Dt

(
1
Ψij

)
F̃ja = ϵ̃abcDb

(
1
Ψij

)
F j
0c. (47)

This can be rewritten in a convenient form by multiplying by P
˜

k
a . This gives

Dt

(
1
Ψik

)
= ϵ̃abcP

˜

k
aDb

(
1
Ψij

)
F j
0c, (48)

which should be interpreted as the evolution equation for (the inverse of) Ψij.
We now perform the 1+3 split of the ‘metricity’ equation (34). We have

1
4
ϵ̃µνρσF i

µνF
j
ρσ =

1
2
ϵ̃0abc

[
F i

0aF
j
bc+F i

bcF
j
0a

]
= 2F(i

0aF̃
j)a ∼ΨikΨkj. (49)

Both left and right sides are symmetric in ij, the symmetry can be removed on both sides by
introducing an antisymmetric term on the right hand side, encoded by Xi. The proportionality
constant can be dealt with by introducing a scalar field, µ̃. The equation of motion looks like

F i
0aF̃

ja = µ̃
(
ΨikΨkj+ ϵijkXk

)
(50)

again multiplying this by P
˜

j
a results in

F i
0a = µ̃(ΨikΨkj+ ϵijkXk)P

˜

j
a . (51)

The two evolution equations are equations (48) and (51).

5. Self-dual 2-forms and the metric

The goal of this section is to fix our conventions related to the self-duality, and also describe
the formula for the spacetime metric as defined by a triple of 2-forms. We then explicitly com-
pute the metric produced by the 2-forms (35), and thus give interpretation to various objects
appearing in the field equations.

5.1. Self-dual 2-forms

Given a frame e0,ei, the basis in the space of self-dual 2-forms is given by

Σi = i e0 ∧ ei + 1
2
ϵijke j ∧ ek. (52)

They are self-dual

1
2
ϵµν

ρσΣi
ρσ = iΣi

µν . (53)

in the orientation ϵ0123 =+1, and the metric being of signature mostly plus

ds2 =−(e0)2 +(e1)2 +(e2)2 +(e3)2. (54)

These 2-forms satisfy the following algebra of the quaternions

Σi
µ
αΣ j

α
ν =−δijδµν − ϵijkΣk

µ
ν , (55)

where our 2-form conventions are Σi = (1/2)Σi
µνdx

µdxν .
Further, the 2-forms (52) satisfy

Σi ∧Σ j = 2iδijvg, vg = e0 ∧ e1 ∧ e2 ∧ e3. (56)

12
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We take our 4-manifold to be oriented by vg, so that it defines the positive orientation. Using
dxµdxνdxρdxσ = ϵ̃µνρσd4x we can then write

vg =
√
−gd4x, (57)

where
√
−g is (minus) the determinant of the frame, or the square root of (minus) the determ-

inant of the metric.
Finally, given a basis Σi in the space of self-dual 2-forms that satisfies all the relations

above, the metric can be recovered via

igµν
√
−g= 1

12
ϵ̃αβγδϵijkΣi

µαΣ
j
νβΣ

k
γδ. (58)

The coefficient on the right-hand side of this expression can be checked by multiplying the
whole expression with gµν , and then using (55) and (53).

5.2. 1+3 Metric

To compute the spacetime metric in the 1+ 3 decomposed form, we need to fix our orient-
ation conventions. Given that vg = e0e1e2e3 is taken to be the positive orientation, we have
dx0dx1dx2dx3 = ϵ̃0123d4x= d4x. We will also take the positive spatial orientation to be e1e2e3,
which gives ϵ̃0abc = ϵ̃abc.

We now compute the metric produced by the connection. The corresponding orthonormal
2-forms are given by (35), and we have

2iδijvg =Σi ∧Σ j =
1
Ψik

1
Ψjl

(F k
0aF̃

la+F l
0aF̃

ka)d4x= 2µ̃δijd4x, (59)

where we have used (39), as well as (51). Now vg =
√
−gd4x and we have

µ̃= i
√
−g, (60)

which identifies the function µ̃ in equation (51) with the imaginary unit times the square root
of the metric determinant.

We can now compute all the metric components using (58). We have

ig00
√
−g= 1

6
ϵ̃abcϵijkΣi

0aΣ
j
0bΣ

k
0c. (61)

We can now use (51) in the form

Σi
0a =

1
Ψij

F j
0a = µ̃(ΨijP

˜

j
a + iϵijk(ΨjmP

˜

m
a )N

k), Ni :=−idet(Ψ)ΨijX j, (62)

where we have introduced a convenient combination N i, to obtain

g00 = µ̃2det(ΨP
˜
)(1−NiNi), (63)

where

det(ΨP
˜
) = det(Ψ)det(P

˜
), det(P

˜
) =

1
6
ϵ̃abcϵijkP

˜

i
aP
˜

j
bP˜

k
c . (64)

We also have

igab
√
−g=− 1

3det(Ψ)
ϵijkF i

0(aF
j
b)cF̃

kc+
1

6det(Ψ)
ϵijkϵ̃pqrF i

apF
j
bqF

k
0r. (65)

Using the definition of the P
˜

i
a, this can be transformed to

igab
√
−g= det(F̃)

det(Ψ)
F i

0(aP
˜

i
b), (66)
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which gives

gab =
det(F̃)
det(Ψ)

ΨkiΨkjP
˜

i
aP
˜

j
b =

1
det(ΨP

˜
)
ΨkiΨkjP

˜

i
aP
˜

j
b = γiaγ

i
b, (67)

where we have introduced the triad for the spatial metric given by

γia :=
1√

det(ΨP
˜
)
ΨijP

˜

j
a . (68)

Finally, we can compute

ig0a
√
−g= 1

6
ϵijkΣi

0bΣ
j
0a

1
Ψkl

F̃lb+
1
6
ϵijkϵ̃bcdΣi

0b
1

Ψjm
Fm

acΣ
k
0d =

1
2
ϵijkΣi

0bΣ
j
0a

1
Ψkl

F̃lb. (69)

Using the expression (62) and simplifying using the algebra of P
˜
and F̃ we get

g0a =−i µ̃NiΨijP
˜

j
a . (70)

Comparing with the usual parametrisation of the metric by lapse N, shift Na and the spatial
metric γab

gµν =

(
−N2 +NaNbγab Nbγab

Nbγab γab

)
, (71)

we can identify

Na =
√
−gdet(ΨP

˜
)Ni

1
Ψij

F̃ja, N=
√
−g

√
det(ΨP

˜
). (72)

We can now see that the reality conditions saying that the 4-metric is real become the conditions
that the objects

√
−g,Ni and ΨijP

˜

j
a are real, modulo possibly an SO(3,C) rotation. Note that

separately the quantities Ψij and P
˜

j
a are complex-valued, and it is only their product that is

supposed to satisfy a reality condition and give rise to the frame of a real spatial metric.
For future reference we mention that the inverse metric is given by

gµν =

(
−N−2 NaN−2

NaN−2 γab−N−2NaNb

)
. (73)

5.3. Useful formulas

Now that the components of the curvature F i
µν are identified with the metric components, it

is useful to rewrite the equation (62) in terms of the metric. The intermediate useful formulas
that we need are√

det(ΨP
˜
) =

1
det(γ)

=
N√
−g

,

ΨijP
˜

j
a =

√
det(ΨP

˜
)γia =

N√
−g

γia,

1
Ψij

F̃ja =
1√

det(ΨP
˜
)
γia =

√
−g
N

γia,

Ni =
Naγia
N

. (74)

Substituting all this into (62), and using also µ̃= i
√
−g we get

Σi
0a =

1
Ψij

F j
0a = iNγia− ϵabcN

bγic. (75)
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6. Rewriting the evolution equations

The goal of this section is to rewrite the evolution equations (48) and (51) in the form that
makes their interpretation most transparent. In particular, we will make use of the quantities
N,Na,γia that were identified by the metric computation in the previous section.

6.1. Rewriting of the Ψij equation

We start by manipulating equation (48) so that it is Ψ that evolves rather than Ψ−1. We use

d

(
1
Ψ

)
=− 1

Ψ
dΨ

1
Ψ
, (76)

and then multiply the resulting equation by Ψ from the left. This gives

DtΨ
is 1
Ψsj

= ϵ̃abcP
˜

j
aDbΨ

is 1
Ψsk

F k
0c. (77)

We then multiply by another copy of Ψ from the right to get

DtΨ
ij = ϵ̃abcP

˜

s
aΨ

sjDbΨ
il 1
Ψlk

F k
0c. (78)

The next step is to substitute the expressions (74) and (75). This gives

DtΨ
ij =

N√
−g

ϵ̃abcγ jaDbΨ
il(iNγlc− ϵcdfN

dγlf). (79)

We then use

ϵ̃abcγiaγ
j
b = det(γ)ϵijkγkc (80)

in the first term, while we expand the product of two epsilons in the second term

ϵ̃abcϵcdf = det(γ)(δadδ
b
f − δaf δ

b
d). (81)

The term where b gets contracted with f vanishes by the Gauss constraint. What remains can
be written as

(Dt−NaDa)Ψ
ij = iNϵkljγkaDaΨ

il. (82)

It is manifest the right-hand side here is automatically tracefree. It is not hard to see that the
anti-symmetric part of the right-hand side is a multiple of the constraint (45), and so van-
ishes on the constraint surface. The obtained evolution equation for Ψij is very simple, and
will be, after appropriate modifications related to gauge-fixing, one of our two main evolution
equations.

It is worth remarking that the obtained evolution equation for Ψij is completely analogous
to the one we have previous described in the case of Maxwell theory, see (20). To make the
parallel even stronger, we note that in the gauge Ai0 = 0,Na = 0,N= 1, the equation (82) can
be written as ∂tΨij = i(∇×Ψ)ij, where (∇×Ψ)ij := ϵkljγkaDaΨ

il is the generalisation of the
usual curl on vector fields to rank two symmetric tracefree tensors. We thus indeed see that the
Weyl curvature, which is what encodes the spin two degrees of freedom of the gravitational
field, evolves in an exact parallel to how the spin one field ϕ⃗= B⃗+ i E⃗ evolves in the case of
electromagnetism. The main difference in the case of gravity is that the metric has now become
dynamical and determined by the potentialAia. Therewas no need to evolve the electromagnetic
potential in the case of Maxwell, as the equation for ϕ⃗ did not contain the potential. In contrast,
in the case of gravity we must evolve the connection together withΨij because the spatial triad
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that appears on the right-hand side of (82) is constructed from the curvature of the connection
(and Ψij).

6.2. Rewriting the evolution equation for the connection

The other evolution equation that we need is that for the connection, see (51). It is best to take
it in the form (75). We then multiply the equation by Ψ, and note that

ϵabcΨ
ijγ jc =

N√
−g

ϵabcF̃
ic = ϵ

˜
abcF̃

ic = F i
ab. (83)

It is then clear that the evolution equation for the connection can be written as

DtA
i
a− ∂aA

i
0 −NbF i

ba = iNΨijγ ja, (84)

where we have taken the term involving the shift vector to the left-hand side. This equation
clearly interprets the fieldΨij as the time derivative of the spatial connection Aia, modulo terms
involving Ai0 and N

a and related to gauge.
We note that the right-hand side of both evolution equations explicitly contains the factor

of the imaginary unit, so the evolution system obtained is intrinsically complex. We also note
that the Maxwell analog of equation (84) is (19). Again, there is a direct parallel, apart from
the fact that Aia has now indices of two different types, and so the right-hand side of (84) must
involve an object that relates them.

7. Constraint sweeping

The evolution system we have obtained is a system of two evolution equations, for Ψij and
for the connection. To understand the evolution equation for Ψij in particular, we consider a
similar evolution equation in a background of Minkowski metric.

7.1. Spin two field in Minkowski spacetime

As a warm-up, and to contrast the situation in gravity with that in the case of Maxwell field, we
assume that the metric is that of Minkowski space, and γia = δia, so that there is no distinction
between the internal and spatial indices. We also assume that shift Na = 0 and lapse N= 1. We
get the following evolution equation for Ψij:

∂tΨ
ij = iϵklj∂kΨ

il, (85)

which should be solved subject to the constraint thatΨij is symmetric tracefree and transverse
∂jΨ

ij = 0, as this is what the constraint (45) becomes.
Motivated by the Maxwell example, we look for a modification of this evolution system

that introduces a new field Φi whose time derivative is related to the Gauss constraint. We
then search for an evolution system that evolves both fields Ψij,Φi and is such that both fields
satisfy the□Ψij =□Φi = 0 equation. It is not hard to show that there is the unique system that
reduces to (85) when Φi = 0 and has these properties. It is given by

∂tΨ
ij = i

(
ϵkl( j∂kΨ

i)l+ 3∂(iΦ j) − δij∂kΦ
k
)
, ∂tΦ

i =− i
2

(
ϵijk∂ jΦk+ ∂jΨji

)
. (86)

We note that the last term in the first equation is needed to make the right-hand side trace-
free. Taking another time derivative of the first equation and using both equations one can
obtain □Ψij = 0. Similarly, taking the time derivative of the second equation and using both
equations one obtains □Φi = 0. This shows that the system (86) describes a spin two field in
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Minkowski spacetime, with its 5+ 3= 8 components. The constraint equations ∂ jΨij = 0 has
been replaced by an evolution equation for three new fields Φi, so that now all the components
ofΨij,Φi propagate and satisfy the box equation. This guarantees that any constraint violation
that accumulates by some numerical error will propagate away and not accumulate where it
occurs. Another desirable feature of ‘constraint sweeping’ is that it allows for any error in the
initial conditions (when these are imposed only approximately) to propagate away and not
spoil the simulation. This is the desired ‘constraint sweeping’.

We note that it is essential that the right-hand sides of both equations in (86) contain the
factor of the imaginary unit. It is these factors that give the right sign for the box equation
in Minkowksi spacetime on squaring. This is similar to the situation in the Maxwell case,
see (23).

7.2. Non-linear version

There is an obvious non-linear version of the flat evolution system (86) that is a modification
of (82). It is given by

(Dt−NaDa)Ψ
ij = iN

[
ϵkl( jγkaDaΨ

i)l+ 3γa(iDaΦ
j) − δijγakDaΦ

k
]
,

(Dt−NaDa)Φ
i =− iN

2

[
ϵijkγajDaΦ

k+ γajDaΨ
ij
]
. (87)

We take this to be our main evolution system for Ψij,Φi, while we will continue to evolve the
spatial connection according to (84).

7.3. Lorentz gauge

In the Maxwell case the new terms in the evolution equations for ϕi came from adding the
Lorentz gauge term to the Lagrangian, see (25). We could follow a similar strategy for gravity.
Thus, we could consider adding to the Lagrangian Φi gµν∂µAiν . This is a step in the right dir-
ection. However, the difficulty that arises is that now the metric is dynamical and is a function
of the connection. The variation with respect to the connection will produce terms that are
not present in the most natural equation (87). Thus, it appears to be a better strategy to just
postulate the evolution equation (87) for Ψij,Φi, and add to them some version of the Lorentz
gauge gµν∂µAiν = 0, or possibly gµν∂µAiν =Φi. This will make the Ai0 component of the con-
nection evolve, which is desirable, for one will not need to select this set of functions by hand.
However, it is clear that the best form of this evolution equation for Ai0 is likely to depend on
how the evolution system we derived behaves under numerics. So, we refrain from trying to
fix the form of this equation in the present paper.

8. Discussion

In this paper we have rewritten Einstein equations of GR as a system of two evolution
equations (7) for the fields Ψij, which is a complex symmetric tracefree field encoding the
self-dual part of the Weyl curvature, and the field Aia, which is a complex SO(3,C) spatial
connection. The equations also involve the usual lapse N and shift Na, which are real, and the
temporal component of the connection Ai0, which is complex. These fields do not evolve and
can be chosen to be arbitrary functions. The spatial triad γia and its inverse γia that appear on
the right-hand sides of the evolution equations are constructed algebraically (but non-linearly),
see (8) from the field Ψij and the curvature F i

ab of the spatial connection.
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The evolution equation (7) are incredibly simple. They directly generalise the evolution
equations of the chiral formulation of Maxwell theory, see (19) and (20). In the case of Max-
well, one forms the complex linear combination of the electric and magnetic fields ϕ⃗= B⃗+ i E⃗.
In terms of this field, Maxwell’s equations become a single complex evolution equation (21).
The evolution equation (19) for the electromagnetic potential can be also read of as the defin-
ition of ϕ⃗. The analogy between (7) and the Maxwell case is that the first equation general-
ises (21), while the second gives the evolution equation for the spatial connection and thus
can be read as a definition of Ψij. The main difference between the gravitational and the Max-
well cases is that in the latter one does not need to evolve the electromagnetic potential as it
does not appear in the evolution equation for the ϕ⃗. In the gravity case the field strength of
the spatial connection is what determines the metric that appears on the right-hand sides of
both equations, and for this reason the spatial connection must be evolved together with Ψij.
At the same time, the structure of the field equation (7) is completely analogous to that of (19)
and (20). In fact, one could have guessed the system of equation (7) as the most natural gener-
alisation of the system that arises in the spin one case, with the operator ∇×Ψij := ϵklj∂kΨ

il

being the generalisation of the usual curl∇×ϕi = ϵijk∂jϕ
k from spin one to spin two.

In both the Maxwell and gravity cases there are constraints. In the Maxwell case this is
the Gauss constraint ∂iϕi = 0, in the gravity case this is similarly the Gauss constraint (9),
which is again the most natural generalisation of the Gauss constraint in the case of electro-
magnetism (and so could have been guessed as well). We find it quite satisfactory that the field
equations of GR, in the form of evolution equations, could have been guessed without doing
any computations, when one works in the appropriate formalism. This is of course consistent
with the fact that GR is the unique theory with ‘some good properties’. The form of the evol-
ution equation (7) tells us that GR is the ‘most natural’ theory describing the dynamics of the
spin two field Ψij propagating on the metric background determined by an SO(3) connection.
It is possible that this statement can be strengthened and converted into some form of unique-
ness theorem in the connection formalism, but we refrain from developing this line of thought
further in this paper.

In the case of both Maxwell and GR the evolution equations for the field ϕ⃗ and Ψij can be
modified so as to introduce the ‘constraint sweeping’. In both cases the idea is the same. Instead
of trying to impose the Gauss constraint at every step of the evolution, one can introduce a new
field (ϕ in theMaxwell case andΦi in the gravity case) whose time derivative is amultiple of the
Gauss constraint. The right-hand sides of the evolution equations for ϕ⃗,Ψij are then modified
by ϕ,Φi in such a way that all fields satisfy the box equation. This makes the constraint viola-
tion propagating, and any possible constraint error that is created by a numerical scheme will
propagate away from the grid. While the currently preferred by the numerical relativity com-
munity method of dealing with constraint violation seems to be ‘constraint damping’ rather
than ‘constraint sweeping’, which directly damps any possible constraint violation rather than
making it propagate away, the introduced here ‘constraint damping’ is the option preferred
mathematically, as one leading to the nicest right-hand sides of the evolution equations. This
can be made even more prominent by rewriting the equations in spinor notations. It then turns
out that the first order differential operators that arise after the gauge-fixing are versions of the
Dirac operator. This is explained in section 8 of [5]. Prior to numerical experiments, it only
remains to hope that the form of the gauge-fixed equations preferred by mathematics is also
the one that leads to good numerical stability. We hope to return to these issues in future work.

It is very interesting that in the gravity case there are no analogs of the familiar scalar
and vector constraints of the metric formalism of GR. In fact, there is a sense in which these
constraints have been solved by the formalism that treatsΨij as one of the dynamical variables.
This is particularly clear when one compares the formalism of this paper to that of Ashtekar
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Hamiltonian formulation [10]. The link from our formalism to that in [10] is provided by
introducing

γ̃ia =
1
Ψij

F̃ja (88)

and treating it as the main dynamical variable rather than Ψij. One then has to impose the
constraints which guarantee thatΨij constructed from γ̃ia and F̃ia is symmetric tracefree. These
are precisely the vector and scalar constraints of the Hamiltonian formulation [10]. Thus, the
scalar and vector constraints are solved by the formalism that usesΨij in a single stroke, which
is one of its attractive features.

Despite the fact that there are no scalar and vector constraints, diffeomorphisms are still
gauge, which is signalled by the presence of the freely specifiable lapse and shift functions
in the evolution equations. One can still introduce some gauge-fixing of the diffeomorphisms,
and thus constrain the lapse and shift in some way. We leave the problem of determination of
the best way of doing this (for numerical purposes) to future work.

One other issue that needs discussing is the non-linearity of the evolution equations that
most strongly manifests itself in the fact that one needs to take the factors of 1/Ψ in con-
structing the spatial frame. An unpleasant feature of this formalism is therefore the fact that
whenever the Weyl curvature Ψij becomes degenerate, it becomes difficult to interpret the
evolution equations. AndWeyl curvature can be degenerate in some physically interesting situ-
ations. In particular, Minkowski space with its vanishing Weyl curvature cannot be treated by
the described pure connection formalism. Another example is that of the pp-wave spacetime,
where the Weyl curvature matrixΨij has a single non-zero eigenvalue, and so is not invertible.
At the same time, the matrix Ψij for the Schwarzschild solution is invertible. Sufficiently far
from the two merging black holes, the spacetime is approximately that of gravitational radi-
ation propagating away on the background of a spherically symmetric Schwarzschild solution.
TheWeyl curvature is small, but the matrixΨij remains invertible. It should be possible to read
off the scalar ψ4 that encodes the gravitational wave signal not too far from the merging black
holes so thatΨij continues to be invertible, while at the same time as far as practically possible
to get an accurate approximation of ψ4 at infinity. We find it quite nice that the evolution sys-
tem (7) propagates directly the Weyl curvature Ψij, which is where the observable curvature
scalar ψ4 is stored. Thus, the procedure for extraction of the observable gravitational wave
template should be much less non-trivial business than it is in the case of the metric formalism.

Another possible idea to deal with non-invertibility of Ψij is as follows. The only quantity
that is needed for the evolution equations is the spatial triad. When some of the eigenvalues of
the Weyl curvature are zero and Ψij stops being invertible the corresponding components of
the spatial curvature are also zero. What this signals is just that the corresponding components
of the spatial triad take the values they are in the case of Minkowski spacetime. So, it may
be possible to give interpretation to the evolution equation (7) even in the case when some
of the eigenvalues of Ψij are zero and this matrix is not invertible. We will return to this idea
elsewhere.

Our further comments are on the issue of the reality conditions. We first note that the prob-
lem of the reality conditions is already present in the much simpler Maxwell case. Indeed,
in that case the reality conditions state that the electromagnetic potential Ai,A0 is real. At the
same time, if one interprets the evolution equation (19) as that for the spatial potential Ai, there
is no guarantee that this will remain real. This will only be the case if at every moment of time
the potential determined by the imaginary part of the evolution equation

∂tAi − ∂iA0 = 2g2Im(ϕi) (89)
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is the same as the potential that gets determined by its real part

ϵijk∂jAk = 2g2Re(ϕi). (90)

This implies the reality condition (27) that ϕi must satisfy. However, it is clear that this reality
condition is just contained in the evolution equation (21) for ϕi, and so does not need to be
separately imposed.

Our envisaged strategy of dealing with the reality conditions in the gravity case is similar.
In that case the main reality condition states that the spatial frame γia that is constructed from
Ψij and F i

ab is real, in the sense that the spatial metric γiaγ
i
b is real. This is a complicated

nonlinear set of equations, which is algebraic in Ψij but involves first derivatives of the spatial
connection. At the same time, it is guaranteed by the link to the Plebanski formalism and
then its link to the real metric formulation of GR that this reality condition is compatible with
the evolution equations in the sense that one must only preserve this condition (and its time
derivative) at a single moment of time, and it will remain satisfied at all times. It is clear that the
time derivative of this reality condition is a reality condition on theWeyl curvatureΨij. It is also
clear from general principles that this can be given a form of some second-order in derivatives
equation on Ψij, as the reality condition of ϕ⃗ in the Maxwell case is first order in derivatives.
It can then be expected that this equation on Ψij that follows from the reality conditions on
the connection is contained in the evolution equations, and thus does not need to be separately
imposed. All in all, the hope should be that one can evolve the system (7) unconstrained by
the reality conditions (and thus only constrain the initial data), as in the Maxwell case, and
that the result this produces are physical. Whether this turns out to be case only numerical
experimentation can show.

Finally, we would like to comment on the issue of initial data in the described pure con-
nection formulation. We do not anticipate any difficulty with this at least for the purpose of
starting the numerical experiments, because the fields that are evolved by our system (7) have
direct link with the usual metric fields. The object Ai is the self-dual part of the spin connec-
tion for a frame constructed from the metric. The object Ψij is the self-dual part of the Weyl
curvature tensor. Both can be computed (numerically if needed) for any of the initial data that
one works with in the standard numerical relativity schemes. So, initial data can be determined
as they are determined in the usual metric formalism, and then translated into the Ai,Ψij vari-
ables. An alternative strategy is to solve the constraints (9) directly in the described formalism.
However, more work would be needed to understand how to describe e.g. a black hole binary
in this language. This is an interesting question that can be addressed by future work.
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