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Abstract. The accuracy, repeatability and speed requirements of high-power laser operations 

demand the employment of five degree of freedom motion control solutions that are capable of 

positioning and orientating the target with respect to the laser(s)-target interaction point with 

high accuracy and precision. The combined serial and parallel kinematic (hybrid) mechanism 

reported in this paper is a suitable candidate for this purpose; however, a number of error sources 

can affect its performance. A kinematic model to analyse the errors causing the positional and 

orientational deviations of the target is described considering two rotational degrees of freedom 

of the hybrid mechanism. Strategies are outlined to simplify the error analysis and to determine 

the error parameters of the mechanism using the error model and an experimental technique.  
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1. Introduction 

Pulsed lasers with high power (petawatt class lasers) have seen significant development in the last few decades. 

High-power lasers are used for advanced research activities in physics, chemistry and biology, for example, to 

accelerate subatomic particles to high energies, to study biochemical and biophysical processes, and for cutting-

edge applications, such as fusion energy, radiation therapy and secondary source generation (X-rays, electrons, 

protons, neutron and ions) [1-3]. To utilise the full potential of high-power lasers, large-scale facilities need to 
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operate at high-repetition rates, which presents many engineering challenges [3,4]. One such challenge is the 

positioning and aligning of a micro-scale target (or in short ‘target’) relative to the focus of the laser beam(s)                                                           

with an accuracy of few micrometres - a fundamental requirement for a high-power laser-target interaction to 

ensure that targets are reproducibly accessible to the highest intensities available, that is in the region of the laser 

beam focus as determined by the Rayleigh range [5,6]. Fulfilling this requirement for a high-repetition rate laser 

system means that new targets have to be positioned and aligned at the laser beam focus at a rate of at least 0.1 Hz 

(with plans for 10 Hz or higher in future) [4-6]. To meet the specifications for target positioning accuracy and to 

achieve the required speed of high-repetition rate laser operations, the Central Laser Facility (CLF) has designed 

and developed a new high-accuracy microtargetry system (HAMS) for mounting and motion control of targets for 

the Astra-Gemini high-power laser [7,8]. 

 

Figure 1.  HAMS for the high power high repetition rate laser operations: (a) laser beam-target interaction; (b) 

HAMS with the target interface wheel; (c) features of HAMS; (d) target interface wheel with two target sections; 

(e) targets patterned around the circumference of a target section (adapted from [4] and [8]). 

 

HAMS is based on a tripod architecture mounted on a two-axis linear stage, providing control of all five degrees 

of freedom for positioning and aligning a target at the laser beam focus (Figure 1a-c). Therefore, HAMS has a 

hybrid kinematic structure, comprising parallel and serial mechanisms. A hybrid structure is usually designed to 
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overcome the inherent limitations of serial and parallel mechanisms, such as low accuracy and limited workspace, 

respectively, while exploiting the advantageous characteristics of both types, namely large workspace and high 

accuracy [9,10]. An application, for example, requiring high-accuracy motion over a relatively large workspace 

can use a hybrid structure as an effective solution. Tricept and Exechon are examples of two commercially 

available hybrid machine tools [11,12]. Although hybrid structures have recently received much attention, and 

research is underway on how to use them in industrial applications, comprehensive studies of their design, 

kinematics, dynamics and error sources are lacking [12].  

 

In addition to a tripod and a two-axis linear stage, HAMS has an interface wheel to which target sections, made 

using micro-electro-mechanical system (MEMS) techniques and typically from a silicon wafer, are attached, and 

a number of different target sizes/designs are patterned around the circumference of the section (see Figure 1c-e). 

The ability of HAMS to provide positioning and alignment accuracy of the target within the defined specification 

is dependent upon a number of factors, such as the target geometry, accumulation of errors on the motion stages 

and the tripod (rotational and translational motion errors, orthogonality errors, wobble/eccentricity errors, etc.), 

and the flatness tolerances on the wafer and interface wheel [6-8]. Many of these factors are examples of geometric 

errors, which can arise from the physical errors, such as manufacturing and assembling errors of the components 

of a mechanism, and joint errors of a mechanism. These geometric errors can affect the performance of a hybrid 

mechanism, just like any other precision machine and, therefore, error compensation is required to minimise the 

positional deviations at the target during the target alignment process [13,14]. Effective error compensation 

strategies for high-precision applications depend on identifying the sources of geometric error [15] and, as such, 

developing an error model based on kinematic analysis of the mechanism is essential for this purpose [15,16].  

 

Developing an error model for a hybrid mechanism can be challenging for a number of reasons, particularly [17]: 

 The error sources associated with serial kinematic mechanisms have been widely studied and are well 

understood [17-20], while those associated with parallel mechanisms are less well understood.     

 Due to their relatively simpler kinematics, error analysis of serial mechanisms is mostly carried out following 

direct kinematic analysis, which determines a set of input joint variables to achieve a known pose (position 
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and orientation) of the end-effector [12]. However, parallel mechanisms generally have more complex 

kinematics, and pursuing a direct kinematic analysis may be difficult.  

 In all parallel mechanisms, various types of geometric error can be related to some physical errors, particularly 

machining and assembly errors of the mechanism, such as platform frame errors, pin joint errors and spherical 

joint assembly errors. Theoretical analysis to understand the effects of all these physical errors can be a 

complex and lengthy process. Although some studies have been pursued to understand the effects of the 

significant geometric errors of some parallel mechanisms [15,21], in most cases, the actual effects of the errors 

on the final position of the target remain unclear, since it is assumed that some error averaging effects take 

place for the parallel mechanisms as opposed to the cumulative addition of errors for the serial mechanisms.     

 

In this paper, the development of a kinematic model for a particular type of hybrid  mechanism HAMS  is 

presented, with an analysis of the error sources and experimental validation to demonstrate how the errors may 

affect the positioning and orientation accuracy of targets during the CLF’s target alignment process of the laser 

operations. Through the development of an error model for HAMS, this paper shows that a practical strategy to 

develop an error model for a hybrid mechanism should simplify the kinematic analysis of the mechanism. This is 

achieved by considering (a) the errors that may have significant effects on the particular motion/s of the 

mechanism, (b) the “generalised” errors, which can sufficiently describe the deviations of the geometric properties 

of a kinematic system in a mechanism, instead of considering all possible individual sources of geometric errors 

of that system, (c) the angular errors that can potentially be amplified by the structural offsets to produce significant 

translational errors at the target, and (d) the strategy of measuring the errors to estimate their effects on the 

positional accuracy of the target.  

 

2. Motions of HAMS 

In the HAMS hybrid mechanism, two translation motions (along x and z axes, see Figure 1b-c) are generated from 

a linear xz system, which is a two degree of freedom (DOF) serial mechanism. The tripod, the parallel part of the 

hybrid mechanism, provides a rotational motion about the x axis (called tip u) and a translational motion along the 

y axis, while the rotary motor, which actuates the rotating platform mounted on the moving platform of the tripod, 
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produces a further rotational motion about the y axis (called tilt v) (Figure 1a-c). The moving platform of the tripod 

and the rotating platform can be considered as serially connected, jointly having three degrees of freedom. Since 

the linear xz system is widely used in industry and the technology is well developed, this research has focused on 

the error analysis of the parallel part (tripod) and its serially connected rotating platform. Note that an additional 

rotary motion (about the z axis) is required to rotate the target wheel, but this motion is not related to the tripod, 

rotating platform or linear xz system.  

 

With regard to the 3 DOF platform (that is, moving and rotating as shown in Figure 1b-c), only the tip and tilt 

motions are considered for the kinematic analysis of this paper. This is because tip and tilt motions control the 

orientation of the target on the target interface wheel. The optimal location of a target is primarily determined by 

the 𝑧𝑡  direction (see Figure 1a), which is usually along the laser axis. Therefore, the 𝑧𝑡 direction is considered as 

the most sensitive direction for the target alignment. Typically, the target alignment method of the CLF suggests 

that the target needs to be orientated to the laser beam by controlling the tip and tilt motions of HAMS, followed 

by the position adjustments of the target in the x, z and/or y directions by controlling the linear motions of the xz 

system and/or the vertical motion of the tripod, respectively. However, point to note that the order of the angular 

motions (tip and tilt or tilt and tip) has effect on the final position of the target. The choice of the order to follow 

depends on the requirements of the application to which the mechanism is being used, and the structure of the 

mechanism. 

 

3. Kinematic analysis of HAMS 

3.1 Kinematic structure of HAMS 

From a mechanism viewpoint, the tripod can be described as a RPS system, where R, P and S denote revolute 

joint, prismatic joint (linear slider) and spherical joint respectively. In a RPS system, one end of each of the three 

actuated prismatic joints (legs) is attached to a non-actuated revolute joint, while the other end of the leg is fixed 

to the moving platform with a non-actuated spherical joint (Figure 1b-c) [22].  
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Figure 2 schematically represents the kinematic structure of HAMS, describing the geometrical relationships 

among the coordinate systems placed at the points of interest for the analysis, such as point T, which indicates the 

target position. The machine reference frame with coordinate 𝑥0𝑦0𝑧0 is placed at point O, the centroid of the top 

surface of machine base. It is assumed in this kinematic analysis that the machine is at a position when A and B 

are at the coordinate positions (0, ℎ1, 𝑑1) and (𝑑2, ℎ2, 0), respectively; here ℎ1, 𝑑1, ℎ2, 𝑑2 are the offset values of 

the origins of the coordinate systems for the x and z stages. The reference frame 𝑥𝑡𝑦𝑡𝑧𝑡 is placed at point T, where 

the direction of axis 𝑧𝑡 indicates the orientation of the target, and (𝑡𝑥, 𝑡𝑦, 𝑡𝑧) represents the coordinate position of 

the target T with respect to the reference coordinate 𝑥𝑤𝑦𝑤𝑧𝑤, placed at the centre of the target interface wheel H. 

 

Figure 2. Kinematic model of HAMS. 

 

As shown in Figure 2, the RPS parallel structure has three kinematic chains. In each chain, a variable length leg 

with actuated prismatic joint is connected to the fixed tripod platform by revolute joints (𝐴1, 𝐴2 or 𝐴3), and to the 

moving platform by spherical joints (𝐵1, 𝐵2 or 𝐵3). Both platforms 𝐴1𝐴2𝐴3 and  𝐵1𝐵2𝐵3 form equilateral triangle, 

and their centroids are at D and E, respectively. The Cartesian coordinate reference frame xyz for triangle 𝐴1𝐴2𝐴3, 

is placed at D, while the reference frame x’y’z’ for triangle  𝐵1𝐵2𝐵3, is placed at E (where, 𝐸𝐵1 =  𝐸𝐵2 =  𝐸𝐵3 =

ℎ). Point E should ideally be directly above point D when HAMS is in its home position (zero position) and is 
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error free. Furthermore, point F is considered as the centroid of the rotating platform and as the centre of tilt 

rotation when HAMS is error-free. For simplicity, in this paper, the platforms that provide the tip and tilt motions 

will be known as the moving platform and the rotating platform, respectively (Figure 2).    

 

For the convenience of analysis, it is assumed that the z axis of the xyz coordinate system is aligned with 

vector  𝐷𝐴1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, with the x axis in the same plane of the fixed triangular platform 𝐴1𝐴2𝐴3, while the y axis is normal 

to this plane and is pointing upward. It should be noted that, for the alignment of target T, 𝐸𝐹⃗⃗⃗⃗  ⃗ should be parallel 

to 𝐺𝐻 ⃗⃗⃗⃗ ⃗⃗  ⃗, which means that the orientation of the target wheel is only controlled by the moving platform, and by the 

rotating platform mounted on the moving platform.  

3.2 Modelling technique 

The kinematic analysis of HAMS employs the concept of the homogeneous transformation matrix (HTM), which 

is briefly discussed below. A 4 × 4 matrix is needed to represent the relative position and orientation of a rigid 

body in three dimensional space with respect to a given coordinate system [23,24]. For example, 

𝑇𝑛
𝑅 =

[
 
 
 
𝑂𝑖𝑥 𝑂𝑖𝑦 𝑂𝑖𝑧   𝑃𝑥

𝑂𝑗𝑥 𝑂𝑗𝑦 𝑂𝑗𝑧   𝑃𝑦

𝑂𝑘𝑥

0

𝑂𝑘𝑦

0

𝑂𝑘𝑧  𝑃𝑧

0 𝑃𝑠 ]
 
 
 

                        (1) 

where 𝑇𝑛
𝑅 is a HTM that represents the coordinate transformation to the reference coordinate frame 𝑥𝑅𝑦𝑅𝑧𝑅 from 

that of the rigid body frame 𝑥𝑛𝑦𝑛𝑧𝑛. Based on the definition of a HTM, if the position and orientation of the end-

effector frame 𝑥𝑡𝑦𝑡𝑧𝑡 at T, with respect to the inertial reference frame 𝑥0𝑦0𝑧0 at O, is represented by the HTM 𝐴𝑇, 

then the elements of 𝐴𝑇 will depend on the three position and nine orientation parameters of frame 𝑥𝑡𝑦𝑡𝑧𝑡  with 

respect to the reference frame 𝑥0𝑦0𝑧0. The matrix 𝐴𝑇 is formed by multiplying the 𝐴𝑖 matrices, where 𝐴𝑖 represent 

the interconnected coordinates (say, N in total) between the points O and T [17]: 

𝑨𝑻= 𝑨𝟏𝑨𝟐𝑨𝟑…𝑨𝑵.             (2) 

Equation (2), known as the “loop closure equation”, provides six scalar equations which give the end effector 

coordinates 𝑥𝑇
𝑖𝑑𝑒𝑎𝑙(no error) when the mechanism’s structural parameter s (for example, offsets between the two 

links), and configuration parameter c (for example, joint angle) are known, as shown in the following equation 

[25]:  

𝒙𝑻
𝒊𝒅𝒆𝒂𝒍 = 𝒇𝒊𝒅𝒆𝒂𝒍(s, c).             (3) 
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However, when the errors are considered in the model, the loop closure equation becomes 𝑨𝑻𝒆𝒓𝒓
: 

𝑨𝑻𝒆𝒓𝒓
= 𝑨𝟏𝑬𝟏𝑨𝟐𝑬𝟐𝑨𝟑𝑬𝟑…𝑨𝑵𝑬𝑵                    (4) 

where 𝑬𝒊 represents the HTMs defining the errors related to the relevant coordinates between the points O and T 

[22]. 

The end-effector’s coordinates can be calculated from equation (5) below, where e denotes the vector of the errors, 

connecting the ideal position of T to its real positon: 

𝒙𝑻
𝒓𝒆𝒂𝒍 = 𝒇𝒓𝒆𝒂𝒍(s, c, e).             (5) 

Thus, the end effector’s position and orientation error ∆𝒙 can be defined as the 6 × 1 matrix which represents the 

difference between the real position and orientation of the end-effector and the ideal one [24]:  

∆𝒙=𝒙𝑻
𝒓𝒆𝒂𝒍- 𝒙𝑻

𝒊𝒅𝒆𝒂𝒍.                            (6) 

Then, for a given set of errors, ∆𝒙 can be calculated.  

 

Considering that the modelling technique using loop closure equations outlines a general framework for the error 

analysis of a kinematic mechanism, it is worth paying attention to the following points for the case of an error 

analysis for a hybrid mechanism: 

 𝑬𝒊, as represented in equation (4), defines the errors for a particular frame 𝐴𝑖. This definition is based on 

the fact that physical errors, examples given above, change the geometric properties of a mechanism, 

which may cause a particular frame 𝐴𝑖 to be displaced (translationally and/or rotationally) from its ideal 

location to its real location. The position and orientation of the real frame 𝑨𝒊𝒆𝒓𝒓
 with respect to the ideal 

frame 𝐴𝑖  can be represented by a 4 × 4 matrix 𝑬𝒊. The rotation part of 𝑬𝒊 (the first three columns of the 

matrix as per the definition of HTM in equation (1)) shows the orientation change of frame 𝐴𝑖 due to 

rotational errors of the frame itself, while the translational part of 𝑬𝒊 (the last column of the matrix as per 

the definition of HTM in equation (1)) shows the positional deviations of the frame 𝐴𝑖 due to translational 

errors of the frame. In this way, the error components of 𝑬𝒊 can be used to define the errors of a particular 

frame 𝐴𝑖. 

 In many cases, the arrangements of the constraints, such as joints and bearings in a kinematic mechanism, 

can be conveniently replaced with an equivalent kinematic system. Consider a simple example of the 

arrangement of the constraints applied to a cube, as given by Hale (1999) [26]. Five constraints, as shown 
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in Figure 3, are applied to the cube in such an arrangement that all the constraint lines intersect at the axis 

located at the centre of the cube. Since there exists no constraint that can affect the moment about this 

axis because the lever arm length is zero, the cube is free to rotate about this axis. Thus, the arrangement 

of these five constraints can be uniquely defined by the body’s single degree of freedom. As such, if a 

reference frame is placed at the centre of the cube, any physical changes in the arrangement of the five 

constraints will affect the position and orientation of the reference frame at the centre of the cube. Thus, 

for the purpose of the kinematic analysis of the cube, it is logical to consider that the study of the 

geometric properties of the centre of the cube will be equivalent to the study of the overall geometric 

properties of the cube. Therefore, an error definition matrix can be constructed for the frame of the centre 

of the cube, and the elements of the matrix will represent the rotational and/or translational errors of the 

overall kinematic arrangement of the cube. These errors will be known as the “generalised errors”, while 

the equivalent point of the kinematic system (the centre of the cube of the above example) as a “reaction 

point” in this analysis.  

 The kinematic links in a parallel mechanism work simultaneously to effect any change in the position and 

orientation of the moving platform. With careful study of the joints (constraints) in a parallel mechanism, 

it may be possible to establish reaction point/s and, hence, the use of generalised errors for the moving 

platform, instead of the use of the geometric errors of the individual joints associated with the moving 

platform. This could potentially simplify the kinematic analysis of a complex mechanism, such as a 

parallel or a hybrid mechanism, and could be effective in considering the error averaging effects of a 

parallel mechanism.  

 

Figure 3. Five constraints applied to a cube result in a rotational degree of freedom at its centre [26].   
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3.3 Modelling the mechanism with no errors  

As outlined in section 3.2, the first step to develop an error model to find the positional deviations at the target T, 

arising from the errors of the tip and tilt motions of HAMS, is to derive the expressions (see equation (3)) that 

describe the position of the target with respect to the reference coordinate when HAMS has error-free tip and tilt 

motions. Assuming the axes of the coordinate frames between O and T are initially parallel to the axes of the 

reference coordinate frame 𝑥0𝑦0𝑧0, the desired orientation of T, as determined by the direction of the axis 𝑧𝑡 , is 

achieved by Roll-Pitch-Yaw angles [23,27]. Using this representation, and following CLF’s standard method of 

laser alignment, the desired orientation of the target T is achieved by three successive rotations of the frame 𝑥𝑡𝑦𝑡𝑧𝑡 

about its coordinate axes: rotation 𝛼 about the 𝑥𝑇  axis or pitch, followed by rotation ∅ about the 𝑧𝑇 axis or roll 

(∅ = 0 as per CLF’s method), followed by a rotation 𝛽 about 𝑦𝑇  or yaw. This orientation can be achieved by the 

following transformation process of the frames as per equations (1) and (2), where 𝑇𝑇
𝑂(𝑖𝑑𝑒𝑎𝑙) represents the ideal 

location (position and orientation) of the target with respect to the reference coordinate: 

𝑇𝑇
𝑂(𝑖𝑑𝑒𝑎𝑙)=𝑇𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑇1𝑇2,                              (7) 

by using, 

 𝑇𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛=[

1 0 0
0 10
0
0
0
0

1
0

𝑥 + 𝑑1 +  𝑡𝑥
  𝑃𝑦  +  ℎ1 + ℎ2  +  ℎ3  +  ℎ4  +  ℎ5  +  ℎ6 +   𝑡𝑦

𝑧 +  𝑑2  +  𝑑3  +    𝑡𝑧
1

]                                      (8) 

where, 𝑥, 𝑃𝑦 and 𝑧 are the translational motions along the x, y and z axes of the reference frame 𝑥𝑜𝑦𝑜𝑧𝑜; 𝑡𝑥, 𝑡𝑦 

and  𝑡𝑧 represent the values of the position vector of T with respect to coordinate 𝑥𝑤𝑦𝑤𝑧𝑤 at H; and 

ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6,𝑑1,𝑑2 and 𝑑3 represent the offsets of the structure as shown in Figure 2. Also, by using 

  𝑇1=[

1  0  0
0   cos 𝛼 sin𝛼
0
0
 −sin𝛼

0

 cos 𝛼 
0

0
0
0
1

]               (9a) 

and 

𝑇2=[

cos 𝛽  0 − sin 𝛽
0   1 0

sin 𝛽
0

 
0
0

cos β
0

0
0
0
1

],                                       (9b) 

𝑇𝑇
𝑂(𝑖𝑑𝑒𝑎𝑙) of equation (7) will have the following form: 
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𝑇𝑇
𝑂(𝑖𝑑𝑒𝑎𝑙)= [

cos 𝛽 0  − sin 𝛽
sin 𝛼 sin 𝛽  cos 𝛼  cos 𝛽 sin 𝛼
cos 𝛼 sin 𝛽

0
 −sin 𝛼

0
  cos 𝛼 cos 𝛽

0

𝑥 + 𝑑1 +  𝑡𝑥
  𝑃𝑦  +  ℎ1 + ℎ2  +  ℎ3  +  ℎ4  +  ℎ5  +  ℎ6 +   𝑡𝑦

𝑧 + 𝑑2  +  𝑑3  +    𝑡𝑧
1

] .                      (10) 

Equation (7) (also equation (10)) represents the coordinate relationship between the frames 𝑥0𝑦0𝑧0 and 𝑥𝑡𝑦𝑡𝑧𝑡. 

This is shown in Figure 2 by drawing a thick black line from reference point O to T (that is, vector 𝑂𝑇⃗⃗⃗⃗  ⃗). The same 

position and orientation of T can also be achieved with a vector 𝑂𝐷𝐸𝐹𝐺𝐻𝑇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   that connects O and T when going 

through the structure of HAMS; this vector is shown as a thick red dotted line in Figure 2. This latter vector can 

be determined by structural and configuration parameters, as given in equation (3).  

 

Now consider the case when the target T needs to be placed at a desired location with the position (𝑥, 𝑃𝑦 , 𝑧) and 

with the orientation defined by the rotational angles 𝛼 and 𝛽. This position of target T can be achieved by two 

translational motions of x and z along the 𝑥2 and 𝑧1 directions, given by the linear xz system, and one translational 

motion of 𝑃𝑦 along the vertical y axis of the xyz frame, given by the parallel RPS mechanism (Figure 2). The 

desired orientation of the 𝛼 and β angles can be achieved by the tip u and tilt v motions. Tip is the rotational motion 

of the RPS mechanism about the x axis of the xyz frame to orientate the moving platform with respect to xyz, while 

tilt is the rotational motion by the motor about the y´ axis of the x´y´z´ frame to orientate the rotating platform with 

respect to the x´y´z´ frame. The transformation matrix which describes the orientation of the target through the use 

of tip u and tilt v angles is given by: 

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑛𝑜 𝑒𝑟𝑟𝑜𝑟=𝑇𝐷

𝑂𝑇𝐸
𝐷𝑇(𝑢) 𝑇𝐹

𝐸𝑇(𝑣)𝑇𝐻
𝐹𝑇𝑇

𝐻,                                                                                                            (11) 

where, 

 𝑇𝐷
𝑂=[

10 0
01 0
0
0
 0
0

1
0

𝑑1

 ℎ1 + ℎ2  +  ℎ3  +  ℎ4

𝑑2

1

],         (12a) 

and 

𝑇𝐸
𝐷=[

10 0
01 0
0
0
 0
0

1
0

 0
  𝑃𝑦

 0 
1

].                                                              (12b) 

The HTM to represent tip motion is given by 
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𝑇(𝑢) =   [

1 0  0
0 cos 𝑢  sin 𝑢
0
0
−sin 𝑢

0

 cos 𝑢
0

 0
0
0
1

],           (13) 

and 

The HTM to represent tilt motion is given by 

𝑇(𝑣) = [

cos 𝑣0  − sin 𝑣 
0 1 0

sin 𝑣
0

0
0

cos 𝑣
0

0
0
0
1

],            (14)  

𝑇𝐹
𝐸=[

10 0
01 0
0
0
 0
0

1
0

 0
 ℎ5

 0 
1

],            (15a) 

 𝑇𝐻
𝐹=[

10  0
01 0
0
0
 0
0

1
0

 0
 ℎ6 
𝑑3

1

],                        (15b) 

𝑇𝑇
𝐻=[

10  0
01 0
0
0
 0
0

1
0

 𝑡𝑥
𝑡𝑦
𝑡𝑧
1

].                                                            (15c) 

Substituting the values from the equations (12) to (15) into equation (11) yields:  

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑛𝑜 𝑒𝑟𝑟𝑜𝑟= [

cos 𝑣 0  − sin 𝑣
sin 𝑢 sin 𝑣  cos 𝑢 cos 𝑣 sin 𝑢
cos 𝑢 sin 𝑣

0
  −sin 𝑢 

0

cos 𝑢 cos 𝑣
0

 𝐴1

 𝐴2

  𝐴3

1

]                                 (16) 

and 

𝐴1 = 𝑥 + 𝑑1 − 𝑑3 sin 𝑣 + 𝑡𝑥𝑐𝑜𝑠 𝑣 − 𝑡𝑧 sin 𝑣,       (17a) 

𝐴2 = 𝑃𝑦 + ℎ1 + ℎ2 + ℎ3 + ℎ4 + (ℎ5 + ℎ6 + 𝑡𝑦) cos 𝑢 + (𝑑3 + 𝑡𝑧) cos 𝑣 sin 𝑢 + 𝑡𝑥 sin 𝑢 sin 𝑣,                (17b) 

and 

 𝐴3 = 𝑧 + 𝑑2 − (ℎ5 + ℎ6 + 𝑡𝑦) sin 𝑢 + (𝑑3 + 𝑡𝑧) cos 𝑢 cos 𝑣 + 𝑡𝑥 cos 𝑢 sin 𝑣.    (17c) 

 

Comparison of the equation (10) with equation (16) shows that, for the target position of (𝑥, 𝑃𝑦 , 𝑧) and the 

orientation angles of 𝛼 and 𝛽 (pitch and yaw angles), both the vectors 𝑂𝑇⃗⃗⃗⃗  ⃗ and  𝑂𝐷𝐸𝐹𝐺𝐻𝑇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  , as shown in Figure 2, 

can give the same orientation of the target; however, positional deviations take place at the target for the 

vector 𝑂𝐷𝐸𝐹𝐺𝐻𝑇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗. These deviations are due to the architectural structure of HAMS and are discussed in detail in 

section 4.  
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Subtracting equation (16) from equation (10) will give the positional deviations at the target T when HAMS has 

error-free tip and tilt motions: 

𝐷𝑥𝑡𝑛𝑜 𝑒𝑟𝑟𝑜𝑟
=  𝑡𝑥(cos 𝑣 − 1) − 𝑑3 sin 𝑣 − 𝑡𝑧 sin 𝑣,       (18) 

𝐷𝑦𝑡𝑛𝑜 𝑒𝑟𝑟𝑜𝑟
= ℎ5(cos 𝑢 − 1) + ℎ6(cos 𝑢 − 1) + 𝑡𝑦(cos 𝑣 − 1)  + (𝑑3 + 𝑡𝑧) cos 𝑣 sin 𝑢 + 𝑡𝑥 sin 𝑢 sin 𝑣, (19)  

𝐷𝑧𝑡𝑛𝑜 𝑒𝑟𝑟𝑜𝑟
= 𝑑3(cos 𝑢 cos 𝑣 − 1) + 𝑡𝑧(cos 𝑢 cos 𝑣 − 1) − (𝑡𝑦 + ℎ5 + ℎ6)sin 𝑢 + 𝑡𝑥 cos 𝑢 sin 𝑣.  (20)       

       

3.4 Modelling for the mechanism with errors  

It is clear that when geometric errors are present in the mechanism, the transformation matrix 𝑇𝑇
𝑂(𝑢 − 𝑣)𝑛𝑜 𝑒𝑟𝑟𝑜𝑟  

(equation (16)) will not be the same, since the spatial relationships among the frames between the points O and T 

will change (Figure 2). These geometric errors generally arise from the manufacturing and assembly errors of the 

components of the RPS mechanism and of the rotating platform actuated by the motor.  

 

3.4.1  Error definitions  

Assuming that parallelism and vertical errors of the HAMS are generally negligible, errors associated with the tip 

and tilt motions are considered in this kinematic model since they affect both the position and orientation of the 

target during its alignment. Tip and tilt errors are modelled as the “generalised errors” for this hybrid mechanism.  

 

The tip error is related to the RPS mechanism. The RPS mechanism is a spatial mechanism which can provide 

three DOFs, that is rotational motions about the x and z axes (HAMS does not utilise rotation about the z axis and, 

hence, this rotation is ignored in this model) and translational motion along the y axis (all motions are with respect 

to the xyz frame of the RPS mechanism, as shown in Figure 2 and Figure 4, left), restricting the three other motions, 

that is translations along the x and z axes, and rotation about the y axis. However, the tip motion u of this mechanism 

induces small amount of translation motions 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

 at point E along the x and z directions (note that E is 

the centroid of the moving platform, and is the origin of the coordinate frame x´y´z´ of the moving platform), and 

a rotation 𝑢𝑒𝑟𝑟 about the vertical direction y (Figure 4, left). Since these parasitic motions take place in the 
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constrained directions of the motion for the RPS mechanism, they may have an unwanted “decentering” effect on 

the moving platform, resulting in the positional deviations at the target T [22,28].  

A typical HTM to represent these parasitic errors of HAMS can be written as:  

𝑇(𝑢)𝑒𝑟𝑟𝑜𝑟=(𝑇(𝑢)𝑒𝑟𝑟)𝑝𝑜𝑠.𝑑𝑒𝑣.𝑇(𝑢) 𝑇(𝑢𝑒𝑟𝑟)                               (21) 

where, 

𝑇(𝑢)= HTM for tip motion, given in equation (13), 

The HTM to represent the positional deviations at E is given by 

 (𝑇(𝑢)𝑒𝑟𝑟)𝑝𝑜𝑠.𝑑𝑒𝑣. = [

1 0  0
0 1  0
0
0
 0
 0

 1
 0

  

𝛿𝑥𝑒𝑟𝑟

 0
𝛿𝑧𝑒𝑟𝑟

1

],           (22) 

The HTM to represent the rotational error 𝑢𝑒𝑟𝑟  about y is given by 

 𝑇(𝑢𝑒𝑟𝑟)= [

cos 𝑢𝑒𝑟𝑟 0 −sin 𝑢𝑒𝑟𝑟

0  1 0
sin 𝑢𝑒𝑟𝑟

0
 0
0

cos 𝑢𝑒𝑟𝑟

0

  

 0
 0
 0
1

].                 (23) 

Substituting the values from the equations (22) and (23) and the value of 𝑇(𝑢) into equation (21) provides:  

 𝑇(𝑢)𝑒𝑟𝑟𝑜𝑟=[

cos 𝑢𝑒𝑟𝑟 0  −sin 𝑢𝑒𝑟𝑟

sin 𝑢 sin 𝑢𝑒𝑟𝑟  cos 𝑢 cos 𝑢𝑒𝑟𝑟 sin 𝑢
cos 𝑢 sin 𝑢𝑒𝑟𝑟

0
  − sin 𝑢  

0

cos 𝑢 cos 𝑢𝑒𝑟𝑟

0

  

 𝛿𝑥𝑒𝑟𝑟

 0
𝛿𝑧𝑒𝑟𝑟

1

].                                                                                (24) 

The translational motion errors 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

, and the rotational motion error  𝑢𝑒𝑟𝑟  can be determined using the 

experimental or the analytical technique as discussed in sections 3.5.1 and 4. 

 

It is important to note that the HTM for (𝑢)𝑒𝑟𝑟𝑜𝑟 in equation (21) is written for the point E, the centroid of the 

moving platform as shown in Figure 2 and Figure 4, left. As will be seen in section 3.5, centroid E plays an 

important role in writing the constraint equations of the moving platform of the RPS mechanism. This is because 

the planes in which the spherical joints (𝐵1, 𝐵2 and 𝐵3 of Figure 2) of the moving platform are allowed to move in 

the error-free tip motion must intersect at point E [27,28]. Geometric errors associated with 𝐵1, 𝐵2 and 𝐵3 will 

affect the position and orientation of point E. Therefore, E can be considered as the reaction point of the moving 

platform of the RPS mechanism, and the errors related to the point E, as shown in 𝑇(𝑢)𝑒𝑟𝑟𝑜𝑟 , are called the 

generalised error parameters in this analysis.     
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Figure 4. Rotational error motions of HAMS: for tip (left) and tilt (right). 

 

The tilt errors are generated from the tilt motion of HAMS, which is the rotation of the rotating platform about the 

axis EF, as shown in Figure 2, to orientate the platform with respect to the moving platform’s reference frame 

x´y´z´. Ideally, a rotating body should rotate about its axis of rotation without any error (EF should be aligned); 

however, in reality the axis of rotation of the rotating stage 𝑦𝑟  revolves around y´ with two radial errors 𝛿𝑥𝑟𝑎𝑑
 

and 𝛿𝑧𝑟𝑎𝑑
 along the x´ and z´ axes, one axial error 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

 along the y´axis and two tilt errors 𝜀𝑥 and 𝜀𝑧 about the x´ 

and z´ axes (Figure 4, right) [24]. Note that these six error parameters are enough to describe the positional and 

orientation changes of the centre of rotation F. Therefore, F can be considered as the reaction point for the rotating 

platform, while the six error parameters as the generalised error parameters for the tilt motion. These error motions 

can be described by the following HTM  

𝑇(𝑣)𝑒𝑟𝑟𝑜𝑟=(𝑇(𝑣)𝑒𝑟𝑟)𝑝𝑜𝑠.𝑑𝑒𝑣.𝑇(𝑣) 𝑇(𝜀𝑥) 𝑇(𝜀𝑧)                   (25) 

where, 

𝑇(𝑣)=HTM for tilt motion, given in equation (14), 

The HTM to represent the positional deviations at F is given by 

 (𝑇(𝑣)𝑒𝑟𝑟)𝑝𝑜𝑠.𝑑𝑒𝑣. = 

[
 
 
 1 0 0
0 1 0
0
0
 0
 0

 1
 0

  

 𝛿𝑥𝑟𝑎𝑑
 

𝛿𝑦𝑎𝑥𝑖𝑎𝑙

 𝛿𝑧𝑟𝑎𝑑

1 ]
 
 
 

,          (26) 

 The HTM to represent the rotational error 𝜀𝑥 about x´ is given by 
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 𝑇(𝜀𝑥)= [

1 0  0
0  cos 𝜀𝑥 sin 𝜀𝑥

0
0
− sin 𝜀𝑥

0

 cos 𝜀𝑥 
0

  

0
0
0
1

],          (27) 

The HTM to represent rotational error 𝜀𝑧 about 𝑧´ is given by 

 𝑇(𝜀𝑧)= [

cos 𝜀𝑧 − sin 𝜀𝑧 0
sin 𝜀𝑧  cos 𝜀𝑧 0

0
0

0
0

1
0

  

0
 0
0
1

].                   (28) 

After substituting the values from the equations (26) to (28) and the value of 𝑇(𝑣)  into equation (25) yields (a 

first order approximation is applied for the expression 𝑇(𝑣) 𝑇(𝜀𝑥) 𝑇(𝜀𝑧), since the error terms are considered small 

compared to the tip and tilt motions): 

𝑇(𝑣)𝑒𝑟𝑟𝑜𝑟= 𝑇𝑡𝑖𝑙𝑡𝑒𝑟𝑟
= 

[
 
 
 cos 𝑣 𝐴− sin 𝑣

𝜀𝑧 1 𝜀𝑥

sin 𝑣
0

𝐵
0

 cos 𝑣 
0

𝛿𝑥𝑟𝑎𝑑

 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

𝛿𝑧𝑟𝑎𝑑

1 ]
 
 
 

                                                                                                      (29) 

where,   

A = (sin 𝑣 𝜀𝑥 − cos 𝑣 𝜀𝑧),                                                                                                                                  (30a) 

and  

B =(− sin 𝑣 𝜀𝑧 − cos 𝑣 𝜀𝑥).                                                                                                                               (30b) 

Generalised error parameters for tilt v (three translational motion errors and two rotational motion errors, that is 

𝛿𝑥𝑟𝑎𝑑
, 𝛿𝑧𝑟𝑎𝑑

, 𝛿𝑦𝑎𝑥𝑖𝑎𝑙
, 𝜀𝑥 and 𝜀𝑧) can be determined using the experimental or analytical technique, as will be 

described in sections 3.5.2 and 4.  

 

3.4.2  Model analysis: tip error only  

The transformation matrix, which describes the position and orientation of target T when tip errors are considered 

(no error from the tilt), can be described as follows: 

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑡𝑖𝑝 𝑒𝑟𝑟𝑜𝑟=𝑇𝐷

𝑜𝑇𝐸
𝐷𝑇(𝑢)𝑒𝑟𝑟𝑜𝑟  𝑇𝐹

𝐸𝑇(𝑣)𝑇𝐻
𝐹𝑇𝑇

𝐻                   (31) 

where 𝑇𝐷
𝑜, 𝑇𝐸

𝐷, 𝑇𝐹
𝐸, 𝑇(𝑣), 𝑇𝐻

𝐹, 𝑇𝑇
𝐻 are as before, and 𝑇(𝑢)𝑒𝑟𝑟𝑜𝑟 is shown in equation (24).  

Substituting above values into equation (31) yields: 

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑡𝑖𝑝 𝑒𝑟𝑟𝑜𝑟=[

𝐽1 0  𝐽4 
𝐽2 cos 𝑢 𝐽5
𝐽3
0
 −sin 𝑢

0
𝐽6
0

 𝐵1

 𝐵2

 𝐵3

1

]                           (32) 

where, 
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𝐽1= cos 𝑣 cos 𝑢𝑒𝑟𝑟– sin 𝑣 sin 𝑢𝑒𝑟𝑟,         (33a) 

𝐽2= cos 𝑣 sin 𝑢 sin 𝑢𝑒𝑟𝑟 + sin 𝑢 sin 𝑣 cos 𝑢𝑒𝑟𝑟,                                                                                                    (33b) 

𝐽3= cos 𝑢 cos 𝑣 sin 𝑢𝑒𝑟𝑟  + cos 𝑢 sin 𝑣 cos 𝑢𝑒𝑟𝑟 ,       (33c) 

𝐽4= −cos 𝑣 sin 𝑢𝑒𝑟𝑟– sin 𝑣 cos 𝑢𝑒𝑟𝑟 ,                                                                                                                   (34a) 

𝐽5= cos 𝑣 sin 𝑢 cos 𝑢𝑒𝑟𝑟– sin 𝑢 sin 𝑣 sin 𝑢𝑒𝑟𝑟,                     (34b) 

𝐽6= cos 𝑢 cos 𝑣 cos 𝑢𝑒𝑟𝑟 − cos 𝑢 sin 𝑣 sin 𝑢𝑒𝑟𝑟 ,                                                                                                  (34c) 

𝐵1 = 𝛿𝑥𝑒𝑟𝑟
+  𝑥 + 𝑑1 − 𝑑3(cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟) + 𝑡𝑥( cos 𝑣 cos 𝑢𝑒𝑟𝑟 − sin 𝑣 sin 𝑢𝑒𝑟𝑟)

− 𝑡𝑧(cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟),                                                                                                               
              (35a) 

𝐵2 =  𝑃𝑦 + ℎ1 + ℎ2 + ℎ3 + ℎ4 +  (ℎ5 + ℎ6 + 𝑡𝑦) cos 𝑢 + 𝑑3 sin 𝑢 (cos 𝑣 cos 𝑢𝑒𝑟𝑟 − sin 𝑣 sin 𝑢𝑒𝑟𝑟)   

+ 𝑡𝑥 sin 𝑢 (cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟)+ 𝑡𝑧 sin 𝑢 (cos 𝑣 cos 𝑢𝑒𝑟𝑟  –  sin 𝑣 sin 𝑢𝑒𝑟𝑟),                           
          (35b)             

𝐵3 =  𝛿𝑧𝑒𝑟𝑟
+ 𝑑2 +  𝑧 − (ℎ5 + ℎ6 + 𝑡𝑦) sin 𝑢 +  𝑑3 cos 𝑢 (cos 𝑣 cos 𝑢𝑒𝑟𝑟  –  sin 𝑣 sin 𝑢𝑒𝑟𝑟)      

 + 𝑡𝑥 cos 𝑢 (cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟)+ 𝑡𝑧 cos 𝑢 (cos 𝑣 cos 𝑢𝑒𝑟𝑟  −  sin 𝑣 sin 𝑢𝑒𝑟𝑟  ).         
  (35c) 

 

The positional deviations at the target T as a result of the combined effects of tip motion errors and the architecture 

of HAMS can be found by subtracting equation (32) from equation (10): 

𝐷𝑥𝑡𝑡𝑖𝑝 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ.
= 𝛿𝑥𝑒𝑟𝑟

− (𝑑3 + 𝑡𝑧)(cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟) + 𝑡𝑥( cos 𝑣 cos 𝑢𝑒𝑟𝑟 − sin 𝑣 sin 𝑢𝑒𝑟𝑟 − 1), 

                                    (36) 

 

𝐷𝑦𝑡𝑡𝑖𝑝 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ
= (ℎ5 + ℎ6 + 𝑡𝑦) (cos 𝑢 − 1) + (𝑑3 + 𝑡𝑧) sin 𝑢 (cos 𝑣 cos 𝑢𝑒𝑟𝑟  −  sin 𝑣 sin 𝑢𝑒𝑟𝑟)

+ 𝑡𝑥 sin 𝑢 (cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟),                                                                                                    
              (37) 

 

𝐷𝑧𝑡𝑡𝑖𝑝 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ
= 𝛿𝑧𝑒𝑟𝑟

− (ℎ5 + ℎ6 + 𝑡𝑦) sin 𝑢 + (𝑑3 + 𝑡𝑧)(cos 𝑢 cos 𝑣 cos 𝑢𝑒𝑟𝑟  −  cos 𝑢 sin 𝑣 sin 𝑢𝑒𝑟𝑟 − 1) +    

+ 𝑡𝑥 cos 𝑢 (cos 𝑣 sin 𝑢𝑒𝑟𝑟 + sin 𝑣 cos 𝑢𝑒𝑟𝑟).                                                                                                                               
                                                                                                                                                                                                      

                                                                                                                                                                             (38) 

If the generalised error parameters for the tip motion 𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

 and 𝑢𝑒𝑟𝑟  of the RPS mechanism and the offset 

values of the hybrid mechanism, such as ℎ5, 𝑑3 and 𝑡𝑥, are known, the positional deviations of the target in the 

𝑥0, 𝑦0 and 𝑧0 directions can be calculated from the equations (36) to (38) for particular u and v angles.   
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3.4.3  Model analysis: tilt error only  

The transformation matrix that describes the position and orientation of the target T when tilt (v) errors are 

considered (no error from the tip motion) can be described as follows: 

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑡𝑖𝑙𝑡 𝑒𝑟𝑟𝑜𝑟=𝑇𝐷

𝑜𝑇𝐸
𝐷𝑇(𝑢) 𝑇𝐹

𝐸𝑇(𝑣)𝑒𝑟𝑟𝑜𝑟𝑇𝐻
𝐹𝑇𝑇

𝐻                  (39) 

where 𝑇𝐷
𝑜, 𝑇𝐸

𝐷, 𝑇𝐹
𝐸, 𝑇(𝑢), 𝑇𝐻

𝐹, 𝑇𝑇
𝐻 are the same as before and 𝑇(𝑣)𝑒𝑟𝑟𝑜𝑟 is shown in equation (29). 

Substituting above values into equation (39) provides: 

𝑇𝑇
𝑂(𝑢 − 𝑣)𝑡𝑖𝑙𝑡 𝑒𝑟𝑟𝑜𝑟=[

cos 𝑣 𝐾3 − sin 𝑣
𝐾1 𝐾4 𝐾6

𝐾2

0
𝐾5

0
𝐾7

0

 𝐶1

𝐶2

𝐶3

1

]                           (40) 

where, 

𝐾1= cos 𝑢 𝜀𝑧 + sin 𝑢 sin 𝑣,          (41a) 

𝐾2= cos 𝑢 sin 𝑣 – sin 𝑢 𝜀𝑧,                       (41b)    

𝐾3= sin 𝑣 𝜀𝑥 – cos 𝑣 𝜀𝑧,          (42a) 

𝐾4= cos 𝑢 – sin 𝑢 (cos 𝑣 𝜀𝑥 +  sin 𝑣 𝜀𝑧),                     (42b) 

𝐾5= −sin 𝑢 – cos 𝑢 (cos 𝑣 𝜀𝑥 + sin 𝑣 𝜀𝑧),        (42c) 

𝐾6= sin 𝑢 cos 𝑣 + cos 𝑢 𝜀𝑥,          (43a) 

𝐾7= cos 𝑢 cos 𝑣 – sin 𝑢 𝜀𝑥,                       (43b) 

𝐶1 = 𝛿𝑥𝑟𝑎𝑑
+  𝑥 + 𝑑1 − 𝑑3 sin 𝑣 + 𝑡𝑥 cos 𝑣 − 𝑡𝑧 sin 𝑣 − ℎ6 (cos 𝑣 𝜀𝑧 − sin 𝑣 𝜀𝑥)   –  𝑡𝑦 (cos 𝑣 𝜀𝑧              

− sin 𝑣 𝜀𝑥),                                                                                                                                                                         
     (44a) 

𝐶2 = 𝑃𝑦 + ℎ1 + ℎ2 + ℎ3 + ℎ4 + (ℎ5 + 𝛿𝑦𝑎𝑥𝑖𝑎𝑙
) cos 𝑢 + 𝛿𝑧𝑟𝑎𝑑

sin 𝑢 + cos 𝑢 + (ℎ6 + 𝑡𝑦)(cos 𝑢 − sin 𝑢 (cos 𝑣 𝜀𝑥

+ sin 𝑣 𝜀𝑧)) + (𝑑3 + 𝑡𝑧)(cos 𝑣 sin 𝑢 + cos 𝑢 𝜀𝑥)   + 𝑡𝑥(cos 𝑢 𝜀𝑧  +  sin 𝑢 sin 𝑣),                                                          
         

                                                                                                                                                                           (44b)                                                                                                                                                                            

 𝐶3 = 𝛿𝑧𝑟𝑎𝑑
cos 𝑢 − 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

sin 𝑢 + 𝑑2 + 𝑧 − ℎ5 sin 𝑢 − (ℎ6 + 𝑡𝑦)(sin 𝑢  + cos 𝑢 (cos 𝑣 𝜀𝑥 + sin 𝑣 𝜀𝑧))

 +(𝑑3 + 𝑡𝑧)(cos 𝑢 cos 𝑣 − sin 𝑢 𝜀𝑥)+ 𝑡𝑥( cos 𝑢 sin 𝑣 − sin 𝑢 𝜀𝑧)                                                                     
     (44c) 

The positional deviations at the target T as a result of the combined effects of tilt motion errors and the architecture 

of HAMS can be found by subtracting equation (40) from equation (10): 

𝐷𝑥𝑡𝑡𝑖𝑙𝑡 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ.
= 𝛿𝑥𝑟𝑎𝑑

− (𝑑3 + 𝑡𝑧) sin 𝑣 + 𝑡𝑥( cos 𝑣 − 1) − ℎ6 (cos 𝑣 𝜀𝑧 − sin 𝑣 𝜀𝑥)− 𝑡𝑦 (cos 𝑣 𝜀𝑧 −

−sin 𝑣 𝜀𝑥), (45)   
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𝐷𝑦𝑡𝑡𝑖𝑙𝑡 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ
= 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

cos 𝑢 + ℎ5(cos 𝑢 − 1)  + 𝛿𝑧𝑟𝑎𝑑
sin 𝑢 + (ℎ6 + 𝑡𝑦)(cos 𝑢  −  sin 𝑢 (cos 𝑣 𝜀𝑥 + sin 𝑣 𝜀𝑧)

−1) + (𝑑3+ 𝑡𝑧)(cos 𝑣 sin 𝑢 + cos 𝑢 𝜀𝑥) +  𝑡𝑥(cos 𝑢 𝜀𝑧  +  sin 𝑢 sin 𝑣),                                                                         
      

             (46) 

𝐷𝑧𝑡𝑡𝑖𝑙𝑡 𝑒𝑟𝑟𝑜𝑟+𝑎𝑟𝑐ℎ
= 𝛿𝑧𝑟𝑎𝑑

cos 𝑢 − 𝛿𝑦𝑎𝑥𝑖𝑎𝑙
sin 𝑢 − ℎ5 sin 𝑢 − (ℎ6 + 𝑡𝑦)(sin 𝑢  + cos 𝑢 (cos 𝑣 𝜀𝑥 + sin 𝑣 𝜀𝑧)) −       

+(𝑑3 + 𝑡𝑧) (cos 𝑢 cos 𝑣  −  sin 𝑢 𝜀𝑥 − 1)  + 𝑡𝑥(cos 𝑢 sin 𝑣 − sin 𝑢 𝜀𝑧).                                                                         
 

                                         (47) 

For the known generalised error parameters of the tilt motion, 𝛿𝑥𝑟𝑎𝑑
, 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

, 𝛿𝑧𝑟𝑎𝑑
, 𝛿𝑧𝑒𝑟𝑟

, 𝜀𝑥 and 𝜀𝑧, of the 

rotating stage, and for the known offset values of the hybrid mechanism, such as ℎ5, 𝑑3 and 𝑡𝑥, the positional 

deviations at the target in the 𝑥0, 𝑦0 and 𝑧0 directions can be calculated from the equations (45) to (47) for 

particular u and v angles.     

 

3.5 Analytical equations to describe the relations between the error parameters 

Equations (36) to (38) and (45) to (47) show that for a set of tip, tilt and structural parameters, positional deviations 

at the target T due to tip and tilt errors can be determined, given that generalised error parameters, such as 𝛿𝑥𝑒𝑟𝑟
, 

𝛿𝑧𝑒𝑟𝑟
, 𝑢𝑒𝑟𝑟 , 𝛿𝑥𝑟𝑎𝑑

, 𝛿𝑧𝑟𝑎𝑑
, 𝜀𝑥 and 𝜀𝑧, of the mechanism are known. These generalised error parameters can be 

determined using the experimental techniques as discussed in section 4. In the following section, the relationships 

between the error parameters are examined analytically.  

 

3.5.1  Tip error parameters  

In the RPS mechanism, the presence of parasitic motions 𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

 and 𝑢𝑒𝑟𝑟  causes positional deviations at point 

E and a rotation around the vertical direction at point E. These undesirable parasitic motions (also called the 

constrained variables) are related to the unconstrained or given variables (three DOFs, which are the desirable 

motions) of the RPS mechanism by the constraint equations. The constraint equations describe the relationships 

between these two types of variables based on certain geometric constraint(s) of the mechanism.   The derivation 

of the constraint equations of the RPS mechanism is given in Appendix 1, but the equations are discussed in the 

following with some detail [19,27].  
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Consider a RPS mechanism, as shown in Figure 5, the structure of which is briefly described in section 3.1. The 

position and orientation of the moving platform 𝐵1𝐵2𝐵3 with respect to the fixed platform 𝐴1𝐴2𝐴3 can be 

described by a position vector 𝐷𝐸⃗⃗⃗⃗  ⃗ and by a 3×3 rotation matrix 𝑇𝐸
𝐷 as shown below: 

𝑇𝐸
𝐷 = [

𝑛𝑥 𝑝𝑥 𝑙𝑥
𝑛𝑦 𝑝𝑦 𝑙𝑦
𝑛𝑧 𝑝𝑧 𝑙𝑧

],                         (48)  

where n, p and l are the unit vectors along n, p and l axes of the moving platform, 

and 

�⃗�  = [

𝑝𝑥

𝑝𝑦

𝑝𝑧

].                                 (49) 

In the RPS mechanism, each leg is connected to the fixed base by a revolute joint (𝐴1, 𝐴2 or 𝐴3)  and to the moving 

platform by a spherical joint (𝐵1, 𝐵2 or 𝐵3). Therefore, each leg’s motion is constrained in one of the following 

three planes: 

𝑝𝑥 +  ℎ𝑙𝑥 = 0,                                       (50) 

𝑝𝑥 +
√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥 = −√3(𝑝𝑧 +

√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧),                      (51) 

𝑝𝑥 −
√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥 = √3(𝑝𝑧 −

√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧).                                                                                                  (52)

 

Figure 5. Spatial 3 DOF RPS parallel mechanism. 

The following two equations can be obtained from equations (50) to (52):  

𝑙𝑥 = 𝑛𝑧,                       (53) 

and 
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 𝑝𝑧 =
1

2
ℎ(𝑙𝑧-𝑛𝑥).                          (54) 

Equations (50), (53) and (54) are the constraint equations of the RPS mechanism. Equation (53) shows the 

constraint imposed on the orientation of the moving platform, while equations (50) and (54) relate the constraint 

variables 𝑝𝑥 and  𝑝𝑧 to the orientation of the moving platform as represented by 𝑛𝑥, 𝑙𝑥, 𝑛𝑧 and 𝑙𝑧. For the error 

analysis of the RPS mechanism of HAMS, 𝑝𝑥 and 𝑝𝑧 of equations (50) and (54) can be replaced with the positional 

deviations of the centroid of the moving platform of the tripod, that is 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

, where the 𝑛𝑥, 𝑙𝑥, 𝑛𝑧 and 𝑙𝑧 

values can be determined from the moving platform’s orientation, as shown in equation (24). Therefore, positional 

deviations at E due to parasitic motions of the RPS mechanism of HAMS can be determined by writing the 

constraint equations (50) and (54) for the HAMS’ RPS mechanism, considering the generalised error parameters 

𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

 and 𝑢𝑒𝑟𝑟  for the tip motion. The constraint equations that represent the positional deviations at E of 

the HAMS’ RPS mechanism take the following form:  

𝛿𝑥𝑒𝑟𝑟
= ℎ sin 𝑢𝑒𝑟𝑟                                                                                                                                                (55) 

𝛿𝑧𝑒𝑟𝑟
=

ℎ cos 𝑢𝑒𝑟𝑟( cos 𝑢−1)

2
.                                                                                                                                     (56) 

 

The error parameters 𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

 and 𝑢𝑒𝑟𝑟  can be measured experimentally; however, an alternative strategy to 

determine the rotational error motion of the RPS mechanism can be outlined as follows: the positional deviations 

of the centroid of the moving platform E in the x and z directions, when measured, represent 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

 of the 

equations (55) and (56). Then, for the particular values of 𝑢 and 𝑣 angles, and for the known radius of the moving 

platform ℎ (see Figure 5), the parasitic angular error motion 𝑢𝑒𝑟𝑟  can be determined from the stated equations. 

However, the accuracy of determining 𝑢𝑒𝑟𝑟  will depend on the ability of measuring the positional deviations at or 

very close to the centroid E. This may be difficult to achieve in some cases, for example, due to not being able to 

place the reflector of an interferometer at point E. In such cases, offsets in the x and z directions, arising from the 

placement of the measurement equipment, may need to be taken into considerations, and 𝑢𝑒𝑟𝑟  should be 

determined using equations (36) and (38), along with the equations (55) and (56) (offset 𝑑3 of equations (36) and 

(38) will be replaced with the offset that arise from the placement of the measurement equipment).  
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3.5.2 Tilt error parameters  

Ideally, in the absence of the errors that may arise from the tilt motion, the centroids of the moving stage and the 

rotating stage, that is E and F respectively, should be collinear (Figure 2 and Figure 4, right). However, when the 

rotating stage has a misaligned axis of rotation, then the centroid F will be positionally deviated from E in the x´, 

y´ and z´ directions by 𝛿𝑥𝑟𝑎𝑑
, 𝛿𝑦𝑎𝑥𝑖𝑎𝑙

 and 𝛿𝑧𝑟𝑎𝑑
. Consider that the new location of F is F’.  

𝐸𝐹⃗⃗⃗⃗  ⃗ = [
0
ℎ5

0

]           (57) 

where, ℎ5 is the distance between E and F along the  y´ direction as shown in Figure 2.  

The orientation of F with respect to E will take the form of a 3×3 rotation matrix 𝑇𝐹
𝐸 as shown below, 

𝑇𝐹
𝐸 = [

𝑛′𝑥 𝑝′𝑥 𝑙′𝑥
𝑛′𝑦 𝑝′𝑦 𝑙′𝑦

𝑛′𝑧 𝑝′𝑧 𝑙′𝑧

].          (58) 

Then, 𝐸𝐹′⃗⃗ ⃗⃗ ⃗⃗   can be written as, 

𝐸𝐹′⃗⃗ ⃗⃗ ⃗⃗   = [

𝛿𝑥𝑟𝑎𝑑
+ ℎ5𝑝′𝑥

𝛿𝑦𝑎𝑥𝑖𝑎𝑙
+ ℎ5𝑝′𝑦

𝛿𝑥𝑟𝑎𝑑
+ ℎ5𝑝′𝑧

]          (59) 

Since 𝐸𝐹⃗⃗⃗⃗  ⃗ and 𝐸𝐹′⃗⃗ ⃗⃗ ⃗⃗   should be collinear, the following constraint equations can be written for the rotating platform, 

noting that matrix 𝑇𝐹
𝐸 actually represents the orientation components of the matrix 𝑇(𝑣)𝑒𝑟𝑟𝑜𝑟 of equation (29): 

𝛿𝑥𝑟𝑎𝑑
+ ℎ5𝑝′𝑥= 0 

which gives, 

 𝛿𝑥𝑟𝑎𝑑
= ℎ5 (sin 𝑣 𝜀𝑥 − cos 𝑣 𝜀𝑧)          (60) 

and,  

𝛿𝑥𝑟𝑎𝑑
+ ℎ5𝑝′𝑧 = 0 

which gives, 

𝛿𝑧𝑟𝑎𝑑
= −ℎ5 (sin 𝑣 𝜀𝑧 + cos 𝑣 𝜀𝑥)         (61) 

        

Similar to the case of tip error parameter determination, an alternative strategy to find the tilt error parameters 

𝜀𝑥 and 𝜀𝑧 can be described as follows: the displacements at or near the centre of rotation of the rotating platform 
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F (that is, the reaction point of the rotating platform) in the x´ and z´ directions are measured to use in the equations 

(60) and (61), giving the tilt error parameters 𝜀𝑥 and 𝜀𝑧 for particular values of u, v and ℎ5. However, offsets arising 

from the placement of the measurement equipment may need to be dealt with the similar way as described in 

section 3.5.1 using equations (45) and (47) along with the above two equations.  

 

4. Experimental validation of the error model 

4.1 Experimental setup 

The positional deviations in the z and x directions as a result of the error motions of tip and tilt were measured 

using an interferometer (Renishaw model XL-80). These measurements of the positional deviations were achieved 

by determining the linear displacements of the moving part (moving stage, rotating stage and target wheel) during 

the rotational motions of HAMS (u and v). In the interferometer set up (Figure 6), the reflector was mounted on 

the moving part using appropriate fixtures while using the beam-splitter as the fixed optic. The rotational motions 

considered in this study to measure the linear displacement were in the range of ±1.4°, which represents the typical 

tip and tilt motion range of the target alignment method of the CLF.  

The error measurements were carried out following two steps: 

1. Rotations 𝑢𝑒𝑟𝑟 , 𝜀𝑥 and 𝜀𝑧 and linear displacements 𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

, 𝛿𝑥𝑟𝑎𝑑
, 𝛿𝑧𝑟𝑎𝑑

 and 𝛿𝑦𝑎𝑥𝑖𝑎𝑙
 were measured for the 

moving stage and for the rotating stage by placing the reflectors as close to the centroid of the moving stage 

or the rotating stage as practicable (Figure 6a-b). The generalised error parameters thus measured actually 

represent the geometric errors originated from the RPS mechanism and from the motor, actuating the rotating 

platform.   

2. Linear displacements were measured at the target (T as shown in Figure 1a) on the target interface wheel by 

placing the reflector as close to the target as feasible (Figure 6c). The displacements measured would represent 

the overall positional deviations of the target, arising from: (a) 𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

, 𝛿𝑥𝑟𝑎𝑑
, 𝛿𝑧𝑟𝑎𝑑

,  𝛿𝑦𝑎𝑥𝑖𝑎𝑙
, as determined 

in the previous step and (b) the angular error components (𝑢𝑒𝑟𝑟 , 𝜀𝑥 and 𝜀𝑧) that were magnified by the 

structural offsets of HAMS (see equations (36) to (38) and  equations (45) to (47)). 
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Therefore, the error parameters, as determined in the step 1, were used in the displacement equations (equations 

(36) to (38) and (45) to (47)) of the error model to calculate the positional deviations of the target and the results 

were verified against experimentally-determined values, as described in step 2 of the measurements.  

 

(a) 

 

(b) 

 

(c) 

Figure 6. Schematic representation of the interferometer setup. The setups shown in the figure are to measure (a) 

the tip angular error 𝑢𝑒𝑟𝑟  close to the centroid of the moving platform E (b) tip displacement error 𝛿𝑥𝑒𝑟𝑟
 in the x 

direction close to E, and (c) positional deviation close to the target in the x direction 𝛿𝑥𝑒𝑟𝑟
 due to tip motion.  
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Accuracies of the linear displacement measurements using interferometer are affected by the experimental errors 

that arise from the variations in air temperature, air pressure and relative humidity, since these environmental 

factors affect the reflective index of the ambient air [29,30]. Therefore, an environmental compensator unit 

(Renishaw model XC-80) was used to reduce these measurement errors. However, there will be other error sources 

that will contribute towards the measurement uncertainties, for example, (a) in the first step of the measurement 

stated above, the reflector should be ideally placed at the centroids of the moving stage and of the rotating stage. 

In reality, the reflector was placed slightly above the centroid due to inaccessibility to the centroid area; (b) the 

exact structural offsets of HAMS from the centroids were difficult to measure. However, with careful design of 

the setup of the experiment, it is possible to avoid some sources of experimental uncertainties and improve the 

measurement accuracy, for example, considering small tip angular motions, tip angular error  𝑢𝑒𝑟𝑟  measurement 

(also tip displacement error 𝛿𝑥𝑒𝑟𝑟
) carried out in the x direction (Figure 6a-b) will be more accurate than the 

measurement in the z direction. This is because the reflector’s displacement in the x direction is negligibly affected 

by the tip rotation about x axis, and by the reflector’s placement slightly above the centroid area. The overall 

measurement uncertainty arising from the repeatability of the measured distances and from the atmospheric effects 

was estimated not to exceed 200 nm (at a coverage factor k = 2, giving a confidence level of approximately 95%). 

The values of measurement uncertainty, compared to the positional deviations measured on the micrometre and 

millimetre scale, are not shown in the experimental results as they are negligibly small.   

 

4.2 Results and discussion 

The results shown here are the experimentally determined values of the positional deviations of the target T due 

to the tip and tilt motion errors, and they are compared with the positional deviations calculated by the equations 

derived in the error model. It is found that the predicted results from the error model agree well with the 

experimental results. The discrepancies between the two results can be attributed to the following: (a) the 

inaccuracy of the offset values of the hybrid mechanism that were measured and used in the calculations; (b) the 

inaccuracy of positioning the reflectors at the centroids of the stages or at the target; (c) model considered only the 

tip and tilt errors for the positional deviations of the target. In practice, there may be other minor sources of error, 

such as orthogonality and parallelism errors, that can affect the positional deviations of the target.    
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Figure 7. Rotational parasitic error motion of the RPS mechanism (tripod), representing a rotational motion 

about y axis of the reference frame xyz, as calculated from the model. 

 

Figure 8. Linear displacements of the centroid of the moving platform along the x and z directions of the 

reference frame xyz; these displacements arise from the parasitic motions of RPS mechanism (tripod). 

 

The important and interesting observations from the comparative study are as follows: 
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1. The rotational displacement and the linear displacements measured at the centroid position of the moving 

platform of the tripod represent the rotational parasitic error motion 𝑢𝑒𝑟𝑟 , and two translational parasitic 

motions 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

, respectively, of the RPS mechanism (Figure 7 and Figure 8). These translational 

parasitic motions, as explained in sections 3.4.1 and 3.5.1, represent two unwanted motions in the restricted 

directions, resulting in the positional deviations at the centroid of the moving platform in the x and z directions 

with respect to the reference frame xyz (see equation (24)), leading to the positional deviations at the target in 

the 𝑥0 and 𝑧0 directions of the reference frame 𝑥0𝑦0𝑧0 (see equations (36) to (38)). However, of the three 

parasitic motions (𝛿𝑥𝑒𝑟𝑟
, 𝛿𝑧𝑒𝑟𝑟

and 𝑢𝑒𝑟𝑟  as shown in Figure 4, left), the rotational parasitic error motion 𝑢𝑒𝑟𝑟  

about y (this can also be determined using equations (55) and (56) as described in the sections 3.5.1) can have 

a significant effect on the positional deviations at the target. Figure 7 and Figure 8 show that tip causes very 

large positional deviations at the target, especially in the 𝑧0 direction. One main source of these deviations is 

the Abbe offsets of HAMS, which amplify the rotational error 𝑢𝑒𝑟𝑟 . In fact, the architecture of the upper part 

of the HAMS, which is mounted on the rotating platform, is such that the target on the target interface wheel 

is at offsets of 118 mm and 96 mm along the y´ and z´ directions, respectively, from the centroid E of the 

moving platform (Figure 9). If there were no offsets in the horizontal and vertical directions from this centroid, 

theoretically, there would only be the positional deviations at the target due to two parasitic translational 

motion errors 𝛿𝑥𝑒𝑟𝑟
 and 𝛿𝑧𝑒𝑟𝑟

 (see equations (55) and (56)). 

 

Figure 7. Comparison of the calculated and measured positional deviations of the target in the 𝑧0 direction of the 

reference frame 𝑥0𝑦0𝑧0 due to the tip motion and its associated parasitic errors. 
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Figure 8. Comparison of the calculated and measured positional deviations of the target in the 𝑥0 direction of the 

reference frame 𝑥0𝑦0𝑧0 due to the tip motion and its associated parasitic errors. 

2. It is not only this rotational error 𝑢𝑒𝑟𝑟 that is amplified and causes the deviations at the target. The model 

predicts (from equations (18) to (20)) that the tip motion, even in the absence of all the parasitic motion errors, 

is responsible for considerable positional deviations at the target in the 𝑥0 and  𝑧0 directions, unless they are 

compensated by the HAMS’ motion control software. These deviations are due to the Abbe offsets described 

before, and are shown in Figure 10. It is noteworthy in the figure that positional deviation at target in the 𝑥0 

direction is very small. Comparison of the Figure 10 with Figure 7 and 10 suggests that: 

 the main source of the positional deviation at the target in the 𝑧0 direction is tip motion, as it is 

magnified by the 118 mm Abbe offset in the y´ direction, as shown in Figure 9. Other displacements, 

namely translational parasitic motion 𝛿𝑧𝑒𝑟𝑟
 and rotational parasitic motion 𝑢𝑒𝑟𝑟 , when it is magnified 

by the 96 mm Abbe offset in the z´ direction (see Figure 9), may have little effect on the positional 

deviation at the target in the 𝑧0 direction; 

 the main source of the positional deviation at the target in the 𝑥0 direction is mainly due to the 

parasitic angular error motion, 𝑢𝑒𝑟𝑟 , as it is magnified by the 96 mm Abbe offset in the z´ direction 

(see Figure 11). A small contribution towards this positional deviation may come from the 
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translational parasitic motion 𝛿𝑥𝑒𝑟𝑟
. The effect of Abbe offset on the tip motion does not influence 

the positional deviation in the 𝑥0 direction. 

3. Following the above discussion, the measured positional deviations of the target due to the tip motion 

represent a cumulative sum of three types of displacement error: 

 positional deviations at the target due to the architecture (that is, structural offsets) of HAMS, 

 translational parasitic motions that are originated from the RPS mechanism, 

 positional deviations at the target caused by the magnification of the rotational parasitic motion of 

the RPS mechanism by the structural offsets. 

The equations derived in the model (equations (36) to (38)), therefore, have taken into considerations of all 

three types of error to calculate the positional deviations at the target.   

 

Figure 9. Abbe offsets of HAMS. 

4. Similar to the case of the tip error motions, the positional deviations of the target due to the tilt motion and its 

associated error motions, as can be predicted from the model (equations (45) to (47)), include three types of 

displacement errors: 

 positional deviations at the target due to the architecture (that is, structural offsets) of HAMS, 
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 translational error motions of the rotating stage originated at the centroid of the rotating stage, due to 

the misaligned axis of rotation of the motor, 

 positional deviations at the target caused by the magnification of the rotational errors, originated at 

the centroid of the rotating stage due to the misaligned axis of rotation of the motor, by the structural 

offsets. 

 

Figure 10. Theoretically calculated (equations (18) to (20)) positional deviations due to Abbe offsets at varying 

tip angular motions (no tilt motion or errors considered). 

5. For the tilt motion, the experimental results and the model predictions suggest that tilt motion and its 

associated error motions 𝜀𝑥, 𝜀𝑧, 𝛿𝑥𝑟𝑎𝑑
 and 𝛿𝑧𝑟𝑎𝑑

, which originate at the centroid of the rotating platform due 

to the misaligned axis of rotation of motor (Figure 4, right), cause significant positional deviations at the target 

T in the 𝑥0 and 𝑧0 directions (Figure 11). The deviation in the 𝑥0 direction is much higher compared to the 

deviation in the 𝑧0 direction. Similar to the case of tip motion, this indicates that deviation in the 𝑥0 direction 

is mainly due to the magnification of the tilt motion by the 96 mm Abbe offset along the z´ direction (notice 

the second term in equation (45)). On the other hand, the positional deviation in the 𝑧0 direction is mainly 

contributed by the errors 𝜀𝑧 and 𝛿𝑧𝑟𝑎𝑑
. In fact, 𝜀𝑧 is magnified by the 118 mm Abbe offset (along the y´ 

direction), and the resultant distance in the x´ direction (that is, sine error) is again liable to the magnification 
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by the tilt motion itself (note the fourth term of the equation (47)). It is also worth pointing out that, of the two 

rotational errors 𝜀𝑥 and 𝜀𝑧, 𝜀𝑧 has more influence on the positional deviation at the target. This is because of 

the asymmetric architectural structure of the upper part of the HAMS, which is mounted on the rotating 

platform. It was observed that the target interface wheel situated in the overhanging structure was not 

accurately balanced by the masses placed in the opposite direction (along the z´ direction) of the interface 

wheel (see Figure 1 and Figure 4). As such, the rotating platform was prone to rotate with an axis of rotation 

inclined towards the x´ direction, making the error 𝜀𝑧 larger than 𝜀𝑥.  

 

Figure 11. Comparison of the calculated and measured positional deviations of target (tool point) due to tilt 

rotational errors (in 𝑧0 and 𝑥0 directions). 

6. The analyses stated above suggest that with its current performance level, CLF’s hybrid mechanism HAMS 

is not capable of delivering the target to the laser focus with an accuracy of few micrometres. The performance 

improvement of HAMS will be covered elsewhere.  
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5. Conclusion  

Developing a kinematic model is an important step to find the error compensation strategies for a hybrid kinematic 

mechanism, since the model helps quantifying the errors by deriving the analytical equations for the positional 

deviations at the target. In this paper, an error model is developed by establishing the kinematic relationships 

between the parallel mechanism and the other key components of the hybrid mechanism, and by considering the 

mechanism’s two rotational motions (tip and tilt) and their associated error motions. Since, taking into account of 

the individual error sources of a complex mechanism, such as a hybrid or a parallel mechanism, can result in a 

complex error analysis, an alternative method to develop an error model is applied in this paper. This is done by 

establishing a small number of key points, called the reactions points, in the relevant kinematic systems of the 

mechanism, and by determining the reaction points’ geometric errors that affect the rotational motions of the 

hybrid mechanism and, eventually, the ideal position of the target. A reaction point can be considered as an 

equivalent to a set of constraints that are present in a kinematic system of a mechanism. Essentially, the equivalent 

kinematic behaviour, such as degrees of freedom and geometric errors, of a reaction point should be able to 

sufficiently define the kinematic behaviour of the system it is representing. For example, in the error model, the 

centroid of the moving platform of the RPS mechanism is used as a reaction point for the moving platform, instead 

of considering all three spherical joints and three prismatic joints that connect the moving platform to the fixed 

platform. As such, three parasitic error motions related to the centroid of the moving platform are included in the 

model as tip error motions. It is found that the positional deviations at the target as determined by the equations of 

the model show good agreements with the experimentally determined positional deviations at the target. The errors 

associated with the reaction points are called the “generalised error” parameters in this paper, since these errors 

are enough to describe the deviations of the geometric properties of a set of constraints in a kinematic system. It 

is also found that of the two types of generalised error parameter for tip motion, rotational error parameter, as 

compared to translational parameters, have a significant influence on the final position of the target when the 

mechanism has considerable lateral offsets (measured from the reaction point to the target). For tilt motion, the 

centroid of the rotating platform is considered as the reaction point, and the errors that arise due to misaligned 

centre of rotation of the motor are considered as the generalised error parameters.  
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This paper demonstrates that generalised error parameters can be determined using analytical equations of the 

model and using experimental technique, which is, in this case, measuring the linear displacements with an 

interferometer. The parameters determined can be used to calculate the positional deviations at the target, which 

can be experimentally validated using the interferometer. The future work will focus on developing suitable error 

compensation strategies for HAMS based on the error model. 
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Appendix 1 

As shown in Figure 5, 𝐴1𝐴2𝐴3 and 𝐵1𝐵2𝐵3 are equilateral triangles; therefore, the following equations can be 

written: 

𝐷𝐴1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

0
0
𝑔
] 𝐷𝐴2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

√3𝑔

2

0

−
1

2
𝑔

] 𝐷𝐴3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = [

−
√3𝑔

2

0

−
1

2
𝑔

]                             (62) 
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𝐸𝐵1
⃗⃗ ⃗⃗ ⃗⃗  ⃗= [

0
0
ℎ

] 𝐸𝐵2
⃗⃗ ⃗⃗ ⃗⃗  ⃗= [

√3ℎ

2

0

−
1

2
ℎ

]  𝐸𝐵3
⃗⃗ ⃗⃗ ⃗⃗  ⃗= [

−
√3ℎ

2

0

−
1

2
ℎ

].                    (63) 

The position vectors of 𝐵1, 𝐵2 and 𝐵3 can be written as follows: 

𝐷𝐵1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =[

𝑝𝑥 +  ℎ𝑙𝑥
𝑝𝑦 + ℎ𝑙𝑦
𝑝𝑧 + ℎ𝑙𝑧

]    𝐷𝐵2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =

[
 
 
 
 𝑝𝑥 +

√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥

𝑝𝑦 +
√3ℎ

2
𝑛𝑦 −

1

2
ℎ𝑙𝑦

𝑝𝑧 +
√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧 ]

 
 
 
 

      𝐷𝐵3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  =

[
 
 
 
 𝑝𝑥 −

√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥

𝑝𝑦 −
√3ℎ

2
𝑛𝑦 −

1

2
ℎ𝑙𝑦

𝑝𝑧 −
√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧 ]

 
 
 
 

.                                              (64) 

In the RPS structure, each leg is connected to the fixed base by a revolute joint (𝐴1, 𝐴2 or 𝐴3)  and to the moving 

platform by a spherical joint (𝐵1, 𝐵2 or 𝐵3). Therefore, each leg’s motion is constrained in one of the following 

three planes, as can be written by observing equation (63): 

(𝐷𝐵1)𝑥= 0,                (65) 

where, (𝐷𝐵1)𝑥  and (𝐷𝐵1)𝑧 are the x and z components of 𝐷𝐵1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

(𝐷𝐵2)𝑥=−√3(𝐷𝐵2)𝑧,            (66) 

where, (𝐷𝐵2)𝑥 and (𝐷𝐵2)𝑧 are the x and z components of 𝐷𝐵2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗     

 (𝐷𝐵3)𝑥=√3(𝐷𝐵3)𝑧,            (67) 

where, (𝐷𝐵3)𝑥 and (𝐷𝐵3)𝑧 are the x and z components of 𝐷𝐵3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  .        

Substituting the x and z components of equation (64) into equations (65) to (67) provides, 

𝑝𝑥 +  ℎ𝑙𝑥 = 0,                                       (68) 

𝑝𝑥 +
√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥 = −√3(𝑝𝑧 +

√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧),                      (69) 

𝑝𝑥 −
√3ℎ

2
𝑛𝑥 −

1

2
ℎ𝑙𝑥 = √3(𝑝𝑧 −

√3ℎ

2
𝑛𝑧 −

1

2
ℎ𝑙𝑧).                                                                                                 (70) 

The following two equations can be obtained from equations (68) to (70):  

𝑙𝑥 = 𝑛𝑧                       (71) 

and   
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𝑝𝑧 =
1

2
ℎ(𝑙𝑧-𝑛𝑥).                           (72) 

 

 

Appendix 2 

 

Symbols used 

 

Definitions Note 

𝜶 Pitch or rotation about the 𝑥𝑇 axis of the 

coordinate𝑥𝑡𝑦𝑡𝑧𝑡. 

 

See Figure 2. 

𝜷 Yaw or rotation about the 𝑦𝑇  axis of the 

coordinate𝑥𝑡𝑦𝑡𝑧𝑡. 

 

See Figure 2. 

u Tip or the rotational motion of the RPS mechanism 

about the x axis of the xyz frame to orientate the 

moving platform with respect to xyz. 

 

See section 3.4.1. 

v Tilt or the rotational motion of the motor about the y´ 

axis of the x´y´z´ frame to orientate the rotating 

platform with respect to the x´y´z´. 

 

See section 3.4.1. 

𝜹𝒙𝒆𝒓𝒓
 and 𝜹𝒛𝒆𝒓𝒓

 Translational error motions of the moving platform 

related to tip rotation u. 

 

See section 3.4 and 

Figure 4. 

𝒖𝒆𝒓𝒓 Rotational error motion of the moving platform 

related to the tip rotation u.  

 

See section 3.4 and 

Figure 4. 

𝜹𝒙𝒓𝒂𝒅
 and 𝜹𝒛𝒓𝒂𝒅

 Translational error motions of the rotating platform 

related to the tilt rotation v. 

 

See section 3.4 and 

Figure 4. 

𝜺𝒙 and 𝜺𝒛 Rotational error motions of the rotating platform 

related to the tilt rotation v. 

 

See section 3.4 and 

Figure 4 

𝒅𝟑 Offset of the target from the centroid of the moving 

platform in the z direction. 

 

See Figure 2. 

𝒉𝟓 Offset between the centroids of the moving and 

rotating platform in the y direction.  

 

See Figure 2. 

𝒉𝟔 Offset between the centroid of the rotating platform 

and the centre of the target interface wheel in the y 

direction. 

 

See Figure 2. 

𝒕𝒙, 𝒕𝒚, 𝒕𝒛 Coordinate position of the target T with respect to the 

reference coordinate 𝑥𝑤𝑦𝑤𝑧𝑤, placed at the centre of 

the target interface wheel. 

See Figure 2. 

 


