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Quantum-enhanced passive remote sensing
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We investigate theoretically the ultimate resolution that can be achieved with passive remote sensing in
the microwave regime used, e.g., on board of satellites observing Earth, such as the soil moisture and ocean
salinity (SMOS) mission. We give a fully quantum mechanical analysis of the problem, starting from thermal
distributions of microscopic currents on the surface to be imaged that lead to a mixture of coherent states of
the electromagnetic field which are then measured with an array of antennas. We derive the optimal detection
modes and measurement schemes that allow one to saturate the quantum Cramér-Rao bound for the chosen
parameters that determine the distribution of the microscopic currents. For parameters comparable to those of
SMOS, a quantum enhancement of the spatial resolution by more than a factor of 20 should be possible with a
single measurement and a single detector, and a resolution down to the order of 1 m and less than a 11—0 K for the
theoretically possible maximum number of measurements.
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I. INTRODUCTION

Optical imaging has evolved dramatically since the discov-
ery that Abbe’s and Rayleigh’s resolution limit comparable to
the wavelength of the used light is not a fundamental bound.
This was demonstrated experimentally with a series of works
starting with stimulated emission depletion in 1994 by Hell
[1], who showed that decorating molecules with fluorophores
and quenching these selectively, imaging of a molecule with
nanometer resolution could be achieved in the optical domain
(see [2] for areview). This was followed in 2016 by theoretical
work by Tsang and coworkers [3] who framed the problem
of the ultimate resolution of two-point sources in terms of
quantum parameter estimation, a very natural approach given
that quantum parameter estimation theory was originally mo-
tivated by generalizing the classical Cramér-Rao bound that
had long been used in radar detection to the optical domain
[4-7]. Tsang and coworkers showed that even in the limit
of vanishing spatial separation between the two sources a
finite quantum Fisher information (QFI) for that parameter
remains, whereas the classical Fisher information degrades in
agreement with Rayleigh’s bound [8]. A large body of the-
oretical work followed that incorporated important concepts
such as the point spread function for analyzing optical lens
systems, and mode engineering such as SPADE for optimal
detection modes [8-25], reminiscent of the engineering of
a “detector mode” for single-parameter estimation of light
sources [26]. Experimental work in recent years validated this
new approach to imaging [27-30]. Optical interferometers
were investigated in [21,31-33]. The resolution for general

*saban-emre.koese @uni-tuebingen.de
fgerardo.adesso @nottingham.ac.uk
*daniel.braun @uni-tuebingen.de

2469-9926/2022/106(1)/012601(20)

012601-1

parameter estimation for weak thermal sources was studied
in [34]. Recently, the spatial resolution of two point sources
for two-mode interferometers was examined for the far-field
regime [35].

In this work, we investigate the ultimate limits of passive
remote sensing in the microwave regime with a satellite of
the surface of Earth. There, the state of the art is the use of
antenna arrays for synthesizing interferometrically a large an-
tenna with corresponding enhanced resolution. For example,
the SMOS (soil moisture and ocean salinity) interferometer
achieves a resolution of about 35 km, flying at the height
of about 758 km and using a Y-shaped array of 69 antenna
[36-39]. Each antenna measures in a narrow frequency band
1420-1427 MHz with a central wavelength around A ~ 21 cm
and in real time the electric fields corresponding to the thermal
noise emitted by Earth according to the local brightness tem-
peratures on its surface. The signals are filtered and interfered
numerically, implementing thus purely classical interference,
which implies a resolution governed by the van Cittert—
Zernike theorem [40—42]. Recently, it was shown theoretically
that larger baselines can be synthesized by using the motion
of the satellite but at the price of the radiometric (i.e., temper-
ature) resolution [43]. The question naturally arises to what
extent the resolution can be improved by using methods of
quantum metrology. As in the optical domain the answer can
be found by analyzing the quantum Cramér-Rao bound and
then trying to find the optimal measurements that can achieve
it. We solve this problem, in general, for an arbitrary antenna
array defined by the positions of individual antenna, in the
sense of finding, at least numerically, the optimal modes for
measuring the electric fields. We go beyond the situation of lo-
calized point sources that has become a favorite simplification
in the field and describe the sources as randomly fluctuat-
ing microscopic current distributions which in turn generate
the electromagnetic field noise, ultimately measured by the
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satellite. This is closer to the literature on passive remote
sensing in the microwave regime and allows a direct compar-
ison with the van Cittert—Zernike theorem. We also make use
of the scattering matrix formalism introduced in this context
in [44]. The thermal fluctuations of the microscopic currents
lead to Gaussian states of the microwave field [26,45-47],
and our analysis makes therefore heavy use of the quantum
Cramér-Rao bound (QCRB) for Gaussian states [48—-53]. We
assume that only the current densities at the surface of Earth
contribute. In reality, the emission seen by the SMOS is from
a surface layer on Earth that has a finite thickness, but is thin
enough to make a two-dimensional (2D) approximation. Also,
the receivers see the emission from the cosmic microwave
background. We neglect it as its temperature is two orders
of magnitude lower than the one of Earth [43]. Additional
technical noises are neglected and indeed beyond the scope
of this paper. Additional technical noises in the context of
imaging were considered in Refs. [54-56].

The rest of the paper is organized as follows. In Sec. II,
we describe the state for the n-mode interferometer for gen-
eral sources on the source plane using the scattering matrix
formalism. Later, we present the general formula of the
positive-operator-valued measure (POVM) for the QFI based
on the state of the n-mode interferometer. In Sec. III, first,
we discuss the QFI for the parameters, source size, and tem-
perature of a single uniform circular source for both a single
antenna and two antennas. Second, we discuss the spatial res-
olution, source separation, and centroid on the source plane,
of two strong point sources with the same and different tem-
peratures for a two-mode interferometer. Third, we examine
an array of antennas to increase the spatial resolution of a
uniform circular source and two-point sources. We conclude
in Sec. IV.

II. THEORY

A. Continuous vector potential and interaction with classical
current sources

The operators for the quantized vector potential A(r, ) can
be written in continuous form. The operator for the vector
potential in the Coulomb gauge reads as [57,58]

R 7 1/2
A(r,t):/d3k S —
1673¢0c|K|

X Z ek, o)ak, o)exp(—iclk|t + ik - r) + H.c,,
o=1,2

ey

where, a(k,o) are the continuous mode operators with
[ak, o), a"(k, 0)] = 8§(k — K')8,4, and e(k, o) are the di-
rections of the polarizations with index o € 1, 2, which are
always perpendicular to wave vector k. Mode functions are
plane waves and parametrized by k and o. The interac-
tion Hamiltonian for the classical current distribution of the
sources j(r,t) with electromagnetic waves in free space is
given by [43,58-60]

Hi(t) = —/d3rj(r,t)-A(r,t). )

In the interaction picture, using the Schrodinger equation the
state of the electromagnetic field at time ¢ can be obtained
from the one at ¢y as [58-61]

[P (@) = U, to)lv (o)), 3
where the U (¢, tp) is given by

Ul(t, ty) = exp (%/ dt//d3rj(r, t/)-A(r, l‘/)+iga(t,t0)).
° (4)

The phase ¢(t, fy) is a real number, which arises from the
classical interaction between the currents. It is independent
of the state on which the propagator acts, and cancels in the
calculation of equal-time matrix elements. Since the current
density commutes with the vector potential, one can write the
time evolution in the form of a displacement operator, which
is given by

D({a(k, 0)}) = exp |:Z/d3k [a(k, 0)a" (k, o)
’ (5)
—a*(k, 0)ak, a)]},

where a (K, o) can be found as

i h V2o ;
k,o)= | ——— dr’" | d&’rj(r,t')- ek,
a( U) Fl<167'[3800|k|) /f(\) / r-](r ) 8( U)

x exp(iclk|t’ — ik - r). (6)

The a(k, o) also depends on ¢ and ty. We assume that for
ty — —oo we have the vacuum state |{0}) for all modes. For
a deterministic current density, [ (¢)) is a tensor product of
coherent states,

¥ (1)) = {a(k, 0)}) = D[{a(k, 0)}1[{0}). (7

One can introduce the Fourier transform (FT) of the current
densities and take the ¢’ integral immediately [43]. We intro-
duce the Fourier decomposition of current density as

\/% /_ Z daj(r, @) exp(iat’). (8)

Then we can write a(k, o) in the form
dor= (ot )"
ak,0)= - ———
h\ 32m4eqc|K|

t [ee]
x/ dt//d3r/ dajr', @) - ek, o)
—00 —00

x exp(ic|k|t’ — ik - r)exp(idt’). 9)

i, 1) =

Taking the integral over ¢’ gives

1 12
Ko)=—(—
a(k, o) (327T480ch|k|>

x/d3r /oo daj(r,®) - ek, o) exp(—ik - r)

expli(® + c|k|)t]
ie —clk|—&

(10)
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FIG. 1. An interferometer, with n antennas, separated by a
distance R from the source plane. The T.x(x,y) is the position-
dependent effective temperature in the source plane that one wants
to measure. The field a(k, o) propagating from the source enters the
receiver on the interferometer and is partly reflected back into the
modes b(k, o). Single b; exit the receiver and are combined in a
preprocessing step, while other single modes a; are scattered back
from the preprocessing step. The preprocessing of modes allows a
nonlocal measurement by combining the modes b; with beam split-
ters and phase shifters. We denote the origin of the coordinate system
on the detection plane as O. All the components of the vectors are
donated in the coordinate system R = (O, &,, &, &).

We introduced a shift in the denominator “ie” that is necessary
for the integral to converge at t = —oo.

B. State received by the antennas

The electromagnetic field is received by an interferometer
that has an array of antennas, localized at positions r; in a
plane. The detection plane of antennas is parallel to the source
plane and separated from it by a distance R (see Fig. 1).
Each antenna is connected at its output to a waveguide that
channels the received electromagnetic field radiation towards
the measurement instruments. Receiver “i” consists of an-
tenna “i” combined with its output waveguide. Its output,
possibly after filtering, is assumed to be single mode with
discrete annihilation operator b;. We call the modes received
by the antennas “spatial field modes” since each mode b; is
specific to a location on the detection plane. Single modes
with discrete annihilation operator g; are reflected from the
preprocessing stage. On the antenna side, we represent incom-
ing plane waves in the interferometer by a(k, o) and scattered
outgoing plane waves by bk, o) (see Fig. 1). One can use
the scattering matrix formalism to find the relation between
incoming and outgoing modes.

Furthermore, the modes b; are separated by distances
substantially larger than the central wavelength A. And the
collection area of each antenna Ap is assumed to be Ap ~ A2,
where A is central wavelength. These constraints make the
modes for different receivers orthogonal and simplifies the
form of the scattering matrix. A scattering matrix connects

incoming and outgoing modes, and one can write it as [62,63]

|:S(scal ) S(trans):|

S(rec ) S(reﬂ ) (1 1)

This matrix acts on the vector [{a(k, o)}k s, {&i}[i]]T,
where {a(k, 0)}.o} is the vector of continuous plane-wave
operators with continuous k and two polarizations. {a;}; is
the vector of modes with i € {1,...,n} for an n-mode in-
terferometer. The first block, S®), describes the scattering
of incoming plane waves to outgoing plane waves from the
interferometer. A receiver can receive or transmit the signal.
The off-diagonal block S describes the coupling of the
incoming plane waves a(k, o) into the receiver modes b;,
and S describes scattering of reflected receiver modes
a; into outgoing plane waves 5(k, o). The matrix Stefl) rep-
resents the scattering (reflection) between the receivers, and
will be neglected, S®™) ~ 0. One can also verify that if the
receivers have only incoming and outgoing modes, the receiv-
ing and transmitting pattern of the receivers will be the same
Stans) (g o; j) = ST)(j; Kk, o) and we can denote them as
simply S;(k, o). Formally, the input-output relations read as

bk, o) = Z / Ad’K'SCVK, K, o, 0 )ak', o)
+ZSj(ka)&j (12)
J

and

b; = Z/d3k8i(k,a)a(k,a). (13)

For a lossless system we assume that S'S = I. Then we write
Sea(k k', o, 0') = (S (K, k, o', o). The field oper-
ators a(k, o) from the state that we have for Eq. (7) can
be replaced by the following relation for n different receiver
modes:

ak, o) = ZSj(k, o)b;
J
+ Z / KRS COK o' Kk, 0)bK, o'). (14)

The interferometer does not have any access to modes b(k, o).
Assuming that all antennas are identical in terms of their
receiver pattern, except for their position r; on the detection
plane, each scattering function may be written as [62,63]

Si(k, o) = kT S(K, o), (15)

where ¢; is the time at which we consider the state of the ith
antenna. Since we are only interested in spatial modes, we
assume that relative time differences between any pair of an-
tennas is zero. Then we write #; = 7, with 7 the time when the
signal from (r, t) arrives at central antenna. And S(k, o) is the
function describes scattering to the central receiver. According
to (14), t is the last time the current densities to be sensed
imprint their information the coherent state labels a(k, o).
Further, the commutation relation of different receiver modes
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can be written as
bi. b1 = Zfd3k8(k 0)S;(k, o) ~ 8, (16)

where we have used the canonic commutation relation of
a(k, o) and we assumed that |S(k, o)| varies slowly com-
pared to the oscillations of the exponential factor exp[ik -
(r; —r;)] for i # j. Since b; commutes with b(k, o), using
Eq. (14) we can write the coherent state in Eq. (7) as

[V (1)) = DUBHDI{B(k, 0)}I{0}), a7

where D[{B(k, 0)}] can be defined similarly to Eq. (5) and
Bk, o) is the eigenvalue of the scattered plane-wave modes
with annihilation operator b(k, o). Since the interferometer
does not have any access to these modes, we can safely trace
them out. The displacement operator for the spatial modes of
the interferometer can be written in the form

D(B:h) = Q) explpib] — B;bil. (18)

Then we have a coherent state for spatial modes of the inter-
ferometer,

p" = HBi}) (B}, 19)

where
Bi=Y_ / d*k Si(k, o)a(k, o). (20)

Si(k, o) depends on the type of receivers. Let us assume that
each receiver is characterized by a filter function w(w) with
central frequency w( and bandwidth B < wy:

_J1 for wy—B/2 < w < wy+ B/2,
w(w) = {0 elsewhere.

For simplicity we assume S(K, o) & /ow(w)e(k, o) - i, and
normalized according to Eq. (16) as

2y

3w
87Ta)83

1/2
Sk,o0)= ( ) w(w)e(k, o) - i, (22)
where w = c|k| and @ is the unit polarization direction of
the corresponding receiver mode. Since we are using a filter
function and S(k, o) is normalized, choosing /w or with a
different power will not change the result in Eq. (28). Yet,
in Eq. (25) we have the term ~wj, (r, @) by this choice and
it is consistent with the van Cittert—Zernike theorem given in
Ref. [42]. Then we have

12
i = d*r da
P (28h807r wSB) / / @

x Z/d3kw(a))j(r, @) - ek, 0)ek, o) -0

ei(&)t+wt—wi)e—ik-(r—ri)

23

ie —clk| —® 23)
To take the integral over d*k we align the k, axis with the
vector (r — r;). In spherical coordinates in k space we have
A’k = w?*/AdwdQ, where o = [K|c and k = (w/c)f()

with fi(2) = (sin 6 cos ¢, sin 0 sin ¢, cos ). The frequencies
will be filtered out by the filter function w(w) and later
only the integral over the surface from a distance R will be
considered in the far-field regime (Rwp/c >> 1). Then in this
step, we can drop the terms of order 1/f% and 1/f3 with
f = o|r —r;|/c. Taking the integral over €2, summing over
two polarizations, considering that our problem is limited to
far field we have

3CM() 1/2
Bi=i| =———= fd* / da)/ do w(w)w
64hm3w}B
. Aezwlr—r,\/c _ e—zwlr—r[\/c ez(wt+a)t—a)z)
X Je (r’ @) u . ~
r — 1 i€e—w—0o
(24)

where j,(r, @) is the locally transverse component of the
current density defined as j, = j — (j - &.)é, with unit vector

= (r —r;)/Ir —r;|. For R > |r;|, we have é. ~ r/|r|, with
corrections modifying only slightly the prefactors, not the
phases. One can extend the lower bound of the integration
range of the w integral to —oo using the definition of w(w),
and evaluate the w integral with the help of the law of residues.
Since >t — |r — r;|/c, the pole at w = —& + i€ contributes
to the term exp (iw|r — r;|/c). For exp (—iw|r — r;|/c) the
contour must be closed in the lower half-plane and there is no
pole to contribute. In the end one should send € — 0. Then g;
simplifies to

3 172 roo
Bi=— LO} / da)w(—a))a)/d3r
167 liwy B oo

5 efiw(t'f\rfr,-l/C)
X ji(r,w) - d————, (25)
|r —r;|

where we drop the “~” from @. The state in Eq. (7) is writ-
ten for a deterministic current density distribution. In reality,
these current densities fluctuate. Before we move forward,
we describe the properties of this current density distribution.
We assume that it is a complex symmetric Gaussian process

with current densities uncorrelated in positions, directions,
and frequencies [43,64,65],

3 -
< 8imd(@ — 8 — ') (i (r, »)*),

¢

(i, @) (¢, @) =

(i, @) (', ")) =0, (ji(r, ) (', 0)) =0.  (26)

The length scale /. and timescale 7, are introduced for di-
mensional grounds and the polarizations are indexed by [, m
taking values x,y, z. For the classical white-noise currents
Eq. (26) is a standard model, and appears in many places
in the literature [66—-68]. One can also derive Planck’s law
for the energy density of an electromagnetic field in ther-
mal equilibrium from it (see Appendix of Ref. [43]). We
choose the unit polarization vector of the receiver ii as one
of the basis vectors of the coordinate system R parallel to
ttle detectiop plane, in either x or y direction. Then, we write
(i (r, @) - 2 (r, ®) - @) = (|ji.1(r, 0)|*). Using Eq. (19) and
introducing the distribution of the current density P(j(r, w)),
the state for the interferometer p;,; with n receivers can be
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written as
m:/fﬂﬁmmmMMML 27)

The integral is over the complex j plane. Since it is a cir-
cularly symmetric Gaussian process, P(j(r, w)) is assumed
through its moments given in Eq. (26). Gaussian states
are completely characterized by their mean displacement
I'; = Tr[pb;] and covariance matrix with elements X;; =
I Te[p(b;b; +b,;b,)], where b= [by,b], by, b}, ..., by, b}l
and b; =b; — I'; [26,69-73]. The mean displacement for
our state is zero I'; = 0 considering Eq. (26). To find the el-
ements of the covariance matrix, we need to calculate (b/b;).
The integral over w can be taken using the filter function of
bandwidth B. With this we find

(1761 (r, w)]?) eiwollr=rjl=lr=xiD/e

Ir —r||r —rj]

(bib)) = K/d3r

B
X sinc[%ﬂr—rjl — Il'—l‘il)], (23)

where K = 3cpuol2 /(167 hwyt,) and sinc[x] = sinx/x. For a
very narrow bandwidth sinc|...] =~ 1. Then, Eq. (28) for i =
j becomes

7 2
P K/d3r —“]";f(_r’r‘;"z' ) (29)

where we defined 77 = (bjbi) without any index since the
mean photon number is the same for all interferometer modes
in the far-field approximation, and for i # j it becomes

7, w)|?) efeolir=rjl=lr—ri)/c
& =de3r (|je(r,w)|7) e 0
Ir —1||r — I'j|

with &;; = (b:b ;). The integral over Earth’s surface is
parametrized by r = (x, y, R) with respect to the coordinate
system of the detection plane. Further, we write [r —r;| —
Ir — ;| ~ Al'ij -r/|r| for |Al'ij| < R, where Al'ij =r;—TI
connects two different receiver modes. In the denomina-
tor, we approximate |r — r;| &~ R/ cosA(x, y) with (x, y) the
polar angle the angle between the z axis and the vector
(x,y,R). One can relate the average amplitude of current
density to brightness temperature Tz (x, y) by (|j;.;(r, )|?) =
K1 Tg(x, y)cosO(x, y)8(z — R) with a constant defined as
Ky = 32t.kp/ (313 noc) (see Appendix A). We define the effec-
tive temperature as Ter (x, y) = Tp(x, y) cos? O (x, y) and a new
constant k = K1K = 2kg /(7w hwy) where k has the dimension
of inverse temperature with SI units “1/K.” Then we can
simplify Eq. (29) fori = j as

K

=g | dxdyTe(x.y), (3D
and fori # j as
%=%fﬁ®umwﬁwmm, (32)
where
v = %, vl = %. (33)

We used wy/c = 27 /A. These two equations suffice to deter-
mine the covariance matrix elements of the Gaussian states
for the general interferometer with an array of antennas. All
spatial field modes received by the interferometer undergo a
preprocessing before measurement. This processing can be
understood as a linear combination of all spatial modes in such
a way to achieve the optimal POVM for the best estimation of
the parameter we are interested in (see Sec. II C). We use the
values of the SMOS for the rest of the paper which leads to
Kk ~9.41/K.

C. Quantum Cramér-Rao bound

A lower bound of an unbiased estimator of a deterministic
parameter is given by the Cramér-Rao bound (CRB), which
states that the variance of any such estimator is equal or
greater than the inverse of the Fisher information. The quan-
tum analog of the CRB is the quantum Cramér-Rao bound
(QCRB), given by the inverse of the QFI. The significance of
the QCRB lies in the fact that in the case of a single parameter
to be estimated the bound can in principle be saturated in
the limit of infinitely many measurements when choosing
the optimal quantum measurement and maximum-likelihood
estimation. Let us consider a quantum state p, that depends
on a vector of [ parameters, & = (1, U2, - - -, w)T. One can
generalize the single-parameter QCRB [4,5] to the multipa-
rameter QCRB [74] given for a single measurement by

Cov(i) > F(w)™",  Fij(w) = 1 (pu{ L. L)), (34)

where Cov(ji) is a covariance matrix for the locally unbiased
estimator fi(x) [48,53], the {-, -} means the anticommuta-
tor, and .Z; is the symmetric logarithmic derivative (SLD)
related to parameter i, which is defined similarly to the single-
parameter case %(Zpu + puZ;) = 9;pu. For any given
positive weight matrix W, the estimation cost is bounded
by Tr[W Cov(ji)] = Tr[W.Z(un)~'1 = CS(p, W). Contrary
to the single-parameter case, the multiparameter QCRB can
in general not be saturated. This problem was realized by
Holevo [52]. He proposed a tighter and more fundamental
bound CH(u, W), which is upper bounded by 2C5(u, W)
[75,76]. In case of the asymptotically classical models, where
SLD operators for different parameters commute on aver-
age Tr(pu[L;, L;]1) = 0, the Holevo CRB is equivalent to the
QCRB and it can be saturated asymptotically with a collective
measurement on an asymptotically large number of copies
pSN [53,76].

The SLD and the elements of QFI matrix are given
in Ref. [71] for any Gaussian state. The SLD can be
written as

L= 10, s(4i7")(beby — 2P, (35)

where the summation convention is used. In our case, the
mean displacement of Gaussian state is zero. Thus, we can
simplify further the elements of the QFI matrix in [71] to

Fij=35Mp 50,5087, (36)

where

M=TQT+i00Q, (37)
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and Q = @, _, io,. Using the properties of the Gaussian state
(circularly symmetric and with zero mean) we can write the
SLD for n-mode interferometers as

L= glblh;+ > ('bibi + () bjb;) +C. (38)
J

Jj<k

where C is a constant term. In the single-parameter case,
the optimal POVM is the set of projectors onto eigenstates
of Z. It allows one to saturate the QCRB in the limit of
infinitely many measurements and maximum-likelihood es-
timation [4,77,78]. For the diagonalization of the SLD, the
constant C is not important and we can drop it from the
beginning. We construct a Hermitian matrix M;

@ @ ... g

where the diagonal elements are real-valued functions which
can be defined as g} = m;,;,ya(aiwé) witha =2jand 8 =
2j — 1. The off-diagonal elements are complex-valued func-
tions which are defined as gfk = zm;/; M(a,-zvﬁ) with o = 2j
and B = 2k — 1 and k > j. Further, we can define a new set
of operators b = [b], b}, ..., b1 and b = [by, by, ..., b,]".
Then the SLD becomes

% =b"M,b. (40)

Since M; is a Hermitian matrix, it can always be uni-
tarily diagonalized by M; = V[TD,V,' with V}LV,- =1 A
new set of operators can be defined as (_liT = l_)TViT where
d/ =[d},d}, ..., d}]. The optimal POVM for the single-
parameter case (i = 1, which we drop in the following)
can be found as a set of projectors in the Fock ba-
sis {|my, my, ..., my,) (my,my, ..., mn|}{m1,m2___m”} of the d;
with ddj [my, ma, ..., m,) = my |my, ma, ..., m,), where |
{1,...,n}. The 6?1 will be called “detection modes.” In the
case of multiparameter estimation, one needs to check the
compatibility conditions to saturate the SLD-CRB. Thus, we
give the general commutation relation of SLD in Appendix B
for an n-mode interferometer. We see that the SLDs forn < 3
commute on average, Tr [ pin[-Z;, -Z;1] = 0, for any parameter
estimation.

III. RESULTS

A. Single receiver

In this section, we consider the case of the simplest esti-
mation of the parameters of the sources with a single receiver
with mode b. Then the covariance matrix for the state can be

written as
_ |0 x
Y= |:X 0] 41)

The QFI matrix elements for single mode can be found as
o 48,)( 0 i X

ij = 4)(2—_1, (42)

and, up to the irrelavant constant, the SLD becomes

481)( N
= b'b. 43
I -1 (43)

i

Since the SLD is already diagonal in the basis of b'b, the
detection mode can be considered as b. We write the POVM
obtained from the SLD as a set of projectors in the Fock basis
{Im) (m|};n which is the eigenbasis of bth, b*h|m) (m| =
m |m) (m|. To compare, we consider the POVM from het-
erodyne detection. The heterodyne detection uses a classical
local oscillator to make a measurement locally on the basis of
coherent states. For a single mode, its POVM elements can be
written as E(v) = |v) (v| /m where |v) is coherent state and
/ d?v E(v) = 1. The probability that E(v) triggers reads as

L. [ IvF* } (44)
— x —_—— s
a+n P T 010
with 7 given by Eq. (31). The classical Fisher information
(CFI) for parameter u; can be written as

2
E-:/d% ! (BP(”'“")) . (45)
P(v|ui) o

Resolution of a uniform circular source. Consider a source
defined as a circular disk with radius ¢ and with uniform
temperature 7' located under the interferometer at a distance R
[r = (0, 0, R)]. We are interested in estimating a or 7. While
estimating one of them, we will assume that the other param-
eter is known to sufficiently large precision. The temperature
distribution on the source plane becomes

Ter(x,y) =T circ(x, y), (46)

P(v|pi) =

where the symbol circ(-) stands for the circular function, de-
fined as

. 1, Vx24+y?2<a
cire(x, y) £ {0’ \/)ﬁ;)z;a (47)

We assume a < R. Then only small angles are involved
and one can set cos® ©(x, y) & 1. This corresponds to one of
the approximations characteristic of the far-field regime [79].
Using Eq. (31), we have # = ma’kT/R* and x = 1/2 + .
The QFI for estimating a becomes

4nTk
R 4+ a?nTk’
Then we can write the SLD for estimating the a ignoring the
constant term as

Fu (48)

2R? -
W= ———>———0b'b. (49)
aR? + ddn Tk
The CFI of the heterodyne detection becomes
22722
. 4a°m-T*k (50)

TR anaTr)?

In Fig. 2, we compare the QFI with the CFI of heterodyne
detection. As one can see, for small source sizes, the Fisher
information from heterodyne measurement vanishes. How-
ever, the QFI tends to a constant. For instance, in the limit
a— 0, for T =300 K we have QFI for estimating a as
F,~6.16x 10721 /kmz, which gives a smallest standard
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FIG. 2. (a) The QFI (solid blue line) and the CFI (dotted-dashed
red line) from the heterodyne measurement to estimate the source
size as a function of a. Both results are dimensionless and scaled
with the 47T« /R?, considering T = 300 K. (b) The QFI (solid
blue line) and the CFI (dotted-dashed red line) from the heterodyne
measurement to estimate the temperature as a function of a. Both
results are in units of 1/K?, and we consider T = 300 K.

deviation of about 4 km. Thus, we can conclude that the
photon-number measurement on the complete basis of Fock
states in the detection mode b helps us to get better resolution
than heterodyne measurement. If a becomes larger, we can see
that the QFI and CFI get close to each other at some point. To
estimate a, we assumed that we know exactly the temperature
of the source. Further, we find the QFI for estimating the
temperature as

wa’k

L — (51)
"7 R + &2n T2
with a SLD given by
R?
= ———-——b' (52)

T TR +&@nlT?
The optimal POVM is a set of projectors in the Fock basis

{Im) (m|};ny for both estimating a and T'. The CFI from het-
erodyne detection to estimate temperature becomes

nla*?

T R+ a2aTr)?

In Fig. 2(b), we plot both QFI and CFI for heterodyne
detection for temperature estimation. Both have very close
functional behavior. They vanish for a — 0 and they approach
each other when we have a large source size.

The off-diagonal matrix element of the QFI matrix for
multiparameter estimation reads as

Fr (53)

2amk
R+ a’nTk’

By sampling the same state A" times, the standard deviation
of the estimator decreases proportional to 1/+/A. The SMOS
satellite moves at a constant speed v >~ 7 km/s and takes the
time T = L/v to fly over a distance L. For each sample there is
a lower bound for the detection time given by 7p ~ 1/B (see
Appendix A). In practice, the effective detection time might
be much larger, due to, e.g. dead times of the detectors, slow
electronics, etc. In addition, zero temperature of the detector
and modes b; is implicitly assumed in our calculations, but
would require cooling down to temperatures much smaller
than fiwy. If the actual detection time is ¢, the sample size
becomes N = 7/t. In this paper we intend to establish the

Far = (54)

ultimate theoretical bounds and hence assume that the mini-
mal detection time #p = 1/B can be achieved, in which case
the sample size becomes N ~ LB/v. To estimate the source
size one can assume that L ~ a, and the QCRB for estimating
a becomes 8a > 1//NF,. Since N depends also on a one
can find the optimum bound in the sense of a minimal §a
at a = R/~/7kT. For T =300 K, we find a ~ 7.9 km and
8a 2 1.0 m. The bound for estimating 7', assuming all other
parameters known, can be written as 87 > 1/+/N Fr. Using
the same parameters as before and the same sample size, we
have §T = 0.08 K. Thus, increasing the sample size to the
theoretically maximally possible value, the spatial resolution
improves by a factor of order 35000 compared to the reso-
lution of SMOS, and the radiometric resolution by factor of
order 500. One can also increase the resolution by increasing
the number of antennas, which we present in the following
sections.

B. Two-mode interferometer

The optimum measurement with a two-mode interferome-
ter for temperature estimation of a black body was considered
in Ref. [80] and experimentally demonstrated in Ref. [81].
Further, the spatial resolution of two equally bright point
sources with a similar setup was recently studied in Ref. [35].
In the previous section, we only considered a single receiver
with mode b. It is obvious that we may get additional informa-
tion from the cross correlations of an n-mode interferometer.
An analytical calculation of the QFI matrix for n-mode inter-
ferometer generally becomes untractable for n > 2 and one
has to rely on numerical calculation (see Sec. III C). In this
section, we consider two receivers with modes 131 and 52 to
analyze the estimation of a single uniform circular disk for its
size a and temperature 7 and two uniform circular disks with
different temperatures for their the spatial resolution (source
separation s; and centroid #; with i € {x, y}). We write b as
b" = (131, 134{, 132, 5;). Since, the mean displacement is I'; = 0,
the covariance matrix X of the state p;, becomes

0 x 0 &
_|x 0 & 0

=10 & 0 4| (55)
£ 0 x O

where x = 1/2 47 and § = (b;bl). We give the general re-
sult for the QFI elements in Appendix C. Further, one can
write the matrix M; as

1 2| oidi
M; = |:|ggfzisi Ig%g|1 i|, (56)

where g}, g7 are given in Appendix C in terms of x and &,
and §; is the phase difference between two modes in the SLD.
Using the eigenvectors of M;, we can write the unitary V; as

1 1 i8;
V, = E[l _eemi]. (57)

We see that V; does not depend on the magnitude of the
elements of the matrix M; for a two-mode interferometer. The
detection modes can be found as c?l = (13 1+ 132ei5f)/ V2 and
dy = (b, — bye™)/+/2. The preprocessing to combine these
two modes can be done by a phase delay on one of the modes

012601-7



KOSE, ADESSO, AND BRAUN

PHYSICAL REVIEW A 106, 012601 (2022)

x10~2 ‘
7 g -~
5 VS AN 8 TN =100 (K) === 300 (K)
= i\A N — 17N\ —— 200 (K) == 400 (K)
£ i ’ ST R AN 2
5 dOAN _ ~— ~ =] Irr>. NN TN T~
< ',' /' \ }x//’ \\\_,f—\\__, ——————— = I’/ SNl R T
= '; DN NN = <4 il e o e
[ K N 0
5 ;',' — 0 (km) -==- 20 (km) % g./
- i —— 10 (km) —— 30 (km) )
0 5 10 15 20 0 10 20 30 40
Ar (m) Ar (m)
(b) (©)

FIG. 3. (a) The QFI (solid blue) and the CFI (dotted-dashed red) from the heterodyne measurement to estimate the source size as a
function of a. Both of the results are scaled with Eq. (59). In the limit a — 0, for 7 = 300 K we have .%, ~ 0.117 1 /kmz, which gives us a
standard deviation around 2.92 km. (b) The QFI .%, for estimating the size of the circular disk as a function of Ar (spatial separation of two
receivers) for different source sizes a = (0, 10, 20, 30) km with 7" = 300 K. Data are scaled by the maximum values of the QFI, which are
~0.117, ~ 0.070, ~ 0.030, ~ 0.015 1/km?, respectively. (c) The QFI .%, for estimating the size of the circular disk as a function of separation

of two antennas Ar, for different temperatures 7'.

and then combining these modes by a beam splitter before
any measurement. Then the POVM for the optimum mea-
surement can be written as a set of projectors again in Fock
basis as {|my, my) (mi, ma|}im,.m,) Which is the eigenbasis of
c?;'a?,, c?,'"c?l |my, my) = my |my, my). We check the weak com-
patibility condition for the SLD operators for general ith and
jth parameters of two-mode interferometer in Appendix B.
We find that the SLD operators commute on average on pjy,
Trlpin[-Z7, Z;11 = O for the two-mode interferometer. In this
case, CH(u, W) = C5(n, W) Y W and the SLD-CRB can be
saturated asymptotically by a collective measurement on an
asymptotically large set of copies pi‘ftN of pine. To compare
this POVM with the classical approach, we consider hetero-
dyne detection (see Appendix D).

Resolution of uniform circular source. Let us assume that
on the source plane, we have a circular disk of radius a with
uniform temperature 7 located at r = (xg, Yo, R). Then the
temperature distribution over the surface on the source plane
can be written as Tu(x, y) = T circ(x — xp, ¥y — yo). We want
to estimate again a and 7. The QFI for estimating the source
size is given by Eq. (E4) for a two-mode interferometer. The
expression is quite complicated. However, we can analyze it
numerically, or we can look at certain limits. Estimating the
size of the circle .%, depends on Ar (the separation of the
two antennas). Physically we assumed this separation to be
greater than the central wavelength Ar > A. Mathematically,
one can take the limit Ar — 0, in which case the additional
information from the phase difference between two antennas
vanishes. In this limit, the QFI for estimating the source size
becomes

kT
R? 4+ 2makT’

If we have 2wa?«kT > R?, the QFI for estimating a is %, ~
4/a?; for high temperatures or large a, the error of estimating
the size of the source linearly increases with its size. Fig-
ure 3(b) shows how the QFI changes when we decrease the
source size. In the limit of @ — 0, the QFI for estimating the
source size becomes

Ar—0

(58)

Fa

a—0 8nkT
R2

o
a

(59)

Comparing with the single receiver the QFI is doubled for
two-mode interferometers in the limit a — 0. We can still
have nonvanishing QFI for ¢ — 0, as we can see from the
black line in Fig. 3(b), which is the limit as in Eq. (59). The
black line (~0 km source size) is scaled with ~0.117 1/km?,
which corresponds to a standard deviation of ~2.92 km for
the interferometer with two modes. We give the CFI for het-
erodyne detection in Eq. (E14). For small source size, we can
ignore the higher-order terms in a, and we can simplify it as
1672k T%a?

R* '
As we can see, for a — 0, the CFI for heterodyne detection
tends to zero. Thus, the resolution of the source size with
heterodyne detection becomes arbitrarily bad in that limit [see
Fig. 3(a)]. However, for large source sizes, we can see from
Fig. 3(a) that CFI and QFI become equivalent. Therefore,
constructing a POVM from the SLD can beat Rayleigh’s reso-
lution curse, even for estimating the source size. To construct
the POVM for estimating the source size we give the elements
of matrix M in Egs. (E9) and (E10). The phase delay is found
as 8, = xoUx + Yovy, with v; defined as v, = Ar cos ¢/(AR),
vy = Ar sin@/(AR). Thus, once we have the information of
the location of the source centroid, we can combine these two
interferometer modes by using a phase delay to get the POVM
that saturates the QCRB. We plot the QFI as a function of Ar
in Fig. 3(c) for different temperatures. We can see that when
the effective temperature of the circular source increases, the
QFI also increases. Moreover, when we increase Ar, the QFI
for estimating a increases up to a maximum around Ar ~ 6 m.
The reason for this is additional information coming from the
phase differences in the two antennas. The QFI in Eq. (59) is
doubled compared to QFI for single receiver in Eq. (48) in the
limita — 0.

In the limit Ar — 0, the QFI for estimating 7' becomes

(60)

~

F,

2wad’k
-
TQ2ra*kT + R?)
Since we assume we are in a microwave regime kgT > Fhwo,

we can not take the limit 7 — 0. Instead, we can verify that
the QFI for estimating the temperature depends on the source

Fr (61)
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size for a finite temperature. Now, for 7 = 300 K and 30 km
source size we have the QFI around 2 x 107> 1/K? which
gives a very high standard deviation around 221 K. We show
in the next section that the QFI also increases if we increase
the number of spatial modes. For instance, for 20 antennas, we
have QFI around 1.5 x 10741 / K2, and the standard deviation
is 79 K for a single measurement.

In the limit Ar — 0, the CFI from heterodyne detection
becomes

Amla*k*(ma*kT + R)(Brna’*kT + R?)
QrakT + R2)* )

To compare with the QFI we assume the brightness temper-
ature T = 300 K and source size @ = 30 km. This gives a
CFI around 8 x 10~° 1/K? which give us a standard deviation
around 350 K. Compared to the QFI information, the CFI is
around 2.5 times smaller. Therefore, combining the spatial
modes (receivers) and measuring photon number in the Fock
basis of 31, c?z, as expected, is more advantageous even for
estimating the temperature.

So far, we only gave the diagonal elements of the QFI
matrix, relevant for estimating each parameter individually,
assuming all other parameters are known. The single indepen-
dent off-diagonal element of the QFI matrix regarding a and
T is given in Eq. (E7). In the limit Ar — 0 it simplifies to

Fr — (62)

4mak
2wa’cT + R?’
Then one can construct the QFI matrix to find the QCRB
for multiparameter estimation. Further, we can estimate the
source location considering the two parameters xg, yo. The
QFI matrix elements for estimating the source locations can
be written as

Far = (63)

8712Ar2/<TJ12vivj

Foiy = ,
0 AP (maPk T + R?) — kA2R2TJ?

(64)

where i, j € {x, y}. The QFI for estimating the source location
depends on source size and source temperature. Since the
elements .%; , and .%;,r of the QFI matrix are zero, source size
and location can be estimated simultaneously. And the neces-
sary phase delay for POVM can be found as §;, = 8 + /2
from Eq. (E13).

Spatial resolution of two-point sources. Recently, the spa-
tial resolution of two equally bright strong point sources was
studied in [35] by considering the sources aligned parallel to
the two-mode interferometer.

In this section, we consider a similar model with two circu-
lar disk sources on the surface of the source plane at locations
r; = (x1, y1, R) and ry = (x2, y2, R) but with different effec-
tive temperatures 77 and 7>, and same sizes a. We assume
that in the far field {x;, y;} < R and a < R. We analyze two
cases: when the sources are aligned or not aligned with the
two antennas. For two circular sources with equal size, the
temperature distribution over the surface can be written as

Ter(x,y) = Y Ticirc(x —x;,y — yi). (65)
i=({1,2}

Then we can define the four parameters that we want to es-
timate as source separation (s, = x| — x2), (s, =y — y2) and
centroid of the two sources [ty = (x; +x2)/2], [ty = (1 +

¥2)/2]. In Appendix F, we express the QFI matrix elements for
all four parameters. Since these equations are quite compli-
cated, we check the important limits. Since we want to resolve
the two-point sources even for very small separation, we
check the limit sy, s, — 0. Then we have QFI matrix elements
for estimating the source separation as .%#;, — 4712vi2r;KT and
fmy — 4nzvxvyn/cT, ifNh=7=T.

If we assume two sources aligned parallel to the two-
mode interferometer [y; =0,y =0andp =0 — v =v, =
Ar/(R)) and s, — s, t, — t] we can simplify our problem
to a single dimension. We show the dependence of the QFI
matrix elements on average temperature [T = (T} + T»)/2]
and temperature difference AT = T — T, assuming 71 > T5.
In Fig. 4(a), we plot %, with respect to source separation
s for different average temperatures. As expected, when the
temperature increases, the QFI for estimating the separation
also increases. For T =300 K and Ar =4 m, we have a
QFI around 0.027 1/km? which corresponds to a standard
deviation of 6 km for only two receivers for the separation
estimation. In Fig. 4(b), we see that, as we increase the tem-
perature difference between the two-point sources, the QFI
becomes less oscillatory and at AT — 2T, the oscillatory
behavior disappears. In the limit AT — 27T, or s — 0 the QFI
for estimating s becomes

Fy — 4T, (66)

which is the limit given by the solid black line in Fig. 4(b).
We calculated the CFI from heterodyne detection to estimate
the source separation in Eq. (F14). If the size of the sources
is very small and in the limit nk 7T < 1 the CFI for estimating
the source separation simplifies to

F, M) 8712772K2T2vi2 sin’[r (Sxvx + syvy)]. (67)
When the source separation goes to zero (sy, s, — 0), Fj,
tends to zero. We compare the QFI with CFI in Eq. (F14)
from heterodyne detection in Fig. 4(c). As we can see, the CFI
goes to zero for small source separation. Therefore, we can
conclude that Rayleigh’s curse limits heterodyne detection.
The POVM from the SLD eliminates that limitation. We give
the elements of the matrix M;, gi, and gf in Appendix F.
The phase difference for combining two spatial modes of the
interferometer can be found as §; = 27 (#,vx + tyvy) — 7. As-
suming the alignment of the spatial mode separation parallel
to source separation, it becomes §; = 2wtv — 7.

The QFI matrix elements for estimating the centroid is
given in Eq. (F6). We assume that the two sources aligned
again parallel to two spatial modes of the interferometer
[yi=0, ,=0and ¢p =0 - v=v, = Ar/(RA) and s, —
s, t,—tland %, , — %.InFig. 4(d), we see that the .%,
increases when we increase the temperature. For T = 300 K
and Ar = 4 m, we have a QFI .% ~ 0.11 1/km? which cor-
responds to a standard deviation of 3 km for estimating the
centroid. When sv ~ 0.5, .%; goes to zero for equally bright
sources. In Fig. 4(e) we see that it is not zero for sv ~ 0.5,
if AT #0, and the oscillation of .%, decreases when we
increase the temperature difference. In the limit s — 0, %
simplifies to

F, — 3270 kT (68)
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FIG. 4. (a) The QFI .%; of estimating the separation of two-point sources as a function of source separation s for different average
temperatures with AT = 0 and Ar = 4 m. (b) The QFI .%, with respect to s for various temperature differences AT for T = 300 K. (c) The
QFI % (red dotted-dashed) and CFI for heterodyne detection (blue dashed) for estimating the separation of two-point sources with same
temperatures T as a function of s. Both the QFI and the CFI scaled by 472v?5« T'. (d) The QFI .%, respect to s for different average temperature
T. (e) The QFI % respect to s for various temperature difference AT for T = 300 K. (f) The QFI .%; (red dotted-dashed) and CFI for
heterodyne detection F; (blue dashed) for estimating the centroid of two-point sources with same temperatures 7 as a function of s (both the
QFI and the CFI scaled by 3272v?n« T). For (a), (b), (d), and (e), v is fixed by taking the separation Ar of the two antennas 4 m and we have
n ~ 107*. The curves are ordered by increasing value of the QFI from solid black to green dotted-dashed lines in (a) and (d), and from blue

dashed to solid black lines in (b) and (d).

for AT = 0. The CFI for heterodyne detection is given in
Eq. (F13). For small sources we consider again the limit
nkT < 1, and we ignore the higher-order terms of nx 7. Then
we have

T <1

322 n* A T 0% cos? [ (s,vy + s,0y)]. (69)
If the source separation goes to zero (s, s, — 0), we still have
a finite F;, unlike the CFI for source separation. In Fig. 4(f),
we compare .%; with F,,. When the source separation goes to
zero, both Fisher information goes to a constant, and both go
to zero at su — 0.5. However, the QFI is five times larger than
the CFI from heterodyne detection. Again the phase difference
for the POVM from the SLD can be found as §; = 2nwtv +
/2.

Both QFIs, for source separation and centroid, are periodic
functions with a period of 1/v in the case of two point sources
(see Ref. [35]). The information on the position of the sources
is only encoded in phases. The QFIs are maximum at s = 0
or at s = 1/v = AR/Ar. The fact that sv = % the QFI has a
minimum (or even vanishes for the centroid estimation) has
its origin in destructive interference. For this value of sv, the
two waves from the centroid position to the two receivers
have a phase difference of 7 that makes that the off-diagonal
matrix element in the correlation matrix (13;'13 ;) vanish. Hence,
the QFI has to drop from the finite value at sv = 0 to this
minimum.

C. 1D n-mode interferometer arrays

The previous section considered a two-mode interferom-
eter for analytical calculations and compared the QFI with
its POVM and CFI for heterodyne detection. To compare our
results with SMOS, we extend the two-mode interferometer to
a 1D array of n single-mode receivers. We investigate numer-
ically how the QFI changes when increasing the number # of
interferometer modes. We assume the antenna array aligned
with the x axis on the detection plane and denote the maxi-
mum baseline separation of the two most distant antennas by
Ar, max -

Resolution of two-point sources for n-mode interferometer
array. We assume that both sources have the same sizes and
temperatures (AT =0 and 71 = T, = T) and that they are
parallel to the antenna array. In Fig. 5(a), we see that when we
increase the number of receivers, the behavior of F; changes.
It is still oscillatory as a function of sv with a period of 2.
Howeyver, for each oscillation, we have n — 2 additional max-
ima. Moreover, in Fig. 5(b), we see that F increases gradually
when we increase the number of receivers and the maximum
baseline increases as Arpa.x = (n — 1)Ar. For Ar = 1 m and
T = 300 K, the standard deviation for estimating the source
separation is ~23 km for the two-mode interferometer. For
the 20-mode interferometer, we find a standard deviation of
around 0.65 km. Further, if we keep the baseline fixed as 4 m,
the QFI increases linearly with the number of receivers, as we
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FIG. 5. (a) The QFI .%; as a function of s for 2,3,4,5,6 mode interferometers and each curve is scaled by its maximum values which are
~1.7x 1073, ~ 6.9 x 1073, ~ 17.3 x 1073, ~ 34.7 x 1073, ~ 60.8 x 1073 1/km?, respectively. (b) The QFI .%, with respect to a number
of interferometer modes n. (c) The QFI .%; with respect to a number of interferometer modes n. (d) The QFI .%, as a function of s for
2,3,4,5,6 mode interferometers. Each curve is scaled by its maximum values which are ~0.67 x 1072, ~ 2.78 x 1072, ~ 6.96 x 1072, ~
139 x 1072, ~ 243 x 1072 1 /kmz, respectively. (e) The QFI .%, with respect to a number of interferometer modes n. [For all, the separation
of two nearest antenna Ar is 1 m, and n ~ 107, The maximum baseline is Arn. = (n — 1)Ar.)] (f) The QFI .%, with respect to a number of
interferometer modes 7. For both (c) and (f), the maximum baseline is fixed by Ary,,x = 4 m, in this case, separation of two nearest antenna is
Ar = Arpa/(n — 1), and  ~ 107*. The curves are ordered by increasing value of the modes (1) from two-mode interferometer (solid black)

to six-mode interferometer (purple dotted-dashed) in (a) and (d).

can see in Fig. 5(c). In this case, for a two-mode interferom-
eter, we have a standard deviation of around 6 km, and for a
20-mode interferometer, we have 3 km.

We also checked the centroid estimation for the n-mode
interferometer. It leads to similar results as for source sep-
aration. From Fig. 5(d) we see that for sv = 0.5 the centroid
uncertainty for the two-mode interferometer diverges (%, ~ 0
at sv ~ 0.5). This is no longer the case for the array of n
receivers. In Fig. 5(e), we see that .%, also increases with the
number of modes. For the two modes, the standard deviation
for estimating the centroid was ~12 km. For the 20 modes,
we have a standard deviation of around 0.32 km considering
Ar =1 m and Aryx = (n — 1)Ar for average temperature
T =300 K. If we keep the baseline fixed, as we can see
from the Fig. 5(f), .%; increases linearly by n. By fixing the
Armax = 4 m, we have a standard deviation of ~3 km for the
two-mode interferometer; for 20 modes we have a standard
deviation of ~1.5 km. Thus, instead of sampling the state in
time, we can increase the number of receivers to increase the
QFI, and both methods can be combined as well.

Spatial resolution of single circular source for n-mode
interferometer array. To analyze the effect of n for source
size estimation, we consider a single circular source as given
in Eq. (46). In Fig. 6, we show how the QFI for estimating
a changes with n. For a — 0, .%#, increases linearly with n.
We have .%, ~ 6.16 x 1072 1/km? for single receiver which
corresponds to a standard deviation of 4 km and for higher n,
we have approximately .%, o n for small values of a. If we

have an array of 20 antennas, .%, ~ 1.23 1/km? which gives
a standard deviation of 0.9 km for estimating a. When we in-
crease the source size a, we see that there is extra information
coming from the phase differences as given by the solid lines
for Armax = 6 m and dashed lines for Ary,x = 4 m. One can
also see that as expected the dotted lines, corresponding to
the limit Ary,x — 0, get close to the solid black line, which
corresponds to a single receiver, for large values of a.

x10~1
2.I'

FIG. 6. The QFI .%, as a function of a for 1,2,3,4 mode inter-
ferometers, which are given by black (the lowest single) curve, blue,
red, and green (the top) curves, respectively. The maximum baseline
difference is given by Ary. — 0 for dotted lines, Az, = 4 m for
dashed lines, and Ary.x = 6 m for solid lines. The black solid line
corresponds to single receiver and 7 = 300 K.
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As a mathematical limit, we can take Ary,x — 0. Then the
additional information from phase differences of a receiver
pair will vanish [see Figs. 2(a) and 3(a)]. One can also com-
pare the QFI in Eq. (48) for a single mode with the QFI in
Eq. (59) for a two-mode receiver. In the limit a — 0, we
see that the QFI for estimating a is doubled. Yet, the FI for
estimating a from heterodyne detection in Egs. (50) and (60)
always vanishes in this limit ¢ — 0. In Fig. 6, the QFI to es-
timate a linearly increases with n. But the FI from heterodyne
detection is zero for the small source sizes in the limit a — 0
even for n — o0. Thus, we see that resolution is limited for
heterodyne detection for small source sizes. To get the quan-
tum super-resolution for estimating the image, one needs to
linearly combine the modes b; of the n-mode interferometer.
For that aim, one needs to calculate the elements of the matrix
M; numerically. Each normalized eigenvector of M; maps to
a set of operators d by linear combination of the operators in
b with corresponding weights and phases. One can design a
setup using these weights and phases in the eigenvectors to
achieve the resolutions for a chosen parameter given in this
section.

IV. CONCLUSION

In summary, we studied possible quantum advantages
in passive microwave remote sensing. Starting from a mi-
croscopic current density distribution in the source plane
corresponding to a position-dependent brightness temperature
Tes(x, y), we derived the general partially coherent state re-
ceived by an array of antennas. From the dependence of that
partially coherent states on parameters that characterize the
sources, such as the radius a and brightness temperature T
of a uniform circular source, we obtained the QFI and hence
the QCRB for the smallest possible uncertainty with which
these parameters can be estimated based on measurements
of the multimode state of the antennas. We showed how the
optimal measurements allowing one to estimate a single pa-
rameter can be obtained for a general array interferometer
with antennas placed at arbitrary positions. In general, the
optimal measurements correspond to photon-detection in cer-
tain detector modes that can be obtained from the original
receiver modes by mode mixing via beam splitters and phase
shifters. For single-mode and two-mode interferometers, we
gave explicit analytical results for the best possible resolution
of one or two uniform circular sources, both in ¢ and T and
demonstrated a clear quantum advantage over the classical
strategy corresponding to direct heterodyne measurements of
the receiver modes. In the limit of small source sizes, we
recover known results for the measurement of the centroid

J

and separation of two-point sources. We benchmarked our
results with the performance of the SMOS mission, which
achieves about 35-km resolution with 69 antennas deployed
on three 4-m long arms arranged in a Y shape, operating at
21 cm the wavelength, and flying at a height of 758 km above
Earth. As an example, we showed that by using the optimal
measurements, a single arm of length 4 m with 20 antennas
and a single measurement would allow a spatial resolution of
about 1.5 km. With a smaller satellite, a more than 20-fold
increase of resolution compared to SMOS could be achieved.
By increasing the size of the array to 19 m, the 20 antennas
should give rise to a spatial resolution down to 300 m. Sub-
stantially better resolutions can be achieved if we allow more
measurements. If we assume that the number of samples is
given by the time the satellite flies over the object whose size
one wants to estimate divided by the inverse bandwidth, even
with a single receiver a spatial resolution down to a few meters
and a radiometric resolution of a fraction of a Kelvin become
possible in principle.

Our results generalize previous approaches to quantum-
enhanced imaging based typically on weak sources (photon
numbers on average smaller than 1 per mode) or point sources,
and pave the way to quantum metrological sensitivity en-
hancements in real-world scenarios in passive microwave
remote sensing. Several challenges remain. Experimentally,
single-photon detection in the microwave regime is still
difficult but starts to become available [82], and even number-
resolved photon detection in the microwave regime has
meanwhile been demonstrated [83]. It requires very low tem-
peratures for operating superconducting qubits that would
have to be maintained on a long timescale on the satellite.
From the theoretical side, an extension to a many-parameter
regime requiring adaption of the optimal measurements will
be crucial for true imaging. Post-measurement beam synthesis
that is common in interferometric astronomy does not work
here, as already the detection modes depend on the pixel in the
image that one wants to focus on. Nevertheless, the substantial
quantum advantages demonstrated here theoretically in a rel-
atively simple but real-world scenario give hope that quantum
metrology can help to significantly improve the resolution of
passive Earth observation schemes, with corresponding posi-
tive impact on the data available for feeding climate models,
weather forecasts, and forecasts of floodings.
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APPENDIX A: BRIGHTNESS TEMPERATURE AND CURRENT DENSITY FLUCTUATIONS

The number of photons that pass through a certain antenna area Ap in a certain time #, can be found from 7 = Aptp®,
where @ is the photon flux. For a given intensity /, the photon flux for frequency wy can be found by ® = I/(fiwy). If the
total energy density on the antenna is Up, then the intensity can be written as I = Upc. Then i1 becomes i1 = AptpUpc/(hawy).
In the microwave regime 7w < kgT', the energy density (energy per unit volume per frequency) from black-body radiation at
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frequency w with a temperature distribution 7 (x, y) on the surface of radiation at the ith antenna position is given by [43]

k Tp(x, y) cosB(x, y)
uD(a))=F§C3/dxdya)2 L |f'—r<|2 Y , (A1)

where the brightness temperature is defined as Tz(x,y) = T'(x, y)B(x, y;w, 6, ). Earth is rather a gray than a black body,
therefore, the emissivity B(x, y;, #, @) of the patch in the direction of the satellite given by polar and azimuthal angles is
introduced. One can take the integral over w using the filter function in Eq. (21) to find the total energy density (energy per
volume) and it becomes

kpwiB / Tp(x, y) cos B(x, y)
= dxd A2
DY TP Ir—r;2 (A2)
Then the photon number on the receiver becomes
2k A Tp(x, 6(x,
2 ks D (DB) f dxdy B(x, y)cos 6 (x y). (A3)
nhw Ir —r;|?

For simplicity of the receivers scattering function, we set Ap ~ A2 and tp ~ 1/B. Comparing Eq. (A3) with (29), we define
(| Je.i(r, w)?) = K T (x, y)cos8(x, y)d(z — R) with a constant K} = 32rck3/(313/1,0c) which agrees with the result in Ref. [43].

APPENDIX B: COMMUTATION RELATIONS OF SLD’S FOR r-MODE INTERFEROMETER

The SLD for the ith parameter is given in Eq. (38) for the n-mode interferometer. To find the [.Z;, ;] we write

= Zg{bjb,, B; = ngkakar(g") bib;). (B1)

~

Using [by, 13';] = 8, one can write IQ}EEIBLZJP = BTmISPB}EB, + IQ}EIQP(S,,” — b by8i,. Then, we find the rest of the commutation
relations as follows:

[, 7] = ig?g’,»(é,*izkakl — bibidu) =0, (B2)
kil

[, B;] = Z (g5 — &)g"b1bw + (g7 — 81) (&) B, (B3)

I<m
(5 51 = — 3" (¢, — &) Bl + (& — &) (") B B4

I<m

[%%]:ki (& — i+ () ()" — (&) (&) B
b LY B - B Y [ B — @) AL ®9)
k<min(, p) {k,m} <l

where Y g = 200 2y Yyt and S tem<t = 20 30 ' 30! For the two-mode interferometer (n = 2), the diagonal
elements of M; are the same for any parameter estimation due to the central symmetry of two antenpla. Then, we have
[, Bj] = (%, ;] = 0, the first summation vanishes, and we have [%;, ;] = [glz(glz)* g*)g 2](bT1b1 — bbs). Since
(bb1) = (b}by) = i1, we obtain Tr [pi[.Z}, -Z;11 = 0.

APPENDIX C: GENERAL QFI AND THE ELEMENTS OF THE MATRIX M FOR A TWO-MODE INTERFEROMETER

In this Appendix, we give the general results for the elements of the QFI and the matrix M; for a two-mode interferometer,
assuming that all the elements of the covariance matrix depend on the parameter u; that we want to estimate. Using the covariance
matrix for a two-mode interferometer one finds the QFI matrix elements as

8
Fij = é{a,-s*a,»s[(l —4xD? =41+ 4x)DEPT + 3:E9;E7 (1 — 4x*)* — 41 + 4xD)IEIP]

+AEJEENE (1 +4x% — 4EP) +2x0;x (1 — dx? +4|E|)] + 4 0,E[£0;8*(1 + 4x* — 4E)
+2x 3 x(1—4x> +4EP] + 20 x (—1 + 45> — 4ED[—4x(EE* +E79;8) + d;x(—1 +4x*> + 4E[M)]}, (CD)
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where the denominator is given by
7 = (=1 +4x — 4P 6x* + (1 = 4E)* = 8x>(1 + [E1)]. (C2)
Using the SLD given in Eq. (38) we find the diagonal elements of the matrix M; given in Eq. (56) as

g = 249X 1€ + 40ix x> — 4:58* x — 40iE*Ex — ix)
l 16x* — 8x2(461> + 1) + (1 — 4]€[*)? ’

where the two diagonal elements are the same due to the symmetry with respect to the center of the two antennas, and

(C3)

2
g = 5{—ais<16|s|2x2 +4IE1* — 16" +8x? — 1) — E 467 (4IE1* — 1) — 1682 %] — d;x[32& x> — 8 x (4I€)> + D)1},
(C4)

where & is given in Eq. (C2).

APPENDIX D: POVM FOR HETERODYNE DETECTION

The POVM for heterodyne detection is given in Ref. [34], and the CFI analyzed for the weak thermal sources. Here we briefly
introduce the POVM for heterodyne detection. Then, we compare our results for the QFI with the CFI for heterodyne detection.
The POVM is given as

1
E(Vl,vz)=F|V1,V2)(V1,V2|, (D1)

where |vy, 1,) is a coherent state with normalization given by f d*v,d*v,E(v;, v3) = 1. The covariance matrix for a two-mode
interferometer is given in Eq. (55). Using the corresponding state for the two-mode interferometer we can find the observation
probability for any parameter y;, in terms of the elements of the covariance matrix as

1 (=112 = v + @) + Eviv, + EXviv
P(i, valpi) = ————— 2exp[ = AR+ Svive £5705m ) (D2)
w2 (1 +7n)* — |§1°] (I +n)>—I&]
The Fisher information for the parameter u; can be found as
1 APy, va i)\
F = /dzmdzvz < (v, v2|p ))
P(vi, va|pi) ;i
= fdzvldzva(Vu v2|pi) f (v, v2)
= (f(v1, 1)), (D3)
where f (v, v) is a polynomial function of second- and fourth-order correlations of v; and v,, defined as
1 0P (1, nalu)\?
,v2) = {9, In[P(uy, va|p)]Y = . (D4)
fi,v2) = {0, In[P(vi, vo|u)]} [P(Vl,vzwi)]z( "
With Wick’s theorem for Gaussian states, the fourth-order statistic can be written as
(X1x0x3x4) = (x1X2) (x3%8) + (x1x3) (X¥2xa) + (X1x4) {X2X3), (DS)

where x; € {vy, v}, v, v5}. We can also write ([v1]?) = ([v2|?) = 1 + 7 and (vivy) = &, (V3v)) = &%,

APPENDIX E: UNIFORM CIRCULAR SOURCE FOR A TWO-MODE INTERFEROMETER

We find the elements of the covariance matrix describing the state of two-mode interferometers in Eq. (55). Then for a circular
source with size a located at position (xo, yg, R) with the assumption xg, yo << R in the source plane we have

_ kT .
n= dxdy circ(x — x9, y — o)

2
wrakT
= (ED)
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and x and £ become

1  wad*T
x=5+

- E2
5 7 (E2)

’

. kT
& =(byb) = = dx dycirc(x — xp,y — yo) exp [2mi(xvy + yvy)]

T2 (2na JvZ + vf)

= exp [2mi(xovx + yovy)l, (E3)

2
R a,/v?+ v}

where v, = Ar cos9/(AR), vy = Ar sing/(AR), with Ar = Ar(cos ¢, sin g, 0). Note that . /v2 + vf, = Ar/(AR).

1. Quantum Fisher information: The uniform circular source

We found the QFI for estimating a is as

_8712aAr2KT

Fy = 7 [ranr*(ra®c T + R*)(JG + 1) — 2ArARQra*« T + R*)JoJy + ak A*R*T (J§ + 1J7], (E4)
a
where
Dy = (P2d*Ar* — PRI [Ar*(wd*« T + R*)? — k*A*R* T}, (E5)

and J;( 2“,?;” ) are the Bessel functions of the first kind and ith order. The QFI for estimating 7' becomes

2ka? [71 Ar*(wa*kT + R?) — KszzTle]
© T[AR2(wacT + R?) — a2c22R2T22]

T (E6)

The other elements regarding the source size and the temperature of the circular source can be found as

AraArk[Ar(wa’ckT + R*) — ak A\RT JyJ1]
T = .
“ A (raicT + R2)* — a2k 2)2R2T2J,2

(E7)

The QFI matrix elements for estimating the source locations can be written as

872 R* A2k T\ *viv;

Fiojy = :
OO Ari(ra®k T + R2) — kA2R2T J,2

(E8)

where i, j € {x,y}.

2. Elements of the matrix M; for a two-mode interferometer: The uniform circular source

To combine two modes of the receivers for the optimum measurements, we calculate § as given in Eq. (57). We find the matrix
elements of M, as

. 27 ArR? _ ) ) )
8, = T{naAr (ma’kT + R*) + ARJ [ak ART J; — ArQmak T + R*)Jol}, (E9)
21 Ar°R? 2,2 2 2p27 72 2 2 —is
g = T{aJo[rrAr (ma’kT + R*) + kA°R°TJ7] — ArARQ2ma’k T + R*)J }e ™, (E10)

where § = v,xg + vyyo. For the temperature estimation we get the elements of Mz as

APPR*(ma*kT + R?)
APT (ma2cT + R — a2 2R2T3J2
alArkAR3J e
 2kV2RTY? — Ar(makT + R2)*

(E11)

)
I3
Il

gr (E12)
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Finally, for the source location we found

(g§0> _ 27 Ar*R2J, e/ 0+7/2) (cos(¢)> (E13)
Yo a[r Ar*(ma®cT + R?) — k A2 R*TJ?] sin(p) )’

and g, = g;,o =0.

3. Classical Fisher information for heterodyne detection: The uniform circular source

Since we calculated the elements of the covariance matrix in Egs. (E1) and (E2) we can calculate Eqs. (D2) and (D4). Using
the CFI for the heterodyne detection in Eq. (D3), we can write the result for estimating the source size as

P 812a* k2 T* Ar3(ma*k T + R?)
=

[46° VR T I Ji® = 28> AP P R* T (ma*k T + R (Jo* + 1)J}

D,
+ AP (d®kT + R*Y’(Jo> + 1) — 4aAr*k ART (wa*,k T + R*)*JoJ;
—7a* Ark )R T (a®k T + R*)(Jo” + D * + 16a° Ar*i? PR T? (ma®c T + R* Ao | (E14)

with
D, = [Ar*(wa*«T + R*)* — a*k*X*R*T?JT . (E15)
The estimation of the temperature becomes

_ 282 Ar* 3 (a®c T + R?)

Fr = 5 [72@* Ar(ma®k T + R*)’ — a*k*A°ROT* 3 a’k T + TR*)J?
T
+ AP RR (md® kT + R*) (=51%a* k> T? — 2m Pk R°T 4 RYJ? + & Ar*c? M RAT* (T b T3
+197%a* > R°T?* + 107 a’,k R*T — 2R®)J}], (E16)
where
Dr = [Ar*(ma’kT 4+ R*)? — a***R°T?JT . (E17)

(

APPENDIX F: TWO-POINT SOURCES FOR A TWO-MODE where the average temperature is defined as T = (T} + T»)/2,
INTERFEROMETER and the temperature difference of the sources as AT =T, —

Y . . T; with T, > T; assumed, while the parameter 7, is given b
The temperature distribution of two circular sources with ! 2= A p 1S g Y

equal size a at locations (x1, y;, R) and (x3, y», R) is given in

Eq. (65). We assume that {|x;|, |y;|, a} < R. The elements of 1 = 21 (%) (F3)
the covariance matrix in Eq. (55) for two-point sources with 2 % ’

different temperature can be found using Egs. (31), (32), and

(65) as

which is related to the source size. In Fig. 7, we can see
the behavior of 7, with respect to the source size. For point
1 Z na’kT; 1 2ma*kT sources one can approximate 7, ~ 1.

=+ = -
T2 T LR T R2
1
=5 + 2T, (F1) 1.00
0.75
2 P2
where n = wa“/R-, and 0,50
=
2 2nalAr 0.25
£ = (bby) = K7T2a 2J12(_§A )(Tlezm(u,x,ﬂyyl)
JTTAAT"r
R T 0.00
+ Terivntun)) 0 50 100 150 200
_ Knn2 (2T — AT)ezm(vxxHrvyyl) @ (km)
2

) FIG. 7. Plot showing the behavior of 1, with respect to the radius
+ Q2T + AT)ezm(v"xﬁvm)], (F2) of the circular disk source with Ar = 2 m.
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1. Quantum Fisher information: Two-point sources

We found the elements of the QFI matrix for estimating the source separation as

277277"”!’”/‘ 2. 2,472 2 2 2 2
= ——— k" (4T" — AT ){(4T~ — AT") cos[4m (s,vy + syvy)] + 16T 7 cos[2m (s, vy + syvy)]}

o

T Dy,
—*kH(AT* — 24AT?T? + 80T*) — 128y T3 — 3272), (F4)
where i, j = {x, y} and the denominator is given by
D5, = Nk(AT* — AT (>, (AT? — 4T?) cos[4r (s,v, + syv,)]
+ 4[77K(—AT277K + 477/<T2 + 6T) + 1] cos[2m (sxvx + syvy)]}
— 3%k} (AT? — 4T?)? 4+ 240°k>T(AT? — 4T?) + 4n (AT? — 20T?) — 16T. (F3)
The elements of QFI matrix for estimating the centroid becomes
Pty = —16712;,:), (4T — AT?) cos (27 (sev, + 5,0,)) + AT2 + 4772, (F6)
where the denominator is
Dy = AT + 4k T* — AT nic — nic(4T* — AT?) cos [27 (s,vy + syv,)]. (F7)
Off-diagonal elements of the QFI matrix can be found as
32n2ATr//chivj

T, = 5 3 5 3 . (F8)
AT nk + n(4T= — AT?) cos[2m (s, vy + Syvy)] — 4nkT> — 4T

If we align two antennas parallel to the source separation, v, — v and v, — 0. In the limit where AT — 0 the QFI for the
source separation simplifies to

A>Tk T cos 2mwsv) + 3nkT + 1]

7 ;
7 U+ 4nkT + 22T — 2022 T? cos (275v)]

(F9)

and the QFI for the centroid simplifies to

32n2v2n/<T cos? (sv)

G — (F10)

1 4+nxT —nkT cos 2msv)’
which agrees with the results in Ref. [35] for (AT =0, v, =0, s, =0, #, = 0) as expected.

2. Elements of the matrix M; for a two-mode interferometer: Two-point sources

For simplicity let us assume that AT — 0. Then we have the elements of the matrix M; for a two-mode interferometer for
estimating the source sizes as

wvi(4nkT + 1) cot[m (syvy + s,vy)]
{14 4nkT + 2n*,>T? — 2n*k>T? cos[27 (s, Uy + sy0y)]}

L _
gx‘-_

F11
2 = wvi{nkT cos[27 (s, vy + syvy)] + 3T + 1} esclm (s vy + syv,)] exp(—idy) F1D
S {14 4nkT + 2n*2T? — 202k 2T? cos[27 (s, vy + 5y0y)]} ’
and
g =0,
_ 2mv cos[ (syvy + syvy)] exp(—ié;) (F12)

" 14 nkT — niT cos[27 (syvy + syvy)]
where §; = 27 (t,v, +tyvy) — 7w and §;, = 27 (t,v, + tyvy) + /2.

3. Classical Fisher information for heterodyne detection: Two-point sources

Using the CFI given for the heterodyne detection in Eq. (D3), and assuming that both sources have the same temperature
(AT — 0), one can find the CFI for estimating the centroid as

F, = 32720k > T2 20k T + 1)% cos?[7 (sxvy + 5,0y)] .
L {=202K2T2 cos[ 27 (syvy + $yv,)] + 20k T (i T+ 2) + 1)

(F13)
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Again assuming (AT — 0), we can find the CFI for estimating the source separation as

i
s

— 4n* P T cos[27 (s,v, + syu )20k T (I T +2) + 1] — 20 T {nie T Inee T 21ne T — 8) — 10] — 4}),

where the denominator is given by

Dy = {1 44T 4 20> T? — 20> T? cos[27 (s, v, + s,0,)]}*.

1
F, = D—8712772K2T2vi2 sin? [ (s, vy + 5,0)12n T 4+ 1)*(1 — 14n*ic* T* cos[4m (s, vy + 5,0y)]

(F14)

(F15)
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