QUANTUM PERIODS FOR CERTAIN FOUR-DIMENSIONAL FANO MANIFOLDS

TOM COATES, SERGEY GALKIN, ALEXANDER KASPRZYK, AND ANDREW STRANGEWAY

ABSTRACT. We collect a list of known four-dimensional Fano manifolds and compute their quantum
periods. This list includes all four-dimensional Fano manifolds of index greater than one, all four-
dimensional toric Fano manifolds, all four-dimensional products of lower-dimensional Fano manifolds,
and certain complete intersections in projective bundles.

1. INTRODUCTION

In this paper we take the first step towards implementing a program, laid out in [11], to find and classify
four-dimensional Fano manifolds using mirror symmetry. We compute quantum periods and quantum
differential equations for many known four-dimensional Fano manifolds, using techniques described in [12].
Our basic reference for the theory of Fano manifolds is the book by Iskovskikh—Prokhorov [25]. Recall
that the index of a Fano manifold X is the largest integer r such that —Kx = rH for some ample
divisor H. A four-dimensional Fano manifold has index at most 5 [43]. Four-dimensional Fano manifolds
with index r > 1 have been classified. In what follows we compute the quantum periods and quantum
differential equations for all four-dimensional Fano manifolds of index r > 1, for all four-dimensional Fano
toric manifolds, and for certain other four-dimensional Fano manifolds of index 1.

Highlights. We draw the reader’s attention to:

e §6.2.4, where new tools for computing Gromov-Witten invariants (twisted I-functions for toric
complete intersections [13] and an improved Quantum Lefschetz theorem [10]) make a big practical
difference to the computation of quantum periods. This should be contrasted with [12, §19], where
the new techniques were not available.

e §6.2.11, which relies on a new construction of Szurek—Wisniewski’s null-correlation bundle [47]
that may be of independent interest.

e The tables of regularized quantum period sequences in Appendix A.

e The numerical calculation of quantum differential operators in §9 and Appendix B. This sug-
gests in particular that, for each four-dimensional Fano manifold X with Fano index r > 1, the
regularized quantum differential equation of X is either extremal or of low ramification.

e §6.2.17 and §B.34, which together give an example of a product such that the regularized quantum
differential equation for each factor is extremal, but the regularized quantum differential equation
for the product itself is not.

This paper is accompanied by fully-commented source code, written in the computational algebra system
Magma [5]. This will allow the reader to verify the calculations presented here, or to perform similar
computations.

2. METHODOLOGY

The quantum period Gx of a Fano manifold X is a generating function
(1) Gx(t) =1+ cat” teC
d=1

for certain genus-zero Gromov—Witten invariants ¢g of X. A precise definition can be found in [12, §B],
but roughly speaking cg is the ‘virtual number’ of degree-d rational curves C' in X that pass through a
given point and satisfy certain constraints on their complex structure. (The degree of a curve C here is
the quantity (—Kx,C).) The quantum period is discussed in detail in [11,12]; one property that will be
important in what follows is that the regularized quantum period

(2) Gx(t) =1+ dlegt? teC, |t| < oo
d=1
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satisfies a differential equation called the reqularized quantum differential equation of X:
N m=N
(3) LxGx =0 Lx = Z Pm(t) D™
m=0

where the p,, are polynomials and D = t%. It is expected that the regularized quantum differential
equation for a Fano manifold X is extremal or of low ramification, as described in §9 below. This is a
strong constraint on the Gromov—Witten invariants ¢4 of X.

Quantum periods for a broad class of toric complete intersections can be computed using Givental’s
mirror theorem [20]:

Theorem 2.1 ([12, Corollary C.2]). Let X be a toric Fano manifold and let D1,...,Dy € H*(X;Q) be
the cohomology classes Poincaré-dual to the torus-invariant divisors on X. The quantum period of X is:

B, —Kx)
Gx()= Y, =y
BEH(XL): [[;21 (B, D3)!
(B,Di) >0 Vi

Theorem 2.2 ([12, Corollary D.5]). Let Y be a toric Fano manifold, and let D1,...,Dx € H*(Y;Q)
be the cohomology classes Poincaré-dual to the torus-invariant divisors on Y. Let X be the complete
intersection in Y defined by a reqular section of E = L1 ®---@® Ls where each L; is a nef line bundle, and
let p; = c1(L;), 1 < i <'s. Suppose that the class c1(Y)—A is ample on Y, where A = ¢1(L1)+---+c1(Ls).
Then X is Fano, and the quantum period of X is:

: 3
Gx(t)=e Z t(ﬁ,ny—mM

N
BEHL(Y;Z): Hz:l(ﬁaDz>'
(8,D;) >0 Vi

where c is the unique rational number such that the right-hand side has the form 1+ O(t2).

An analogous mirror theorem holds for certain complete intersections in toric Deligne-Mumford stacks,
but we will need only the case where the ambient stack is a weighted projective space:

Theorem 2.3 ([12, Proposition D.9]). Let Y be the weighted projective space P(wy, ..., w,), let X be a
smooth Fano manifold given as a complete intersection in'Y defined by a section of E = O(d1) ® -+ ®
O(dy,), and let =k = wog + -+ wy, —dy — -+ — dp,. Suppose that each d; is a positive integer, that
—k > 0, and that w; divides d; for all i, j such that 0 < i <n and 1 < j <m. Then the quantum period

of X 1is:
o TT (dd))!
Gx(t) = et Yo phe = O
dz:;) [Tizy (dwi)!
where c is the unique rational number such that the right-hand side has the form 1+ O(t2).
The quantum period of a product is the product of the quantum periods:

Theorem 2.4 ([12, Corollary E.4]). Let X and Y be smooth projective complex manifolds. Then:
Gxxy(t) = Gx(t) Gy (t)

As we will see below, another powerful tool for computing quantum periods is the Abelian/non-Abelian
Correspondence of Ciocan-Fontanine-Kim—Sabbah [9]. We now proceed to the calculation of quantum
periods.

3. FOUR-DIMENSIONAL FANO MANIFOLDS OF INDEX 5
The only example here is P* [29,30,42]. This is a toric variety. Theorem 2.1 yields:
e 5d
t

Gpa (t) = d!)5

( [regularized quantum period p. 15, operator p. 25]
d=0

4. FOUR-DIMENSIONAL FANO MANIFOLDS OF INDEX 4

The only example here is the quadric Q* C P® [30,42]. This is a complete intersection in a toric variety.
Theorem 2.2 yields:

Goi(t) =)
d

=0

(2d)! 44
(@’

[regularized quantum period p. 15, operator p. 25]
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5. FOUR-DIMENSIONAL FANO MANIFOLDS OF INDEX 3

There are six examples [16-19, 22,24, 25|, which are known as del Pezzo fourfolds:
e a sextic hypersurface FI‘l1 in the weighted projective space P?(14,2, 3);
e a quartic hypersurface FIj in the weighted projective space P?(1%,2);
e a cubic hypersurface FI;1 C P5;
e a complete intersection FI; C P of type (2H) N (2H), where H = Ops(1);
e a complete intersection FI‘51 C Gr(2,5) of type H N H, where H is the hyperplane bundle; and
o FI; = P2 x P2,

The first four examples here are complete intersections in weighted projective spaces. Theorem 2.3 yields:

O (6d)! 5
Grny () = dz Gaeda)

=0
o (4a)
Cris) = 2 Gy
Gru(t) = Z ((z?))é;' 3
d=0 *
Gpra(t) =Y (262)(;1()27(1)!’5%
d=0 ’

For FI2 C Gr(2,5) we use the Abelian/non-Abelian Correspondence, applying Theorem F.1 in [12] with
a=2,b=c=d=e=0. This yields:
Kagas T4+ m)l(l 4+ m)!
Grg(t) = Y0 3 (et L 0

!
l ) DECIE 1—5(m —1)Hy,)
=0 m=

where H,, is the mth harmonic number. For P? x P2, combining Theorem 2.4 with [12, Example G.2]

yields:
> t3l+3m

Gpaype(t) =D Y (i

=0 m=0
X éX LX X éX LX
FI] p.15 p.26 FI; p.15 p.27
FI; p. 15 p.26 FI; p.15 p.27
FI: p.15 p.26 P2 x P2 p.15 p.27

6. FOUR-DIMENSIONAL FANO MANIFOLDS OF INDEX 2
Consider now a four-dimensional Fano manifold with index r = 2 and Picard rank p.

6.1. The Case p = 1. Four-dimensional Fano manifolds with index » = 2 and Picard rank p = 1 have
been classified [38,48], [25, Chapter 5]. Up to deformation, there are 9 examples: the ‘linear unsections’
of smooth three-dimensional Fano manifolds with p = 1, » = 1, and degree at most 144. We compute
the quantum periods of these examples using the constructions in [12, §§8-16], writing V;! for a four-
dimensional Fano manifold with p = 1, r = 2, and degree 16k.

6.1.1. Vit [regularized quantum period p. 16, operator p. 28]
This is a sextic hypersurface in P5(15,3). Proposition D.9 in [12] yields:

_—_ (6a)
Cul) =2 tayay

6.1.2. V. [regularized quantum period p. 16, operator p. 28]
This is a quartic hypersurface in P°. Theorem 2.2 yields:

Gyalt) = E%); 2

d=0
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6.1.3. Vgt [regularized quantum period p. 16, operator p. 28]
This is a complete intersection of type (2H) N (3H) in P®, where H = Ops(1). Theorem 2.2 yields:

d=0 ’

6.1.4. Vgt [regularized quantum period p. 16, operator p. 29]
This is a complete intersection of type (2H) N (2H) N (2H) in P7, where H = Op7(1). Theorem 2.2
yields:

o0 3
Gv4 Z t2d
d=0
6.1.5. Vi. [regularized quantum period p. 16, operator p. 29]

This is a complete intersection in Gr(2,5), cut out by a regular section of O(1) & O(2) where O(1) is
the pullback of O(1) on projective space under the Pliicker embedding. We apply Theorem F.1 in [12]
with a =b =1 and ¢ =d = e = 0. This yields:

L+ m)l(20 + 2m)!
GV4 lz; ZO l+mt2l+2m( + (l'))5((2m$52 ) (1 . 5(m . Z)Hm)

where H,, is the mth harmonic number.

6.1.6. V7. [regularized quantum period p. 16, operator p. 29]

This is the subvariety of Gr(2,5) cut out by a regular section of S* ® det S*, where S is the universal
bundle of subspaces on Gr(2,5). We apply Theorem F.1 in [12] with ¢ =1 and a =b=d = e = 0. This
yields:

Gy (¢ Z Z (—1)rmg2iom (21 Jr(lT'T)L)((l J; 2m)! (1+ (m — 1) (Hopm + 2Hipom — 5H,y))

6.1.7. V4. [regularized quantum period p. 16, operator p. 30]

This is a complete intersection in Gr(2,6), cut out by a regular section of O(1)®* where O(1) is the
pullback of O(1) on projective space under the Pliicker embedding. We apply Theorem F.1 in [12] with
a=4and b=c=d=e=0. This yields:

4
el L+m)!)
Gya (t) = -1 l+mt21+2m((7 1-6(m—-10H,,
V14( ) s mzo( ) (l')ﬁ(m')ﬁ ( (m ) )
6.1.8. Vit. [regularized quantum period p. 16, operator p. 30]

This is the subvariety of Gr(3,6) cut out by a regular section of A2S* @ (det S*)¥?, where S is the
universal bundle of subspaces on Gr(3,6). We apply Theorem F.1 in [12] with a =2, b=c=d =0, and
e = 1. This shows that the quantum period Gy (t) is the coefficient of (p2 — p1)(p3s — p1)(ps — p2) in the
expression:

l+l +l Li+l;
{ J
11=0102=013=0 H 1 k 1( +I€) 1<j k=1

< JI i —pi+ ;- 1)

1<i<5<3
(Since this expression is totally antisymmetric in p1, pa, ps, it is divisible by (pa — p1)(ps — p1)(Ps — P2).)
6.1.9. V. [regularized quantum period p. 16, operator p. 30]
This is the subvariety of Gr(5,7) cut out by a regular section of (S ® det S*) @ det S*, where S is
the universal bundle of subspaces on Gr(5,7). We apply Theorem F.1 in [12] with a = d = 1 and

b= c=e=0. This shows that the quantum period Gy (¢) is the coefficient of H1<1<J<5(p —p;) in the
expression:

[colNe o o e s e o)

D IDIDID I S ESUL ELC) vl ) AR

11=015=013=01,=015=0 1Hk 1(py+k j=1 k=1
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where |l| =11 + 13 + -+ + 5. (As above, antisymmetry implies that the long formula here is divisible by
H1§i<j§5(pj —Di)-)
6.2. The Case p > 1. Four-dimensional Fano manifolds with p > 1 and r = 2 have been classified by

Mukai [37,38] and Wisniewski [49]. There are 18 deformation families, as follows. We denote the kth
such deformation family, as given in [25, Table 12.7], by MW7.

6.2.1. MW7, [regularized quantum period p. 16, operator p. 31]
This is the product P* x Bf. Combining Theorem 2.4 with [12, Example G.1] and [12, §3] yields:
— (6m)! 2042
G t) = grem
ww () £ £ (11)2(m!)3(2m)! (3m)!
6.2.2. MW%. [regularized quantum period p. 16, operator p. 32]
This is the product P* x B3. Combining Theorem 2.4 with [12, Example G.1] and [12, §4] yields:
o N (4m)! 2042
G t) = —~_y2tam
s () L £ (102 (ml)* (2m)!
6.2.3. MWg. [regularized quantum period p. 16, operator p. 33]
This is the product P* x B3. Combining Theorem 2.4 with [12, Example G.1] and [12, §5] yields:
— — _ (3m)! 2042
Gy () = L _g2iAEm
N2 (715
T T (2m)
6.2.4. MW/, [regularized quantum period p. 16, operator p. 34]

This is a double cover of P? x P2, branched over a divisor of bidegree (2,2). Consider the toric variety
F with weight data:
To 1 T2 Yo Y1 Y2 W

1 1 1 0 0 0 1 L
o 0 0o 1 1 1 1 M

and Amp F = (L, L + M). Let X be a member of the linear system |2L + 2M| defined by the equation
w? = f2,2, where fs9 is a bihomogeneous polynomial of degrees 2 in xg, x1, 2 and 2 in yo, Y1, Y2.
Let p: F --» P? x P? be the rational map which sends (contravariantly) the homogeneous co-ordinate
functions [0, 1,2, Y0, y1,y2] on P2 . . x P2 to [x0,21,%2,Y0,Y1,Y2). The restriction of p to X
is a morphism, which exhibits X as a double cover of P? x P? branched over the locus (f22 = 0) C
P2 oy X P2 . Thus X = MW}

Recall the definition of the J-function Jx (¢, z) from [14, equation 11]. Recall from [10] that there is a
Lagrangian cone Lx C H*(X; Ax)®C((271)) that encodes all genus-zero Gromov-Witten invariants of X,
and a Lagrangian cone L, C H*(F; Ap)®@C((271)®C(\) that encodes all genus-zero (e, 2L+2M )-twisted
Gromov—Witten invariants of F. Here Ax and Ap are certain Novikov rings and e is the total Chern
class with parameter A (or, equivalently, e is the S'-equivariant Euler class with respect to an action of
S1 described in [10]; in this case one should regard X\ as the standard generator for the S'-equivariant
cohomology algebra of a point). The J-function Jx is characterised by the fact that Jx(¢t,—z) is the
unique point on Lx of the form —z +¢ + O(z71).

Let p1, p2 € H?(F; Q) denote the first Chern class of L, L+ M respectively and let P, P, € H*(X;Q)
denote the pullbacks of pi, p2 along the inclusion map i: X — F. Let @1, @2 denote the elements of
the Novikov ring Ax that are dual respectively to Py, P>, and note that Ax and Ap are canonically
isomorphic (via 4,). Theorem 22 in [13] implies that:

l m ltl mto k= 2m )\ 2 k — _|_kz
I(ty,t2, N 2) = zetlpl/zetﬂ’z/zz Z Qi Q €™ [[oey (A +2p2 +k2) H]/:—;Lool(pQ D1 )’
1=0 m=0 iy (p1 + k2)® Hk 1 (p2 + kz) e oo (P2 — p1 + k2)3
satisfies I(t1,t2, A\, —2) € L. Theorem 1.1 in [10] gives that Z*'Ce’A:o C Lx, and therefore that:
i*l<t17t2,0, —Z) € Lx

Since the hypersurface X misses the locus y; = y2 = y3 = 0 in F, we have that i*(ps — p1)® = 0. Thus:

m m k= 2m
i*](tl ts,0 Z) — Zet1P1/zet2P2/zZ Z QlQ elt1gmta H (2P2 —|—kz) 1
1=0 m=1 k1pl+k) “V(P+k2) kml(P27P1+kz)
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In particular, i*I(t1,t2,0, —z) has the form —z + ¢, Py + t2 P, + O(27!) and, from the characterisation of
Jx discussed above, we conclude that Jx (t1.P1 + taPa, —z) = *I(t1, 2,0, —2).

To extract the quantum period Gx from the J-function Jx (t1 Py + t2Ps, z) we take the component
along the unit class 1 € H*(X;Q), set z =1, set t; = to = 0, and set Q; = 1, Q2 = 2, obtaining:

o 1 (2m)! 2
G t) = tm
ww (1) i ; A3ml((m — )3
6.2.5. MWg. [regularized quantum period p. 16, operator p. 34]
This is a divisor on P? x P? of bidegree (1,2). Theorem 2.2 yields:
o~ (LF2m)! o
Gy () = S LgElaEm
MW gl mz::o (1N3(m!)*
6.2.6. MW%. [regularized quantum period p. 16, operator p. 35]

This is the product P* x Bj. Combining Theorem 2.4 with [12, Example G.1] and [12, §6] yields:
_ — (2m)!(2m)! 204+2m
Gy (t) = ;mz::o GECHE
6.2.7. MW‘%. [regularized quantum period p. 16, operator p. 36]
This is a complete intersection of two divisors in P3 x P3, each of bidegree (1,1). Theorem 2.2 yields:

o~ (L+m)!l(l+ m)!t2l+2m

GMW‘; (t) = (14 (m!)*

=0 m=0

6.2.8. MWé. [regularized quantum period p. 16, operator p. 36]
This is a divisor on P? x Q3 of bidegree (1,1). Theorem 2.2 yields:

o (L m)2m)! g,
G t) = A U g2lA2m
MW%( ) e o (l')3(m')5
6.2.9. MWg. [regularized quantum period p. 16, operator p. 37]

This is the product P! x B3. Combining Theorem 2.4 with [12, Example G.1] and [12, §7] yields:

[o oRENNe e BlNe o]

3
GMW‘é (t) — Z Z Z(_l)m+nt2l+2m+2nm(l _ 5(n _ m)Hn)

=0 m=0n=0

6.2.10. MW%O. [regularized quantum period p. 16, operator p. 3§]
This is the blow-up of the quadric Q* along a conic that is not contained in a plane lying in Q*.
Consider the toric variety F' with weight data:
Sop S1  S2 T r3 T4 Iy

111 -1 0 0O O L
o o o0 1 1 1 1 M

and Amp F = (L, M). The morphism F — P? that sends (contravariantly) the homogeneous co-ordinate
functions [xg,x1,...,25] to [xsg, Ts1, 82,23, 24, 75] blows up the plane Il = (zg = x; = x5 = 0) in P5.
Thus a general member of [2M| on F is the blow-up of Q* with centre a conic on II. In other words, a
general member of [2M| on F is MW7,. We have:

e —Kp =2L+4M is ample, so that F'is a Fano variety;

. MVV‘ll0 ~ 2M is ample;

o —(Krp+2M) ~ 2L+ 2M is ample.
Theorem 2.2 yields:

oo

= 2m)! 2tam
Chaws, ()= D (l!)S(W(L - l))!(m!)3t "

=0 m=l
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6.2.11. MW7{,. [regularized quantum period p. 16, operator p. 38]
This is the projective bundle Pps(£Y), where & — P2 is the null-correlation bundle of Szurek—
Wisniewski [47].
Remark 6.1. For us P(E) denotes the projective bundle of lines in E, whereas in Szurek—Wisniewski
and Iskovskikh—Prokhorov, P(E) denotes the projective bundle of one-dimensional quotients. With our
conventions, if 7: P(E) — X is a projective bundle then E* = 7,Opg)(1), and so a regular section
s € I'(P(E), Op(g)(1)) vanishes on P(F*) C P(E), where the vector bundle F — X is the cokernel of
S: OJP’(E) — B,

Proposition 6.2. Let V = C*, so that P(V) = P3. Consider the partial flag manifold Fly (V') and the
natural projections

(4) % K

P(V) Gr(2,V)

Let |L| denote the linear system defined by O(1) for the projective bundle p1. Then a general element of
|L| is P(EY), where & — P(V) is the null-correlation bundle.

Proof. The null-correlation bundle has rank 2, and so the perfect pairing £ ® &€ — det £ gives canonical
isomorphisms £ = £ ® (det £)~! and P(£Y) = P(£). There is an exact sequence:

OHS(—].) HT}P(V)(_2) O[p(v) 0

and the map s*: Tpy)(—2) — Op(y) therein defines a section s € T'(P(Tp(v(—2)), OP(TP(V)(_Q))(I)). The
construction in Remark 6.1 now exhibits P(£(—1)) = P(€) as the locus (s = 0) in P(Tp(y)(—2)). We will
identify P(Tp(y)(—2)) with the partial flag manifold F1; o(V').

For a vector bundle F — X of rank 3, the perfect pairing F ® A2F — detF gives a canonical
isomorphism F* 2 (A2F) ® (det F)~'. Applying this with 7 — X equal to Qp)(2) = P(V) gives:

Tpvy(—2) = Q3 1(2)

where Q]%(V) := A?Qp(vy. We thus need to identify ]P’(Q]%(V) (2)) with Fly »(V).

The Pliicker embedding Gr(2,V) — IP’( A? V) maps a subspace W € Gr(2,V) to the antisymmetric
linear map Ly : V* — V, well-defined up to scale, given by:

Lw (f) = fwi)wz — f(w2)ws
where {wy,ws} is a basis for W. The kernel of Ly is the annihilator W+ c V*. If f ¢ W+ then
(Lw(f)) = ker f N W; this implies in particular that rk Ly = 2. Thus the image of the Pliicker
embedding consists of (the lines spanned by) antisymmetric linear maps Ly : V* — V of rank 2, and one
can recover W € Gr(2,V) from its image (Ly ) by taking the annihilator of the kernel:
W = (ker LW) +

There is a canonical isomorphism Ann: Gr(2,V) — Gr(2, V*) which maps W € Gr(2,V) to W+.

Recall that our goal is to identify P(QJ%(V)(Q)) with Fly (V). Let ¢ : P(QJ%(V)(Q)) — P(V) denote the
projection. The Euler sequence:

0 —— Qpy) —=m*V*(-1) Op(v) 0
gives, via [21, II, Exercise 5.16]:
0 Q3

(V) 71'*( /\2 V*)(—Q) — QIP(V) —0

and thus:
(5) 0—— QIQP,(V)(Q) —— 1 (A2 V*) ——= 1 V*(1) — Op1)(2) —=0

This defines a map f: P(QFy(2)) — P(A? V*). Consider the fiber of the sequence (5) over [v] € P(V).
The map 7*( A% V*) — 7*V*(1) here is given by contraction with v, and so non-zero elements of the
kernel are antisymmetric linear maps V' — V* of rank 2. (They are antisymmetric, hence have rank
0, 2, or 4; they are non-zero, hence are not of rank 0; and they have the non-zero element v in their
kernel, hence are not of rank 4.) In particular, we see that the image of f lies in Gr(2,V*) C P( A2 V*).
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Given [z] € (pr(v)( )), write Wi,; C V* for the linear subspace defined by f([z]). Suppose that

x] € P(Q? lies over [v] € P(V). Then, applying the discussion in the previous paragraph but
vy (2

with V there replaced by V*, we see that v € W[i;]. Thus, writing ¢ : IP’(QIZP(V)@)) — Gr(2,V) for the

composition

(02, (2) ——> Gr(2, V) 22 Gr(2, V)
we have that ¢1([z]) C ¢2([z]), i.e., that the diagram:
92 (
Gr(2,V)

coincides with the diagram (4). This identifies ]P’(Q%,,(V)( )) with the partial flag manifold Fl; (V'), and
exhibits P(£Y) as an element of the linear system |L| as claimed. O

Abelianization: To compute the quantum period, we use the Abelian/non-Abelian Correspondence of
Ciocan-Fontanine-Kim—Sabbah, as in [12, §39]. Consider the situation as in §3.1 of [9] with:

e X =C'0 regarded as the space of pairs:
{(v,w) : v € C? is a row vector, w is a 2 x 4 complex matrix}
G = C* x GLy(C), acting on X as:

(A 9): (v,w) = (g™, gu)
T = (C*)3, the diagonal subtorus in G;
the group that is denoted by S in [9] set equal to the trivial group;
V equal to the representation of G given by the determinant of the standard representation of
the second factor GL3(C).

Then X /G is the partial flag manifold F1 = F1; 5(C*), whereas X /T is the toric variety with weight data:

11110000 -1 0 I
0000T1T1 11 0 -1 I
0000O0ODOGO0O 1 1 H

and Amp = (L1, Lo, H); that is, X//T is the projective bundle P(O(—1,0) & O(0,—1)) over P3 x P3.
The non-trivial element of the Weyl group W = Z/2Z exchanges the two factors of P3 x P3. The
representation V induces the line bundle Vg = L over X /G = Fl, where L was defined in the statement
of Proposition 6.2, whereas the representation V induces the line bundle Vp = Ly + Ly over X//T.

The Abelian/non-Abelian Correspondence: Let pi, po, and p3 € H?(X//T;Q) denote the first
Chern classes of the line bundles L;, Lo, and H respectively. We fix a lift of H*(X/G;Q) to H*(X//T,Q)"
in the sense of [9, §3]; there are many possible choices for such a lift, and the precise choice made will be
unimportant in what follows. The lift allows us to regard H®*(X//G;Q) as a subspace of H*(X JT,Q)V
which maps isomorphically to the Weyl-anti-invariant part H*(X/T,Q)* of H*(X /T, Q) via:

HY(X)T,QV —2272  pe(x T, Q)

We compute the quantum period of MW%l C X//G by computing the J-function of F1 = X /G twisted, in
the sense of [14], by the Euler class and the bundle Vg, using the Abelian/non-Abelian Correspondence.

Our first step is to compute the J-function of X /T twisted by the Euler class and the bundle V. As
in [12, §D.1] and as in [9], consider the bundles Vr and Vg equipped with the canonical C*-action that
rotates fibers and acts trivially on the base. Recall the definition of the twisted J-function Je v, of X /T
from [12, §D.1]. We will compute Je y,. using the Quantum Lefschetz theorem; Je v, is the restriction to
the locus 7 € HY(X)T) & H*(X//T) of what was denoted by JgTXCX (7) in [9]. The toric variety X /T is
Fano, so Theorem C.1 in [12] gives:

k=0 k=0
/z Z QL QrQrelTiemTzems h——ooP3 — D1+ kz [[;Z_ o ps —p2+ k2

k=n—m

k=l k= k=n—1
oo Liz1 (o1 + k) TT 2y (02 + k) [T o ps — p1 + k2 [, 200 ps — p2 + k2

Jxyr(t) =¢€"
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where 7 = T1p1 + Tap2 + T3p3 and we have identified the group ring Q[Ho(X/T;Z)] with Q[Q1, Q2, Qs3]

via the Q-linear map that sends Q” to Q%ﬁ’pﬁQéﬁ’pQ)Qéﬁ’pw. The line bundles L1, Lo, and H are nef,
and ¢1(X)T) — c1(Vr) is ample, so Theorem D.3 in [12] gives:

oo oo 0o k=l+m
_ A+p+pe+kz
Jevn () =30 33 QlQpayenenmen s TO T p i k)
1=0 m=0n=0 w1 (01 + k)AL (D2 + k2)
k= k=
e D3 —P1+kz [T o ps — P2+ k2
k=n—I1

k=n—
i b3 — 1+ k2 [ 2" ps —p2 + k2

Consider now F1 = X//G and a point ¢t € H*(F1). Recall that F1 = P(S) is the projectivization
of the universal bundle S of subspaces on Gr := Gr(2,4). Let ¢ € H?(F1;Q) be the pullback to FI
(under the projection map py: Fl1 — Gr) of the ample generator of H2(Gr), and let eo € H2(F1;Q) be
the first Chern class of Opg)(1). Identify the group ring Q[H2(F1;Z)] with Q[q1, ¢2] via the Q-linear

map which sends Q” to qﬁﬁ’q)qéﬁ’m. In [9, §6.1] the authors consider the lift jgcxcx (t) of their twisted

J-function JEGX(CX (t) determined by a choice of lift H*(X/G;Q) — H*(XT,Q)". We restrict to the
locus t € HY(X/G; Q) & H*(X)/G;Q), considering the lift:

Jeve (t) = J3XC (1) t e H'(X//G;Q) & HX(X//G;Q)

of our twisted J-function Je v, determined by our choice of lift H*(X/G;Q) — H*(X/T,Q)". Theo-
rems 4.1.1 and 6.1.2 in [9] imply that:

J ) U (p2 — :[ 2 28], }
T R [ Lt KN

for some function ¢ : H2(X//G;Q) — H*(X//G; Ag). Setting t = 0 gives:

oo oo 0o k=Il4+m
= —1 (A p1rt+p2tk2)
Jeve (9(0)) U (p2 — p1) = (~D)H gty e 7
1=0 m=0n=0 w1 (1 k)2 (p2 + k2)
k= k=
Hk:goo p3 —p1+ kz Hk:goo p3 —Dp2 + kz

k=n—1 (p2 —p1+ (m—1)z)

b e ps =P+ k2 [T ps = pa + k2
For symmetry reasons the right-hand side here is divisible by py — p1; it takes the form:
(p2 = p)(1+0(="2)
whereas:
Jevo (9(0) U (52 = p1) = (52— p1) (14 9(0)271 + O(=2))
We conclude that ¢(0) = 0. Thus:

oo oo oo k=Il4+m
7 —1 (A p14po+kz)
(6) Jewa(0)U(p2—p1) = (—1)y+mgitmgy _Lh=t i
: EpIpS =L 421 [T 0+
k=0

k=
ke—ooP3 — D1+ kz szo,oo p3 —p2 +kz

Zj_l;l, p3 —p1+ kz Hijﬁ;ﬂ p3 — p2 + kz

To extract the quantum period GMW%1 from the twisted J-function Je v, (0), we proceed as in
[12, Example D.8]: we take the non-equivariant limit, extract the component along the unit class
1€ H*(X)G;Q), set z =1, and set Q° = t/%~5) where K = Kypws, . Thus we consider the right-hand

side of (6), take the non-equivariant limit, extract the coefficient of po —p1, set z = 1, and set g1 = go = 2t,
obtaining:

(p2 — D + (m — l)Z)

_Oo - - my204+2m+2n (I +m)!
Griws, (1) —;%n_mg(l’m)(_lw (2Aremt (l!)4(m!)4(n_l)!(n_m)!(1+(m—l)(Hn_m—4Hm))

0o co m—1

n maon U+ m)(m —n—1)!
+Z Z Z(_l)H- t2l+2 +2 (l')4(m')4(n_l)' (m—l)

=0 m=Il+1 n=l
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Remark 6.3. The quantum period of IP’(QI%(V)( )) can also be computed using Strangeway’s reconstruc-
tion theorem for the quantum cohomology of Fano bundles [46, Theorem 1]. Thus the quantum period
of MW{, can be derived from this result together with the Quantum Lefschetz theorem. The Gromov—
Witten invariants required as input to the reconstruction theorem can be computed via [46, Lemma 1],
using Schubert calculus on Gr(2,4) and intersection numbers in P3.

6.2.12. MW1,. [regularized quantum period p. 16, operator p. 39]
This is the blow-up of the quadric Q* along a line. Consider the toric variety F with weight data:
So S1 S22 S3 X T4 Ts

11 1 1 -1 0 O L
o 0 o 0o 1 1 1 M

and Amp F = (L, M). The morphism F — P? that sends (contravariantly) the homogeneous co-ordinate
functions [z, x1,...,25] to [xsg,zs1, xS2, 783,74, x5] blows up the line (zg = x; = x5 = 3 = 0) in P,
and MW7, is the proper transform of a quadric containing this line. Thus MW7, is a member of |L + M|
in the toric variety F. We have:

e —Kp = 3L+ 3M is ample, so that I is a Fano variety;
e MW}, ~ L+ M is ample;
e —(Kp+L+M)~2L+2M is ample.

Theorem 2.2 yields:

() = N ((+m)! 20+2m
Gt © = 2 2 (5t — 1102

6.2.13. MW%3. [regularized quantum period p. 16, operator p. 40]
This is the projective bundle Pgs ((9(1) ® C’)) or, equivalently, a member of |2L| in the toric variety F
with weight data:
o X1 T2 XT3 T4 U v

11 1 1 1 0 -1 L
o 0 0 0 01 1 M

and Amp F = (L, M). We have:

e —Kp =4L+ 2M is ample, that is F' is a Fano variety;

e MWi; ~ 2L is nef;

o —(Krp+2L)~2L+2M is ample.
The projection [Tg : T : To : T3 : X4 : X5 :w: V] — [To: Ty : Ta: X3 : g : x5] exhibits F as the scroll
Ppa (O(1) ® O) over P*, and passing to a member of [2L| restricts this scroll to @* C P*. Theorem 2.2

yields:
o0 o0
2l+2m
Gaw, (t) ZZ D) Sml — ! mim =1t
1= l

6.2.14. MW‘IL4. [regularized quantum period p. 16, operator p. 40]
This is the product P! x P3. Combining Theorem 2.4 with [12, Example G.1] and [12, §1] yields:

t2l+4m
G, (0= Z
=0 m= 0
6.2.15. MW%. [regularized quantum period p. 16, operator p. 41]

This is the projective bundle Pps (O(1) @ O(—1)), or in other words, the toric variety with weight data:
To X1 T2 T3 uU U

1 1 1 1 0 -2 L
o 0 0o o1 1 M

and Amp F' = (L, M). Theorem 2.1 yields:

x> t2l+2m

Guw, (t) Z Z (*m!(m — 20)!

=0 m= 21
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6.2.16. MW%G. [regularized quantum period p. 16, operator p. 42]
This is the product P* x W3, where W3 C P? x P? is a divisor of bidegree (1,1). Theorem 2.2 yields:

[o ol o llNe o]

GMW4 ZZ Z ll m+n ) t21+2m+2"

lOmOnO

6.2.17. MW%T [regularized quantum period p. 16, operator p. 43]
This is the product P! x B2, where B2 is the blow-up of P? at a point. Note that B3 is the projective
bundle Pp2 (O ® O(—1)). Tt follows that MW7, is the toric variety with weight data:

o 1 Yo Y1 Y2 u v

1 1.0 0 00 0 L
o 0o 1 1 1 0 -1 M
o 0 0 0 01 1 N
and Amp F' = (L, M, N). Theorem 2.1 yields:
oo t2l+2m+2n

Guw, (¢ ZZZ M2(mN)3nl(n —m)!

lOmOnm

6.2.18. MW%& [regularized quantum period p. 16, operator p. 44]
This is the product P! x P! x P! x PL. Combining Theorem 2.4 with [12, Example G.1] yields:
o0 0 0 X t2k+2l+2m+2n

Guwi, ()= > > (KN2(1N2(m!)2(n!)2

k=0 l=0 m=0n= 0
7. FOUR-DIMENSIONAL FANO TORIC MANIFOLDS

Four-dimensional Fano toric manifolds were classified by Batyrev [2] and Sato [41]. @bro classified
Fano toric manifolds in dimensions 2-8 [39] and, to standardise notation, we will write B@S}, for the kth
four-dimensional Fano toric manifold in @bro’s list. B@Si is the (23 4+ k)th Fano toric manifold in the
Graded Ring Database [6], as the list there is the concatenation of @bro’s lists in dimensions 2-8. We
can compute the quantum periods of the B@Si using Theorem 2.1; the first few Taylor coefficients of
their regularized quantum periods can be found in the tables in the Appendix.

8. PRODUCT MANIFOLDS AND OTHER INDEX 1 EXAMPLES

Quantum periods for one-, two- and three-dimensional Fano manifolds were computed in [12]. Com-
bining these results with Theorem 2.4 allows us to compute the quantum period of any four-dimensional
Fano manifold that is a product of lower-dimensional manifolds. Many of these examples have Fano index
r=1.

In his thesis [45], Strangeway determined the quantum periods of two four-dimensional Fano manifolds
of index r = 1 that have not yet been discussed. These manifolds arise as complete intersections in the
9-dimensional projective bundle F' = ]P’(QI%M(Q)). Let 7: F — P* denote the canonical projection, let
p € H%(F) be the first Chern class of 7*Ops(1), and let & € H?(F) be the first Chern class of the
tautological bundle Op(1). The manifold F is Fano of Picard rank 2, with nef cone generated by {¢, p}
and —Kp = 6£ + 2p. Let:

Str; C F denote a complete intersection of five divisors of type &

Stro C F' denote a complete intersection of four divisors of type £ and a divisor of type p
We consider also:

Strg C F, a complete intersection of four divisors of type £ and a divisor of type £ + p

which was unaccountably omitted from [45].

The manifolds Strg, k& € {1,2,3}, each have Picard rank two. To see this, observe that the ambient
manifold F is the blow-up of PY along Gr(2,5), where Gr(2,5) — PY is the Pliicker embedding [46]; the
blow-up F — PY and the projection 7: F — P* are the extremal contractions corresponding to the two
extremal rays in NE(F). Thus Str; is the blow-up of P* along an elliptic curve E5 C P* of degree 5.
Consider the five-dimensional Fano manifold F5 given by the complete intersection of four divisors of
type £ in F. Then Fj is the blow-up of P° along a del Pezzo surface S5 of degree 5; in particular, Fj
has Picard rank two. Strz is an ample divisor (of type £ + p) in F5, so the Picard rank of Strs is also
two. The manifold Strs is a divisor in Fj of type p, and F} arises as the closure of the graph of the map
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P> — P* given by the 5-dimensional linear system of quadrics passing through Ss. This exhibits Stry as
the blow-up of a smooth four-dimensional quadric Q* along S5, which implies that the Picard rank of
Stry is two.

We can compute the quantum periods of Stry, k& € {1, 2,3}, by observing that a complete intersection
in F of five divisors of type £ and one divisor of type p is a three-dimensional Fano manifold MM%,N,
‘unsectioning’ to compute the quantum period for F'; and then applying the quantum Lefschetz theorem
to compute the quantum periods for Stry, Stra, and Strs. Recall the definition of the J-function Jx (¢, 2)
from [14, equation 11]. The identity component of the J-function of MMj_,, is:

I+ )1+ 03) (e + 1)1y + 1o + 13)!

(0 e 3 (e O et (1 (2= 0, —470)

l1,l2,13>0

where q1, g2 are generators of the Novikov ring for MM%,N dual respectively to £ and p; see [12, §34].
The identity component of the J-function of F' takes the form:

—6l—2m l m
E E Clm q1492

=0 m=0
for some coefficients ¢; ,, € Q. The Quantum Lefschetz theorem implies (cf. [12, §D.1]) that the identity
component of the J-function of MM3 ,; is equal to:

o0 oo
(8) e C1,091C0,192 Z Z (l!)‘r’m!ch —i- mqllq;n

=0 m=0
and it is known that ¢ o = 1 and ¢o.1 = 0 [46, §5.1]. Equating (7) and (8) determines the ¢ ,:

(m+1—i-— i+m— m+1— )
ZZ o (1 (21 iy~ 48)

The Quantum Lefschetz theorem now gives that:

GStr1 _ —t Z Z l' tl+2m

0 m=0

21
GStr2 Z Z m! crmt +m
1=

Gsrs (t) =€ i i (I +m) gt ™™

9. NUMERICAL CALCULATIONS OF QUANTUM DIFFERENTIAL OPERATORS

As discussed in §2, the regularized quantum period G x (t) of a Fano manifold X satisfies a differential
equation:
R k=N
(9) LxGx =0 Lx =Y pi(t)D

called the regularized quantum differential equation. Here the p,, are polynomials and D = t%. The
regularized quantum differential equation for X coincides with the (unregularized) quantum differential
equation for an anticanonical Calabi-Yau manifold Y C X; the study of the regularized quantum period
from this point of view was pioneered by Batyrev—Ciocan-Fontanine-Kim—van Straten [3,4]. The differ-
ential equation (9) is expected to be Fuchsian, and the local system of solutions to Lx f = 0 is expected
to be of low ramification in the following sense.

Definition 9.1 ([11]). Let S C P! a finite set, and V — P!\ S a local system. Fix a basepoint x € P\ S.
For s € S, choose a small loop that winds once anticlockwise around s and connect it to = via a path,
thereby making a loop 75 about s based at x. Let Ts: V, — V, denote the monodromy of V along ~s.

The ramification of V is:
=3 dim (V./v")

ses
The ramification defect of V is the quantity rf(V) — 2rk(V). Non-trivial irreducible local systems V —
P! \ S have non-negative ramification defect; this gives a lower bound for the ramification of V. A local
system of ramification defect zero is called extremal.
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Definition 9.2. The ramification (respectively ramification defect) of a differential operator Ly is the
ramification (respectively ramification defect) of the local system of solutions Lx f = 0.

Definition 9.3. The quantum differential operator for a Fano manifold X is the operator Lx € Q[t](D)
such that LxGx = 0 which is of lowest order in D and, among all such operators of this order, is of
lowest degree in ¢t. (This defines Lx only up to an overall scalar factor, but this suffices for our purposes.)

Suppose that each of the polynomials pg,...,py are of degree at most r, and write:
k=N T
LX = Z pk(t)Dk pk(t) = Zakltl
k=0 1=0

The differential equation L XCA;' x = 0 gives a system of linear equations for the coefficients ay; which,
given sufficiently many terms of the Taylor expansion of G x, becomes over-determined. Given a priori
bounds on N and r, therefore, we could compute the quantum differential operator Lx by calculating
sufficiently many terms in the Taylor expansion. In general we do not have such bounds, but nonetheless
by ensuring the linear system for (ay;) is highly over-determined we can be reasonably confident that the
operator Lx which we compute is correct. In addition, since Lx is expected to correspond under mirror
symmetry to a Picard—Fuchs differential equation for the mirror family, L x is expected to be of Fuchsian
type. This is an extremely delicate condition on the coefficients (ax;), and it can be checked by exact
computation.

We computed candidate quantum differential operators L x for all four-dimensional Fano manifolds of
Fano index r > 1, and checked the Fuchsian condition in each case. The operators Lx, together with
their ramification defects and the log-monodromy data {logTs : s € S} in Jordan normal form, can be
found in Appendix B. In 24 cases, the local system of solutions to the regularized quantum differential
equation is extremal, and in the remaining 11 cases it is of ramification defect 1.

To compute the ramification of Lx, we follow Kedlaya [28, §7.3]. This involves only linear algebra
over a splitting field for py(t)—recall that every singular point of Lx occurs at a root of py(t)—and
thus can be implemented using exact (not numerical) computer algebra. For this we use Steel’s symbolic
implementation of Q in the computational algebra system Magma [5,44].

The Situation in Lower Dimensions. The classification of 3-dimensional Fano manifolds is known [22—-
24, 32-36], and the quantum periods of all 3-dimensional Fano manifolds have been computed [12]. In
each case the regularized quantum differential equation (9) is extremal, and coincides with the Picard—
Fuchs differential equation associated to a Laurent polynomial f: (C*)3 — C in three variables'. This
latter phenomenon is a manifestation of Mirror Symmetry, and when it occurs then we say that the
Laurent polynomial f is a mirror to the corresponding Fano manifold X. The classification of two-
dimensional Fano manifolds, which are called del Pezzo surfaces, is classical, and it was proved in [1]
that del Pezzo surfaces correspond under Mirror Symmetry to a distinguished family of Laurent poly-
nomials in two variables called maximally mutable Laurent polynomials. This mirror correspondence
extends to two-dimensional Fano orbifolds too [1,7,40], and this inspired the classification of del Pezzo
surfaces with %(1, 1) singularities by Corti-Heuberger [15,26]. Kasprzyk and Tveiten have defined what
it means for a Laurent polynomial in any number of variables to be maximally mutable [27], and each
of the 3-dimensional Fano manifolds corresponds under mirror symmetry to a maximally mutable Lau-
rent polynomial in three variables. It would be very interesting to find out whether the correspondence
between maximally mutable Laurent polynomials and Fano manifolds (or, more precisely, Fano varieties
with an appropriate class of mild singularities) persists to higher dimensions. Furthermore Golyshev has
observed a connection, which holds in low dimensions, between the ramification defect of the regularized
quantum differential operator Lx of a Fano manifold X and the dimension of the primitive part of the
middle-dimensional cohomology of X. The regularized quantum differential operators for 3-dimensional
Fano manifolds are all extremal, which is consistent with the fact that this primitive part automati-
cally vanishes in odd dimensions. It will be interesting to see how much of this picture persists beyond
dimension 3.

Source Code. This paper is accompanied by full source code, written in Magma. See the included file
README. txt for usage instructions. The source code, but not the text of this paper, is released under a
Creative Commons CCO license [8]: see the included file COPYING.txt for details. If you make use of the
source code in an academic or commercial context, you should acknowledge this by including a reference
or citation to this paper.

IThe proof of extremality involves applying the generalized Griffiths—Dwork algorithm of Lairez [31] to f.
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APPENDIX A. REGULARIZED QUANTUM PERIOD SEQUENCES

In this Appendix we record the description, degree, and Picard rank px for each of the four-dimensional
Fano manifolds X considered in this paper, together with the first few Taylor coefficients «ay of the
regularized quantum period:

Gx(t) = aqt?

d=0

The tables are divided by Fano index . We include only coefficients oy with d = 0 mod 7, since coefficients
ag with d #Z 0 mod r are zero. Notation is as follows:

P™ denotes n-dimensional complex projective space;

Q" denotes a quadric hypersurface in P*+1;

FI} is as in §5 above;

Vi is as in §6.1 above;

MW7} is as in §6.2 above;

BOS; is as in §7 above;

Stry is as in §8 above;

S? denotes the del Pezzo surface of degree k;

Fy denotes the Hirzebruch surface P(Opi(—1) & Op1 );

Vk?’ denotes the three-dimensional Fano manifold of Picard rank 1, Fano index 1, and degree k;
Bi’ denotes the three-dimensional Fano manifold of Picard rank 1, Fano index 2, and degree 8k;
MM}‘?H~C denotes the kth entry in the Mori-Mukai list of three-dimensional Fano manifolds of
Picard rank p [32-36]. We use the the ordering as in [12], which agrees with the original papers
of Mori-Mukai except when p = 4.

We prefer to express manifolds as products of lower-dimensional manifolds where possible, so for example
BOS1,, is the product P! x P3, but we refer to this space as P! x P? rather than BOS;,,. The tables for
Fano index r with r € {2,3,4,5} are complete. The table for » = 1 is very far from complete.

Table 1: Four-dimensional Fano manifolds with Fano index r = 5

X (-Kx)* px a as a9 a1s Q20
P4 625 1 1 120 113400 168168000 305540235000

Table 2: Four-dimensional Fano manifolds with Fano index r = 4

X (—=Kx)* px ap as oz 12 16
Q4 512 1 1 48 15120 7392000 4414410000

Table 3: Four-dimensional Fano manifolds with Fano index r = 3

X (-Kx)* px a as Qg Qg 12

P2 x P2 486 2 1 12 900 94080 11988900
FI? 405 1 1 18 1710 246960 43347150
Fli 324 1 1 24 3240 672000 169785000
FI§ 243 1 1 36 8100 2822400 1200622500
FI;1 162 1 1 72 37800 31046400 31216185000
FIZl1 81 1 1 360 1247400 6861254400 46381007673000




16 COATES, GALKIN, KASPRZYK, AND STRANGEWAY

Table 4: Four-dimensional Fano manifolds with Fano index r = 2

X (-Kx)* px o o Qy agp as
MWi5 640 2 1 2 6 380 6790
P! x P3 512 2 1 2 30 740 12670
MW1, 480 2 1 2 54 740 21910
MW3, 416 2 1 2 54 1100 28630
P! x MM3 55 448 3 1 4 60 1480 41020
MW, 384 2 1 4 84 2200 70420
MW1, 352 2 1 4 84 2560 87220
MW3 320 2 1 4 108 3280 126700
P! x MM3 5, 384 3 1 6 114 3300 114450
MWg 320 2 1 6 138 4740 194250
Vi 288 1 1 6 162 6180 284130
MW; 256 2 1 6 186 7980 410970
P' x P! x P! x P! 384 4 1 8 168 5120 190120
P! x B3 320 2 1 8 192 6920 303520
Vi 256 1 1 8 240 10880 597520
VE 224 1 1 8 28 15200 968800
MW} 192 2 1 8 360 22400 1695400
P! x B} 256 2 1 10 318 15220 886270
Vb 192 1 1 10 438 28900 2310070
Vib 160 1 1 12 684 58800 6129900
P! x B} 192 2 1 14 690 50900 4540690
Vit 128 1 1 16 129 160000 24010000
Vet 96 1 1 24 3240 672000 169785000
P! x B3 128 2 1 26 2814 447380 84832510
1% 64 1 1 48 15120 7392000 4414410000
P! x B3 64 2 1 122 84606 84187220 98308169470
Vit 32 1 1 240 498960 1633632000 6558930378000




Table 5: Certain four-dimensional Fano manifolds with Fano index r = 1

X (-Kx)* px ap o o o3 oy s o6 o
BOS} ;5 512 2 1 0 0 0 24 120 0 0
BOS;, 594 2 1 0 0 6 0 0 90 1260
BOS s 513 2 1 0 0 6 0 120 90 0
BOS}; 45 3 1 0 0 6 0 120 90 1260
B(OS; 513 2 1 0 0 6 24 0 90 2520
BOS,, 459 3.1 0 0 6 24 120 90 1260
BOS;; a7 3 1 0 0 6 24 120 90 2520
BOS7, 486 3.1 0 0 6 48 0 90 2520
B()Sgs 405 31 0 0 6 48 120 90 2520
BOS] ., 401 3.1 0 0 12 0 120 900 0
BOSiq 406 31 0 0 12 24 0 900 3780
BOSg; 364 4 1 0 0 12 24 120 900 3780
B()S3, 322 4 1 0 0 12 24 240 900 5040
B(S3, 327 4 1 0 0 12 48 120 900 7560
B(Ss, 249 5 1 0 0 18 72 360 2430 18900

Stry 225 2 1 0 0 30 120 240 5850 50400
BOS, 800 2 1 0 2 0 6 0 20 840
BOS| 605 3.1 0 2 0 6 0 380 840
B(OST, 560 3 1 0 2 0 6 60 380 840

BOS1,, 544 2 1 0 2 0 6 120 20 2520
BOS s 489 3.1 0 2 0 6 120 380 2520
BOSg 529 31 0 2 0 30 60 380 840
B(OSY, 496 4 1 0 2 0 30 60 740 840
B?S1 464 3 1 0 2 0 30 120 380 2520
BOS}o4 431 3.1 0 2 0 30 120 740 2520
BOS}; 433 4 1 0 2 0 30 180 380 3360
BOST, 415 4 1 0 2 0 30 180 740 3360
B(S, 576 3.1 0 2 6 6 60 110 1680
B(?Sy 560 3 1 0 2 6 6 60 470 420
B(S; 592 3.1 0 2 6 6 120 110 1260
BOS5, 400 3 1 0 2 6 6 120 830 2520

Continued on next page.
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Continued from previous page.

X (—Kx)* px a o s o3 oy s g o7
BOST 48 3 1 0 2 6 6 180 110 2940
B(S,, 42 4 1 0 2 6 6 180 470 2940
BOS o 49 3 1 0 2 6 30 60 470 2940
BOS;; 432 3 1 0 2 6 30 60 830 2940
BOS), 433 3 1 0 2 6 30 120 470 3780
B(OS; 463 4 1 0 2 6 30 120 470 3780

P!xMM3 ., 432 3 1 0 2 6 30 120 830 2520
BOSg, 232 4 1 0 2 6 30 180 470 4200
BOS 5 400 3 1 0 2 6 30 180 470 5460
BOSg, 384 4 1 0 2 6 30 180 830 5460
B(OS7, 411 4 1 0 2 6 30 240 470 5040
BOSig 337 4 1 0 2 6 30 240 1190 7560
BOS:, 64 4 1 0 2 6 54 60 830 2940
BOSy, 390 4 1 0 2 6 54 120 1190 3780
B(?Sq, 38 4 1 0 2 6 54 180 830 5460
BOST, 368 4 1 0 2 6 54 180 830 5880
BOSg, 357 4 1 0 2 6 54 240 1190 6300
P2 x Fy 432 3 1 0 2 12 6 180 920 1680
P! x @3 432 2 1 0 2 12 6 240 560 2520
BOS,; 47 4 1 0 2 12 6 240 560 3360
B(Sg, 448 4 1 0 2 12 30 120 920 4620
B(0Sgg 389 4 1 0 2 12 30 180 1280 5460
BOS;; 369 4 1 0 2 12 30 180 1280 5460

P! xMM; 4 368 3 1 0 2 12 30 240 1280 5040
B()Sy, 347 4 1 0 2 12 30 300 1280 7980
B(Sgs 32 4 1 0 2 12 54 240 1280 9660
BOS), 3260 4 1 0 2 12 54 240 1640 10080
BOSs, 480 4 1 0 2 18 6 180 1370 1260

P!xMMj . 320 3 1 0 2 18 30 360 2090 7560
B(OS7, 352 4 1 0 2 18 54 180 2090 11340

Stry 20 2 1 0 2 30 54 600 6590 26040
P! x MMJ 56 496 3 1 0 4 0 36 60 400 3360

Continued on next page.
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X (—Kx)* px a o o o3 oy s Qg ar

B(OSy, 464 3 1 0 4 0 36 120 400 5040
P!xMM3, 400 4 1 0 4 0 60 60 1480 3360
BOS3, 384 4 1 0 4 0 60 120 1480 5040
BOS; 558 4 1 0 4 6 36 120 490 3360
BOSs, 505 4 1 0 4 6 36 120 850 2100
BOS: 478 4 1 0 4 6 36 180 490 5460
BOS, 3382 4 1 0 4 6 36 180 1210 6720
BOSg; 447 4 1 0 4 6 36 240 490 7140
P2xP'xP! 432 3 1 0 4 6 36 240 490 7560
BOSs; 409 4 1 0 4 6 36 240 850 7140
BOS1 0 415 4 1 0 4 6 60 120 1570 4620
P! x MMj 4, 400 4 1 0 4 6 60 180 1570 5460
BOS3, 369 4 1 0 4 6 60 180 1570 6720
BOSsg 405 5 1 0 4 6 60 240 1210 8400

P! x MM3 ., 368 4 1 0 4 6 60 240 1570 8820
BOS1 s 367 4 1 0 4 6 60 240 1570 9660
BOS}, 351 4 1 0 4 6 60 240 1930 9660
BOSs 442 5 1 0 4 6 84 120 1930 4620
P!xMM3,, 320 4 1 0 4 6 84 300 2650 13440
B()S5 30 5 1 0 4 6 84 360 2650 15120
P!xMM3,, 416 4 1 0 4 12 36 360 940 8400
Fy x Fy 384 4 1 0 4 12 36 360 1300 8400
52 x P2 378 4 1 0 4 12 36 360 1300 9660
P!xMMj ., 368 3 1 0 4 12 36 420 940 11760
BOS:, 405 5 1 0 4 12 60 300 1660 10080
BOSsg 3733 5 1 0 4 12 60 300 2020 10080

P! x MM3 . 352 4 1 0 4 12 60 360 2020 10920
BOSgg 332 5 1 0 4 12 60 360 2020 13440

P! xMM3,, 336 4 1 0 4 12 60 420 2020 14280
B()Sas 321 5 1 0 4 12 60 420 2020 16380
BOSgs 331 5 1 0 4 12 84 420 2380 17640
BOSg, 325 5 1 0 4 12 84 420 2740 17640

Continued on next page.
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Continued from previous page.

X (—Kx)* px a o o o3 oy s Qg ar

P'xMM:,, 304 4 1 0 4 12 84 480 3100 20160
B@Sgo 394 5 1 0 4 18 36 480 1750 10500
B@Ség 363 5 1 0 4 18 36 480 2110 10500
BOS, 341 5 1 0 4 18 60 480 2830 15540

P! x MM%,W 304 3 1 0 4 18 60 600 2830 19740
BOSL, 330 5 1 0 4 18 84 480 3190 20580
B@Ség 310 5 1 0 4 18 84 480 3550 20580
B@S§4 299 5 1 0 4 18 84 600 3550 25620
PlxMM?,, 256 4 1 0 4 18 132 780 6070 42420
P! x MM%,Q 208 4 1 0 4 36 228 1560 15340 122640
B@Sgg 385 4 1 0 6 0 90 120 1860 7560

Pl x P! x Fy 384 4 1 0 6 6 90 300 1950 13020
P'xMM3,, 368 5 1 0 6 6 114 240 3390 9660
P'xMM3,, 33 4 1 0 6 6 114 300 3390 14280
B@Sgg 305 5 1 0 6 6 114 360 3750 18480
B@SZl 364 5 1 0 6 12 90 420 2760 17220
B@Sg?) 354 5 1 0 6 12 90 480 2760 20160
P'xMM3,, 32 5 1 0 6 12 90 540 2400 21420
S? X Fy 336 5 1 0 6 12 90 540 2760 21420
P! x MM;,QQ 320 3 1 0 6 12 90 600 2400 26040
B@Séﬁ 334 5 1 0 6 12 114 480 3840 22680
P'xMM},, 320 5 1 0 6 12 114 540 3840 23940
P'xMM3,, 304 4 1 0 6 12 114 600 3840 28560
P! x MM;,N 288 4 1 0 6 12 138 600 5280 31080
Sg x P2 324 5 1 0 6 18 90 720 3570 28980
Pl x MM3 s 288 4 1 0 6 18 114 840 4650 38220
B@S§7 298 6 1 0 6 18 138 780 5730 39480
P'xMM2 ,, 272 4 1 0 6 18 138 900 6090 46620
P'xMM:,. 256 3 1 0 6 24 114 1200 5820 57120
B@Sjg 308 6 1 0 6 24 138 960 6180 46200
B@S§5 298 6 1 0 6 24 138 960 6540 46200
B@Sé?, 278 6 1 0 6 24 138 1080 6540 53760

Continued on next page.
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X (—Kx)* px a o o o3 oy s Qg ar

B@Sé4 268 6 1 0 6 24 162 960 7980 53760
P'xMM3,, 240 3 1 0 6 24 186 1260 10140 78120

B@Sgg 307 5 1 0 8 0 168 120 5120 10080
S? x P! x P! 336 5 1 0 8 6 168 360 5210 19740
P! x MMg,ﬂ 304 4 1 0 8 6 192 360 7010 21000
P! x MMig 304 5 1 0 8 12 168 720 5660 39480

S2 % §2 294 6 1 0 8 12 168 720 6020 39480
P'xMM3, 288 5 1 0 8 12 192 720 7460 42000
PLxMM3,, 272 3 1 0 8 12 192 780 7460 47880

S?j x Fy 288 6 1 0 8 18 168 1020 6830 54600
P! x MM?,Q 288 6 1 0 8 18 192 1020 7910 57120
P! x MMi? 272 5 1 0 8 18 192 1080 8270 63000
P'xMMS,, 256 4 1 0 8 18 216 1140 10070 72660
P! x MMiE) 256 5 1 0 8 24 216 1440 10880 89040
P'xMM3,, 240 3 1 0 8 24 216 1560 11240 100800
P'x MM ,, 240 4 1 0 8 24 240 1560 13040 105840
P'x MM, 224 4 1 0 8 30 264 1980 16370 142800
P! x MM§,18 192 3 1 0 8 48 360 3360 31040 295680

B@Sjo 230 6 1 0 10 0 270 240 10900 25200
562 x Pl x P! 288 6 1 0 10 12 270 840 11080 55440
PlxMM3,, 240 3 1 0 10 12 318 960 15760 74760

Sg X S? 252 7 1 0 10 18 270 1320 12610 91560
P! x MMi,f). 256 5 1 0 10 18 294 1320 14050 94080
P! x MMiZl 240 5 1 0 10 24 318 1800 17380 135240
P'xMM3, 224 3 1 0 10 24 342 1920 19900 154560
Plx MM, 224 4 1 0 10 30 342 2340 21070 186060
P'x MM ,, 208 3 1 0 10 30 342 2520 21430 208740

P2 x 552 270 6 1 0 10 36 270 2160 15040 134400
P! x MM;,QO 208 3 1 0 10 36 390 2940 27640 255360

Sg X Sg 216 8 1 0 12 24 396 2160 23160 186480
PLxMM3, 224 5 1 0 12 24 444 2160 26760 191520

Fy x Sg 240 7 1 0 12 36 396 2820 24060 219240
P! x MMg,w 208 4 1 0 12 36 492 3360 35220 319200

Continued on next page.
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Continued from previous page.

X (—Kx)* px ao a1 a2 a3 oy Qs Qe ar
P! x MM;’A 224 6 1 0 12 42 468 3480 32430 300300
Px MM, 192 3 1 0 12 42 540 4140 43230 423360
Pl x MM§77 192 4 1 0 12 48 564 4680 48000 486360
Pl x MM%AG 176 3 1 0 12 60 636 6120 63300 693000
P! x P! x Sg 240 7 1 0 14 30 546 2760 33350 246540
S? X Sg 210 8 1 0 14 36 546 3480 37040 330540
P'xMM:,, 176 3 1 0 14 36 714 4320 59720 519120
PLxMM3, 208 5 1 0 14 42 618 4200 46490 425880
P'xMM:, 192 5 1 0 14 48 690 5280 59540 594720
P! x MM;g 192 4 1 0 14 54 690 5700 61070 631260
P! x V232 176 2 1 0 14 60 786 6960 78800 859320
52 x 82 18 9 1 0 16 42 720 4920 58390 567840
Pl x MM§76 176 4 1 0 16 66 936 8280 97630 1086540
P'xMM:,, 160 3 1 0 16 72 1056 9840 122920 1428000
Pl x MM;B 160 3 1 0 16 84 1104 11400 137860 1685040
P'xMM3,, 144 3 1 0 16 108 1248 15600 188260 2538480
Pl x MMS—M 160 3 1 0 18 90 1302 13260 168570 2089080
5'52 X Sg 150 10 1 0 20 60 1140 9120 121700 1377600
SZ x P? 216 7 1 0 20 102 1188 11760 123050 1391880
P! x V138 144 2 1 0 20 120 1788 20760 285680 3926160
Strs 86 2 1 0 20 156 2700 41040 697700 12503400
Sf x Fy 192 8 1 0 22 102 1434 13740 160510 1881180
P'xMMS, 144 4 1 0 22 132 2058 24360 345280 4867800
SZ x P x P! 192 8 1 0 24 96 1704 14400 193920 2150400
SZ X S? 168 9 1 0 24 102 1704 15720 205530 2452380
Pl x MM§75 160 4 1 0 24 126 1992 21300 290130 3813600
Pl x MM;Q 128 3 1 0 24 174 2784 37680 578490 9059820
SZ X Sg 144 10 1 0 26 108 1998 19080 270440 3435600
P! x MM§74 144 4 1 0 26 156 2574 31080 457640 6657840
P! x V136 128 2 1 0 26 192 3198 44160 700820 11249280
P! x MM% 3 112 3 1 0 28 216 3900 58800 984520 17334240
SZ X Sg 120 11 1 0 30 126 2658 27720 439590 6247500
Pl x MM%AO 128 3 1 0 30 216 3858 54000 891660 14726880

Continued on next page.
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X (—Kx)* px a o s o3 oy s g o7
P! x Vl?il 112 2 1 0 34 312 5910 97920 1820140 34520640
PlxMM:, 112 3 1 0 38 348 6954 117840 2268560 44336040
SZ X SZ 96 12 1 0 40 192 4776 59520 1120000 19138560
P! x MM376 96 3 1 0 46 528 11826 238560 5341780 122340960
P! x V132 96 2 1 0 50 600 13758 288480 6659420 157802400
S% x P2 162 8 1 0 54 498 9882 162000 2938770 54057780
532, x Fy 144 9 1 0 56 498 10536 171900 3240110 60897480
P! x MM:3)’71 96 4 1 0 56 672 16296 350400 8393600 205470720
S?? x P x P! 144 9 1 0 58 492 11214 178440 3502120 65938320
Sg X S? 126 10 1 0 58 498 11214 181800 3561250 68151720
S§ X Sg 108 11 1 0 60 504 11916 195120 3962040 78104880
P! x MM;Q 112 4 1 0 60 600 13884 259440 5613000 122354400
S% X Sg 90 12 1 0 64 522 13392 225720 4887190 102194400
P! x MM§,5 96 3 1 0 68 816 21012 465960 11662880 297392760
Sg X SZ 72 13 1 0 74 588 17550 319560 7862600 185440080
P! x Vl% 80 2 1 0 80 1320 38688 1078320 32604200 1016215200
P! x MM%A 80 3 1 0 92 1518 47172 1357680 42774050 1385508600
S% X S§ 54 14 1 0 108 984 37260 848880 26609400 804368880
P! x V83 64 2 1 0 154 3840 159486 6504960 284808340 12889551360
S% x P2 108 9 1 0 276 6822 314532 12870000 570227370 25599296520
Sg x Fy 96 10 1 0 278 6822 317850 13006380 579688190 26140920540
522 x Pl x P! 96 10 1 0 280 6816 321192 13126080 588430720 26621521920
522 X S? 84 11 1 0 280 6822 321192 13142760 589248730 26688271260
5'22 X Sg 72 12 1 0 282 6828 324558 13295880 599727720 27308448720
5'22 X Sg 60 13 1 0 286 6846 331362 13619400 621807910 28636256460
522 X SZ 48 14 1 0 296 6912 348840 14492160 681885440 32334274560
P! x MMg{% 64 3 1 0 302 8472 442194 21352560 1128405740 61403700960
522 X S§ 36 15 1 0 330 7308 413838 18050760 935040840 48854892240
P! x V63 48 2 1 0 398 17616 1221810 85572960 6386359700 493612489440
P! x MM§,2 48 3 1 0 472 21216 1568424 115141440 9050108800 736102993920
522 X SS 24 16 1 0 552 13632 1086120 63331200 4672300800 350133073920
P! x V43 32 2 1 0 1946 215808 35318526 5981882880 1074550170260 200205416839680
S% x P2 54 10 1 0 10260 2021286 618874020 184451042160 57876574021290 18570362883899400

Continued on next page.
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X

(—Kx)*

144

pPxX Qo Q1 (€] ag Oy Qs Qg ar
Sf x Fi 48 11 1 0 10262 2021286 618997146 184491467820 57895141165310 18578110239211740
512 x P! x P! 48 11 1 0 10264 2021280 619120296 184531277760 57913469449600 18585729302999040
512 X S? 42 12 1 0 10264 2021286 619120296 184531893480 57913712003290 18585859292400540
512 X Sg 36 13 1 0 10266 2021292 619243470 184572934920 57932529089640 18593740045797840
512 X Sg 30 14 1 0 10270 2021310 619489890 184655634120 57970416902950 18609636764945100
512 X SZ 24 15 1 0 10280 2021376 620106408 184864542720 58066057475840 18649867837440000
512 X S§ 18 16 1 0 10314 2021772 622208142 185592555720 58399032538440 18790790073224400
P! x MM;’,1 32 3 1 0 10382 2082840 650724306 199392674160 64624270834220 21530238491351520
512 X S% 12 17 1 0 10536 2028096 636179112 190741334400 60762986684160 19811992617768960
512 X 512 6 18 1 0 20520 4042560 1869353640 783667509120 387953543059200 204188081194137600
P! x V23 16 2 1 0 68762 55200000 61055606526 71592493125120 88810659628444820 114429017109750013440

It appears from Table 5 as if the regularized quantum period might coincide for the pairs {B@Sé, B?S),} and {B@S§5, B@Sgg}. This is not the case. The
coefficients ag, ag in these cases are:

X ag (67s)

BOS; 14350 87360
BOS;; 32830 227640
BOS;, 10990 102480
BOSgs 32830 212520

Thus 10 terms of the Taylor expansion of the regularized quantum period suffice to distinguish all of the four-dimensional Fano manifolds considered in this paper.
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APPENDIX B. QUANTUM DIFFERENTIAL OPERATORS FOR FOUR-DIMENSIONAL FANO MANIFOLDS OF
INDEX r > 1: NUMERICAL RESULTS

In this Appendix we record the quantum differential operators for all four-dimensional Fano manifolds
of Fano index r > 1. These were computed numerically, as described in §9, from 500 terms of the Taylor
expansion of the quantum period. They pass a number of strong consistency checks, and so we are
reasonably confident that they are correct, but this has not been rigorously proven. We record also the
local log-monodromies and ramification defect for the quantum local system, that is, for the local system
of solutions to the regularized quantum differential equation. These are derived using exact computer
algebra from the (numerically computed) operators Ly, as described in §9.

B.1. P4 [description p. 2, regularized quantum period p. 15]
The quantum differential operator is:
(5t — 1)(625t* + 125> 4 25t> + 5t + 1)D* + 31250t° D® 4 109375t° D* 4 156250t° D + 75000t°

The local log-monodromies for the quantum local system:

0 1 0 0

o 0 o 1 att =0

0O 0 0 O

0O 0 0 O

0O 0 0 O

0 0 0 1 at t = %

0 0 0 0

0 0 0 0

PO at the roots of 625t + 125¢3 + 25t + 5t +1 =0
0O 0 0 O

The operator Lx is extremal.

B.2. Q*. [description p. 2, regularized quantum period p. 15]
The quantum differential operator is:

(32t — 1)(32¢* + 1)D* + 8192t* D* + 23552t* D* + 28672t* D + 12288t*

The local log-monodromies for the quantum local system:

0
9 att =20
0

[eNeol Nl

oo oo

1
0
0
0
0 0 0 0
8 8 8 (1) at the roots of 32t2 — 1 =0
0 0 0 0
0 0 0 0
8 8 8 (1) at the roots of 32t2 +1 =0
0 0 0 0
0 0 0 0
o 0 0 1 at t = oo
0 0 0 0

The operator Ly is extremal.
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B.3. FIj.
The quantum differential operator is:

(11664t> — 1)D* + 69984t° D* 4 142884t° D* + 113724t° D + 29160t°

The local log-monodromies for the quantum local system:

[description p. 3, regularized quantum period p. 15]

0 1 0 0

o 0 o 1 att=0

0 0 0 0

0 0 0 0

8 8 8 (1] at the roots of 11664t — 1 =0
0 0 0 0

0 0 0 0

8 8 2 8 at t = o0

o o o %

The operator Lx is extremal.

B.4. FI;.
The quantum differential operator is:

(12t — 1)(144¢° + 12t + 1)D* + 10368t> D* + 21924t° D* + 19116t° D + 5832t

[description p. 3, regularized quantum period p. 15]

The local log-monodromies for the quantum local system:

0 1 0 O

o 0 o 1 att=0
0O 0 0 O

0O 0 0 O

00 att =
0O 0 0 O

0O 0 0 O

>0 at the roots of 144t2 + 12t + 1 =0
0O 0 0 O

0 0 0 0

g 8 % 8 at t =00
o o o0 %

The operator Lx is extremal.

B.5. FI;.
The quantum differential operator is:

(9t — 1)(81% 4+ 9t + 1) D* 4 4374t> D® + 9477t° D* + 8748t> D + 2916¢>

The local log-monodromies for the quantum local system:

[description p. 3, regularized quantum period p. 15]

The operator Lx is extremal.

0 1 0 0

b =0
0O 0 0 O

0O 0 0 O

0O 0 0 O 1
o 0 0 1 att =g
0O 0 0 O

0O 0 0 O

>0 e at the roots of 812 + 9t +1 =0
0O 0 0 O

0 1 0 O

8 8 8 ? at t = oo
0O 0 0 O
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B.6. FIj.
The quantum differential operator is:

(432t — 1) D* + 2592¢° D* + 5724t° D* + 5508t° D + 1944¢>

[description p. 3, regularized quantum period p. 15]

The local log-monodromies for the quantum local system:

0 1 0 0

0 0 o att =0

0 0 0 0

0 0 0 0

8 8 8 ? at the roots of 432t3 — 1 =0
0 0 0 0

0 0 0 0

8 g g (1) att = o0

o o o %

The operator Lx is extremal.

B.7. FI3.
The quantum differential operator is:

(729t° + 297t° — 1)D* + 162t° (54> + 11) D? + 27t (1323t° 4 148) D? + 81t*(702t> 4 49) D + 1458t>(20t° + 1)

[description p. 3, regularized quantum period p. 15]

The local log-monodromies for the quantum local system:

0 1 0 0
<8 o o ‘}) at t=0
0O 0 0 O
0O 0 0 O
<8 o ?) at the roots of 7295 + 297> — 1 =0
0O 0 0 O

The ramification defect of Lx is 1.

B.8. P? x P2,

[description p. 3, regularized quantum period p. 15]

The quantum differential operator is:

(3t +1)(6t — 1)(9t> — 3t + 1)(36t> + 6t + 1) D* + 162t (432> + 7) D>+

27t%(10584t° + 95) D* + 1296t°(351t° + 2) D + 972t%(240t° + 1)

The local log-monodromies for the quantum local system:

[eReleNe]

oo oo

Y

oo oo oo oo

=R eNeie)

~/—

oo oo ococoo cooo ocooo [eNeNN

[eNeNoNo) [eNeNoNo) ococoo cocoo [=NeR Nl

0

9 att=0

0

0

‘j) att=1

0

0

‘j) att = —1

0

0

?) at the roots of 92 =3t +1=0
0

0

?) at the roots of 36t + 6t +1 =0
0

The ramification defect of Lx is 1.
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B.9. Vi [description p. 3, regularized quantum period p. 16]
The quantum differential operator is:
(6912t — 1)D* + 27648t> D® + 38400t° D” + 21504t> D + 3840t

The local log-monodromies for the quantum local system:

0 1 0 0
S0 att=0
0 0 0 0
0 0 0 0
>0 0 at the roots of 6912t — 1 = 0
0 0 0 0
0 1 0 0
8 8 g 8 at t = o0
o o o 3%
The operator Lx is extremal.
B.10. V1. [description p. 3, regularized quantum period p. 16]

The quantum differential operator is:
(32t — 1)(32t + 1)D* + 4096t> D* + 5888t° D* + 3584t D + 768t°

The local log-monodromies for the quantum local system:

0 1 0 0
N att=0
0 0 0 0
0 0 0 0
0 0 0 0 1
0o 0 0 1 at t = 535
0 0 0 0
0 0 0 0
0 0 0 0 1
0o 0 0 1 att = —53
0 0 0 0
0 1 0 0
o0 1 0 at ¢ = oo
o o o0 %
The operator Lx is extremal.
B.11. V¢ [description p. 4, regularized quantum period p. 16]

The quantum differential operator is:
(432t> — 1)D* + 1728t D® + 2544t> D + 1632t° D + 384t°

The local log-monodromies for the quantum local system:

0 1 0 0

5 0 0 1 at t =0

0 0 0 0

0 0 0 0

8 8 8 ? at the roots of 432t2 —1 =0
0 0 0 0

0 1 0 0

8 8 g 8 at t = o0

o o o %

The operator Lx is extremal.
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B.12. Vg [description p. 4, regularized quantum period p. 16]
The quantum differential operator is:

(16t — 1)(16t + 1)D* 4 1024t> D* + 1536t° D* 4 1024t> D + 256t

The local log-monodromies for the quantum local system:

0 1 0 O
o 0 0 1 at t =0
0 o 0 O
0 o 0 O
0 o 0 O 1
0o 0 0 1 att = 15
0 o 0 O
0 o 0 O
0 o 0 O 1
0 0 0 1 att = —5
0 0 0 0
01 0 0
o 0 o0 1 at t = oo
0 o 0 O
The operator Lx is extremal.
B.13. Vi}. [description p. 4, regularized quantum period p. 16]

The quantum differential operator is:
(256t* + 176t° — 1)D* 4 64¢°(32t> + 11)D® + 16t°(352t° + 67)D* + 32t> (192t + 23)D + 192t (12t° + 1)

The local log-monodromies for the quantum local system:

0 1 0 O

o 0 o 1 at t =0

0O 0 0 O

0O 0 0 O

o0 0y at the roots of 256t* + 176t> — 1 =0
0O 0 0 O

0 1 0 0

8 8 8 (1) at t = oo

0O 0 0 O

The ramification defect of Lx is 1.

.14. . escription p. 4, regularized quantum period p.
B.14. V3 descripti 4, regularized iod p. 16
The quantum differential operator is:
(4% — 12t + 1)(48° + 12t + 1) D* + 32¢° (4> — 17)D® + 8t (46t> — 105) D + 16> (28> — 37) D + 32¢*(6t° — 5)

The local log-monodromies for the quantum local system:

0 1 0 0

o 0 0 1 at t =0

0 0 0 0

0 0 0 0

o o0 o % at the roots of 462 — 12t +1 =10
0 0 0 0

0 0 0 0

o 0 o 1 at the roots of 462 + 12t +1=10
0 0 0 0

0 0 (0] 0

o 0 0 1 at t = 0o

0 0 0 0

The operator Lx is extremal.
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B.15. V.
The quantum differential operator is:

(4% +1)(108t> — 1)D* + 32t>(108t° + 13) D® + 24t>(406t° + 27)D? + 16t>(708t> + 29)D + 128t(36t> + 1)

[description p. 4, regularized quantum period p. 16]

The local log-monodromies for the quantum local system:

0 1 0 0

5 0 o 1 at t =0

0 0 0 0

0 0 0 0

8 8 8 ? at the roots of 108t2 — 1 =0
0 0 0 0

0 0 0 0

0 0 o 1 at the roots of 4> +1 =10
0 0 0 o0

0 0 0 0

8 g % 8 att = o0

0 0 0 %

The ramification defect of Lx is 1.

B.16. V.
The quantum differential operator is:

[description p. 4, regularized quantum period p. 16]

(161> — 8t — 1)(16t> + 8t — 1)D* + 128t>(16t> — 3)D® + 32t (184¢° — 19)D*+
44817 (4t — 1)(4t + 1)D + 1287 (24t — 1)

The local log-monodromies for the quantum local system:

att =20

oo oo
(=R NeNe]

/N

at the roots of 16t2 — 8t —1 =10

[eRelele]
o =00

/N

at the roots of 16t2 +8t —1 =10

o =00

[eRelele]

at t = o

)
)
)
)

cooo [=NeNeNe] [=NeNeNo] [=NeNeRy
cocoo cocoo cooo [eNeRT N

oo oo
o =00

~/—

The operator Lx is extremal.

B.17. Vii.
The quantum differential operator is:

(432t + 72t% — 1)D* + 288t%(12t* + 1) D® + 24¢*(414t + 19) D? + 336t(36t> + 1) D + 96t (54t> + 1)

[description p. 4, regularized quantum period p. 16]

The local log-monodromies for the quantum local system:

The operator Lx is extremal.

01 0 0

5 0 o 1 att =10

0 0 0 0

0 0 0 0

o 0 o0 at the roots of 432t* +72t2 —1 =0
0 0 0 0

0 0 0 0

8 8 g ? at t = o0

0 0 0 0
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B.18. MW1. [description p. 5, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)(2t + 1)*(1724t> — 4t — 1)(1724¢° 4 4t — 1)
(1384128950480t° — 34997928616t* — 263676995t> + 9409) D°
+2(2t — 1)(2t 4+ 1)(181010493290961157120¢'% — 17468834144875533568t'% + 374429340495784832t%+
3959280486757728t° — 1227737299988t* — 725619617t° + 18818) D°
+ 4 (3126544884116601804800¢* — 725557954486979610624¢t ' + 31166631689741025792¢"° —
440963660134839040t" — 7399870298607304¢° — 348759582360¢" — 504354223t + 9409) D*
+ 8% (6746754749935824947200t % — 1095289161198143939072t'° + 33852557194447324800t° —
138056179574882528t° — 6267098983057824t" — 620133376448t> — 10735669) D*
+ 32t%(3803277296533945221760t'* — 460852243532660846400¢'° + 13408867107650109352t°+
72880113460188392t° — 1247120973283936¢" — 144892007990t> — 573949) D*
+ 256" (524004808703094940640t'° — 51043969670376668752t° + 1573801437077923102t°+
16338545311012128¢* — 54334824441981t° — 5942952755) D
+ 1536t*(35996404915816139200t'° — 3025511420019920960¢°+
99559010182515260t° + 1234528802429310t* — 1125770982819t> — 89024854)

The local log-monodromies for the quantum local system:

0
0

o att =20
1
0

_1

att—§

_ 1

att—_§

at the roots of 1724t2 —4t —1 =0

at the roots of 1724t2 + 4t —1=0

coocooo ©oocooo ©Coococos coocoos ©oocooo
[clololoNeNeloNoNoNoNoNol [eNeNeNeoNoNelNeNeNeNoNe ol oo No NoNo N
[eleololeNeNeieleloNoNoNo) OCOCOO0O0 OO0OO0OO0O0OC0O OCOO0OO0OOO0O
OO0 O0OO0O0C OO0OO0OO0OO COCO0OCO0O0 OO0 O0OO00O OO0+, OO
CO0000 000000 councocoo covoococo OO0—=O0OO

O~ O0OO0O0OO0 O=OOO0OO

~ < S OFO OO0 00 OO OO 00

The operator Lx is extremal.
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B.19. MWg. [description p. 5, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)%(2t + 1)%(14¢t — 1) (14t + 1)(18¢ — 1) (18t + 1)(7544656t° — 3112t* — 6667t> + 1) D°
+2(2t — 1)(2t 4+ 1)
(21081096723456t"% — 1556683668736¢'0 — 25006224512t + 2282941792° — 4014452t* — 18937t* + 2) D°
+ 4 (364128034314240t"* — 74616093755392¢'% + 1020882362880t '+
104092887296t° — 4150928136t° — 1064664t* — 12743¢> + 1) D*
+ 8t2(785749968783360t'% — 103037075309056t'° — 578957540736¢°+
167061307168t° — 3800819360t — 2728128t — 205)D?
+ 32t%(442942589109888t'? — 38313217780544¢'° — 591376611224°+
79457857384t° — 864235264t" — 697078t> — 13)D?
+ 256t (61027379435232¢™0 — 3662113129808t° — 80739092050¢° + 9991256448t* — 46797421¢> — 33179) D
+ 7680t (838452710592t'0 — 37503518528t° — 1048500436t° + 130762470t" — 249799t> — 110)

The local log-monodromies for the quantum local system:
0

att =20

at t =

N

att = 4

at t = L

at t = —&

at t = —-4

at t =

N[

COO0O0OO0OO0 OO0O00O0OO0 OO0 O0O0O0 OCOO0O0OO0O0 O0OO00O0OO0 O0OO0O0OO0OO0 OO0 OOO0o
OO0 O00O0 OO0O0O0OO00 OO0OO0OO0OO0OO0 ODO0OO0OO0OO0O0 ODOO0OOO0OO0 ODOO0OO0OO0OO0O OOOOOR
OO0 O0OO0OO0 OO0 O0OO0OO0 OOO0OO0O0OO0 OO0 O0OO0OO0 OOO0OO0OO0OO0 OO0 O0OOO OOO0OOOO0O
COOHOO O0O00O00 O0O0O0O0O0 OCOO0OO0OO0OO0 O0O000O0 O0OOH+HOO OCOOHrHOO
COO0CO0OO0OO0 OO0 O0O0OO0 OO0 O00OO0 OCOO0O0OO0OO0 OO0 0O0OO0 OO0OO0O0O0O0O0 OO OOO

OROO0O0OO0 OFHOO0OO0OO0O OFHOOO0OO OFHOOO0OOD OFHOOOO OFHOOO0OO OROOO

The operator Lx is extremal.
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B.20. MWg. [description p. 5, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)%(2t + 1)%(104¢> — 4t — 1)(104¢> + 4t — 1)(124883200t° + 3445552t* — 190621¢> + 50)D°
+2(2t — 1)(2t 4 1)(59432414412800t'% — 3046657163264t "0 — 307452667136t°
+12555781056t° — 36422116t* — 548263t> 4 100)D®
+ 4 (1026559885312000t"* — 181195540611072¢'% — 5355282845184t + 794966941312¢°
—20516326820t° — 1544700t" — 364427¢> + 50) D*
+ 8£%(2215208173568000t ' — 216948202172416t'° — 15687219459072t°
+ 1005364344896t° — 20392735992t* — 36932632t> — 5075) D?
+ 64t°(624378035507200t'* — 30899527376640t'° — 40297548916641°
+ 205143060452t° — 2542262335t" — 5022410t — 175)D*
+ 256t* (172050086041600¢™° — 3462364820096t
— 968115899896t° 4 47585432988t" — 312087909t° — 517438) D
+ 1536t" (11818946048000t'° — 33971342080t — 59641497680t° + 2994403590t* — 9592347t> — 9140)

The local log-monodromies for the quantum local system:

0 0

0
2 att=0
1
0
_1
att—§
_ 1
att-—i

at the roots of 104t2 —4t —1 =10

at the roots of 104t2 +4t —1 =10

cocoocooo ©oocooo coocoos Dooocos ©oocooo
[clecloloNeNeleNoloNoNoNo) O O0OO0000 OO0OO0OO0OO0OO0 OCOO0OOO -
OO0 O0OO0OO0 OOO0OOOCO0O O O0OO0O0CO0OO0O OO0O0O0OO0O OOOCOO
CO0000 O0O000O0 0OCO0O00O0O0 OO0OO000O O00OROO
CO0C000 O00O0O00 CoaoooOO Conoooo OO0OROOO

O O0O000 OHOOOO

N N S RO OO0 00 OO OO0 0O

The operator Lx is extremal.
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B.21. MWi. [description p. 5, regularized quantum period p. 16]
The quantum differential operator is:

(16t° +1)(128t° — 1) D* + 64¢° (256> + 7) D® + 16t*(2816> 4 43) D* 4 96t (512> + 5) D + 128t (144t> + 1)

The local log-monodromies for the quantum local system:

0 1 0 0
5 0 o 1 at t =0
o 0 O 0
o 0 O 0
o 0 o 1 at the roots of 128t2 — 1 =0
o 0 O 0
o 0 O 0
o 0 o 1 at the roots of 16t2 +1 =0
00 0 0
01 0 0
o 0 0 1 at t = oo
o 0 O 0
The ramification defect of Lx is 1.
B.22. MW?. [description p. 6, regularized quantum period p. 16]

The quantum differential operator is:
(32t — 1441° + 4087 — 12t + 1)(32t* + 1444 + 408 4+ 12t + 1)
(1379024896t° — 181690112t° + 32203856t* + 160775¢> + 136) D°
+ 2 (14121214935040¢'° — 152437496479744¢"* + 18570092085248¢"% — 3527276827648t "% —
277037824256t — 556812800t° — 140567296t" — 499733t> — 272) D°
+ 4 (54366677499904¢° — 340827602288640t"* + 64054093561856t'> — 13315483720192¢"°
—406200526464t° — 986296160¢° + 122064452¢* + 370629t + 136) D*
+ 8t%(103084869025792t"* — 369261049675776t" + 91720177627136t'° — 21127821675520¢°
— 305989253824t° — 1259677440t* — 1614768t> — 5831)D?
+ 128t%(12720125640704t** — 26591028115456t"> + 8287153333632t
— 2016286904136t° — 15422020074t° — 337096385t* — 533452t — 102) D?
+ 256" (6200095932416t "> — 7989995554816t + 3020985441920t°
— 739274260600t° — 4109085596t — 179641501t — 331640) D
+ 1536t" (386126970880t"% — 333456404480¢'° + 147420386560t
— 34919816144t° — 204213358* — 10473275¢> — 20944)

The local log-monodromies for the quantum local system:

0 0

att=20

at the roots of 32t* — 144¢3 + 40t2 — 12t +1=0

at the roots of 32t% + 1443 + 402 + 12t +1 =10

at t = o0

COOCOO0C0O O0O0000 O0O0OO0OO0 COoOOoOoOO0oOOo
OO0 O0O0O0 OO0 O00 OCOO0OO0OO0OO0 OO+ OO
COOCOCO0OO0 OO0O0000C O0O0OO0COO0 COoOrOOO
OMOO0OO0OO0O OFHOOOCO OHOOOO OROOO

[=NeoNeNoNelolloNe oo loNe e NoNeNoNeNolleNeNoNeNelN 0
OO0 O0OO0O0 OCOO0OO0OO0OO0 OOO0OO0OO0OO0O OO0 O0OO0O

The ramification defect of Lx is 1.



QUANTUM PERIODS FOR CERTAIN FOUR-DIMENSIONAL FANO MANIFOLDS 35

B.23. MWg. [description p. 6, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)%(2t + 1)*(6t — 1)(6t 4 1)(10t — 1)(10¢ + 1)(1433040t° + 80728t* — 2579t> + 1) D°
+2(2t — 1)(2t + 1)(226993536000t'* — 6984049920t "°
— 2174297216t% 4 67707232t° — 106452t* — 7441t + 2)D°
+ 4 (3920797440000t — 584516290560t'* — 52264472064t '°
+4812821760t — 86750536t° + 175464t* — 4911¢* + 1) D*
+ 8t (8460668160000t"* — 550314631680¢'° — 112753881472t
+ 5245181728t° — 97715360t" — 329920t> — 69) D?
+ 32t% (4769443728000t "> — 59034734400t'° — 53369502424t°
+ 1881440232t° — 26802560t* — 94678t — 5)D*
+ 768t*(219040164000t'° 4 4402781840t% — 2035415446t° + 67181120t* — 620103t> — 1737)D
+ 4608t (15046920000t *° + 593723200t% — 120630700t° + 4065994t* — 22137t° — 34)

The local log-monodromies for the quantum local system:

01 0 0 0 ©
0 0 0 0 0 O
0 0 0 1 0 0 _
00 0 0 1 0 at t =0
0 0 0 0 0 1
0 0 0 0 0 O
0 0 0 0 0 0
00 0 0 0 0
00 0 0 0 0 1
00 0 0 0 0 att =3
o 0o 0o o % 1

1
oo 0o o 0 %
0 0 0 0 0 0O
0 0 0 0 0 O
0 0 0 0 0 O 1
00 0 0 0 0 att =g
0 0 0 0 0 1
0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O 1
00 0 0 0 0 att = 15
0 0 0 0 0 1
0 0 0 0 0 O
0 0 0 0 0 0O
0 0 0 0 0 O
0 0 0 0 0 O 1
00 0 0 0 0 att=—15
0 0 0 0 0 1
0 0 0 0 0 0O
0 0 0 0 0 0O
0 0 0 0 0 O
0 0 0 0 0 O 1
00 0 0 0 O att=—3
0 0 0 0 0 1
0 0 0 0 0 0O
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 at t = —3
oo o o 1 1
o o 0o o o 1

The operator Lx is extremal.
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B.24. MW?. [description p. 6, regularized quantum period p. 16]
The quantum differential operator is:

(8t — 1)(8t + 1)(16t> + 1) D* + 64t (128> + 3)D* + 16t°(1456t° + 19)D? + 32t*(864t> + 7)D + 64> (180t + 1)

The local log-monodromies for the quantum local system:

0 1 0 0
0 0 o 1 at ¢t =0
0 0 0 0
0 0 0 0
0 0 0 0 1
0o 0 0 1 att =3
0 0 0 0
0 0 0 0
0 0 0 0 1
0o 0 0 1 att = —3
00 0 0
00 0 0
OO at the roots of 162 +1 =0
0 0 0 0
00 0 0
g g g g at t =00
o o o %
The ramification defect of Lx is 1.
B.25. MWg. [description p. 6, regularized quantum period p. 16]

The quantum differential operator is:

(2t — 1)(2t + 1)(8000¢° 4 528t* + 60t> — 1)(64404500t° — 1791160t° + 729408t* + 2144t> + 5)D°
+ 4 (10304720000000¢® — 1452885248000t + 158410065280t
—11837396096t "0 — 726357052t" + 2787020t° — 1531744t* — 3536t° — 5) D°
+ 4 (79346344000000¢'° — 7715142848000¢"* + 1509213811040¢'?
—96608493568¢'" — 1083561820t" + 48291628t° + 2808508t" + 5602t + 5) D*
+ 32t%(37612228000000£™* — 2748389976000t + 827208001440t °
— 40569448408t° — 339211968t° + 5857560t* — 32366t> — 51)D*
+ 32t%(74258388500000t"* — 4572988268000t + 1872888803480t "°
— 62657669272t — 239219588t° — 13755238t* — 70290t> — 15) D>
+ 512t (4524416125000t — 258077892500t + 128903007200t°
— 2846763420t° — 5734916t" — 1401952t — 4225)D
+ 3072t (281769687500 — 15710668750t'° + 8827474000t — 131446365t° — 200152t* — 95918t> — 245)
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The local log-monodromies for the quantum local system:

0 0

at t = o0

0 1 0 0
00 0 0 0 ©

000 0 1 0 0 _
00 0 0 1 0 at t =0
00 0 0 0 1

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O 1
00 0 0 0 O att =3
00 0 0 0 1

00 0 0 0 0

00 0 0 0 O

00 0 0 0 ©

00 0 0 0 O 1
0 0 0 0 0 O© at t = —3
00 0 0 0 1

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O

0 0 0 0 0 0 at the roots of 8000t + 528t* + 60t — 1 =0
00 0 0 0 1

0 0 0 0 0 O

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O

00 0 0 0 O

00 0 0 0 1

00 0 0 0 O

The ramification defect of Lx is 1.

B.26. MW;. [description p. 6, regularized quantum period p. 16]
The quantum differential operator is:

(176t — 144t> + 20t* 4 8t — 1)(176t" + 144> + 20t> — 8¢ — 1)(2109888t° + 174528t* — 2941t + 2) D°
+2 (718914797568t"* — 137405030400¢'? — 5419619584¢"°
+2224774528t° — 45409520t° — 364024¢* + 8407t* — 4) D°
+ 4 (3104404807680t — 245927227392t'* — 51116043392¢'°
+3834427616t° — 24121292t° + 553996t* — 5471t> + 2) D*
+ 8t (6698978795520t — 43313504256t"° — 101803764992t°
+ 3311154624° — 46433864t* — 300504t> — 107)D*
+ 641> (1888172529408t + 75804905088t "0 — 23177683476t° 4 452012856t° — 8043103t" — 46340t> — 4) D?
+ 4608t*(28905231168¢'° + 2010341344¢° — 284249759t° + 4423780t* — 79284t — 316) D
+ 55296t (992819520t + 86769760t° — 81332711° + 123438t — 1829¢° — 4)

The local log-monodromies for the quantum local system:

0 0

att =20

at the roots of 176t* — 1443 +20t2 +8t —1 =10

at the roots of 176t* + 1443 +20t2 — 8t —1 =10

COO0OO0O0O0 O0O00O0O0 OO0 Oo0OoCo
[=NeoNeNoNeNolloNeNoleNoNeRleNoNeNoNel Tl
OO0 O0OO0OO0 OO0 O0O0OO0O OO0 OO0O
OO0 QO000 OO0 O00 OCOoOOHHOO
COO0O0O0O0 O0O000O0 OO+ OOCO
OROO0OO0OO0 OFHOOO0OO OROOO

The operator Lx is extremal.



38 COATES, GALKIN, KASPRZYK, AND STRANGEWAY

B.27. MW?O. [description p. 6, regularized quantum period p. 16]
The quantum differential operator is:

(4% +1)(16384t° 4 512" + 44t> — 1)(14737571841° + 13746176t° + 7592448t* + 46808t> + 55)D°
+ 4 (482920754053120t"° + 86447658893312¢'* + 4886210281472¢'% + 534951231488¢"°
+18501230592¢" + 119944000£° + 16234576t + 72412t + 55) D°
+ 4 (3718489806209024¢"® + 396693178679296¢"* + 31496439267328¢"> + 3577124749312t
+37524877312t° — 202496928t° — 28001956t" — 105906t> — 55) D*
+ 16t°(3525321504587776¢* 4 219939516448768t% 4 31919813689344¢'°
+ 2870602727424¢% + 30098031616¢° 4 29514768t* + 38264t + 755) D*
+ 64> (1740023841947648t"* + 63218454626304¢"* + 17856939016192¢°
+ 1163732019200t + 10148827776t° + 77992960t* + 145739t> + 55)D?
+ 256t (424064787152896¢ % + 8915881033728t'° + 4878831042560t°
+ 233990370304t° + 2025100864t* 4 24310608t> + 53911) D
+ 30720¢* (1320486436864t + 15835594752t'° + 16557547520t° + 617585152t° + 5801632t* + 78192t> 4 187)

The local log-monodromies for the quantum local system:

1 0 0

att=20

at the roots of 42 +1 =0

at the roots of 16384t6 4+ 512t +44t2 —1 =0

at t = o0

COO0O0O00 OO0 O0OO0O0 OOO0OO0OO0O0 OO0OO0O0OO0OO0O
OO0 O0OO00O OO0OO0OO0OO0OO0 OO0OO0OO0OO0OO OOO0OO0OO0O
OO0 O0OO00O OO0 O0O0OO0 OOO0OO0OO0OO OOO0OOO0O
OCO0O0O000 OO0 O0 ODCO0OO0OO0 OO0
COO0O0O0O0 OO0 O0OO0OO0 OOO0OO0OO0OO0 OOrOOO
O~ O0O000 OFHOOOO OFROO0OO0OO OROOO

The ramification defect of Lx is 1.

B.28. MW1,. [description p. 7, regularized quantum period p. 16]
The quantum differential operator is:

(176t — 96t + 8t> — 4t — 1)(176t* + 96t° + 8% + 4t — 1)(46963840t° — 6320080t* + 10817t> — 60)D°
+ 2 (16002270986240¢ ' — 4453229608960t + 179162526976t '" + 27549781760
—288092960¢° + 25314336t* — 28611¢> + 120) D°
+ 4 (69100715622400t"* — 16714357862400¢'* + 879319798400¢'°
+38172435520t° — 54159304¢t° — 23633284t* + 6819¢> — 60) D*
+ 8t%(149112070553600t ' — 33265162726400¢'° + 1526941953280¢°
+ 17140032640t° — 188273072t" + 3160464t> 4 1615) D*
+ 128t%(21014345918720t ' — 4511525020640t'° + 157602014826t°
— 362882280t° + 22427697t" 4 282960t> + 30) D?
+ 512t (5790594508160 — 1225795140240t% 4 31283552519t° — 265518840t" 4 10109387t + 49308) D
+ 15360t* (79556744960t "° — 16784238240t + 319629734t° — 3585072t + 146945t + 456)



QUANTUM PERIODS FOR CERTAIN FOUR-DIMENSIONAL FANO MANIFOLDS 39

The local log-monodromies for the quantum local system:

0 1 0 0 0

att=20

at the roots of 176t* — 963 + 82 — 4t —1 =0

at the roots of 176t* + 96t + 82+ 4t —1=0

OO0 O0OO0O0 OO0OO0O0OO0O0 O0OO0OO0
OO0 O0OO0OO0 OO0OO0OO0OO0OO OO0OO0OO0
COO0OO0OO0OO0 COO0OO0OO0OO0 OOOOO0O
CO0O000 OO0 0O00 OO0+ OO
OO0 O00O0 OCO0OO0OO0OO0O0OC OO=OO
OHOO0OO0O0O OFHOO0OO0OO OFHOOO

The operator Ly is extremal.

B.29. MW%Q. [description p. 10, regularized quantum period p. 16]
The quantum differential operator is:

(166" 4 44t% — 1)(432t* + 36t> + 1)(314924112t% — 117964512t° + 14238144t* + 164850t + 221) D°
+ 4 (10883777310720¢'° + 14017882540032t"* — 7127443839744¢"?
+913572411264t"° + 49215528432t + 208091040t° + 29910072t* + 249043¢> + 221) D°
+ 4 (83805085292544¢° + 42638961696768¢'* — 38573795723328t'* + 6607519967520t °
+197257285008t" + 2651761872t° — 52981980t* — 386208t> — 221) D*
+ 16t(79451574368256¢"* + 656487804672t' — 24209536131072t'°
+ 5352527374416t° + 119397810240t° + 1063433832t + 1841528t + 1513)D*
+ 32t%(78431220245376t"* — 24146078481216t% — 14886119891520t'°
+ 4353594087744t% 4 89900843112t° 4 822085824t" + 1734954t> 4 221)D”
+ 2304t* (1061924105664t > — 5388468999841'° — 114223084416t°
+ 48172072716t° + 1084223724t" + 9219514¢° + 22737) D
+ 27648t (33067031760t"* — 20911507560t'° — 1683208512t% 4 1243973394° + 32605206t + 248744t + 663)

The local log-monodromies for the quantum local system:
1

att =0

at the roots of 432t* +36t2 +1 =0

at the roots of 16t* +44t2 —1 =0

at t =

OO0 O0OO00 OO0 O0OO0OO0 OOO0OO0O0OO0 ODOO0O0OOO0O
OO0 O0OO0OO0 OOO0OO0OO0O0O OCOO0OO0OO0OO OO0OO0OO0OO0O

COO0COCO0O0 OO0O00O00 O0O0OO0O0OO oo OoOOoOO0o
COOCOCO0OO0 OO0O0O00O0 OO0O0OO0COO0 CoOoOoOrOO
OO0 O000 OCOO0OO0OO0O0 OOO0OOCOO0 COCOROOO
OHOO0OO0OO0O OFHOOO0OO0 OHOOOO OFHOOOO

The ramification defect of Lx is 1.
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B.30. MW??,. [description p. 10, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)(2t + 1)(136t° — 20t* + 6t — 1)(136¢> + 20t + 6t + 1)(66683996t° — 1058780t* — 19394t + 15) D°
+ 4 (27134518180352¢'* — 3636686279168t"> — 76696829376t
+3834603264t° — 107218310t° + 2061400t + 29091t — 15) D°
+ 4 (234343566103040t"* — 21804386465792¢'* + 102596245216¢'°
+15956069184t" + 542705432¢° — 1694520t* — 36762t + 15) D*
+ 32t%(126422186976640t > — 8667906294144t"° + 129634375864t°
+ 26902078485 + 17651600t* — 204240¢> — 49)D®
+ 32t%(285066614292448t "> — 15534154687040t"° + 251203935368t°
— 291393828t° — 1136928t* — 258660t> — 15) D>
+ 128t*(78551346664144t"0 — 3663416463632t° 4 48257529676t° — 820898270t" — 4423658t — 37545) D
+ 3072t" (1349017239080t "° — 57143052340¢° 4 533807468t° — 19445050t* — 103234¢> — 345)

The local log-monodromies for the quantum local system:
0

att =0
_1

att—§
_ 1

att——§

at the roots of 136t3 — 20t2 +6t — 1 =0

at the roots of 1363 + 20t +6t +1 =0

COO0CO0OO0OO0 OO0 O0OO0 OO0OO0O0O0O0 OCOO0CO0OO0OO0 OO0 O0O0OO0
OO0 O00O0 OO0OO0OO0O0O0 OOO0OO0OO0OO0 OO0OO0OO0OO0OO0O OOO0OOOR
OO0 O0O0 OO0 O0OO0C0O0 OOO0OO0OO0OO0 OO0OO0OO0OO0OO0 OOO0OOOO
COO0O0OO0O0 O0O000O0 O0OO0O0O0O0 OCOO0O0OO0OO0 OO0+ OO
OO0 O000 OO0 O0OO00 OO0OO0OO0OO0O0O ODO0OO0OO0OO0O0O OOROOO
O O0O00O0 OHOOO0OO0O OFHOQOO0OO OFHOOO0OO OROOO

The operator Lx is extremal.

B.31. MW&. [description p. 10, regularized quantum period p. 16]
The quantum differential operator is:

(2t — 1)(2t + 1)(6t — 1)(6t + 1)(20t° — 4t + 1)(20t> + 4t + 1)(127920t° — 45016t* — 293t> — 1) D°
+2 (81050112000t — 42347458560t + 4138403072t
+109225472t" + 95280¢° + 187248t + 911¢° 4 2) D°
+ 4 (349989120000 "* — 177028331520t'? + 12857605632t
+227619584t° + 1578760t — 171496t* — 769t> — 1) D*
+ 8t*(755239680000t "% — 383806594560t"° + 191299720961°
+ 278237408t° 4 1853984t* 4 10304¢> + 13)D?
+ 32t% (425743344000t — 221217604800t + 7159648792t% + 109530520t + 1224240t* + 4582t> + 1) D?
+ 768t* (19552572000t "0 — 10422296720¢° 4 211812198t° + 4163952t* + 55827t + 173) D
+ 23040t (268632000 — 146189120t% + 1864348t° + 52366t" + 729t + 2)
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The local log-monodromies for the quantum local system:

0

OO0 O0O0O0 OO0 O0O0O0 OO0OO0OO0O0O0 OO0O0O0OO0O0 ODOO0OO0OO0OO0 OOO0OO0OO0OO0O OCOOO0OO0OO0O
COO0O000 OO0 O0OO00 OCO0OO0OO0O0 OCOOO0OO0O0 COO0OOO0O0 OCOOOOO0 COOCOOR

OCOO0O000 OCOO0OO0OO0O0 OCOO0OO0OO0OO0 OCOO0OO0OO0OO0 OCOO0OO0OO0OO0 OCOO0OO0OO0OO0 oo oo

OCOO0O0O0O0 OO0OO0O0OO0OO0 OCOO0OO0OO0OO0 OO0O0O0O0OO0 OO0O0OO0OO0OO0 ©OCOO0OOCO0OO0 OO0+ OO

The operator Lx is extremal.

B.32. MW{;.

The quantum differential operator is:

0

OO0 00O0 OO0O0O0O0O0 OCO0OO0OO0O0 OOCO0OO0OO0O0O OCOO0CO0OO0OO0 OCOO0OOCOO OO~OO

O O0O000 OHOOOO OFHOO0OO0OO0 OHOOOODO OFHOOOOD OHOOOO OFHOOOO

att=20
at t =1
at t = ¢
at t = —¢
at t = —1

at the roots of 20t2 —4t +1 =10

at the roots of 20t2 +4t +1 =10

[description p. 10, regularized quantum period p. 16]

(416t* — 1448 + 8¢ + 4t — 1)(416¢* + 144¢° + 8% — 4¢ — 1)(119179008t° + 10942640¢* + 192779t> + 980) D°
+ 2 (226871066492928¢'* + 10977991065600¢'* — 661584438272¢"°

—1433003264t° — 363743360t° — 47681568t* — 641057¢> — 1960) D°

+ 4 (979670514401280¢ " + 74598187089920¢'* — 1635236114944¢"°

—46841533568t" + 1268915136t° + 55009348t" + 503977t* + 980) D*

+ 8£(2114025846865920¢ "2 + 203938713538560¢'° — 1101057117184t

— 117410965440t° — 475968000t + 3889200t> — 12299) D?

+ 128t%(297929404790784t "> + 33127871570560t "0 + 111493204952t°

— 15417741170t° — 129552291¢* + 148450t> — 245)D?

+ 256" (164191489173504¢ "0 + 19958501546880¢° + 167108388648t° — 7614297740t" — 82910507t> — 24740) D
+ 1536t" (11279101317120t'° + 1447829510400¢° 4 16271407536t° — 474232070t* — 5907869t> — 4760)
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The local log-monodromies for the quantum local system:

01 0 0 0 0
00 0 0 0 0
000 0 1 0 0
000 0 0 1 0 at t =10
00 0 0 0 1
00 0 0 0 0
00 0 0 0 0
00 0 0 0 0
PO at the roots of 416t* — 14413 + 82 +4t —1=0
000 0 0 0 1
00 0 0 0 0
00 0 0 0 0
00 0 0 0 0
PO at the roots of 416t* + 14413 + 82 —4t —1=0
00 0 0 0 1
00 0 0 0 0
The operator Ly is extremal.
B.33. MW%. [description p. 11, regularized quantum period p. 16]

The quantum differential operator is:
(8t% — 4t + 1) (8t + 4t + 1)(28t% — 4t — 1)(28t° + 4t — 1)(1245440t° 4 159472* — 353t° + 2)D°
+2 (687403171840t + 55847092224t"* — 2940634112¢"°
+646645248t° — 7816080t° — 602296¢* + 771> — 4) D°
+ 4 (2968331878400t '* + 342433251328¢'% — 16569335296t
+962246144¢° + 20691276t° + 609636t" — 327¢° 4 2) D*
+ 8t%(6405347737600t "> + 905030160384¢'° — 30840349696t° + 529133120t° + 4111656t* — 69016t> — 79) D*
+ 6417 (1805409751040t + 290148947200t'% — 6893123664¢° 4 13678020t° — 1333787t* — 13834t> — 3)D”
+ 256t (497488517120t'° 4 86925519744t% — 1508603672t° — 6132868t" — 554137t> — 2494) D
+ 1536t*(34174873600t'° 4 6291237120t% — 85724560t° — 530810t* — 38831t> — 116)

The local log-monodromies for the quantum local system:
1 0

att=20

at the roots of 82 — 4t +1=0

at the roots of 282 —4t — 1 =10

at the roots of 282 +4t — 1 =0

at the roots of 82 +4t+1=10

OHOO0OO00O OFHOO0OO0OO0 OHOOOO OFHOOOO OFHOOOO

OO0 O0O00 OO0OO0O0O0O0 OO0O0OO0OO0O0 OO0OO0OO0OO0OO0O O0OO0OO0CO0OO0
COOCOO0O0 OO0O00O0O0 OO0OO0OO0O0OO0 ©COO0OO0OO0OO OO0+ OO
OO0 O00C0O OCO0OO0CO0OO0O0 OOO0OO0CO0OO0O OCO0OO0OO0OOO OOROOO

OCOO0OO0OO0OO0 OCOO0OO0OO0OO0 OOO0OO0OO0OO0 OCOO0OO0OO0OO0 OOO0OOO0O
COO0OO0OO00 COO0OO0OO0OO0 OCOOO0OO0OO0 COO0OOO0OO OOOOCO

The operator Lx is extremal.
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B.34. MW?T [description p. 11, regularized quantum period p. 16]
The quantum differential operator is:

(275215 — 115267 + 224" + 961> — 52> + 12t — 1)(2752t° + 1152t° + 224¢* — 96t° — 52¢> — 12t — 1)
(4516691026120601600¢'® 4 10894175535784019520¢'° 4 161057014788668272¢™* + 223186423846901825¢ ">
+ 1489656860655194t'° — 37076036387883t% — 944190030122t° + 1145046509¢* + 34077463t + 3136)D®
+ 2 (718350728614858094700134400t™ + 1808773177510341584824565760t>
+ 11029946474586078383243264t°° + 38551285621538701581713408>* — 5738769487235289312706561>
— 55410907815277159905280t>° — 10868619181236655325696t"° — 205717988100675369984¢'°
+ 54690133059712073568t"* — 2288987306843185052t"% — 22309755134355486t°
+253350406694334t° 4 8580745232122t° — 7798176720t — 238542241t — 18816) D"
+ 4 (6234258109050375607576166400t™ + 16563148489700147386089144320¢°°
+ 153884025675978814793531392t%° 4 396376397592542781690715136t>* — 244086311073605059692544¢>>
— 293272503356977770941696¢%° — 34041797107502106577312¢'® + 652775043341067168068¢"°
— 44917328848849757800t™* + 115740615612404585641% 4 61805608644992588t"°
—1336778298658238t° — 25795200795638t° + 35399715688t* + 581693399t + 40768) D°
+ 8 (29067549125736936474830438400¢*° + 81851870301201769764088381440¢
+ 939457832323447863369383936%° + 2148139133199504182578666496t>! + 5371023638579317537625088t>
— 957869720387013465562880t*° — 5020278555805201268384t"° — 1791882536502223335404t"°
— 85650713028232429760t"* — 208432831632586599461'% — 101280721448407430t"°
+1741410204251200t° + 30185303650830t° — 49184868070t — 583650151¢* — 37632) D°
+ 16 (79230237058744125391346073600¢>° + 236991057245518887863871979520t
+ 3064756009927980485218619392t>¢ + 67255581540125740423519823361>* + 25714515380315969257756928t>
— 2214587183336657609276512t*° + 14905942833336792786992t'® + 2425296396558205778092t
+ 70030906648265241400t"* 4 13039662696372133523t'% 4 68594134702584874¢'°
—642583292426727¢° — 12336212241784t° + 23535298811¢* + 206616410t + 12544) D*
+ 641% (64244286367595768799677644800t>° + 203835202251539030078676664320¢°
+ 2826396757245234563525490688t>* + 6176058394659175094246477056¢>> + 30060979005675148672022400¢>°
— 1750848106552043666387424t"® — 31680726103451488064224¢ ¢ + 328919199593772520366t"*
+ 33052797280494574660t'* — 311682535251628245¢™° — 3943292702734802¢°
— 5555362326911t° + 105428531260t — 716272453t> — 28448) D*
+ 512t%(15009134071247813042455347200t>° + 50222389883894861028705538560¢°
+ 725335071957348016538310016¢>* + 1603230224901344022068592328t>% + 9154893897382658634810352t°
— 428192374996045407448412t"® — 15519523249001954206792¢° + 52781806444610795042¢*
— 1276462080564820298t'> — 107386844952242335t'% — 7922115016496861°
— 5580848553730t° 4 16358540366t* — 35218463t> — 1568) D”
+ 61441° (1216860211646830162557747200t>* + 4254138344852923650551665920t>
+ 62879395621367262268113088t%° + 141203555473546515828319348t"° + 892698338486015205162136¢°
— 36871341336439978899176¢"* — 1637218553379789670928t' + 2207989224928555682t'°
— 562698415042789318t% — 9517978064339709t° — 42261757561740t* — 328350172920t + 368309382) D
+ 154828801° (183729957560533831884800t>* + 663265247268250820234880t
+9929341713271041302112¢*° 4 22607862359961003907882t'® + 151963033359678362364¢"°
— 5846359991941694249t'* — 276152453516510822t' 4 64100253358393¢'°
— 116439515097332t% — 1405235953421t° — 3886412020t" — 21911230t° — 41272)
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The local log-monodromies for the quantum local system:

0 0

att=20

at the roots of 2752t% — 11525 + 224t* + 96¢3 — 5212 + 12t — 1 =0

at the roots of 2752t% 4+ 11525 + 224t* — 96¢3 — 5212 — 12t — 1 =0

OO0 O0O0OO0O0O0 OO0 O0OO0O0OO0OO0 OOO0OO0OO0OOO0
[=NoleNoNeNoNeNoleNeNoNeNoNe ool NoNo o o N Ne N S
COO0O0O0O000 O0O0O00O0O00O oo oOoOoOo
OO0 Q0CO0O000 OO0 O0OO0OO0O0 OOOOOO

OO0 O0OO0OO0O0O0 OO0 O0OO0OO0OO0OO0 OOO0OO0OO0OO0OOO0O
[=NoleNolleNoNeNolloleNoleNoleNool e o=l =i =R=]

OO0 O0OO0O000 O0O0O0O0O0O0O0 CoOo+HOOOOO
OROO0OO0OO000 OHOOOO0OO0O0O OROOOOOO

The ramification defect of Ly is 1.

B.35. MW‘%S. [description p. 11, regularized quantum period p. 16]
The quantum differential operator is:

(4t — 1)(4t + 1)(8t — 1)(8t + 1) D* + 64t (128> — 5) D> + 16t°(1472t> — 33) D*+
32t% (896t — 13)D + 128t%(96t> — 1)

The local log-monodromies for the quantum local system:

0 1 0 0

0 0 1 0

0o o o0 1 att=20
0 0 0 0

0 0 0 0

0 0 0 0 _ 1
0 0 0 1 att—4
0 0 0 0

0 0 0 0

0 0 0 0 1
0 0 0 1 att—g
0 0 0 0

0 0 0 0

0 0 0 0 1
0 0 0 1 att = —3
0 0 0 0

0 0 0 0

0 0 0 0 1
0 0o 0 1 att=—7
0 0 0 0

0 0 0 0

0 0 0 0 _

o o0 o0 1 at t = o0
0 0 0 0

The operator Lx is extremal.
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