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Abstract—Electromagnetic radiation from complex printed
circuit boards can occur over a broad frequency bandwidth,
ranging from hundreds of MHz to tens of GHz. This is becoming
a critical issue for assessment of EMC and interoperability as
electronic components become more and more integrated. We
use emissions from an enclosure with a single-slot aperture and
equipped with operating electronics to exemplify and model such
sources. Spatial correlation functions obtained from two-probe
measurements are used both to characterise the source and
to propagate the emissions. We examine emissions in the sub-
microwave frequency range, where evanescent decay dominates
the measured correlation function at the distances measured.
We find that an approximate, diffusion-like propagator describes
the measured emissions well. A phase-space approach based on
Wigner functions is exploited to develop this approximation and
to provide enhanced understanding of the emissions.

Index Terms—Statistical Electromagnetics, Near-field Scan,
Wigner Function, Correlation, Radiated Emissions.

I. INTRODUCTION

Full characterisation of the field emissions of complex
and highly integrated printed circuit boards (PCBs) requires
measurements of space-time stochastic electromagnetic (EM)
fields. Several methods have been proposed to characterise
radiated emissions through near-field scanning (NFS) of de-
terministic fields [1], [2], [3], [4], [5]. Near-field measure-
ments require less space, have better signal-to-noise ratios and
are simpler than far-field measurements [5]. These methods
have been inherited and adapted to predict the radiation of
circuits and devices. More recently, statistical methods have
been introduced to characterise fluctuating fields arising from
multifunctional digital electronics in the absence of phase
references[6], [7].

In this paper, we consider emissions from a slotted enclosure
containing a Galileo c© micro controller board. a complex dig-
ital electronics source that span a broad frequency range from
the very high frequency (VHF) to the microwave regime. In
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particular, we focus on the low end of the emission spectrum,
where significant very high frequency (VHF) components
are radiated with wavelengths on the order of meters. We
are interested in characterising the radiated emissions in the
reactive near-field, and therefore perform NFS a few cm
beyond the source plane. Performing NFS a few centimetres
away from the source means that deep evanescent waves, i.e.
a reactive near field, dominate.

Near-to-Far Field (NFF) propagation methods have been
used to characterise antennas [8] and circuitry [9], and have re-
cently been extended to broadband complex statistical sources,
including mobile phones [10], [11], PCBs [12], [6] and open
reverberation chambers [7]. The focus in this work is, however,
on studying Near-to-Near field (NNF) to understand the role
evanescent waves in the propagation of complex, partially
coherent, stochastic fields. One approach to wide-bandwidth
complex fields is to treat them statistically by measuring the
spatial correlation function (CF) of the Device Under Test
(DUT), see [13].

In what follows, a NNF transformation of the CF is derived
and compared against the measured CF at increasing distances
(but small fractions of the wavelength) from a test source.
A phase-space representation of the radiation mechanism is
obtained through a Wigner Function (WF) transformation of
the CF calculated from direct NFS measured fields: this gives a
representation of waves in the combined space of their position
and direction of propagation, or phase-space [14]. Although
Wigner-functions techniques are usually associated with short-
wavelength asymptotics and ray tracing, we use them here to
interpret the propagated fields in the deep evanescent limit.

It is found that phase space is dominated by large values of
a momentum variable. This momentum variable is associated
with ray direction in the short-wavelength limit but in the
reactive near field dominating the measurements we report,
it instead dictates the rate of evanescent decay away from
the source. This extends previous work [15, Sec 3.] in which
a phase-space propagator has been used to transport weakly
evanescent components. The theory is described in Sec. II and
is validated in Sec. III using measurements of complex digital
electronics radiating inside a metallic enclosure with a narrow
aperture. The WF propagation method proves to be a valuable
tool to understand local emission directionality at arbitrary
frequencies. Propagating densities of evanescent waves in the
short range is of interest in source reconstruction, emission
source microscopy (ESM) [16] and holography.
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II. MODELLING STOCHASTIC FIELDS

Electromagnetic radiation from complex electronics such as
highly integrated and multifunctional PCBs varies essentially
randomly in both space and time. A statistical approach is
then appropriate. As discussed in [7], radiation from such
complex sources may be exemplified by aperture scanning of
the transverse magnetic fields over planes parallel to the source
and calculation of a spectral field-field correlation function.

Let ψ (x, z; t) denote an in-plane component of the vector
EM field radiated from a planar source into the half space
z > 0, where x denotes coordinates perpendicular to z. This
field is stochastic and its spatial correlation can be defined as

Cz (x1, x2; τ) = lim
T→∞

1

T

∫ T

0

ψ (x1, z; t+ τ)ψ (x2, z; t) dt.

(1)

In the frequency domain, this field-field correlation is repre-
sented by the Fourier transform

Γz (x1, x2;ω) =

∫ ∞
−∞

e−iωτCz (x1, x2; τ) dτ. (2)

Furthermore, we note that the correlation function on the
source plane z = 0 can be represented using an in-plane
direction cosine p as

Γ̃z (p1,p2) =

∫∫
e−ikp1·x1Γz (x1, x2;ω) e ikp2·x2dx1dx2,

(3)
where k denotes the free-space wavenumber. Then

Γ̃z (p1,p2) = e ikz[T (p1)−T
∗(p2)] Γ̃z=0 (p1,p2) , (4)

where a normal direction cosine is defined ([17], page 342)

T (p) =

{ √
1− p2 for p2 ≤ 1

i
√
p2 − 1 for p2 > 1,

(5)

where p = |p|. This applies both to evanescent (p2 > 1) and
propagating (p2 ≤ 1) regimes. Joint positional and directional
information can be extracted from the CF through the WF
obtained from (4) by making the coordinate rotation

p = (p1 + p2)/2,
q = p1 − p2

(6)

and then taking an inverse Fourier transform in the displace-
ment variable q

Wz (x,p) =

(
k

2π

)d ∫
e ikx·q Γ̃z (p,q) dq , (7)

where x = (x1 + x2)/2, and d is the dimension of the
transverse scan. In a full 3D simulation, x = (x, y) and
d = 2, but we also discuss a simplified analysis in which x is
represented by a single component x and d = 1. Both the CF
and WF of propagating [7] and weakly evanescent [15] wave
densities have been studied extensively for a planar source.
An extension of those studies is necessary when scanning in
the deep near field at distances very close to complex sources.
In this case, the NFS probes are most likely to operate in
the reactive near field of the source, where evanescent waves
dominate. This corresponds to the regime p2 � 1 in Fourier

and Wigner representations of the data. Transporting densities
of evanescent waves in the short range requires a substantial
extension of the leading order propagators derived in [15, Sec.
3.], so as to capture the suppression (and, as we will see, the
diffusion) of evanescent waves localised in transverse position
x. An explicit propagator for the WF can be obtained by
taking the Wigner transform of the propagated CF, and inverse
Fourier transforming the source CF to obtain its associated
WF. Propagation is achieved by using (4) in (7). Decay and
diffusion of the propagated CF can be captured by noting that
the obtained resulting WF propagator [15, Eq. (8)] can be
written formally as

Wz (x,p) = Wz0 (x,p) ∗x G(x,p), (8)

where ∗x indicates a convolution with respect to the variable
x only, and

G(x,p) =

(
k

2π

)d ∫
e−kz(T (p+q/2)−T∗(p−q/2)) e ikq·xdq.

(9)
When the near field is dominated by rapid evanescent decay,
we use |p + q/2| � 1 and |p− q/2| � 1 to to approximate

Wz (x,p) ≈Wz0 (x,p) ∗x Gevan (x,p) , (10)

where

Gevan (x,p) =

(
k

2π

)d ∫
e−kz(|p+q/2|+|p−q/2|) e ikq·xdq

(11)
approximates G(x,p). The effect of the convolution with
Gevan(x, p) is two-fold: there is a p-dependent decay by a factor
e−2kpz in this integrand, and there is a diffusion in x arising
from the convolution operation.

These effects are now described in more detail for the case
d = 1. This lower-dimensional model captures the dominant
effects in the measurements described in the next section
showing nearfield decay from a one-dimensional slit. Then
the integral (11) can be evaluated explicitly to give

Gevan (x, p) =
e−2kpz

π

(
z cos(2kpx)− x sin(2kpx)

z2 + x2
+

sin(2kpx)

x

)
.

(12)

A comparison is made for a representative value of p in Fig.
1 between this approximation of the diffusion kernel and a
numerical evaluation of (9) in which the full form (5) is used
for the normal direction cosine for the one dimensional case.
The approximation (12) captures well the overall form of the
diffusion kernel and we note that the approximation improves
as p increases.

Returning to the general case, the propagated correlation
function can be retrieved by performing an inverse Fourier
transform of the WF with respect to p, which is defined as

Γz(x2, x1) =

(
k

2π

)d ∫
e ikp·s Wz(x,p)dp, (13)

where the position displacement s = x1 − x2 is the variable
conjugate to p. The intensity Iz as a function of distance from
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Fig. 1: Comparison between the approximate diffusion kernel
Gevan(x, p) in (12) and the full integral in (9) at selected dis-
tances beyond the planar source, z = 0.02 m and z = 0.03m,
and for p = 0

Fig. 2: Slotted enclosure (left) and Galileo micro controller
PCB (right) making the DUT: the PCB is positioned inside
the enclosure in close proximity to the (inner side of) the slot.

the source is given by

Iz(x) = Γz(x, x) =

(
k

2π

)d ∫
Wz(x,p)dp. (14)

III. EXPERIMENTAL RESULTS AND VALIDATION

The DUT considered for a verification of the theory is
a slotted enclosure equipped with a PCB. The enclosure is
an aluminium box of dimensions 0.25 m x 0.25 m x 0.1
m with a laser-cut slit of dimensions 0.22 m by 0.005 m.
The PCB is a Galileo c© micro controller board. Fig. 2 shows
geometry and dimensions of both the PCB and the enclosure.
An automated dual probe scanning system has been developed
and is controlled by a PC while the probes are connected to a
4 channel 8GHz KEYSIGHT DSOS804a Digital Oscilloscope.
The source of the EM radiation is a Galileo microcontroller
board which is inside the box. The two probes are scanned
over a path along the slit where the scan line is 250 mm
and with 5 mm steps. The fields obtained through linear NFS
of a single in-plane magnetic component at different heights
z are then used to calculate the CF using (1) and (2). The
two-probe procedure described in [7] was adopted to calculate
the CF from space-time fields obtained through linear NFS of
a single in-plane magnetic component at different heights z
using (1) and (2). The discretisation of (1) and (2), along with
an algorithm to compute the discrete WF, is explained in detail
in [7]. Measured fields and calculated CF data are obtained at
heights of z = 0.005 m and z = 0.02 m from the source plane.

Fig. 3: Measured CFs are shown at the top for 100 MHz (left)
and 250 MHz (right) at the height z = 0.005 m. The middle
row shows corresponding measurements for z = 0.02 m. The
bottom row shows the corresponding CFs obtained by using
the approximate WF propagator in (12) to propagate measured
data from z = 0.005 to z = 0.02 m.

The measured fields are captured as a function of time over a
period of 1 ms. It is assumed that the processes of significance
happening on the board are included in this time period. In the
post processing of the data this time period was divided into an
ensemble of 128 shorter time periods. The Fourier Transform
of each of these datasets was calculated for the frequencies of
interest. The correlation matrix elements were then calculated
using (2) from the ensemble of frequency domain data.

The capability of the Galileo to be programmed is a useful
feature as we are then able to control the characteristics of
the measured fields. In order to emulate a realistic complex
source, a memory intensive program has been designed to run
on the Galileo: this consists of allocating a large array and then
assigning random numbers to random addresses throughout the
whole scanning process. The running of this process is found
to create significant VHF components. Prior to performing
the two-probe NFS, emission of the Galileo board has been
observed by probing the magnetic field on components on the
Galileo. This results in a broadband response at 100 MHz and
250 MHz which makes it interesting to investigate the field-
field correlation at these frequencies. We focus on emission
frequencies of 100 MHz and 250 MHz. An experimental WF
is obtained through the CF at different heights by applying (7)
with d = 1.

The source CFs at z = 0.005 m are shown in the top
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Fig. 4: The WFs obtained from measured data at 100 MHz
are shown at top left for z = 0.005 m at top right for
z = 0.02 m. On the bottom left and right are shown the
WFs obtained respectively by using the full propagator (9)
and its approximation (12) to propagate measured data from
z = 0.005 to z = 0.02 m.

row of Fig. 3 for 100 MHz and 250 MHz. Corresponding
measurements for z = 0.02 m are shown in the middle row of
Fig. 3. The bottom row of that figure shows the CFs obtained
by: (i) converting the CF measured at z = 0.005 m to a
WF; (ii) using the approximation (12) to propagate this WF
to z = 0.02 m and (iii) using the inverse transform to convert
the propagated WF to a CF. Despite the rather simplified
approximation used in this process, the propagated CFs agree
well with the measured CF’s. A diffusive spreading of the
hotspots can be observed for both frequencies when moving
away from the source.

Greater insight into the propagation mechanism can be ob-
tained by examining the corresponding WFs, which are shown
in Fig. 4 for the 100 MHz case. Most of the energy content
in the measurements treated here indeed falls outside the
strip −1 < p < 1 corresponding to components propagating
to the farfield, confirming that evanescent components with
|p| > 1 dominate the nearfield. The evanescent components
are significantly suppressed on passing from z = 0.005 m to
z = 0.02 m, even if the shift along the transport coordinate
is a small fraction of λ. A more detailed analysis of the wave
dynamics is also possible: for example, a striking feature of
the propagated CFs in Fig. 3 is that the most intense hotspot
of the source data at z = 0.005 m, seen near x = 0 in the
top row of Fig. 3, propagates to a comparatively less intense
hotspot at z = 0.02 m. In turn, the originally less intense peak
near x = 0.005 m dominates at z = 0.02 m. An explanation
for this counterintuitive behaviour can be found in the source
WF shown at the top left of Fig. 4. Here the initially higher
peak near x = 0 is seen to be associated with a vertical stripe
in the WF which extends to rather large values of p. Therefore,
although the peak near x = 0 is initially more intense, it is
more deeply evanescent, and so decays faster.

The intensity, Eq. (14), is shown in Fig. 5 for 100 MHz
and 250 MHz: the agreement between measured and predicted
intensity is satisfactory. From the intensity evolution, we

Fig. 5: The intensity at z = 0.02 m: measured vs propagated
for the frequencies 100 MHz (left) and 250 MHz (right).

see that there is a significant reduction in amplitude as we
increase the measurement height from 0.005 m to 0.02 m. The
near field approximation described in Eqs. (10)-(12) are less
effective when propagated components contribute to radiated
emissions, which happens at higher frequencies. This is the
cause for the larger discrepancy in Fig. 5 (right). The z range in
which evanescent waves dominate is discussed for a simplified
model in [15, Fig. 4], and it is defined by a linear increase of
the correlation length of the propagated field within kz < 1.

IV. CONCLUSION

The Wigner function represents stochastic fields in the
position-direction space, or phase-space, and includes the
presence of evanescent waves for imaginary emission angles.
It can be calculated from the spectral field-field correlation
function and its definition is not restricted to the far-field.
We observe that very near-field radiated emissions from
complex planar sources are transported diffusively within a
short range (a fraction of the wavelength) of the source.
Synthetic aperture measurements have been performed at
different distances from a slotted enclosure equipped with
a PCB. A closed-form (approximate) convolution propagator
has been derived for the Wigner function, which successfully
predicts the observed diffusion of evanescent waves. Such
results will assist source reconstruction of arbitrary devices,
and improve holographic source reconstruction methods, e.g.,
emission source microscopy.
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