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Abstract 

This work is focused on the determination of elastic-plastic material properties from indentation 

loading-unloading curves using optimisation techniques and experimental data from instrumented 

indentation tests. Three different numerical optimisation methods (namely, FE analysis, dimensional 

mathematical functions and simplified mathematical equations approaches) have been used to 

determine three material properties; Young’s modulus, yield stress and work-hardening exponent. The 

predictions of the material properties from the three approaches have been validated against the values 

obtained from uniaxial tensile tests and compared to the experimental loading-unloading curves. In 

general, the elastic-plastic material properties predicted from these three proposed optimisation 

methods estimate the Young’s modulus to within 6% and the yield stress and work-hardening exponent 

to within 12%, compared to the values obtained from the uniaxial tensile tests. 
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1. Introduction 

Indentation techniques have been used for mechanical characterisation of materials for decades due to 

their non-destructive nature and applicability to small sized samples. Figure 1 shows a schematic 

illustration of an indentation testing system [1] where a downward load is applied to the indenter to 

penetrate the test sample, and the reaction force and the displacement at the indenter tip are recorded 

during the test. Different approaches have been proposed to obtain the mechanical material properties, 

such as Young’s modulus (E), yield stress (𝜎𝑦) and work-hardening exponent (n), from the indentation 

data, see e.g. [2-12]. In many studies, there is only one interpreting method involved and it is usually 

performed using numerical simulations, see e.g. [4, 8]. Experimental indentation tests have been 

carried out for different materials using different indenter geometries and compared to the 

corresponding numerical simulations, e.g. [6, 7, 12].  
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Figure 1. Schematic illustration of a typical instrumented indentation system [1]. 

 

To analyse the material response of an indented specimen, the effects of the indenter geometry on the 

prediction of the material properties have been investigated by Kang et al [13] using the commercial 

FE software ABAQUS with new optimisation approaches combining three different methods: (i) 

Combined FE Simulation and optimisation [14] (ii) Combined dimensional analysis and optimisation 

[15] and (iii) Optimisation using simplified equations [16]. However, the previous optimisation 

techniques [14-16] have been mainly based on simulated target FE loading-unloading curves, rather 

than curves obtained from experimental tests. It has been found in a previous study [14] that 

determining elastic-plastic properties from indentation data using only FE simulation and optimisation 

is less accurate when it is based on experimental indentation data with random errors. Therefore, it is 

worth extending the investigation to the other two developed optimisation approaches to evaluate their 

feasibility and robustness.  

This study highlights the extraction of elastic-plastic properties from experimental instrumented 

indentation loading-unloading curves, using the three developed optimization techniques. The general 

performance and the applicability of these techniques are evaluated and some limitations and areas 

that need to be explored in the future are addressed. In this study, the experimental loading-unloading 

curves are obtained using a single Berkovich indenter under different indentation loads [14]. 
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To investigate the mechanical properties of materials that exhibit a power law hardening, which is 

generally assumed to characterise the work-hardening plasticity behaviour of metals including steels, 

the stress-strain relationship is given as follows: 

                                                             σ = {
Eε, ε ≤

𝜎𝑦

𝐸

K𝜀𝑛, ε >
𝜎𝑦

𝐸

                                                                     (1) 

where the coefficient K is given by: 

                                                             K = 𝐸𝑛𝜎𝑦
1−𝑛                                                                           (2) 

 

2. Nanoindentation and tensile experimental data 

Room temperature nanoindentation tests with a Berkovich indenter have been performed in [17] on 

P91 steel specimens with maximum loads of 150mN, 200mN as shown in Figure 2. Ten indentation 

tests have been completed at each load level to provide accurate indentation curves. The details of the 

nanoindentation tests are presented in Table 1 where the loading time and the unloading time were set 

at 20s and 10s respectively. Young’s modulus of the P91 steel at room temperature can be obtained 

based on the Oliver-Pharr method which uses the unloading part of the indentation curve to obtain 

Young’s modulus [19]. The average values of Young’s modulus at each load level are presented in 

Table 2. 
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(b)                                                                   

 Figure 2. Experimental loading-unloading curves at (a) 150mN and (b) 200mN load levels using a 

Berkovich indenter [17].  

 

 

Table 1 Details of the nanoindentation tests 

Material 
Geometry of 

indenter 
Temperature Applied Force 

P91 steel Berkovich indenter Room (23°C) 
(100mN, 150mN and 

200mN) 

 

Table 2 Young’s modulus from nanoindentation tests based on the Oliver-Pharr method. 

Load (mN) 100 150 200 

Young’s modulus (GPa) 251 253 244 

 

Uniaxial tensile tests at room temperature (23°C) on P91 steel specimens have also been performed [18] 

to obtain the stress-strain uniaxial data. P91 true stress-true strain curve is shown in Figure 3 where 

Young’s modulus (E) is 215 GPa and the yield stress (𝜎𝑦) is 515 MPa at a strain of 0.0033. A power 

law hardening, described by equations (1) and (2), was assumed for the plasticity of the material. By 

fitting the stress-strain data from Figure 2, the hardening exponent n was determined to be 0.136. The 
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material properties obtained from the uniaxial tensile stress-strain data can be used to validate the 

optimised results based on the three different optimisation techniques. It is interesting to note that 

Young’s modulus values for P91 steel obtained from the nanoindentation tests using the Oliver-Pharr 

method [2] are approximately 14% higher than those from the uniaxial tensile tests. 

 

 

Figure 3. True stress-strain curves for the P91 steel specimen. 

 

3. Applying three different optimisation methods to experimental indentation 

loading-unloading curves 

3.1 Optimisation Method 1: Combined FE simulation and optimisation algorithm approach 

A combined FE simulation and optimisation approach has been developed to determine the elastic-

plastic material properties in a previous study [14], in which the simulated FE loading-unloading 

curves have been used as the target loading-unloading curves. In other studies (e.g. [20]), indentation 

tests results have been used together with FE simulations to determine the mechanical material 

properties, but the results are less accurate compared to the purely numerical studies [20]. The 

experimental nanoindentation tests in this study have been performed using a Berkovich indenter with 

different applied loads. 3D FE indentation models of the Berkovich indenter have been implemented 
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using the ABAQUS FE software with four-node linear tetrahedron elements (C3D4 in ABAQUS). A 

high element density was implemented in the vicinity of the indenter tip to model the steep stress 

gradients in this region, as shown in Figure 4. Boundary conditions were applied in the x and y 

directions to prevent rigid body motion. The depth and diameter of the bulk material are 1.5 mm and 

10 mm respectively. 

 

                                            

Figure 4.  3D FE mesh around the contact region of a 3D Berkovich indenter. 

 

3D indentation FE models have been used with the maximum applied forces of the Berkovich indenter 

of 150mN and 200Nm. The simulation has been carried out in two distinct steps, a loading step and an 

unloading step. In the first step, the maximum load has been imposed and the rigid indenter moved 

downwards along the vertical direction penetrating the foundation up to the maximum specified load.  

In the second step, the indenter is moved upwards to the initial position.  

Previous optimisation results in [15] and [16] showed that using just a single loading-unloading curve 

with a single indenter geometry could not guarantee arriving at a unique set of elastic-plastic material 

properties since optimisation methods may come up with more than one set of material properties that 

result in the same indentation loading-unloading curve. Therefore, to compare with other optimisation 

methods, two different loading-unloading curves based on the same Berkovich geometry but with two 

different applied loads (150 mN and 200 mN) are used as two (dual) loading-unloading curves. To 

determine the elastic-plastic material properties, loading-unloading curves for tests 3 and 7 for both 

150mN and 200mN tests were selected as the representative experimental curves because they were 
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close to the average of the results of the repeated tests. As Figure 1 shows, there are some differences 

between the results of the repeated tests, which indicates that nanoindentation is a sensitive testing 

technique. The focus of the current study is applying the inverse optimisation method to the 

experimental data from the indentation tests. The optimised results using the combined FE simulation 

and optimisation algorithm approach are shown in Table 3 for test 3 and Table 4 for test 7.  

The optimisation methods work by assuming an initial guess for the material properties and then 

performing iterations to improve the predictions by comparing the predicted loading curves to the 

actual loading curves [13-16]. The results show that optimised results are reached in about 18-38 

iterations and the total number of iterations increases as the initial guess values deviate from the target 

values. Young’s modulus and yield stress are generally in good agreement compared with the uniaxial 

tensile test data. However, both optimised results of the work hardening exponent are approximately 

5-12% less than the value obtained from the tensile test data. Figures 5 and 6 show the convergence 

history of the material properties for tests 3 and 7, respectively. In general, convergence starts after 15 

iterations, with the exception of case 1(b) in Figure 5. 

Table 3 Optimisation results with different initial values for 150mN and 200mN tests (Test 3 with 

Optimisation Method 1) 

Case Parameters Target values 
Initial guess 

values 

Final optimised 

values 

Percentage 

Error 

Iterations to 

convergence 

1 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

180.0 

400.0 

0.100 

214.4 

504.5 

0.126 

0.3% 

2.0% 

7.3% 

18 

2 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

110.0 

592.0 

0.193 

214.0 

497.8 

0.129 

0.4% 

3.3% 

4.8% 

25 

3 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

80.0 

250.0 

0.450 

214.9 

512.9 

0.127 

0.7% 

0.4% 

6.6% 

38 

 

Table 4 Optimisation results with different initial values for 150mN and 200mN tests (Test 7 with 

Optimisation Method 1) 
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Case Parameters Target values 
Initial guess 

values 

Final 

optimised 

values 

Percentage 

Error 

Iterations to 

convergence 

1 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

180.0 

400.0 

0.100 

217.1 

495.4 

0.127 

1.3% 

4.5% 

6.6% 

21 

2 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

110.0 

592.0 

0.193 

217.9 

490.2 

0.121 

0.9% 

3.9% 

11.0% 

27 

3 

E(GPa) 

𝜎𝑦(MPa) 

n 

215.0 

515.0 

0.136 

80.0 

250.0 

0.450 

208.5 

489.8 

0.128 

3% 

4.9% 

5.9% 

39 

 

 

 
Figure 5. Optimised parameter values versus iterations for test 3 

(a) case 1, (b) case 2 and (c) case 3 (Berkovich indenter using Optimisation Method 1) 
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Figure 6. Optimised parameter values versus iterations for test 7  

(a) case 1, (b) case 2 and (c) case 3 (Berkovich indenter using Optimisation Method 1) 

 

Figure 7 shows the comparison between experimental loading-unloading curves and the optimised FE 

simulated loading-unloading curves for a Berkovich indenter with 150mN and 200mN based on the 

set of the final optimised parameters in Tables 3 and 4, respectively, where a good agreement is 

obtained. Optimisation Method 1 generally estimates the elastic-plastic material properties well, 

despite the under-estimation of the value of the work hardening exponent.  

 
Figure 7. Comparison between Experimental curves and FE curves from final optimised results (a) 

Experimental test 3 (b) Experimental test 7 (Berkovich indenter using Optimisation Method 1) 
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3.2 Optimisation Method 2: Combined dimensional approach and optimisation  

A combined dimensional analysis and optimisation approach has been developed and used to 

determine the elastic-plastic material properties from loading-unloading curves, as discussed in [15]. 

To construct the dimensional functions, a parametric study using FE analyses with a wide range of 

steel material properties and a sharp indenter has been performed. In general, the elastic-plastic 

material properties may not uniquely be determined using a single indentation loading-unloading curve 

[1]. Since more accurate estimated results can be obtained from more than one indentation curve, 

indenters with different indenter angles were used to arrive at the dimensionless functions.  

The dimensional functions used in [15] were constructed by using a representative plastic strain and a 

representative stress. From the P91 true stress-strain curve in Figure 2, the representative strain value 

is 0.0115 which corresponds to a stress value of approximately 560 MPa.   

Figure 8 shows the comparison between the experimental loading-unloading curves and the FE 

simulated curves, based on the reference properties obtained from the uniaxial tensile tests. FE 

simulated curves generally agree well with both experimental loading-unloading curves. 

   

Figure 8. Comparison between experimental loading-unloading curves of test 3 and test 7 and FE 

simulated curves (Berkovich indenter using Optimisation Method 2) 
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Table 5 shows the optimisation results based on the experimental indentation curves for tests 3 and 7, 

where it is shown that Young’s modulus is estimated more accurately than the values of the yield stress 

and work hardening exponent. Compared with the Oliver and Pharr’s method shown in Table 2, the 

predictions of Young’s modulus using this approach are more accurate. However, the errors in the 

predictions of the yield stress and work hardening exponent for both experimental tests are relatively 

large, with errors of approximately 10% for the yield stress and 5-10% for the work hardening 

exponent.  

Figure 19 shows the experimental indentation curves and the FE simulated curves based on the final 

optimised results in Tables 5 and 6. It is can be seen that the optimised curves agree well with the 

experimental loading-unloading curves despite the prediction errors of the yield stress and work 

hardening exponent. This means that the dimensional functions can capture the physical relationships 

between the indenter and the specimen due to the fact that the functions have been generated from FE 

simulations performed with a wide range of material properties.  

To demonstrate that using dual loading-unloading curves with different loads does not guarantee the 

uniqueness of the optimised material properties, loading-unloading curves has been generated from 

the FE analysis of five different sets of elastic-plastic properties obtained during the optimisation 

procedure, as shown in Figure 10 . It can be seen that visually it is hard to distinguish the differences 

between the loading-unloading curves. Therefore, it is advisable to use indentation curves based on 

different indenter geometries, rather than just different indentation loads. Also, this indicates that a 

combined dimensional approach and optimisation algorithm could not arrive at the elastic-plastic 

material properties uniquely without further background information. Therefore, to improve the 

accuracy and uniqueness of Optimisation Method 2, dual loading-unloading curves with different 

indenter geometries should be used. 
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Table 5 Optimisation results with two different initial values for Test 3 (Berkovich indenter using 

Optimisation Method 2) 

Case Parameters Target values 

Initial 

guess 

values 

Final 

optimised 

values 

Percentage 

Error 
Iteration 

1 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

180.0 

400.0 

0.100 

203.1 

628.9 

0.128 

5.5% 

10.8% 

5.9% 

36 

2 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

110.0 

592.0 

0.193 

203.1 

638.5 

0.122 

5.5% 

12.3% 

10.3% 

25 

 

Table 6 Optimisation results with two different initial values for Test 7 (Berkovich indenter using 

Optimisation Method 2) 

Case Parameters Target values 

Initial 

guess 

values 

Final 

optimised 

values 

Percentage 

Error* 
Iteration 

1 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

180.0 

400.0 

0.100 

197.5 

633.7 

0.128 

8.0% 

11.6% 

5.9% 

24 

2 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

110.0 

592.0 

0.193 

197.5 

629.4 

0.130 

8.0% 

11.0% 

4.4% 

26 
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Figure 9. Loading-unloading curves for experimental tests and curves generated by FE simulation 

based on the final optimised values in (a) Tables 5 and  (b) Tables 6 (Berkovich indenter using 

Optimisation Method 2) 

 

 

Figure 10. Loading-unloading curves for FE simulated curves based on different elastic-plastic 

material properties and the target value of FEA curves (Berkovich indenter using Optimisation 

Method 2) 
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3.3 Optimisation Method 3: Obtaining material properties from indentation loading-unloading 

curves using simplified equations 

 

Material properties from indentation loading-unloading curves can be obtained using simplified 

equations. This has been achieved using a MATLAB nonlinear least square routine with 

LAQNONLIN function to produce the best fit between the experimental loading-unloading curve and 

the predicted optimised curves. Further details of the simplified equations can be found in [15].  

Tables 7 and 8 show the target and final optimised values based on different initial guess values of the 

material properties. In general, there are excellent agreements for Young’s modulus and the work-

hardening exponent, which agree within 5% with both experimental loading-unloading curves. 

However, the yield stress values 𝜎0.0115 are approximately 12% over-estimated. To demonstrate how 

the elastic-plastic material parameters reach convergence, Figure 11 shows the forward differences 

(𝑋𝑡+1 − 𝑋𝑡) versus iterations in case 2 in Table 8.  

 

Table 7 Optimisation results with two different initial values for Test 3 (Berkovich indenter using 

Optimisation Method 3) 

Case Parameters Target values 
Initial  

guess values 

Final optimised 

values 

Percentage 

Error for  

E,𝜎𝑦,n 

1 

 

 

E(GPa) 

𝜎0.0115(MPa) 

n  

 

 

 

215.0 

560.0 

0.136 

 

          

 

180.0 

400.0 

0.100 

 

 

217.0 

635.9 

0.140 

 

1.0% 

12.0% 

3.5% 

 

2 

E(GPa) 

𝜎0.0115(MPa) 

n  

 

215.0 

560.0 

0.136 

 

         

110.0 

592.0 

0.193 

 

214.7 

635.5 

0.140 

1.0% 

12.0% 

3.5% 
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Table 8 Optimisation results with two different initial values for Test 7 (Berkovich indenter using 

Optimisation Method 3) 

Case Parameters Target values 
Initial 

guess values 

Final optimised 

values 

Percentage 

Error for  

E,𝜎𝑦,n 

1 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

180.0 

400.0 

0.100 

217.7 

638.3 

0.138 

1.0% 

12.0% 

1.4% 

 

2 

E(GPa) 

𝜎0.0115(MPa) 

n 

215.0 

560.0 

0.136 

110.0 

592.0 

0.193 

218.4 

635.6 

0.140 

1.0% 

12.0% 

2.6% 

 

 

Figure 11. Forward differences (𝑋𝑡+1 − 𝑋𝑡) versus iterations for case 2 in Table 8 (Berkovich indenter 

using Optimisation Method 3) 

 

Figure 12 shows the comparisons between the optimised curve from MATLAB and the experimental 

loading-unloading curves. In addition, the final optimised material properties are fed as input into the 

FE simulation to generate two FE simulated loading-unloading curves. The optimised curves from 

MATLAB agree well with the experimental test curves. However, there is some deviation between the 

FE simulated curves and the optimised curves from MATLAB. Therefore, accurate and unique 

material properties using simplified mathematical equations cannot be guaranteed based on loading-

0.4

0.6

0.8

1

1.2

1.4

0 5 10 15 20 25 30 35

X
t+

1
-X

t

Iterations

E

y

n



 

17 

 

unloading curves with different loads. It can be said that the mathematical equations may not accurately 

capture the physical relationships between the indenter and the specimen. Therefore, further 

investigations with more experimental tests using different indenter geometries may be required to 

improve this optimisation method. 

    

Figure 12. Loading-unloading curves for FE simulated curves based on the different elastic-plastic 

material properties from the optimised values and the target value of FE curves (Berkovich 

indenter using Optimisation Method 3) 
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account in the FE analysis. The optimised results are very similar to the results obtained in [14]. Both 
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the values of Young’s modulus and yield stress are close to the results obtained from the uniaxial 

tensile test. However, the values of the work-hardening exponent are over-estimated.  This indicates 

that using an experimental indentation curve from a single indenter, albeit with two different load 

levels, may not be sufficient to arrive at accurate predictions of the work hardening exponent.  

With respect to Optimisation Method 2 (dimensional functions approach), the values of Young’s 

modulus and work hardening exponent are relatively more accurate than the values of yield stress. The 

issues of uniqueness have clearly been illustrated in Figure 9, which shows that different sets of 

material properties can result in similar loading-unloading curves. This raises the issue of uniqueness 

of the material properties obtained from optimisation methods, i.e. using the same indenter geometry 

with different loads does not guarantee obtaining a unique set of elastic-plastic material properties.  

With reference to Optimisation Method 3 (simplified equations approach), the results show that the 

values of Young’s modulus and work hardening exponents agree well with those obtained from 

uniaxial tensile tests, but the final optimised values of the yield stress are generally over-estimated. 

Figure 12 shows that the FE simulated loading-unloading curves do not match well with the 

corresponding experimental curves, even though the final simulated curves from MATLAB agree well 

with the experimental curves.  

 

5. Conclusions 

 

Three different optimisation methods have been used to establish the accuracy and robustness of 

optimisation techniques in extracting the elastic-plastic material properties from an experimental 

indentation test in which a loading-unloading curve can be obtained. A Berkovich indenter and two 

different loads, 150mN and 200mN, have been applied to provide dual indentation data. 

In general, the elastic-plastic material properties from these three proposed methods estimate the 

values of Young’s modules to within 6%, compared to the actual values obtained from the uniaxial 

tensile tests. Furthermore, the estimations of Young’s modulus are much better than those obtained 

from the Olive-Pharr method, which are approximately 20% over-estimated. The yield stress and 

work-hardening exponent are obtained to within 12%, compared to the values obtained from the 

uniaxial tensile tests. 
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To obtain a unique set of elastic-plastic material properties, especially the yield stress and work 

hardening exponent, it is recommended that different indenter geometries should be used to generate 

loading-unloading curves rather than using the same indenter geometry with different loads.  
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