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Abstract

In this paper, we first prove that the local time associated with symmetric a-stable processes is of bounded
p-variation for any p > % partly based on Barlow’s estimation of the modulus of the local time of such
processes. The fact that the local time is of bounded p-variation for any p > % enables us to define the

integral of the local time ffooo verly (x)d, L} as a Young integral for less smooth functions being of bounded

g-varition with 1 < ¢ < % When g > %, Young’s integration theory is no longer applicable. However,
rough path theory is useful in this case. The main purpose of this paper is to establish a rough path theory
for the integration with respect to the local times of symmetric a-stable processes for ﬁ <g <4
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1. Introduction

It6 [15] developed the integration theory with respect to Brownian motion and the chain rule for Brownian
motion known as Itd’s formula.We first recall It6’s formula developed in 1944 as follows.

(Itd’s Theorem (1944)) Let f : R — R be a function of the class C? and B = {B;, F; : 0 <t < oo}
be any Brownian motion on (2, %), then

180 = 1(Bo) + [ £(BJaB.+ 5 [ £(Byds

For 1td’s formula, the contribution lies in defining the stochastic integral [ f'(B,)dBs. An integral [XdZ
can be defined as a Stieltjes integral pathwise when the integrator Z is of finite variation and the integrand
X is continuous. However, Brownian motion is not of bounded variation a.s. and when the integrator is of
infinite variation, there did not exist an integration theory in place to use before Itd dealt with this issue.

Despite a huge success, Itd’s original formula has its own limitations as it applies for Brownian motion
and for functions with twice differentiability only. This hinders the applicability of It6’s formula. On one
hand, one often encounters the need to define the stochastic integral for a wide class of stochastic processes
besides Brownian motion. Doob [10] emphasized the martingale property of It6’s integral. Subsequently,
Doob proposed a general martingale integral after discovering the key role of the martingale property of
Brownian motion in defining It6’s integral. In order to build the theory, he needed to decompose the square
of an L2-martigale. This was done latter in [28]. Based on [28], Kunita and Watanabe in [17] defined an
integral provided the integrand is previsible for the case the integrator is a square integrable martingale.
They generalized 1t6’s formula to continuous martingales only and proved the above 1t6’s formula is still
valid if ds is replaced by d < X >, (see Section 2, [17]) and generalized It&’s formula to discontinuous
martingales (see section 5, [17]). Meanwhile, Meyer [29] extended It6’s formula to local martingales of which
the concept was introduced in [16]. Meyer [30] further extended It6’s formula to semimartingales.
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On the other hand, one also encounters the restriction of using Itd’s formula in the cases when the
function is not C? in the space variable. The first result in this direction is the It6 -Tanaka’s formula derived
in [34] for f(x) = |z| with the help of the local time. The concept of local time was first introduced in Lévy
[19]. It has been indeed the wellspring of much of the extensions of It6’s formula for functions not being
C? in the space variable. Wang [35] extended It6’s formula to a time independent convex function which
is being absolutely continuous with its first order derivative being of bounded variation. Bouleau and Yor
[8] made a further extension to absolutely continuous functions with locally bounded first order derivative.
The idea to extend Itd’s formula to less smooth functions of Feng and Zhao in their papers [12, 13, 14] is to
establish a Young’s integration theory and a rough path integration theory for local time. Young [37] showed
that the pathwise integral [ XdZ makes sense if X is of finite p-variation and Z is of finite g-variation where
% + % > 1, together with the condition that X and Z have no common discontinuities. The theory of rough
paths was developed by Lyons and his co-authors in a series of papers (see, e.g. [5, 9, 20, 21, 22, 23, 24]).
Rough path theory removed the restriction of % + % > 1, hence applicable to even rougher paths.

The purpose of this paper is to establish the integral ffooo verly (2)d, L7 for symmetric « stable processes
as a Young integral as well as a rough path integral.

The rest of the paper is organized as follows. In Section 2 we recall some results from the Young’s
integration theory and establish a Young integral of local time. In Section 3 we recall some results from the
rough path theory and establish a rough path integral of local time.

2. The Young integral
We first recall the definition of the bounded p-variation (see e.g. [37], [24]).

Definition 2.1. A function f : [2',2"] — R is of bounded p-variation if

m
S%pz |f(zi) = fzi-1)|” < o0 (2.1)
i=1
where E = {2 =xg < x1 < -+ < xp = 2"} is an arbitrary partition of [',x"]. Here p > 1 is a fized real

number.
We present Young’s integration theorem from [37] in the following.

Theorem 2.2. (Young integml) Consider a function f of finite p-variation and a function g of finite
g-variation where p,q > 0, * —|— > 1, such that f(x) and g(x) have no common discontinuities, then

/x f(z)dg(z) = lim foz z;) — g(xi-1)) (2.2)

(E)—>O

is well defined. Here & € [x;_1,2;],m(E) = sup (z; —zi—1).
1<i<m

We also recall the integration of a sequence of functions which is also due to Young (see [37]).

Theorem 2.3. (Term by term integration) Let { f,} be a sequence of functions of finite p-variation converg-
ing densely to a function f of finite p-variatioin uniformly at each point of a set A. Let {g,} be a sequence of
functions of finite q-variation converging densely, and at x',x" to a function g of finite q-variation uniformly
at each point of a set B. Suppose further that p,q > 0, % + % > 1, and that A includes the discontinuities of
g, B those of f, AU B represents all points of (x’,x"). Then as n — oo

x/l "K”
// fndgn_>// fdyg. (2.3)



2.1. Fractional derivative and fractional Laplacian

We first recall the definition of the o’ right fractional integral of a function g from [31]. The left fractional
integral is defined similarly. The Riemann’s definition of fractional integral for a suitable function g is

1 x
d3g(x) = m/ﬂ (x —u)* g(u)du, (2.4)
for almost all z with —oco < a < < 0o and Re(a) > 0, where « is a complex number in general and Re
denotes its real part. For a = 0, this is a Riemann-Liouville fractional integral

1

oldg(z) = (o) /OL(ac —u)* " tg(u)du, Re(a)) > 0. (2.5)

A sufficient condition ensures the convergence of integral (2.5) is that g(+) = O(z'~"), n > 0. Functions
with the above property are sometimes called functions of the Riemann class. For instance, constants are of

Riemann class as well as functions such as ™, with m > —1. For a = —o0, this is the Liouville fractional
integral
1 xz
—oolyg(x) = ) /_Oo(x —u)* " g(u)du, Re(a) > 0. (2.6)

A sufficient condition ensures the converges of integral (2.6) is that g(—x) = O(z=*""),n > 0, z —
oo. Functions with the above property are sometimes called functions of the Liouville class. For example,
functions such as ™, with m < —a < 0 are of the Liouville class. The fractional integral operator satisfy
the semigroup property, namely

I8 IP) =, 10FR, Re(a, 8) > 0.

The right fractional derivative operator and left fractional derivative operator are defined in terms of the
right fractional integral operator and left fractional integral operator in the following manner

o=t (I) Re(a) > 0, = [Re(a)] +1, (2.7
and "
LV = (—1)”;‘;—” (xlg“), Re(a) > 0,n = |Re(a)] + 1. (2.8)

Next, we recall the definition of the Riesz fractional derivative in the following

Definition 2.4. (see e.g. [32])The Riesz fractional derivative for 0 < a < 2 and for —oo < & < 00 18
defined as Vg(x) = —ca(—0o VS + 2 VL) g(x), where

1

SR - 1
Ca 2cos( %)’ azl,
I g9(u)
B gy LS R—
Va9() I(n—a)dx™ /_Oo (x —u)atl-n “

o v L dr > g(u)
2Voog(x) = (=1) F(n—a)dx”/I (= gyarin

where n = |Re(a) ] + 1.
For a function g satisfying the integrability condition

l9(y)!
Ly <= 29



we define as in [7] that

AZ g(z) = A(L, —a) / Mdy, (2.10)
ly—z|>€ ‘y - :L'| «
e )~ o0
o 9) —g@) g
Nz g(x) = A(1, a)P.V./]R [y —z]ito dy := 61;%& Aé g(), (2.11)

whenever the limit exists. Here “P.V.” stands for the“principal value”. The above limit exists and is finite
if g is of class C? in a neighborhood of x and satisfies condition (2.9); in this case

A%g(x) _ .A(l, _a) /]R g(y) B g(x) _|Zg_($x).1(fa— x)l{\yfz|<e} dy

20~ 1p( et
) x3r(1-2)
—(=A)z. The Fractional Laplacian is the infinitesimal generator of « stable process (see e.g. [18]). The

Fractional Laplacian is usually defined by its Fourier transform (cf. [33]): F((—=A)%g)(&) = [£]*F(g)(€), its
proof can be found in [18]. Hence, —(—A)%g(¢) = —]:_1(|§|°‘]:(g)(§)). The definition we used in (2.11)

coincides with the usual Fractional Laplacian defined by its Fourier transform (see [1]).
By the Fourier transform method, one could show that the following relation holds (cf. [11]):

for any € > 0, where A(1, —a) = . Here A%, is the fractional power of the Laplace operator

2.2. p-variation of local time of symmetric stable process

We present the exact modulus of local time of stable processes from [4] in the following theorem. Recall
its characteristic function is given by

x(0) = 0] + ih|6]%sgn(0),
where |h| < tan(am/2). We define its local time as L7 .

Theorem 2.5. For a symmetric stable process of index o > 1, its local time satisfies

/2
. |Le — LY 2c,, /2 < )1
lim su = = = sup LY , 2.12
340 |a7b\p<5 |b |L*1 1 ( 1 ) 1z (1 + h2)1/2 a:EII) ’ ( )
—al®*= (10
Oag,bseglt a g b—a]
for all intervals I CR and all t > 0 a.s., where
2 [ 1T(2 — 2 —
Co = ;/0 (1 —cosy)y™“dy = - Ey — 1a) sin( ZQ)W. (2.13)

Barlow [4] gave a neccessary and sufficient condition for the joint continuity of the local time, and the
exact modulus for a fairly wide class of Lévy processes.
Let [a,b] be any finite interval. By its dyadic decompositions we mean partitions {af < a}’ < --- < al.}
of [a, b], where
k
aﬁ:aJrQ—n(bfa), k=0,1,...,2",
and n € N.

Proposition 2.6. The family of local times LT of a-stable processes with o € (1,2) is of bounded p-variation
in x for any t >0, and any p > % almost surely.



Proof. First from Theorem 2.5, we know that for almost all w € 2, there exists a *(w) > 0 such that when
0 < |b—a| < §*(w), we have the following

(a—=1)p P
K 1 ?ooptle B
10g< ) ¢ 2,, sup Ly | . (2.14)
b —al (1+ h2)2 \wer

We can construct a dyadic decomposition which fully covers the interval [a, b]. Furthermore, by Proposition
4.1.1 from [24] (set i = 1, = p — 1), for any partition {a;} of [a, b], we have

(NS}

b—a

|Lsa - st|p S

on P

supz Ly — LEP < C(p,v) i n? Z
b k=1

n=1

Lo pike (2.15)

)

where C’(p, ’y) is a constant depending on p and . Notice the right hand side of (2.15) does not depend on
partition D.

We can choose an ng big enough such that
(2.15), it follows that

[b—al
on

< 0*(w) for any n > ng. By substituting (2.14) into

%) 2" N p
n 4
v a7 Ok-—1
E n E L, L,
n=1 k=1
no—1 2" p
< 7§ Lo e
= n t t
n=1 k=1
on w p 2

(NS}

+in'yz

n=ng k=1

n n
ap — g1

(NS

<sup Lf)
xcl

<supo> <00, a.S. (2.16)

xel

] ( : ) e,
0g
lap —ap_4| (1+h2)

In [3], Barlow showed that

(NS}

Now, we consider the term

n (a—1)p D
o] 2 2 1 2
¥ n_ .n -
g n E ap —ap_q <log<|an mpr |>>
n=ng k=1 k k—1
where af = %(b —a)+a, k=0,1,---,2" then it is not difficult to see that
a—1);
oo 2n : ) E 1 £
¥ no_ ,n -
E n E ay —ap_q 10g(|a"—a" |)
n=ngo k=1 k k—1
a—1 a—1

. gtz ey X
_ v n n n n
= E n E Ap — Qp_q A — Qp_q 10g<a"—a”)

n=ng k=1 k k—1
a—1
o) b—a ( - )p7%
<A E n’ on
n=no

< 00,

where (; is a constant depends only on p. It turns out for any interval [a,b] CR
supz |Lym™ T — L{m P < oc.
D m
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As Lf(w) has a compact support in a for each w, say [—N, N] contains its support. We still denote its
partition by D := D_yny ={-N =xz9 <1 <--- <z, = N} and attain that

s%pz |Ly — L{P < o0. (2.17)
1

O

2.83. The Young integral with respect to local time

We start with functions which are smooth, then proceed to functions which are less smooth. The following
works for sufficiently smooth functions, unless we explicitly say otherwise. It6’s formula for Lévy process in
general (cf. [2]) is given by

o(X) = 9(X0) + [ o(X)aX, +30* [ Bo(x)ds
+/0 /R_g(XS+y)—g(XS)}1{|y|>1}N(dy7ds>

+/Ot/R:g(Xs+y)—g(Xs)}1{|y|<1}1\7(dy7d5)

+/0 /]R 9 Ko Fy) —9(Xs) = WQ(XS)} Ljy<1yv(dy)ds,
(2.18)

where N (dy,ds) is the compensated Poisson measure defined as the difference of Poisson point measure
N(dy,ds) and its intensity measure v(dy)ds. And, the Lévy measure of stable process v(dx) is

v(dr) = Clz|~* tdu,

where C' is a constant. The last term of the above Itd’s formula can be further simplified by using the
definition of fractional Laplacian as

/ [g<xs Ty) - g(Xe) - yvgocs)} Ly (dy)
R\{0}

X, —g(X. ) —yVg(X. )1 X, —g(X._
_c 9(Xs- +y) —g( )+1 yvy(Xs-) ‘y'<1dy—c/ 9(X, +y)+19( )dy
R\{0} |y~ ly|>1 |y~
— CuAEg(X, ) - /| 90 9) (Xt
y|>1

Cr2l(1-2)
a2e-1r(gey”

Then, one can derive the following It6’s formula for stable processes from (2.18) based on the fact that
o = 0 for stable processes which are pure jump processes and the definition of the compensated Poisson
measure

for every g € CZ(R), where C,, =

9(X¢) = g(Xo) +/0 Vg(X,)dX,
+/0 /R\{O} [g(Xs+y)—g(Xs) N(dy,ds)
+Oa/0 A% g(X, )ds. 219)

6



By the occupation times formula, one can show that

t e} e}
/ V(X )ds :/ Veg(x) L dx :/ Lid, (v 'g()). (2.20)
0 —00 —00

Note the last integral [*° Lfd,(V*~'g(x)) can be defined without the need to assume that g € C2. In
fact, if v*~1g(z) is of finite g-variation (1 < ¢ < 32-), then the integral [~ v*~lg(z)d, Ly is well defined
as a Young integral. Similar to [12], we have the following remark.

Remark 2.7. If v*lg(z) is a C* function, then [° v*~'g(z)d,L{ exists as a Riemann integral and we
have

[ eteen == [ rpd (7 gtw) (221

— 00 — 00

In fact, since L; has a compact support for each ¢, one can always add some points in the partition to
make Ly' =0 and Ly™ = 0. Then, we can show that

/ v lg(a)dy LY

m
= 1 v lg(z,_) (L7 — L7
ol DT ) 0 £)
m m—1
S e S e ]
j=1 Jj=0
— yot v g(a1)) Ly
m(ll)r)naojzzg( g(xj) g(a?] 1)) t

(2.22)

|
I
3
h
+8
S
8
—~
<
Q
|
_
Q
—
8
=

In the following, we will consider the integral for less smooth functions. For this, we define a mollifier

1
ce 7T ifxe(O,Q)a
. (2.23)
0, otherwise.

Here ¢ is chosen so that f02 p(x)dz = 1. Take p,(z) = np(nz) as the mollifier which will be used to
smootherise less smooth functions.

In this paper, we extend 1t6’s formula for less smooth function f : R — R which is absolutly continuous.
Such function f has a (o — 1)'" fractional derivative which is assumed to be left continuous and is of finite
q variation, where 1 < ¢ < 4. And, we denote the left limit of this (a — 1)*" fractional derivative of f as

vl f(a).

Theorem 2.8. Let f : R — R be an absolutely continuous, locally bounded function, have the (o — 1)t"
fractional derivative which is left continuous and of finite g-variation, where 1 < q < QQ.Deﬁne fulz) =

37
IZ5 pulz —y) f(y)dy with n > 1. Then

/ v (w)d, LY — / vl f()d LY, as n— co. (2.24)

— 00

Proof. Note that f,(x) can be rewritten as



and note it is smooth. In particular

velf (x) :/0 p(2) v f(a — %)dz, n> 1 (2.25)

To see this, one can use Fubini’s theorem and the absolutely continuity property of the function f to get

) = sy (L o)
([ )
- -a(/ e
( (@ —1)! /Ozp()f(t—)dzdt)
< f/(_tt): ) dtd >
S

[ 2D )

T(2—a) Oo (x —t)ot
= / p(2)-0e ¥ f(z — f)dz. (2.26)
0 n
Similarly, we can derive .V f, (2 fo V(2 — f)dz Hence, we have proved (2.25).

Similar to [38], for any partltlon D:={- N =29 <1 < - - <z = N}, there is an increasing function
w such that

1
’Vailf(iﬂl-s-l) - Va*lf(xl” < (W(-TZ-H) — W(Il)) 4, oz, 41 €D,
where w(z) is the total g-variation of Vv*~! f(x) in the interval [-N-2, z].
Then, by Jensen’s inequality, we obtain

ks
sup Y [V fu(2y) = VO ()|
D4
q

2) [V fa — %) — v oy — %)]dz

<M1supz</ |7t f( -Tl_g) v f (a 1= = |qdz)

z z
<M voz—l _ _voz—l .z qd
< 1/05?’;' Flai=2) = v (o = 2z

<ot [ (w2 - wion - ) Y

(2.27)
where M is a constant. In addition, as we have
w(N — 2) —w(—N - 2) < w(N), (2.28)
n n
it follows that .
sup » |V fo (@) — VO fu(im) | < 2Miw(N) < oo (2.29)
b=

8



This implies that V=1 f,, (x) is of bounded g-variation in 2 uniformly in n. Moreover, by Lebesgue’s domi-
nated convergence theorem and (2.27), we have that

Ve () —» v f(z) as n— oo. (2.30)

Now the theorem follows from Theorem 2.3 immediately.
O

We present the Itd’s formula for stable processes defined in terms of Young integral in the following
theorem.

Theorem 2.9. Let X = (X;)¢>0 be a symmetric a-stable process, 1 < a < 2, and f : R — R be an absolutely
continuous, locally bounded function that has (oo — 1) fractional order derivative V*~' f(x). Assume that
V'iflf(x) is locally bounded, and of bounded g-variation, where 1 < q < 3_% Then we have the following
It6’s formula

(X)) = f(Xo) + /0 V_f(X.)dX,

+/0t/R<f(XS+y)—f(XS)>J\7(dy,ds)—C’a/ Vet f(a)d, L,

— 00

(2.31)

1
TIr(1-2)

where Ca = m.

Proof. Define a smooth function f,, as in Theorem 2.8. We apply 1t6’s formula (2.19) for stable process to
the smooth function f,,. Then when we take the limit as n — oo, the convergence of all terms except the
fractional Laplacian term are clear. For the fractional Laplacian term, we use the occupation times formula,
Remark 2.7 and equation (2.24), to obtain that

t [e'e] [e'e]
/ A% fo (X )ds = 7/ v f(2)d, LY — 7/ vl f(x)d, LY. (2.32)
0 —00

— 00

O

3. Local time as rough path

For a function g is of bounded g¢-variation for 1 < ¢ < ﬁ and local time is of bounded p-variation

(p > %), one can find a real number p > % such that 1% + % > 1, hence ffooo g(x)d,L¥ can be defined
as a Young integral. But when ¢ > ﬁ, the condition ]% + % > 1 is not satisfied, hence one can no longer

use Young integral to define f:x;o g(x)d,Ly. Moreover, [L¥dL¥ cannot be defined as a Young integral as
pointed out in [13, 14]. However, the rough path integration theory can provide a way to overcome this
obstacle. In the rest of the paper, we deal with the case where % < a < 2and 3_% < g < 4. For this, one
needs to treat Z, := (L%, g(x)) as a process of variable z in R?. In this case, Z, is of bounded §-variation
in z, where ¢ = maz{p, q} with p € (ﬁ,él).

In the following, we will first construct a continuous and bounded path Z(m) from Z on a certain time
interval. The smooth rough path Z(m) is thus built by taking its iterated integrals with respect to Z(m).
The final stage is to show the existence of the geometric rough path Z = (1,2, 722, Z3) associated with Z .

In order to show the existence of the geometric rough path Z, we need to prove that the space of rough

path we have defined is complete under the -variation distance which was pointed out in Lemma 3.3.3 in
[24]

o . , o\ @
dg(X,Y) = max dip(X',Y') = max Sup(Z|Xl Y ) : (3.1)

1<i<[6] 1<islo] p \4G7 0 Tovt o menE

9



Therefore, the strategy consists of verifying that the smooth rough path Z(m) is a Cauchy sequence in the
¢-variation metric dp on Cp o(A, TUD(R?)).
We recall the following lemma from [27].

Lemma 3.1. Let X = {X(t),t € Ry} be a real-valued symmetric stable process of index 1 < o < 2 and
{LY,(t,z) € Ry x R} be the local time of X. Then, for all z,y € R, and integers m > 1,

a—1

1LE = LY||am < Claym)t's |o —y| "=, (3.2)

where C(a, m) is constant depending on « and m.

We obtain that for any p > %, the following relation as a speical case of Lemma 3.1

(a=1)

E|LY, — LYP < efb—a| "2, (3.3)

with a constant ¢ > 0. This means that Ly satisfies the Hélder condition with exponent 25t. A control

function w is a non-negative continuous function on the simplex A := {(a,b) : 2’ < a < b < 2’} with values
in [0, 00) such that w(a,a) = 0. It is super-additive, namely

w(a,b) + w(b,c) < w(a,c), (3.4)
for any (a,b), (b,c) € A. In the case when g(x) is of bounded g-variation, one has a control w such that
l9(b) — g(a)|? < w(a,b), (3.5)

for any (a,b) € A. Tt is clear that wy(a,b) := w(a,b) + (b — a) is also a control of g. For h = % and 6 > ¢,
one can verify that
l9(b) = g(a)|” < wi(a,0)" (3.6)

for any (a,b) € A and hf > 1. Hence, there exists a constant ¢ such that
E|Zy — Zo|? < ewyi(a,b)", V(a,b) € A. (3.7)

Following the idea in [13], one could define a continuous and bounded variation path Z(m) on |2/, 2"]
for any m € N by

Z(m)g := Zap A" ’ 3.8
( ) 1—1 Wl(xgn) _ Wl(xﬁl) l ( )
where 7" | <z <" with 1 =1,...,2™, and A]"Z = Zy;m — Zym . Take a partition D, = {2 =2 <
P < <2t = 2"} of 2, 2"] such that
m m 1 ! "
wi(2]") = wi(ay) = 2TnWl(UC 2"), (3.9)

where wy (z) := wy(2/, ). In addition, by the superadditivity of the control function wi, it is clear that

1

ﬁwl(m’, 2.

wi(2ty, 2") < waa") —wi(zy) =

The smooth rough path Z(m) associated with Z(m) is constructed by taking its iterated path integrals.
That is

Z(m), , = / dZ(m)y, ® - @ dZ(m),, (3.10)
a<zy;<--<xj<b

for any (a,b) € A, where j =0,1,2,3.
We will need the slightly modified version of Proposition 4.1.1 from [24].

10



Proposition 3.2. Let Z € Co(A, TN) (V) be a multiplicative functional with a fived running time interval,
say [0,1]. Then for any 1 <1i < N, 0 satisfying 0/i > 1, and any v > /i — 1, there exists a constant C;(6,~)
depending only on 0,7, and i, such that

i

o] 2"
Sllljp Z |Zﬂziz—1’wz |0/Z < Ci(6,7) Z n Z Z |Z9]3§71~r9”7§ |9/J’ (3.11)
l

n=1 k=1j=1

where sup runs over all finite partitions D of [0,1], and x¥ satisfies equation (3.9).
D

The aim of the remaining part of this section is to prove that {Z(m)},en converges to a geometric
rough path Z in the f-variation topology.

3.1. First level path
We first consider the convergence of the first level path Z(m)[llyb.

Proposition 3.3. Let (Z,) be a continuous path and h6 > 1, Z(m) be defined as above. Then for alln € N

m— Z |Z(m)gls;;_1,x;;|9 (3.12)

is increasing. Hence,
on

: 1 0
lim_ kz PAGD (3.13)
=1

m

0

on
sup Z ‘Z(m)}sgfl,zg
™ k=1
Proof. By (3.8) and (3.10), we can derive for n < m
1 — AT _ n
Z(m)xﬁfl»w'ﬁ =AZ, k=1,...,2"
On the other hand, if n > m, it is possible to find a unique integer 1 <[ < 2™ satisfying
g <ap_qg <azp <z (3.14)
Based on (3.8) and (3.10), one can get

wi(z]) — wi(z”) .
A w="1Tm J ANUA =k—1k. 1
(m)ar e+ W@ —wip ) N2 j=k—1k (3.15)

It turns out that
Z(m)} =Z(m)ep —Z(m)gp_ =2"""A"Z, Vn>m. (3.16)

n n
Tr 1Tk

For n > m, from the inequality (3.14), we can compute the range for the integer k for a given integer I. That is
2" (I—=1)+1 < k < 2"7™. In other words, there are 2"~™ points of the form of {Z} }on—m_1)41<r<2n-—mi
embedded inside [z} |, 2]"). Therefore, for n > m,

2’”{ 1 0_1 2777/
Szl = () @MY Iar . (3.17)
k=1

=1

It is interesting to notice that

A"Z = AT Z + A7,

11



which gives

om

2™y APz

=1

2m 6—1

m — 1 m m

—em i S(3) agrzeagizp
=1

2’77L
< (2m+1)971 Z <|A;rlz+lz|9 + |A;’;+%Z|9)
1=1
2'rn+1
=@ty Atz (3.18)
1=1
This proves the claim. O
As a consequence of Proposition 3.3, one can show that Z(m)i,yz,, on any finite interval have finite
f-variations uniformly in m using a similar method in the proof of Proposition 4.3.1 in [24].

Proposition 3.4. For a continuous path Z, satisfying (3.7) and h > 1. Then Z(m);,yx,, have finite 6
variation uniformly in m.

We present the convergence result of the first level path in the next theorem. Let chz,b = Zy — Zg-
By (3.7), one can show that E[Z |’ < cwi(a,b)"®. In particular, E|Z§0271 O < ewy(ap_,,a) <

o
6(2%) wi (2, 2")h?.

n

3T

Theorem 3.5. For h8 > 1, if a continuous path Z, satisfying the inequality (3.7), then we have

s 7
Z sgp(Z Z(m)y, | . — Zill’xl(;) <00 a.S.. (3.19)
m=1 l

In particular, Z(m)lll,b converges to Z}z,b in the O-variation distance almost surely for any (a,b) € A.

1

Proof. For n < m, we have Z(m),,

w  on=2ZY . whileif n > m then
k—1:Tk Tr—1>Ty

|Z(m)} /-

oy 02 ~n n
Tr—1:Tg Tr—1>

1
oy 02 P " T
Tr—1:Tg Lr_1:Tg

1’ <27 (120l +12

By (3.7) and Proposition 3.2, we have

o :
B> sup(S 12~ 2l
l

m=1 D
o0 oo 2n %
0
S 0(057) Z (E Z n’y |Z(m)9102_17x2 o Z}Cz—l’xz >
m=1 n=m+1 k=1

=

00 (%s) 2n
<oY (B Y w S mmly l+ 2 )

n=m-1 k=1

12



IA
Q
[]¢
VR
[]¢
34
VRS
N
N———

g
|
g
3
X
-
S
N————
D=

m=1 “n=m+1
00 h6—1 o) h6—1
1 26 ~ 1 20
<o (m) " X i (y)
m=1 n=m-+1
0o h6—1
1 20
<0y (5)
m=1

< o0, (3.20)

for hf > 1, where C is a generic constant depending on 6, h, wy(z’,2”) and ¢ in (3.7). This completes the
proof. O

3.2. Second level path

Next, we consider the convergence of second level path Z;b. From [24], for n > m,

1 - ®N
N N(m—n m
Z(m)3y | ap = 2 (m=n) (AT Z) (3.21)
for all level paths with N = 1,2,.... For the second level path, we take N = 2. In the case of n < m,
Z(m)ig_l,xg/
1 1 2m g l
= SANZOAZ + > > (AmZ @ A"Z — AP'Z @ ATZ),  (3.22)
1=2m=n (k—1)+1r=2m-"7(k—1)+1
therefore,
2 2
Z(m + 1)m2_1,zz - Z(m)zz_l,xg
1 2m "
== Yo (A zeARt'Z - AT Zo ARt Z), (3.23)

2
1=2m=n(k—1)+1

where kK =1,...,2".
We first give the result for the second level path Z(m)? , when n > m.

Proposition 3.6. For a continuous path Z, which satisfies (3.7) with hé > 1, then for n > m

0 h6—1
2 1 2
< C<2L+L> : (3.24)

where C' is a generic constant that depends on 6, h, wq(z’,2"), and ¢ in (3.7).

- Z(m)i;_l,zg

277,
ZE’Z(m +1)2,
k=1

k—1°

n
T
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Proof. For n > m, it follows from (3.21)

2 :
Z E‘Z(m + 1)ig_1,xg - Z(m)ig_l,xgr
k=1
2m g
— Z Z E 122(m+17n) (Am+IZ) ®2 122(m7n) (AmZ) ®2
2 : 2 :

=1ty <o
gm+1

Z QnmlE‘ %22(m+17n) (A;n—&-lz) ®2 %22(771777,) (A;nZ) ®2
=1

[VEY

g2mtt

ho
2m 1
n) E 2nm1<2m> Wl(xl’xu)he

|
we(5) ()"
<

<C
h6—1
1 2
where C' is a generic constant depending on 6, h, wy(2’,2”), and ¢ in (3.7). O

The proof of the above result in the case when n < m is more involved as suggested by (3.23). In order to
establish the convergence of the second level paths, it is crucial to estimate Z E(Ly* — LYY (L7™ — LY,

K3
and to obtain the correct order in terms of the increments x ;41 — ; as suggested in [13]. This point will be
made clear through the proof of the convergence of the second level path.
First, define
o*(h) = E(Lh — 1¥)® (3.26)

and a covariance matrix

pis(D) = B(LE — L) (L0~ 1),
where D = {x;}, is a partition of a given interval. By (3.26), using the same elementary algebraic manipu-
lation, one can deduce that for i < j

pij = —5[02(@_1 —xi1) — 0 (zjo1 — ;)]
1
+§[0'2(Z‘j —Z‘i_l)—O'z(.Ij —.731')]. (327)
It was proved in [25] that
1
> _lpii (D) < 50%(x; — i), (3.28)

for the Gaussian case which is purely based on the concavity and monotonicity of o2. As the function |.|*~!

for % < a < 2 is both concave and monotone, therefore, the inequality (3.28) is also applicable for the local

time of stable process. Hence, by (3.3) and (3.28), it follows that
1 o
> lpis(D)] < 30 (@) — 1) < Cilzy — 2| (3:29)

where C is a constant related to the constant ¢ in (3.3). Now we are in the position to prove the following
proposition

14



Proposition 3.7. Let ﬁ <g<3,2<60<3.Then forn<m

()

where C' is a generic constant depends on 6, h, wy(z’, "), C and ¢ in (3.7).

(NS

E|Z(m + 1)22’71712 — Z(m); |

n n
Tp—1:Tg

<C

2ht+a—2
1 0
)

~
S

HIS
~__

Proof. First, by (3.23), we have

2
E|Z(m + 1)%;71,12 - Z(m)igfl,mﬂ
1 2mT 2
=4F Yo (A zZeARt'Z - AT Zo ALt Z)
1=2m="(k—1)+1
2
1 . . . .
1y [pyeptmags - agzagz)?
i,j=1,i#j l
2B (AR ZIAGT ZT — AR AL Z)
r<l

x (AR ZIADT 2T - Agﬁ“z%gﬁtﬁzj)]
1
l

m xr m 2
+(A21+1Lt Azlﬂg(x)) ]

1 m m 2 m m m m
+Z Z E {(A21+%9(5‘7)A21+1Lf) - QAzlﬂg(x)AmHthAleg(l")Azlﬁ

l

m m T 2
+(A21+19($)A21f%[/t) ]

1 m X m €T m m
+§ Z (E(AQIfiLt AQTtllLt ) (A21+19($)A2r+19(55))

r<l

+E<A;;“LfA31“Lf)(A;;ﬁgwmgzﬂg(x)))

1 m xT m xT m m
D) Z (E(A2l+1Lt AZrtllLt ) (Amﬂg(w)Aerg(ﬂf))

r<l

+E(A£’ZfiLfA£'Zl“Lf)(A’z’}“g(az)AQ’Z;“lg(r)))

1 m m m xT m xT
-3 Z((Azl+lg<x>A2Ttﬁg<x>)E(AgﬁiLt APFIL)

r<l
AR oA o) (AL 1AL L) )
} Aerl Am+1 E Am+1LxAm+1Lx
+2Z ( 5 19(2) 2r—19($)) ( 2 t Sor t)
r<l

O g0)AL ) BAGHLEALLY) ).
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(3.30)



We estimate the following term using (3.29)

>

(A5 g(2) A5 g () B(AG T LT AL L)

r<l
2mT"E -1
— m—41 m—41 m4+lrz Am+l rz
= Z Ay g() Z A5 g(x) E‘A%—lLt AT Ly
I=2m—7(k—1)+1 r=1

2mT "k

h -1 h
1 1
< Z C(2m+1> wl(w’,x”)hz<2m+l) wi (', 2" )" B (| AT LT AR L)
1=2m—n(k—1)+1 r=1

2h
1 m T A™M T
< CZ(QmH) ZE(leﬂLi ALTILY)
l r
1 2h
1 lja—
SOZ<2mH) |25 — ag o
l
2h+a—1
()
2m+1
2h+a—2
1 1
—Ylon\om : 31

The other terms can be estimated similarly. It then follows from Jesen’s inequality that

<C

B|Z(m+ 1),

1
= <E|Z(m + Dz, ap — Am)p_ |2)

'

O

<C

By Propositions 3.6 and 3.7, we showed the convergence of the second level path. The convergence result
is presented in the next theorem. As 6 > max{p,q}, where p > % and g > 3_% is the variation of the
local time associated with the symmetric stable process and of the function g respectively, together with
the fact that ﬁ < % holds as long as a < 2, therefore, the smallest possible value that o can take must
satisfy a > % + 1. As 0 can be chosen very close to 3, hence, the smallest possible value of « that we can
take for the second level path is v > 5. This means for any o € (3,2), there exists a § € (2,3) such that
a > % + 1.

Theorem 3.8. Let % <a<2, ﬁ < q < 3. Then for a continuous path Z, satisfing (3.7), there exists a
unique Z2 on the simplex A\ taking values in R? @ R? such that

2
o\ 0
S‘;,P(Z|Z(m)iu,xl ~Z2 > -0, (3.33)
l

both almost surely and in L' (2, F,P) as m — oo, for some 6 such that ﬁ <0 <3.
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Proof. By Proposition 4.1.2 in [24], we have

0
2

ESI[l)p Z’Z(m + 1)3%—1,21 - Z(m)il—l,zl |
l

0o 2m
< CONB(Y 0 o[+ )k - 20kl
k=1

n=1
0)
gn

[eS)
+C(077)E Z:I n’ Z‘Z(m + 1)22’71@" - Z(m)igil,wg’
n= k=1

[N

00 2m
x (Z n' Y |Z(m A1) e "+ |Z(m)zn | ap
k=1

n=1

[MEY

k
= A+ B. (3.34)

We have proved the convergence of the first level path in Theorem 3.5. The result from Theorem 3.5 is
used to estimate the part A, that is
1
9) 2

00 2"
0
A= C<EZ DGR P 2 I e LG PR
k=1

n=1
0)

N

°+ ’Z(m)ik n

—_ 1Ty

<C

n=1 =
9] hO—1\ %
o) )
2n
n=1
h6—1

gc( 1> o (3.35)

0o 2"
- (E DIRGDIACGIE S Ve
k=1
1 4
()
om

3 3, we can choose 6 satisfies ﬁ‘;_l < 0 < 3. Therefore, W@ >1-— %.

Hence, we can choose an € such that 1 — g <e< %%‘29. Then by Proposition 3.6 and 3.7, it follows that

0 1 % m—1 1 91 1
p<ey i(mm) o (5) ()
n=m n=1

ho—1 2hta—2
= 7 96‘|

m—1 9 _1+e
1 1\* 1
il o el
) -z &)
Hence, we proved the convergence of the term B. With the above observation and the fact that hf > 1, it

ho—1 2hta=2q_
1 2 1 4
(w) *(w) ]
is clear that
h6—1
1 2 n 1
2m 2m

If we sum up for all m as we did in Theorem 3.5, one can show that (Z(m)Q)meN € (R?)®2 is a Cauchy
sequence in f-variation distance. In other words, it has a limit as m — oo, denote it by Z? € (R?)®2. By
Lemma 3.3.3 in [24], we can conclude that Z? is also finite under §-variation distance. Thus, we have proved
the theorem. 0
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For 2 < a < 2and h > 4

2h4a—2
vy %

A

C

A

C

A
2

2mta—2,_ .
1
ESLllij|Z(m + 1)§H,xl - Z(m)33171,$z| <cC ]
1




Aslocal time LY has a compact support for each w and ¢, so the integral of local time in R can be defined. We
take [2/, 2”] which contains the support of L. By Chen’s identity, one can see that for any (a,b) € A,

r—1
Z2,= 1l Vi Z,, ®ZL, : :
a,b m(D[l,llII])—)O;( Ti—1,T; + a,T; ® mifl,xi) (3 36)

In particular, similar to the proof in [14], we have

r—1
72 = i Z2 Z! Z!
( a,b)2,1 m(D[i‘n;;)%O;(( zi,l,:c.;)zl + ( a,T; ® :Eifl,Ii>271)
r—1
= 1 z2 i) — A 3.37
o 2B+ o) = g = L7) (3:7)
Here (Z2, | ,.)2,1 denotes the lower-left element of the 2 x 2 matrix Z2 | . Hence, the following
r—1
lim Z2 o1+ gla) (LY — Ly
i o B e+ g() (0~ L)
r—1
= lim N (23 )20 + (g(w) — g(a) (L = L{) + gla)(Ly — Lf)
m(D[a,b])—>0 i—0
(3.38)
holds. Therefore, we have the following corollary.
Corollary 3.9. Under the same conditions of the previous theorem, then for (a,b) € A,
b r—1
L¥dLY = i 2. . LyH(L7 — LyY). 3.39
/a t ALy m(D[gf}])%O;(( xi,l,M)l,l + Ly (Ly : ) ( )
Moreover, if g is a continuous function with bounded q-variation, q > ﬁ, then we have
b r—1
r)dL =  lim Z2 a1+ glw) (LY — L7 ). 3.40
| st i e o ) (3.40)
3.3. Convergence of rough path integrals for the second level path
In this section, we will prove the convergence of the second level path in the f-variation topology.
Proposition 3.10. Let % < a <2, =2 < g <3, one can choose a 0 such that %fﬁ < 6 < 3.

Moreover, let Z;(x) := (LY, g;(x)), Z(z) == (L¥, g(x)), where g;(-), g(-) are both continuous and of bounded
g-variation. Suppose g;(z) — g(x) as j — oo uniformly and the control function w;(x,y) of g; converges
to the control function w(z,y) of g as j — oo uniformly. Then the geometric rough path Z;(-) associated
with Z;(-) converges to theogeometric rough goath Z(-) associated with Z(-) a.s. in the O-variation topology
as j — oo. In particular, [~ g;(x)dLi — [~ g(z)dL} a.s. as j — oc.

Proof. For each j, one can obtain the geometric rough path Z;(-) associated with Z;(-), and also the smooth
rough path Z;(m) in the same way as Z(m). Here the Z; is defined as Z; = (1,Z},Z%). Similarly, we have
Zj(m) = (1,Z}(m),Z3(m)). First, we prove the convergence of Z} — Z' in the #-variation topology and in
the uniform topology. To see this, we consider for any finite interval [2’,2”] in R. As local time L7 has a
compact support in x a.s., so the following proof can be extended to R.To prove that Z; —ZYas j — o0
in the d2 ¢ topology, note first
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d29(Zj,Z") < dy9(Z},Z(m)) + d2,6(Z}(m), Z" (m ))+d29( Y(m),Z"). (3.41)
From (3.20), we know that da ¢(Z'(m),Z"') — 0 as m — oo and dz ¢(Z},Z}(m)) — 0 as m — oo uniformly
in j. Thus there exists an integer mg such that dg o(Z*(my), Z') < § and dgyg(Z}7 Zj(mo)) < §. Consider
Z}(mo) and Z'(my), which are bounded variation processes and Zj(mo)(z) — Z'(mo)(z) as j — oo
uniformly in . Moreover,

(3.42)

(Z0m0)a) ~ 2 o)) ) = (Z30m)ar-1) = 2! o)1)

exists and bounded uniformly in j. Thus, by Fatou’s Lemma, we have
2

( mo)(a0) = 2 (mo)(an) ) — (Z}(mo)a1-1) ~ 2 o)1) )

Jj—oo

2
< F lim sup Z

( mo)(a0) = 2 (mo)(an) ) ~ (2} (mo)(a1-1) - 2 o)1) )

]%ooD[ w7
=F su im 1—m0x—1m0x — 1-m0 x,l—lmo Ti_1
=5 g 3 i (Zm0)en) - 2 o)) — (Zbmo)a1-1) ~ 2o a10)

=0.
The exchange of lim and sup is due to the fact that
J—00 D

2
=0

I
oS ZI:
uniformly with the partition D, ). Thus, we revisit (3.41) and apply m = my to conclude there exists Jo

such that when j > Jy
da g (z},zl> <e.

(om0 - 2 o)) ) = (Z0m)a1-1) = 2! o)1)

Thus,
2
( o)) - z1<mo><xz>) - (Z}<mo><xu> - z1<mo><xu>) 0.
j—o0
For the convergence of Z? — Z2, similarly, we have
d2,9(Z3,Z7%) < da9(Z3,235(m)) + d2,0(Z3(m), Z*(m)) + d2,0(Z*(m), Z*). (3.43)

The convergence of the last term of (3.43) as m — oo is clear from Theorem 3.8. From the proofs
of Proposition 3.6, 3.7 and Theorem 3.8, one can show the convergence of the first term of (3.43) uni-
formly in j as m — oo. That is to say, for any given € > 0, one can find a N such that for m > N,
d2,0(Z3,2Z%(m)) < § for all j, and da ¢(Z*(m), Z?) < 5. In particular, the above inequality also holds if we
replace m by N. For a fixed partition of [2/, 2”] and this N, one can show by the same method as in the proof
of dg,9(Zj(mo),Z" (mp)) as j — oo that dy¢(Z3(N),Z*(N)) < § by the bounded variation property of the
smooth rough path. This can be seen as Z? (N) and Z2(N) are just tensor product of bounded variation paths
Z;j(N) and Z(N). Thus Z3(N)(x) also converge to Z*(N)(z) uniformly in z. By using a similar method as
in the proof dy ¢(Z}(m),Z"'(m)) — 0 as j — oo, we can prove that dg’g(Z?(N), Z?(N)) — 0 as j — 00 so
there exists an integer J > 0 such that j > J, do g(ZQ(N) Z?(N)) < £. Hence, for j > J, it follows from
(3.43) for m = N that dy¢(Z7,Z?) < e. The first claim is asserted. By the definition of [ g;(x)dL{, one
can conclude the second claim. O
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Proposition 3.10 is also true for g being of bounded g-variation (ﬁ < ¢ < 3) but not being continuous.

For the discontinuous case, we use the method from [36] by adding a fictitious space interval during which
linear segments remove the discontinuity, also bear in mind that a function with bounded g-variation has
at most countable jumps.

Definition 3.11. Let g(z) is cadlag in z of finite g-variation and set G(z) := (g(x), L¢(x)). Let § > 0, for
each n > 1, let x,, be the point of the n-th largest jump of g. Define a map

7 a2 = [ 2" + 6 |h(za)|]

n=1
in the following way

Ts(z) =z + 52 |h(zn)|1s, <o (@),

n=1
where h(z,) = G(x,) — G(a,—).
The map 75 : [2',2"] — [2/, 75(2")] extends the space interval into one where we define the continuous
path Gs(y) from a cadlag path G by

)G, iy =15(2);
Gs(y) = {G(xn_) + (y — 75(2n =) (@)~ (@) |7, if y € [Ts(zn—), Ts(n)).

Notice that L; 5(y) := L s(75(z)) = L} as L7 is continuous. Let g(z) be a cadlag path with bounded
g-variation (2~ < ¢ < 3), we define

3—a —

" "

[ wtase) = [ mrag @)+ Y1 () b)), (3.44)

’

where the discontinuous g is decomposed into its continuous part g¢ and its jump part h.

Theorem 3.12. Let g(z) be a cadlag path with bounded q-variation (ﬁ < q<3). Then

"

x Ts(x'")
/'waw=/ Los(y)das(y). (3.45)

’ ’

Proof. The right hand side of (3.45) is a rough path as defined in the previous section. As local time is

continuous, hence the integral ff, L7dg°(x) is a rough path can be defined as in the previous section. For
the integral associated with the jump part, we need the method pointed out before the theorem. At each
discontinuous point x,.,

| Brdote) = L) o(en) - o)) = Lale ) hiar) = i)

T

By Definition 3.11, we have that
Li(xr)(g(2r) = g(wr—=)) = Lts(7s (xr=))(95(75 (1)) — g5(75(2r—)))-

Hence, it follows that

Y Lula)(glar) = glar=)) = Y Los(rs(ze—))(gs(s(@r) — g5(ms(2,-))). (3.46)

From Corollary 3.9, we know that the right hand side of (3.46) alone is not well defined, but together with
>-.((Z)3 5) it is well defined. In this case, we need to check that

Z((Z‘s)?’s(fr—)775(1r))172 =0

r
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in order to have (3.46) to be well defined. From Corollary 3.9 and the continuity of local time, we obtain
that

75 (xr)

Z((Zis)‘r{;(xr ), T{;(:rr))l,z = Z/ (Lt75(y) - Lt’é(Tﬁs(‘rET_)))dg(s(y) = 07

r r 6($7‘_)

where Zs(y) := (Li,s(y), 95(y)). Therefore, we have

Z/ Lydh(x Z/Tm y)dgs(y Z/ﬁ(% )L‘S y)dhs (y)-

As the continuous part ¢g¢ is the same as gs on the space interval where g is continuous and ¢g¢ does not
contribute on the interval where the function jump. Simimlary, where g is jump discontinuous, we denote
as h, does not contribute on the interval where the function is continuous, hence

" " 1"

// Lidg(z) = // LEdg(x) + // L¥dh(x)
s (o) 7s(a")
— [ Lstdgw + [ Luswdhs(w)

’ ’

"

T5(z'")
_ / Lu.s(y)dgs(y).

This completes the proof. O

The convergence for discontinuous functions can be proved by applying the method in the above theorem
and Proposition 3.10 to (h — g)(z). Note the function hs is piecewise linear for fixed § > 0.1t is certainly of
bounded g-variation with a control function ws. If hs; is a sequence of bounded g-variation functions with
control function ws; such that hs; — hs and ws; — w; as j — oo uniformly. Then, we have

5 (2") 75 (z")
[ st > [ Luswidhsw)

as j — oo. Hence, we have the following proposition.

Proposition 3.13. Let a € ( ,2), 3 < g < 3, 0 be chosen such that %-ﬁﬁ < 0 < 3. Consider h, the
jump part of the function g and assume there is a sequence of continuous functions h; — h as j — co. Let
hjs and hs be defined in the same way as G5(y). Let hs; be a sequence of continuous function satisfying
hsj — hs as j — oo together with their control functions and

| Bwanst) = [ sians ) (3.47)

/ L2dhy(z) — / Lodh(z).

Proof. By Theorem 3.12, integration by parts formula and assumption (3.47), one can see that

/DO hy(2)dLE = /_OO hjs(y)dL; (y)

—00

Then as j — oo
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By the assumption that h(;j — hs as j — oo together with their control functions, then by Proposition 3.10
we have [*° L9(y)dhs;(y) = [*° L3 (y)dhs(y). By using Theorem 3.12, we have that [ L2(y)dhs(y) =
ffooo L¥dh(z). Hence, the result of the proposition follows. O

Corollary 3.14. Leta € (g, 2), 3 ~ < q <3, 0 be chosen such that ﬁ < 60 < 3. Moreover, let Zj(x) :=
(L7,9i(2)), Z(x) := (L7, 9(x)), where g;(.), g() are both of bounded g-variation, and g; is continuous and g
is cadlag with decomposition g = g. + h, where g. is the continuous part of g and h is the jump part of g.
Suppose g; = gej + hj with control function w.; and wy; such that gc; — g. and we; — W uniformly, h;
satisfying conditions in Proposition 3.13. Then we have

/ g;(x)dLy — / x)dL{ a.s. as j — oo.
Proof. The Corollary follows from Theorem 3.12 and Proposition 3.13. O

3.4. Third level rough path

The #-variation formula for third level path in [24] is given as

_ Z(m)S ‘%

T1—1,T1

sup’Z m+1)3

T1—1,21

<Oy ZrnZ|z (m+ 13w —Z(m)3e
=

+C (Z mZ|z (m+1)k —Z(m);z_pzzf)

=1
(z:lrﬂ Z|Z m4+ Dl |g +|Z(m)3y
+Ci (X_j n Z!Z(m 0%y — Z(m)i;l,wglg)g
(nzlmz]z (m+ DL |+ |Zm)L, M]Q)
(Z mZ|Z mA D e —Zm)k . 9>é

=1
(Zn72|2m+1 | |z, 1rk|9) : (3.48)
1

Wl

ol

Wi

where {2z} satisfing (3.9).

We have obtained estimations for the first and second level paths. As there is a connection between the
sample path of local time of symmetric stable processes and its associated Gaussian processes by Dynkin iso-
morphism theorem (cf. [25]), therefore, we present some relevant results for the Gaussian processes first. The
importance of the following result regarding Gaussian random variables will be made clear throughout the
estimation of the #-variation on the third level path.

Again, we have

19(6) — gla)|? < wi(a,b)*" (3.49)

for any (a,b) € A and hf > 1.
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We consider the cross product term on the increments of the g with parameter h. By a purely algebraic
procedure as in (3.27), for b > a, ¢ > 0, we have

(500 9(@) (304 0~ sta+ 0)) < 5 (wilo+ 0.0 —wilo-+ 0.0

+wi(a+ o, b)2h —wi(a+ o, a)Qh) . (3.50)

All the estimations of the variance or covariance of the local time one encounter later in this paper are
similar to one of the following formats. For m < n, the proof on the convergence of the third level path
is a straightforward exercise as pointed out in the proof of the Proposition 4.5.1 in [24]. For m > n, k =
1,2,...,2" 2 (k- 1)+ 1 < r <1< 2™ "k the estimations of the variance of local time on different
intervals are given by

xmtl TP \2 1 a—1
B(L™ - L) < e(3;) (3.51)
and
zn Tl zntlig 20—1 21 —2.a-1 1 . a-1
E(Lt2l 1 Ltm 2) g 0(7277%%1 — 72m+1 ) S 0(27m) (352)
where ¢ is a generic constant. The covariance of the local time on non-overlapping intervals [z}_,, xgllfé],
[z, 2 t]] satisfies
m+1 n m+1 m+1
E(Lf2172 . thkfl)(L‘/:Zlfl _ Lf2172)
1
=3 —o?(ahit) —ap_y) + o (ay ) —ap_y) — o (aht —aht))
<. (3.53)

Here we have used (3.27), the concavity of o2 and the following two observations for a non-negative concave
function f:

f(tx) > tf(x) fortel0,1],
fla)+ f(b) = fla+b).
On the other hand, by the increasing property of o and the first part of (3.53)

m+1 m+1
Tor—2 Tor—1 1

Y P [V o ) R A ) i (R L C L)

where ¢ is a generic constant. The covariance of local time on two overlapping intervals [xz_l,xg;fé],

[z}, a:;'l’f;] is given by (without loss of generality, assuming [ > r)

m41 m41 m41 n m41 n m+1 n
_ E(Lf2172 _ Lf2r72)(Lf2r72 o Lfk—l) + E(Lth'er o Ltmkfl)(szr72 o Lfkfl)
1
D) [_‘72(5”727?:12 —xp_q)+ 02(‘%?273 —Ti_)
—o® (et — af )] + o (2 Ty —af )
1
=3 (0% (2 fs —afi_y) — o*(alyty —aTy) + o (ag Ty — af_y)]. (3.55)

One can conclude the above is non-negative based on non-negativity and monotonically increasing prop-
erty of o2. Moreover, it is bounded from above as

Ierl 27 m7n+1 2z 1 _
B(L7 — L) (L = L) < o2(apth —ap ) < c(2—n)a ' (3.56)
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Similarly, one can estimate the following term

m+1 n m+1 m+1
Tar—2 Tp—1 Tor—1 Top_2
E(L7 = Ly ) (L = L)
apty ap et ay ) ] ay )
:E(Ltzl 2_Lt2r 1)(Lt2r I_Lt21 2)+E(Lt2r I_Lt21 2)2

m+ zm+ m+1

2}—12 Th_q 27‘—11 Tor_2
=L =Ly

x

+E(L;

1
S =@ = 2 ty) + 0% @ty — anh) — 0% (2t — apth)

1 1 1
+20% (a5t — 2hty) — 0P (2t — 2y )
ol (apty —ap_y) — o (ahit) — afith)]

1
= 5 [o*(ity — afth) — 0P (ahty — 2Bt — (et —af )

+o? (25t —2p_y)]. (3.57)

The above quantity is nonnegative by monotonically increasing property of o2. Moreover, it can be shown
that it is bounded from above

B - @ -
= [P gyth — agth) - o] — ) - (gt — )
o (et — )]
< oPapth — apth)
< 0(2%)“’1, (3.58)

where c is a generic constant.
For the case when n > m, we refer to (3.21). Similar to Proposition 3.6 for the case when n > m, we
can prove the following proposition.

Proposition 3.15. For a continuous path Z, which satisfies (3.7) with h6 > 1, then for n > m

0 ho—1

3 1 2
< C<W> : (3.59)

on
3 3
kz: E'Z(m + 1)“7271@2 N Z(m)xzfl’mz
=1

where C' is a generic constant depends on 6, h, wq(z’,2") and ¢ in (3.7).

Proof. If n > m, by (3.21), we show that

[EY

.
3 3

> E'ZW a0~ Z(M)ap_ o

k=1

2m+1

wl

— Z Z E %23(m+1—n) (Azn+1Z)®3 . %23(,”_”) (A?LZ) ®3

=1 ey <t

2'm,+ 1

Z 2n—m—1E

=1

wlo

1
3!

23(m+1—n) (A;n-‘rlZ) ®3 _ %QS(m—n) (A;nz) ®3

0 27n+1

om 1 h6
n—m—1 / 11\ h6
< C<2n> lil 2 <2m) wy (2, z")
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1 \ =
< C<2m+n> , (3.60)
where C' is a generic constant depends on 6, h, wy(z’,2”) and ¢ in (3.7). O

However, to estimate the left-hand side of (3.59) is more complicated when m > n. Recall the following
formula in [24]

Z(m + 130 o — Z(m);

1% TR _q,TY
_ m+1 m 1 m+1 m+1
=5 Z et~ Zup )@ (A5 Z @Ay Z - AT Z @ AT 7)

+5Z (AR Z@ AT Z — AP Z @ AT Z) @ (Zap — Zym)

To142
o5 S ARG 70 A5+ a7 0 85112)
- ZAerlZ AmHZ@A;’}ﬂZ—FAQ}ﬂZ@ AerlZ)
- Z Am+1Z ® A;rlzi-}z + A;?[H—%Z ® Am+1Z) Ag}-‘r}z
= A, +A2—|—A3 + Ay + As, (3.61)

where the sum runs over 2™ "(k — 1) + 1 <1 < 2™ "k. As suggested by Jensen’s inequality, we have

[}
. 0 . . 9\ 6
B|Z(m+ 1), o0 —Z(m)3  |* < <E|Z(m F 12— Z(m)3e ) : (3.62)

k k Tp—1:Tg

In order to estimate (3.62), we first use (3.61) to estimate

E|Z(m+1)%, 0 —Z(m)3 |

—1:%k TE_1TY
We will only estimate the term A; and As, as other terms can be estimated similarly. For m > n, we first
estimate the term A%. Define ¢; = Zym+1 — Zyp_, and o = sz+; Zgn ., then

2

A% _ Z(Zrm‘*'l _ Zzz,l) (A;‘*%Z ® AerlZ AerlZ ® AS;JF%Z)

20—2
l

2 2
_ N m~+1r7i Am+1r79 m—+1r7i A m+1r79
= Z (Z Y1 (A2li_IZ Ay 2! _A2l+ Z A211ZJ))
1,5, u=1i1%#7,u l
m+1 r7i m 1 m 1 r7i A m+1
= > > (@) (ARt ZiAyt Z - ARt Z A21+1ZJ)
i#Eju 1
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2 5 Y (areratizapizagn pag s
i£jur<l
—Qi e A ZE A 2PN ZT A 70
Pl AR AR AT AT 7
ot A ZE AT ZE AT 70 Ag}“le)
= L+ 2(Jy— 5 — Ju+ J5). (3.63)

Z' denotes the i" element of Z, := (L¥,g(z)) where i = 1,2. When i = j, the above equation vanishes.
When i # j,1 # r, we first consider the case when u =i

T =Y (e (ARt Z A 2 - ARt Z ARt 22)?

l
+3 (DA (ApT 22 AT 2 - AT 22 A 2
1

m+1 m+1 m+1

_ Z(thZZ—Q B sz‘l)Q |:(L;E21_1 N Lf21_2)(g(33$+1) 7g(xglLi-%))
l

an«}»l Ierl 2
(L L (glamth) - g(x’;;*;))}
Mt zntl
3 (gt — glay))? [<g<x;7+%> gl (LT
l

+1 +1 m1'n+1 Im+1 2
~(oagp ) - gt ) (£ - 5]
l‘m+1 2
First, we estimate FI;. The estimation of Fly can be done similarly. Set Hy = L,*7% — L,*™* Hy =

m+1 m+1 m41 m+1

Toy Ty €T Toy
L' — L, % and Hz = L,» — L, then

m m 2 m m 2
hi=>, [Hfﬂf(g(wm“) g5t )” + P H (g ) — g3 3)
l

—2H,* HyHy (9(a3 ) — 9(2 1)) (9(25i 1) — 9(2y%3)) |- (3.65)
We estimate each term in I; in the following. The bound of the first term in [; is given by
By gy — g(agi))”
1

nyLya—1, 1 ja—1,1 2n
<c2™ (27) (2m+1) (2771)

1.a,1 a—
<el3) ()" (3.66)

where c is a generic constant. The bound of the second term in I; is similar to the first term with

1

o 1 2h+a—2
o) () . (3.67)

ZEH12H32 (g(ngﬂ) - 9(1';7'3))2 <c(
!
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The bound of the third term in I; is given by
m—+1 m-+1

Z EH,>HyHs (Q(Cﬂg}ﬂ) - g(x;’}ﬂ)) (9(5525—1) - 9(%1—2))
1

1 \2n 1 a-1,1  a-1
<c(—)omn(— —
< o)™ 2 ()" (o)
1\%, 1 \2hta—2
Hence, we have
1. a, 1 2rt+a-2
Now, we compute the estimation for El; term, that is
m+1 no )2 mt1 m+1 et et
E Z(Q(lefz) - g(mk—l)) (9(1‘2171) - g(lefz)) (Lt - L )
1
+1 +1 1 zm+l 2
m m 20—1 21—2
—(g(5 ™) — gl ™)) (L — L )] }
m—n 1 2h+a—1 1 2h
<c2 (2m+1) (27)
1 1 -
< C(T)1+2h(7m)2h+a 2_ (370)
2 2
As Js, J3, Jy, and J5 have similar structure, we only need to estimate one of them. The estimation of J,
m+1 " pmtl " m+1 m+1 Zmtl zm+l
Jo = Z(Lf2l—2 _ Ltk—l)(Lt2r—2 _ Ltk—l)(LfQZ—l _ L:’.Zl—Q)(LtQT—l _ LtQT—Z)
r<l
x (g(a5 ) = 925, 20) (9(aii ) — g(agith))
+> (9(@5™3) — glap_) (9(e5ith) — g(xp_1)) (9(a5t1) — g(25i73))
r<l
m+1 m41 m+1 zmtl
x(9(agyth) — g(apth)) (L7 — L7 ) (L7 = L"),
We estimate the first term in Js first. By (3.50), we have
m+1 m+1 m+1 m+1 o L o L o
(9(e5™) — g(25,71)) (9(z ) — g(aity)) < = 1+ m| + 1 - m| -2, (3.71)
which does not vanish if h # %, l#rand p = g_—mr > 0. Using Taylor expansion at l_% = 0, one can show
that there is a constant C}, depending on h such that
|1+L\2h+|1—i\2h—2 <Ch Ly (3.72)
I—r I—r - I—r) "~ ’
Therefore, we have
1\2h/ 1 \2°2
(o™ = s D) 0™~ ata D) < o 5 ) (725) (373)
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Hence, it follows that

wm+l Zn .’EWL+1 Zn wm+l $m+1 xrn+1 .’I,'"L+1
ZE|:(Lt2l2 _ Ltkfl)(Ltmfz _ Ltkfl)(Ltzlfl _ Lt2172>(Lt2r71 _ Ltzrfz)
r<l
*(g(x5, ™) — g(a5 1)) (9(a ™) — g2 )
R T e S ITIVIE By S SHIVIE DV i R e 1A
<Y oelgn) (7=5)  (BEEZ = L)) HB@ = L)) (B2 = L))
r<l
pmtl Ll 1
X (E(Lt 2r—1 Lt2r—2)4) 1
1 2h 1 2=2h 20=1) , 1 ya—=1, 1 (a—-1
< — t~ « _ _
r<l
2(a=1) 1.a,1 2h+a—2
<ct v (5) (57) ; (3.74)
2 2
2-2h
where one summation is consumed by ( ﬁ and the second inequality is due to the Lemma 3.1.

The estimation for the second term in Jy is given by

E> (9(a5it)) — g(ai_1)) (9(e5r75) — glaioy) (9(ahi™)) — g(a5ih)

r<l

m+1 m+1 m+1

X (g(zrth) — g(amt b)) (L3 — Ly (L - e

1 1 1
< eomemn(_—_ 2h( = \2h( = \a-—1
=¢ (2m) (271) (2m)
1 1 e
< 6(27)1+2h(ﬁ)2h+ 2. (375)

Therefore, the bound for the term EA? is

2(a=1) , 1 (o, 1 2h+a—2 1 L 1 a—
BA? < oft® (27) (271) +(27n)1+2}(27m)2h+ 21, (3.76)

Next we estimate the term Ag in (3.61), that is

2

E Z AP Z @ AT Z @ AT Z

l
- B Y YAz (a2 (a5 )
2,7, 1
£ Y S Bl(agrizagne) (g 2o 2 (a5 2005 2)
1,7,u r<l
LY Bagzagtz) oy 2 (0502

i r<l
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x ac 1 mal L g
:Z 21 R - 21 2) (szl _Ltm 1) (g(xg;“) g(x;rlﬁ%))
l
m+41

+
+ZE (glem™) — g(agth)? (glam™) — glap D)) (L — L)’
+ZE $2r 1 o $2r+2)(L£:gLL+} o Ltzg;j;)(szr+ o La:g:'+ll)
r<l
m+41 m+1
(L7 = L) (g(a5™) — 9@t ) (9(am ™) — g(aiyitt))

+> E(g(anth) — 9(25ith)) (g t)) — 9@y ) (g(amt™) — g(amt)))

r<l
(6(a5") = o(a3"1) (L ey e -
S B S L (L ey (T (T )
r<l
+ 3 Bl — oG5t (o) - ol D) (065 — oo D) (o) — o)
r<l

By — L (L - L (gt — glagpt )’

“The

2 2 m+1 L o
xg}‘*‘% (337271_%)) (g(mg;'*‘l) _g(xg;i-i)) (szz ~ I 21— 1)

71L+1 nL+1 m4 m—+41

Iz —1 - 5”2r 2)(L Col—1 L Top— 2)(Lt$2,,, 7LI27‘ 1)

+Z

r<l

m+1 xmi»l
(L = L) (g(a3 ) = g(xé'i“l))(g(w;’i“)—9(1757*}))‘

+2_|E(

r<l

(9(z5 ) — g(a5ith)) (92 ty) — gy ™)) (9(x5t™) — g(afith))

m+1 m+41 m+1

gt z
(g(m;’l“rl) g(xgrr%)) (Lt2r L Lop_ 1)(Lt21 L Toy_ 1)

+2_|E(

m+1 m+41 m+1 m+41

“2 1 x2 +2)(Lfgzbﬂ . Lf2172)(Lf21+ _ Lf2171)2<Lf;‘+1 - L:27-,1)2

r<l
+Z m+1 m-+1 m+1y m-+1 m+1y m+1y) 2
9(z5,77) <x2r72)) (9(5”21_1) 9(3521_2)) (g(xzz ) 9(5521—1))
r<l
(g(atrth) — glagth))? (3.77)
Using Lemma 3.1 and Cauchy Schwarz inequality, we obtain the bound for the first term
! zltlig, gmtl zmtl o m m
Z E(Lt2l L 2) (Lt2l — L Lo 1) (9($2l+1) g(leﬂ))
l
2-0 1 , 1 \2h+2a-3
<ct o —(— . .
<ec on (27”) (3.78)
The bound of the second term is
m m m m ml it 2 1 1 4h4+a—2
Z E(g(xzzﬂ) 9(%1%)) (9(%1“) g(leﬂ)) (Lfm - L 1) < 027(277”) . (3.79)

l
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Similar to (3.74), the bound of the third term is

>

r<l

m+1 m+1 m-+1

E Lx2r—1 _ Lw;’;tlz LIZL—I _ ngj; L-"J;:‘+l _ L‘T2r—1
( t t )( t t )( t t )

zmtt a5t
(B = L) (gat) — et h)) ot ™) — gt ))

2(a—1) 1 1 2h+2a—3
<ct = 27(27)

The bound of the fourth term is

Y 19 t) — g(anth) (9(a5i™h) — 9(a5i73)) (925 ™) — (a5, )
r<l

m-41 m+1 m+1 m+1

(gl ™) — oot ) (L5 — Ly (™ -

11
<o (— 4h+oz—2-
< g (gm)

The estimation of the fifth term

>

r<l

m-+1 m—+1 m+

E(Lfgfl _ L:Q"rfllf(LfZ“ _ Ltm2l—1)2(L::2l—1 _ thzlfé)(Ltzzrfl _ Lf2r72)

m+1 m+1 ‘

is more involved. We use the following equation from [27] in the estimation of the fifth term

E(ﬁ L) = ZE( de;i)
=1 ™ 1

0<ty <to<- <t <t 1=
where the sum in (3.83) runs over all permutation 7 of {1,2,...,n}.
In the following, we estimate

n

41 1 +1 +1 +1 +1 +1
E(L$;7:~+l o Lw$71)2(Ll‘§}+ o ngll—l)z(LIg;—l o Lxgll—2) (ng;—l o LI;—Q)
t t t t t t t .

t

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

However, it suffices to only estimate a particular term in the summation 7, it means we impose certain
restriction on 7; and only estimate terms associated with that m;. Before we estimate this fifth term, we

recall Lemma 2.4.6 from [27]

Lemma 3.16. For any positive measurable function f(t) and any T € [0,00) and z € R we have

T 00
/ f)dL; = / F(72(8)17 (s)<1ds,
0 0

where {7(s), s € R+} is a positive increasing stochastic process has stationary and independent increments.
If H; is a positive continuous Fy measurable function, F a positive F measurable function, and T a

stopping time (possibly T = co), then

T T
E* (/ H,Fo etde) = E*(F)E" (/ thLf) ,
0 0

where 6, is a shift operator with 0y 0 05 = 0,4 ;.
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Illustration In order to show how the Lemma 3.16 can be applied in what follows, we use the lemma to

prove
t t
E ( / / (L3 — dLE2)(dLE — de;))
0 tq1
t

t t
_E / {Ew ( / dLe — de;)def _ pe < / ALz — dej)def].
0 0 0

(3.86)
Proof. First, we rewrite Lh.s. of (3.86) as following
t ot
| [z - dzzyaes - az)
0 Jts
t ot t ot t gt t ot
z/ / dLy).dL? —/ / de;.del“—/ / dej.def+/ / dLy?.dLi!.
0 t1 0 t1 0 t1 0 t1
(3.87)

We define, for example, f:l dL{} := F(0,t) o 0, with F(0,t) := fg dL;}. We apply Lemma 3.16 to the
first term in (3.87) with H; = 1, then we have

t t t t t
E(/ </ de;).def) = B (/ de;)E(/ def) E(L‘fS).E””S </ dL;%;), (3.88)
0 t1 0 0 0

Similarly, we have
t ot t
—F (/ de;.def) =-F (Lf“).E“ </ de;),
0 Ji 0
t gt t
—E( / / de;.def) B (Lf)E < / de;>7

0 Jiy 0

t ot t

E(/ / de;.def) = E(L,@E“).E’64 (/ de;).
0 Jty 0
Hence, this concludes the proof, since
t gt
p([ [ @ -z - )
0 Jiy
t t
= E<Lf3>.E“’3 (/ dLy! — de;) — E(Lf“).E”4 (/ dLy} — de;)

0 0

t t t t
E[/ E®3 (/ dLy) — dez"’) .def} - F {/ E*4 (/ dLy) — de;’) .del“}. (3.89)

0 0 0 0

O

Although there are many terms in the summation 7 but there are only a finite number of terms. We
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estimate the following particular term only. Other terms can be estimated similarly. First note
t ot ottt gt
e[ [ () (-
0 Jty Jio Jig Sty Jits 7
(def — defT”) . (de;" — de;T”)

: (de;“ - de;’”) : (def” - def”)
t t
/ E*2 ( / dLg? — de;H) ALT?
ta 0 °
t
— E®2i-1 (/O deGm _ deG’le) .de52zf1

.(de;r - defM) . (de;’r - de;M)

. (de;‘—l - dejH) . (defr-l - def“Z) , (3.90)

t t t t
N/
0 t1 Ji2 Ji3

where we have used (3.85) with H; = 1 in the Lemma 3.16 for the two innermost integrals.

We use pi(z,y) to denote the transitional probability density function of the symmetric stable process X.
We recall only partial results of Theorem 3.6.5 from [27] which will be used in our estimation (as symmetric
stable Lévy processes is a class of Borel right processes, hence we simply replace the Borel right procesess
in the original theorem by symmetric stable process instead.).

Lemma 3.17. Let X be a strongly symmetric stable process and assume that its B-potential density, uP(z,y),
is finite for all T, y € S (S is the state space of the process.). Let LY be a local time of X at y, with

(o)
E” (/ e_Btsty> = uP(z,y).
0

E*(L}) = /O ps(x,y)ds. (3.91)

Then for every t

One may write u”(y — x) = u”(z,y) as pointed out in [27].
By (3.91) and the property p:(x,y) = pt(x — y), then we have

t
E*2 (/ dLZ;m _ de;ll) — Fx2 (Lfm _ Lfﬂl)
0
t
= / (ps(o) — ps(z2r — $211)>d8
0

_ /O t (p% (0) — pa,, (w21 — lel)> dt. (3.92)

In the last equality of (3.92), we have purposely used dts instead of ds to indicate that this is for the
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innermost integral. Then, we have
t o ptopt et gt t
s [ [ [ L o ([ e - vz
0 t1 Jto Jits ty 0
t
e </ dLy? — def""”).de”‘l
ts 6 6 5

.(defT — defT1> . (deS"‘T — de_le>
. (dL:‘;l—l _ de22l—2> . (dL:?fr—l _ de127‘—2>

t t t t t t
- E/ / / / / / (PAtG (0) — DAy, (o — $211)>dt6.de;Z
0 ty Jta Jits ty JO

- (pAtG (T21 — T2-1) — Pa,, (0)> dtG«de;ll}

.(defT - dej”) . <de;r - dej”)
. (de;“ - de;”) . (def"l - def"Z) , (3.93)

where Ati = ti — tifl.
Tterating the procedure in (3.93), we obtain the following, where we have used the notation A,p(z) =

pr(0) — pr(z)
t t t ¢ ¢ +

E/ / / / / / (de;l _ deﬁzll).<st$521 _ de5211>
0 ty Jto Jtg Jta Jts

. (de;r — dej“) ) (de;r — de;"'l)
. (de;ll _ dL:;l2> . (stllle _ stIfrz)
t t t t t t
= E/ / / / / / (pAt6 (O) — DAy (1‘21 - $21_1)>dt6. <de52l + de521_1>
0 Jty Jtz Jtg |Jta JO
.(de;r — dej”) ) <de;r — de;”)

.(de22l—1 o de22l—2>'<stI12r—l o stz12r—2>

t t t t t t
= E/ / / / E*2r / / Atﬁp(ile — xglfl)dte. (defl + der)zzl> deZT
0 Jt1 Jtg [Jts 0 Jo ‘ )

t t
— FFer—t / / AtGP(SEQZ — fEQl,l)dtG. (stm;l + dLZzll) .dejrl‘|
0 JO

. (de;r ~ de;”) : <de;” ~ dej”) . (def” ~ def”)
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t t t t t ¢
= E/ / / [/ / / Agep(wo — T21-1)dts. (pAts (wor — Toy)
0 Jit1 Jiz ts JO JO

+TPA,, (2 — l‘2l—1)) dt;,.defT
~ At = 2o )dis. (pAts (w2r—1 = w21) + pa,, (@201 — x21_1)> dtg;.dejT—l]

. <dL§;27‘ — de;rl) . (de;ll _ dL:?2212> ) (delzrl . deer)

t t + t + t
) E/ / {/ / / / [Atep(xm — 21-1)dte. (pm5 (z2r — w21)
0 t1 to JO 0 0

DA, (w2 — x21_1)> dt5.de42,,,

~Beep(w2 — T21-1)dts. (pAtS (T2r—1 — T21) + pa,, (T2r—1 — 1‘21—1)) dts.dele}

(de;T — de;T_1> }_<dejl—1 _ de221—2> . (de12T_1 - de12T_2)
t pt t et pt pt
e L L om0
0 Jt, | Jta Jo Jo Jo

toa, (w20 — x2ll)) dts. (PAM (0) = pa,, (T2r—1 — ww)) dty

- <pA1/5 (xQT_l B :C2l) + DA, (IQT—l - le—1)> dt5~ (pAt,4 ($2r—1 - 9327“) — DAy, (O)) dt4:|

(stx_';zT — de32T1) } <st:v2211 _ szizzlz) . (stzfrl B stT12r2>
t t t t t t
- E/ / / / / / Atep(T2r — T21-1)dts. (Pms (w2, — 21)
0 Jt; |JO JOo Jo JO

TP (w2r = w21-1) T Pa (21 — 221) + DA, (w2p—1 — $211)>dt5

(de;“ — dej”) . (def” — def”)

t t t t t t
= E/ / / / / / Aggp(ror — To1-1)dls. (pAtE—) (2, — 221
0 Jty o Jo Jo Jo

TP (w2r = 221-1) R (Tor—1 — T21) + DA, (wor—1 — $21—1)> dts

A, p(z2p—1 — T2, )dty. (de?’zr . stx;r1>

A p(Tar—1 — wor)dis. (pAtg (o1—1 — w2p) — DA, (w212 — w2y)
—Pay, (1721—1 - Izr—l) + pa,, (3521_2 - Igr_l)) dts <de221—1 . szc;z_2)]
: (def” - def”)
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t st opt pt pt gt
= [ L[ awntea— et (pa, tra =20
o Jo Jo Jo Jo Jo

+pa,, (Ta—1 — T2r) + P, (T2 — T2r-1)

TPA,, (x2r—1 — $2r1)> dts. Ay, p(z2r — Tor—1)dts
: (pat3 (T21-1 — T2r) — P, (T21-2 — T2r)

+pa, (Tar—2 — Tar—1) — pa,, (T2-1 — $2r1)> dts
. (PAt2 (T2r—1 — T2-1) — pa,, (T2r—2 — T2-1)

+pa,, (Tar—2 — Ta—2) — pa,, (T2r—1 — 1721—2)) dts

(p T — (xm)) dtr. (3.94)

By the first inequality of (10.173) in [27], that is p;(z) < p¢(0). The last step of the (3.94) becomes

t pt pt opt pt pt
oL st
o Jo Jo Jo Jo Jo

+pa,, (Ta-1 — T2r) +pa,, (T2 — T2r-1)

+pa,, (T2-1 — $2r1)) dts. Ay, p(z2r — Tor_1)dty
‘ (PAt3 (T21-1 — T2r) — ba,, (z21-2 — T27)

DA, (xo1—2 — Tor—1) — DA, (xor—1 — I2r—1)>dt3
. (pAtz (962r—1 - 3321—1) — PAy, ($2r—2 - 1‘21—1)

+pa,, (Tar—2 — T2-2) — pa,, (T2r—1 — !E212)> dty

(Pt1 (T2r—1) — Pt (T2r— 2))dt1

<F

/ Aggp(wo — T21-1)dts. (PA, (w2 — x2r)
+pa,, (T21-1 — Tor) + pa,, (T2 — T2r—1)

+pa,, (T21-1 — $2r1)) dts. Ay, p(z2r — Tor—1)dty
. (10At3 (CE2171 - x2r) —Pa,, (152172 - 9U2r)

DA, (xo1—2 — Top—1) — DA, (xo1—1 — iﬂzr—l))dtg
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. (pAtz (T2r—1 —@21-1) — ba,, (T2r—2 — Ta1-1)

+pa,, (Tor—2 — Tai—2) — Pa,, (T2r—1 — $2z2)>dt2

(Bupaar-a) it
(3.95)

where A;p(x) terms are defined as A;p(z) = p:(0) — pi(x). The estimation of the term fot A p(.)ds in (3.95)
is given by

t [e%e]
/ Aygp(xor — x91-1)ds < / Aygp(xor — T91—1)ds
0 0

R T [ & —
_clylgb(u (0) — u™(xo — w2-1))

a—1

20 — (21— 1)

= Ca om+1

a—1

L (3.96)

2m+1

Ca

T2

where we have used (4.90), (4.95)% from [27] and Lemma 3.17 and ¢ = 2 [* =525 dt. The term fg Ay, p(.)ds

A

in (3.95) can be estimated similarly. While the estimation of the term fot Ay, p(xo,—_2)dt; is

or —2]* !

S| < ca (3.97)

t
/ A, p(zar—2)dt1 < cq
0

where Ay, p(22r—2) = pt, (0) — pr, (T2r—2), 7 < 2™ "k and k=1,...,2™.
By (10.173) in [27], that is p(z) < p:(0) and ps(0) = dos= , we can obtain the following estimation

t ' ! Oéd a—1
/ pAt5 ()ds S/ ps(o)ds S/ das_l/ads < altT
0 0

0 Q=

for some constant d,. The positivity of the above four estimators follows from (10.173) in [27] and ps(.) is
the transitional probability density.
By Lemma 3.17 and footnote 2, we have

t
/ (PAts (T21-1 — T2r) — ba,, (zo1-2 — T2r)
0
+pa,, (Ta—2 — T2r—1) — Pa,, (T2-1 — $2r1)> dts
a—

< lin}J (ua(ﬂ?g[l — o) — u®(0) + u*(0) — u™(x21—2 — T2r)

+Ua($zl,2 — l‘grfl) — UQ(O) + UQ(O) — ua(l'gl,l — £C2T1)>

= ¢($2l—2 - xzr) - ¢($21—1 - $2r) + ¢(=’E21—1 - $2r—1) - ¢($21—2 - xzr—l)

2(4.90) together with (4.95) states that lima—0(u®(0) — u®(z)) = ¢(z) = % |z|*~! where co = 2 i L—cost gy

7 t
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20— 2 — 27 a—1 20—1—2r a-1 2l — 2r a—1
=l |=—Zmm " = | S|

20— 1—2r a—1
| =

20—1—=2r =21+ 24 2r a—1 20— 2r =21+ 1+ 2r a—1
Sca | 2m+1 ’ +‘ 2m+1 |

< calg)" ™ (3.98)

where the first inequality of (3.98) follows from the fact that |z|*~1 —|y[*" ! < |z —y|* Lfor 0 < a—1 < 1.
We can see that (3.98) is bounded from below by using the inequality |z|*~1 — |y|*~! < |z —y|*~! again
and increasing property of |.|[*"! with 0 <a—1< 1

20—2—-2r -1 20—1—-2ra-1 20—2ra-1 (20—1—2r a-1
| v M e e
2[*27’7 1 a—1 1 a—1 2171727" a—1 21727’ a—1
2 I el | St |
20— 1—2ra-1
-l =
]- a—1
> f| St { . (3.99)
Similarly, we can prove that
t
/ (pAt2 ($2r—1 - 362[—1) — DAy, ($2r—2 - $21—1)
0
+pa,, (Tar—2 — Tai—2) — Pa,, (T2r—1 — I212)> dto
1 a—1
< ca(ﬁ) , (3.100)
and it is bounded from below by the following
2l_27" a—1 2l_2T+1 a—1 2l—27‘ a—1 2l_1_27" a—1
| 2m+1 _‘ 2m+1 | ’ 2m+1 _| 2m+1
2l — ZT a—1 2l — 2T a—1 1 a—1 2l — 2T a—1
= ’ om+1 ’ _’ om+1 ’ _|2m+1’ +‘ om—+1 |
2l — 1 — 2T a—1
_’ 2m+1 ‘
1 a—1
> —| St | (3.101)
Therefore, the estimation of the fifth term in (3.77) is
S |p(en ™ LBy (o
r<l
amn| 1 "0/ 1\?

where c is a generic constant.
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The upper bound for the sixth term in (3.77) is

>

r<l

E(g(ath) — g(aiith) (9(emth) — g(@pth) (g(amth) — g(amth)?

(9(25) = glagyth))”

1,1 \6n-1
Therefore, we have
2
E’ZA;’#%ZQQN”“Z@A"’“Z
1
1 1420, 1 \2hta—2 2-1) , 1 ya, 1 \2hta—2 2a-1) , 1 1 \2r+20-3
< () )™ () )T () (5)
1y 1 vantva—2 1y 1 61 2Aazl) T2 1 305
) (o) ™72 () ()™ 5 (2 9], 3.104)
Hence, we have proved the following proposition.
Proposition 3.18. For a continuous path Z, which satisfies (3.7), then for the case m > n
o
3 3
‘ (m+1)3 Can —B(m)gn
1 0—1 1 2hta—2g 1 ap_1 1 2hta=24 1 191 1 2h+2a-3 ¢
<c[< Ly Ly (e Ly (b (L)
i 371 1 4h+6“—20 lye—1, 1 o=tg 1261, 1  8ac5g

where C' is a generic constant depends on 6, h, wy (2, 2”), and ¢ in (3.7).

Theorem 3.19. Let a € (%,2), 3% < q < 4.Then for a continuous path Z, satisfy (3.7), there exists a
unique Z2 and a simpler A taking values in (R?)®3 such that

3
. o\ @
S“P(Z|Z - l,xlzill,xllg') — 0, (3.106)

both almost surely and in L' (2, F,P) as m — oo, for some 6 such that

Proof. From [24], we have

4
a1 <0 <4

0
Esup|Z m+ 1)961 v Z(m)3 E

Ti—1,T1

wlo

<CQZTL’YZE|Z (m+1)3 VIZfZ(m)‘gn
n=1

n
Tp—1:Tg

k

) 2m
+C3E<Z WY |Zm e gy = 2y
n=1 k=1

1
9)3

00 2" 0
X(zjln’ykz‘z(m—i_l)iz ‘ +|Z 931@ 17wk|2)
n= =1

Wl
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00 2m

+C4E Z nY Z’Z(m + 1)926;%,1,90’,2 — Z(m)igipmﬂ
n=1 k=1

SIS
Wl

8
[ V)
3
wl=

Z n’ Z}Z(m + 1);271,12 ‘0 + |Z(m)igfl,xg |0>

n=1 k=1
o) 2m %

x Z n?Y Z}Z(m + 1)9162_1@2' |" + |Z(m)ig_l7xz |9) ) (3.107)
n=1 k=1

By Propositions 3.15 and 3.18, the estimate of the first term on the r.h.s. of (3.107) is

[EY

[eS) 2"
DB |Zm A+ 1 — B0 oy
n=1 k=1

0 1 ho—1 m-1 1 42hg_ 1, 1 | 2hta=24
SCZH’Y(Qn-i-m) C+C an|:(2n) ’ (277”) i

1 191 1 2h+2a-3 ¢ 1 0 1 1 dhta—2g
+Hm)" G T (&) () T
1 iee-1, 1 2hte=2g 1ye—1, 1 8=ty 11201, 1  dec0g
L) ) () ) () (o
1  ho—1 m-l 1. 2nt1g 1, 1 2nta—2y 1.ap_1, 1  2rta-24
<0G T e X)) T e ) )
R e CINETE R
Ha) () () ()
1824, 1 0ot 1 1 20, 1 dacty
H) () ) ()

For h > i and a > %, one can choose 6 sufficiently close to 4 such that %0 —1 >0, 2hta=2g >

0,2960—-1>0,2 —1>0, 4266 > 0. We choose ¢ > 0 with 2 — & < e < min{2t22=3¢ _ 1 dhta=2q
$,0021g — 1} = Sh=lg L hence
1 (ho=t 1 | 2hta-2y 1 | 2ht2a-3y 1 1 | thta-2y 1
K,<Cl|(=) ? T 3 - 3 3 - 6 3
cofidy= - (L) (o e
1 \6h=1g 1 . 1 | 4oz
Hom) T () T (3.108)

2m 2m

Therefore, if we sum up all m, we would have Z K,, < co. This shows that (Z(m)3)meN € (R?)®3 is a

m
Cauchy sequence in f-variation distance. In other words, it has a limit as m — oo, denote it by Z3 € (R?)®3.

By Lemma 3.3.3 in [24], Z* has finte f-variation. Together with the convergence result of the second level
path and first level path, we complete the proof of the theorem. O

Based on Chapter 5 in [24], for any Lipschitz one form in the sense of Stein f: R? — L(R?,R?), the
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almost rough path Y = (1,Y}, Y2, Y3,) is given by

’»*a,b) ta,b) fad

o~

:f(Za)Zib+f2(Za)Z§,b + [(Za) 23,
(f

= (F(Z) ® F(Z)Z2, + (F(Z) © F2(Z0)) / izl ©dz?,,.
s<ui<u2<t
C(P(2Za) ® F(Z4)) / iz, ©dZl,,,
s<uy<u2<t

Ya3,b = (f(za) ® f(za) ® f(za))zg,b'

Consider one form f : R? — L(R2,R?) defined as

~

f(2)€ = (v,yv),

where z = (z,y) and £ = (v, w). For the general case, it is defined as
P ) = (0.5 Flw)wl b
J

for all v = Zj(vi+17wi+1) X ® (U%,w%) ® (U{ﬂﬂ{)
We use the notation f; f(Z)dZ"™ to denote the n-th degree term of f: f(Z)dZ. When n = 1, we have

/ f(Z)dzZ" = </ de,/ dLI> (3.109)

One can therefore use the almost rough path to construct the unique rough path [ fooo f(Z)dZ with roughness
6 in T®)(R?). In particular

/_ O:O f(z)dz*

— : 1

= 80 2 Yo

S i FIC M TC RN R S S TC - B N TE R
=1

(3.110)

The above integral is well defined as the limit of the almost rough path. In particular, we have

F(2a)(ZLy) + P(2)(Z2,) + PP(2)(22,) = (Li’ L gla) (L~ L?))

+(07 (Zi,b)m» (3.111)

as ]?3 is equal to zero for this particular linear one-form. Hence, we have the following corollary.

Corollary 3.20. Let % < a < 2 and g be a continuous function with bounded q-variation
Then, the integral f{f g(z)dLy for (a,b) € A can be defined as

< q <4

’30¢

b
[ stz = tim [ng BLI) (22, >} (3.112)

m(D)—0
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3.5. Convergence of rough path integrals for the third level path

In this section, we will prove the convergence of the rough path integral of the third level path in the
f-variation topology.
Proposition 3.21. Let 3 < a <2, 32 < ¢ < 4. Moreover, let Z;(x) := (L}, g;(x)), and Z(z) == (L}, g(x)),
where g;(-), g(-) are both continuous and of bounded q-variation. Suppose g;(z) = g(x) as j — oo uniformly
and the control function w;(x,y) of g; converges to the control function w(x,y) of g as j — oo uniformly
in (x,y). Then as j — oo such that the geometric rough path Z;(-) associated with Z;(-) converges to the
geometric rough path Z(-) associated with Z(-) a.s. in O-variation topology as j — oco. Here, we choose a 0
such that Mﬁ <0 < 4. In particular, [*_g;(x)dLf — [ g(x)dL} a.s. as j — oo.

Proof. By the reasoning given above and under the conditions given in the proposition, one can obtain the
geometric rough path Z;(-) associated with Z;(-), and also the smooth rough path Z;(m). Here the Z; is de-
fined as Z; = (1, Z}, Z?, Z?) while Z = (1,Z',Z?,Z3), similarly we have Z;(m) = (1, Z}(m)7 Z?(m)7 Z?(m))
while Z(m) = (1,Z'(m),Z*(m),Z3(m)). The convergence of Z;(-) — Z(-) in f-variation means the con-
vergence of corresponding level path in §-variation when g;(-) — ¢(-) as j — co. We have discussed the
convergence of first and second level in Proposition 3.10. By similar argument as in Proposition 3.10, one
can show the convergence of the third level path. O

Next, we prove that in fact the proposition above is also true for function g being of bounded g¢-variation
(52 < ¢ < 4), but not being continuous.

Theorem 3.22. Let g(z) be a cadlag path with bounded g-variation (52~ < q <4). Then

x/l T(g(aj”)
/ Lidg(x) = / Los(y)dgs(y).

’ ’

The proof of the Theorem 3.22 is similar to Theorem 3.12. Based on Theorem 3.22 and Proposition 3.21,
one can prove the following proposition

Proposition 3.23. Let a € (%,2), % < q < 3, one can choose 6 such that %#ﬁ < 0 < 3. Moreover,
let Z;(z) = (L7,gi(x)), Z(z) = (L7, g(x)), where g;(.),g(.) are both of bounded g-variation, and g; is
continuous and g is cadlag with decomposition g = g. + h, where g. is the continuous part of g and h is the
Jump part of g. Suppose g; = gc; + h; with control function w.; and wy; such that g.; — g. and We; — W,
uniformly, h; satisfying conditions (3.47) in Proposition 8.18. Then

(o) oo
/ gj(x)de—>/ g(z)dLY a.s. as j— 0.

Recall p as the mollifier and define

2
@) = [ plehia = )a:

0

and hjs in the same way as G5, so hjs = h; as h; is continuous. Define h; in the same way as G, then

2 VA
s (4) = / sty — 2)i
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Thus by the integration by parts formula and Fubini theorem, we have
| mwansw)
o
== msaziw
—o0
o) 2
o s
—— [ [ ooty - 3)azari)
—o0 JO J
2 o] P 5
—— [ sty = Dazinte)az.
0 —o0

By Theorem 3.12, we have

Hence,

/ N L (y)dhs, (y)

—0o0

:_142p@)/i:h@r—jﬁﬂ$dz
:_/ZA%@—;M@WMJ

- —/_OO h;(z)dLE
:/wamg

= /OO L2 (x)dhs(z), (3.113)

The last equality follows from Theorem 3.12. This indicates that condition (3.47) in Proposition 3.13,

which is also needed in Proposition 3.23, is satisfied.
The following theorem summarizes the main results of the paper.

Theorem 3.24. Let X = (Xi)i>0 be a symmetric a-stable process and f : R — R be absolutely con-
tinuous, locally bounded function and has (o — 1) fractional order derivative V*~' f(x) which is locally

bounded. Assume V"1 f(x) is of bounded q-variation, where 1 < q < 4. Then we have the following extended
version of Ité’s formula

F(X0) = f(Xo) + /0 V_f(X,)dX,

oo

+/Ot/R<f(XS+y)—f(XS)>N(dy,ds)—C’a/ Vet f(a)d, L,

—o0
(3.114)
7Br(1-2)
where Ca = Fr(l%l).
The integral ffooo V‘fflf(:)s)d$Lt’J is a Lebesgue-Stieltjes integral when q=1, a Young integral when 1 <
qg < % for 1 < a <2 and a rough path integral when ﬁ < gq <4 for % < a < 2 respectively.
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Proof. We have already showed that the integral ffooo verly (2)d,L¥ can be defined as a Young integral

when 1 < g < % for 1 < a < 2. Based on the result proved for level 1, level 2, level 3 path and (3.113),
as well as applying a standard smoothing argument and taking limit using Proposition 3.23, one can define
the integral ffooo v f(z)d,L? as a rough path integral. O
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