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Einstein-Podolsky-Rosen (EPR) steering is an asymmetric form of correlations which is intermediate between
quantum entanglement and Bell nonlocality, and can be exploited as a resource for quantum communication
with one untrusted party. In particular, steering of continuous-variable Gaussian states has been extensively
studied theoretically and experimentally, as a fundamental manifestation of the EPR paradox. While most
of these studies focused on quadrature measurements for steering detection, two recent works revealed that
there exist Gaussian states which are only steerable by suitable non-Gaussian measurements. In this paper we
perform a systematic investigation of EPR steering of bipartite Gaussian states by pseudospin measurements,
complementing and extending previous findings. We first derive the density-matrix elements of two-mode
squeezed thermal Gaussian states in the Fock basis, which may be of independent interest. We then use such a
representation to investigate steering of these states as detected by a simple nonlinear criterion, based on second
moments of the correlation matrix constructed from pseudospin operators. This analysis reveals previously
unexplored regimes where non-Gaussian measurements are shown to be more effective than Gaussian ones to
witness steering of Gaussian states in the presence of local noise. We further consider an alternative set of
pseudospin observables, whose expectation value can be expressed more compactly in terms of Wigner functions
for all two-mode Gaussian states. However, according to the adopted criterion, these observables are found to
be always less sensitive than conventional Gaussian observables for steering detection. Finally, we investigate
continuous-variable Werner states, which are non-Gaussian mixtures of Gaussian states, and find that pseudospin
measurements are always more effective than Gaussian ones to reveal their steerability. Our results provide
useful insights on the role of non-Gaussian measurements in characterizing quantum correlations of Gaussian

and non-Gaussian states of continuous-variable quantum systems.
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I. INTRODUCTION

Quantum information science is experiencing an inten-
sive theoretical development and an impressive experimental
progress, leading to revolutionary applications in computation,
communication, simulation, and sensing technologies [1].
Specific ingredients of quantum systems, including superpo-
sition phenomena and different manifestations of nonclassical
correlations, are being harnessed for these tasks [2-8]. Char-
acterizing the nature and degree of nonclassical correlations in
quantum systems amenable to experimental implementation
is thus of particular importance, to assess their potential
relevance as resources for quantum enhanced tasks.

Einstein-Podolsky-Rosen (EPR) steering [7,9,10] is a type
of nonclassical correlations which is strictly intermediate
between quantum entanglement [3] and Bell nonlocality [8].
Unlike the latter two, steering is asymmetric, meaning that
a bipartite quantum state distributed between two observers
Alice and Bob may be steerable from Alice to Bob but not the
other way around. Originally regarded as a somehow puzzling
manifestation of the EPR paradox [6,11-13], steering is now
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appreciated as a resource [14] for a variety of quantum in-
formation protocols, including one-sided device-independent
quantum key distribution [15-17], subchannel discrimination
[18], and secure teleportation [19,20].

Landmark demonstrations of EPR steering have been ac-
complished in particular in continuous-variable (CV) systems
[16,21-23], where nonclassical correlations can arise between
degrees of freedom with a continuous spectrum, such as
quadratures of light modes [24,25]. These experiments, as
well as the majority of theoretical studies [6,10,12,17,26-31],
have focused specifically on verification and quantification
of steering in so-called Gaussian states of CV systems as
revealed by Gaussian measurements. This is motivated on
one hand by the fact that Gaussian states, which are thermal
equilibrium states of quadratic Hamiltonians, admit a simple
and elegant mathematical description [32—34], and on the other
hand by the fact that Gaussian states can be reliably produced
and controlled in a variety of experimental platforms while
Gaussian measurements are equally accessible in laboratory
by means of homodyne detections [25].

However, it is necessary to go beyond the “small” world
of Gaussian states and measurements in order to unlock the
full potential of CV quantum information processing (e.g., for
universal quantum computation [35]), and to reach a more
faithful characterization of the fundamental border between
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classical and quantum world. In this respect, two recent papers
showed that there exist bipartite Gaussian states which are not
steerable by Gaussian measurements, yet whose EPR steering
can be revealed by suitable non-Gaussian measurements in
certain parameter regimes [36,37]. This opens an interesting
window on the “big” non-Gaussian world and suggests that
large amounts of useful nonclassical correlations could be
overlooked by restricting to an all-Gaussian setting.

In this paper, we investigate EPR steering of two-mode CV
states as detected by non-Gaussian measurements, specifically
pseudospin measurements which have proven useful for
studies of Bell nonlocality [38—41]. After setting up notation
and basic concepts in Sec. II, we begin our analysis by
specializing to Gaussian states. We consider in particular the
prominent family of two-mode squeezed thermal states and
identify regions in which their steerability can be detected by
pseudospin measurements [38] (but not by Gaussian ones),
using a steering criterion derived from the moment matrix
[42] associated with such measurements. To accomplish this
analysis, which goes significantly beyond the instances consid-
ered in the existing literature [36,37], we derive in Sec. III an
explicit expression for the number basis representation of any
two-mode squeezed thermal state, a result of interest in its own
right. We further discuss an extension of our study to arbitrary
two-mode Gaussian states by considering an alternative set of
pseudospin operators [40], which are nevertheless found less
effective than Gaussian measurements for steering detection.
Our analysis of EPR steering in Gaussian states by either
type of pseudospin measurements is presented collectively
in Sec. IV including relevant examples. We then consider in
Sec. V a class of non-Gaussian states defined as mixtures
of Gaussian states, which represent the CV counterparts to
Werner states [43]. For these states, pseudospin measurements
are found to be always more effective than Gaussian ones for
steering detection. We finally draw our concluding remarks in
Sec. VL.

Overall, this paper represents a comprehensive exploration
of EPR steering in CV systems beyond the Gaussian scenario,
and may serve as an inspiration for further theoretical and
experimental advances on the identification and exploitation
of steering for quantum technologies.

II. PRELIMINARIES

A. Continuous-variable systems and Gaussian states

The object of our study is a CV quantum system, composed
in general of N bosonic modes, and described by an infinite-
dimensional Hilbert space constructed as a tensor product
of the Fock spaces of each individual mode. The quadrature
operators for a mode j can be defined as §; = (a; + &;) /N2,

A

pj=—i@; — &;)/ V2, where a j,aj are the ladder operator
satisfying [a j,&;] =1l,and7; = fzi& j 1s the number operator,
whose eigenvectors define the Fock basis, 7ij|n); = nj|n);.
Collecting the quadrature operators for all the modes into a
vector R = (41,P1,92, P2, ...,c}N,ﬁN)T, the canonical com-
mutation relations can be expressed as [1? j,I@k] = i(0®V )ik
with @ =i0” and {0*,0”,0%} being the vector of Pauli
matrices.
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We will mainly focus our attention on Gaussian states
[25,32-34], defined as those CV states whose Wigner phase-
space distribution is a multivariate Gaussian function of the
form

W, (&) = exp[—(E —8V'E -8 (D)

1
aNy/detV
where & € R?V denotes a phase-space coordinate vector, § =
(R) is the displacement vector, and V is the covariance matrix
collecting the second moments of the canonical operators,

Vik = ({R; —8;,Ry — 8i}4), 2)

with {-,-}; standing for the anticommutator and (-) = tr [0 -]
denoting the expectation value.

Since we are interested in correlations between the modes,
we can assume without any loss of generality that the states
have vanishing first moments, § = 0, as the latter can be
adjusted by local displacements which have no effect on the
correlations. The covariance matrix o contains all the relevant
information of a Gaussian state, and needs to obey the bona
fide condition [44]

V +io®" >0, (3)

in order to correspond to a physical density matrix 0 in the
Hilbert space.

In this work we will focus on a system of N = 2 modes,
A and B, which can be accessed by two distant observers,
respectively called Alice and Bob. Up to local unitaries, the
covariance matrix of any two-mode Gaussian state can be
written in the standard form [45,46]

a c

o d
VEVAB=(},T|Z)= — e
N

The real parameters a,b,c,d, constrained to inequality (3),
completely specify the global and marginal degrees of in-
formation and all forms of correlation in the state, and can
be recast in terms of four local symplectic invariants of the
covariance matrix [47]. The states with a = b are symmetric
under swapping of the two modes. A particularly relevant
subclass of Gaussian states is that of two-mode squeezed
thermal (TMST) states, obtained from Eq. (4) by setting
d = —c. These include a special case of pure two-mode
squeezed vacuum states, also known as EPR states, which
are specified by

a = b = cosh(2s), ¢ = —d = sinh(2s), (®)]

in terms of a real squeezing parameter s.

B. Steering criteria

In the quantum information language [10,26], EPR steering
can be formalized in terms of entanglement verification when
one of the parties is untrusted, or has uncharacterized devices.
Suppose Alice wants to convince Bob, who does not trust her,
that they are sharing an entangled state p. Alice can then try
and remotely prepare quantum ensembles on Bob’s system that
could not have been created without a shared entanglement in
the first place. If she succeeds, with no need for any assumption
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on her devices, then entanglement is verified and the state
shared by Alice and Bob is certified as A — B steerable.
In formula, a bipartite state p is A — B steerable if and
only if the probabilities of all possible joint measurements
cannot be factorized into a local hidden-variable—hidden-state
form [10],

Pa.blab.p)# Y PiPalayPblb.p). Vab, (6
A

where X is a real variable, {0,} is an ensemble of marginal
states for Bob, &,B denote local observables for Alice and
Bob, while a and b are their corresponding outcomes.

Detecting steerability from its definition (6) is challenging.
To overcome this problem, several criteria have been devel-
oped to provide a more direct and experimentally friendly
characterization of EPR steering [6,7]. One such criterion,
applicable to any (not necessarily Gaussian) CV bipartite state
0 with covariance matrix V, yields that p is A — B steerable
if [10]

V +i(0°" @ 0®V%) 2 0, )

where N, (Np) is the number of modes of Alice’s (Bob’s)
subsystem. This corresponds to a steering test in which
Alice and Bob perform Gaussian measurements, that is, they
measure (linear combinations of) quadratures such as g4, pa
and §g, pp, respectively, by means of homodyne detections.
Under the restriction of Gaussian measurements, inequality
(7) is also necessary for A — B steerability if p is a Gaussian
state. For two-mode states (N4 = Ny = 1), the condition (7)
can be rewritten simply as

detar > det V. ®)

In fact, for two-mode Gaussian states with covariance matrix
in standard form as in Eq. (4), this necessary and sufficient
condition is equivalent to the seminal variance criterion
introduced in [12] to demonstrate the EPR paradox [6,26-29].

As anticipated in the Introduction (Sec. I), however,
Gaussian measurements are not always optimal to detect
EPR steering of Gaussian states [36,37]. More generally,
one may need to resort to alternative criteria in order to
witness EPR steering even in relatively simple states such
as two-mode Gaussian states. A rather general approach
to steering detection in bipartite states of any (finite or
infinite) dimension was put forward in [42] in terms of a
hierarchy of inequalities, constructed from the moment matrix
corresponding to arbitrary pairs of measurements on Alice’s
and Bob’s sides. As further detailed in the recent review
[7], this method is amenable to a numerical implementation
via semidefinite programming; however, it also provides an
easily applicable analytical condition that is sufficient to reveal
steering. Namely, a bipartite state p is A — B steerable if there
exist spinlike measurement operators {§i‘} and {fﬁ,} for Alice
and Bob, respectively, such that [42]

N A\2 LAY o 2 A a2 \2

Fen) +Emen) +EHep) ~1. O
In this work we adopt the criterion (9) to investigate EPR
steering of two-mode Gaussian and non-Gaussian states

by non-Gaussian pseudospin measurements, defined in the
following.
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C. Pseudospin measurements

In this paper we consider two different sets of pseudospin
measurements for CV systems. Pseudospin operators of the
first type were originally defined in [38] in order to investigate
Bell nonlocality of EPR states. For a single mode (omitting
the mode subscript for simplicity), they can be expressed as
follows with respect to the Fock basis {|n)}:

§r = Z[|2n)(2n + 1|+ 12n + 1)(2n]],

[=)

S

M

§ i[12n)(2n + 1| — [2n + 1)(2n]], (10)

3
Il
=}

(127 + 1)(2n + 1| — |20)(2n]] = —P,

MN>
I
M2

Il
=

n

where P = (—1)" is the parity operator. One can easily check
that the operators {$/} obey the standard SU(2) algebra just
like the Pauli operators {o/}; hence they can be regarded
as infinite-dimensional analogs of the conventional spin ob-
servables, which motivates their denomination as pseudospin.
Pseudospin operators as defined by Eq. (10) have proven useful
to analyze theoretically bipartite and multipartite Bell nonlo-
cality of Gaussian and non-Gaussian states [38,39,43,48,49].
However, evaluating expectation values of these operators
requires handling the density matrix § expressed in the Fock
basis, which may be quite nontrivial in general, as discussed
in detail in Sec. III.

To sidestep this difficulty, an alternative set of pseudospin
operators was introduced in [40]. For a single mode, they can
be expressed as follows in terms of even and odd superpositions
of the eigenstates |g) of the position operator g,

a =/O x|+ 1x7) (g,
1“1»"=f0 iy oot — 1) (g (11)
ﬁzzfo U YOt — 1) (g = P

where |x*) = (l¢) & |—¢))/~/2. The operators {I1/} also
satisfy the standard SU(2) algebra, and will be referred to as
pseudospin operators of the second type (or type-ii in short) in
this paper, to distinguish them from the type-i ones of Eq. (10).
The type-ii pseudospin operators of Eq. (11) admit a compact
Wigner representation, given by [41]

Wn=(q,p) = sgn(q),

1
W (g,p) = —d(q) p;, (12)
Wn:(q,p) = —m 8(q) §(p),

where g denotes the principal value. This allows one to
evaluate expectation values of type-ii pseudospin operators
directly from their Wigner function representation, with no
need to resort to the Fock basis. Explicitly, for a two-mode
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state p, we have [41]

(11, ® I1%)

- o [ 6 Wiy @ap Wy amper. (1)
with & = (ga,pa.qgs.pg)". The type-ii pseudospin operators
have also been employed for studies of bipartite and tripartite
Bell nonlocality [40,41,50].

A comparison between the performance of the two types
of pseudospin operators for verifying the quantumness of
correlations in a model of the early universe was also recently
reported [51]. However, both type-i and type-ii pseudospin
measurements remain challenging to implement experimen-
tally with current technology.

III. FOCK REPRESENTATION OF TWO-MODE
SQUEEZED THERMAL STATES

In this section we obtain a result of importance in its own
right, that is, we derive an explicit expression for the elements
of the density matrix of an arbitrary Gaussian TMST state
0, with vanishing first moments and covariance matrix V in
standard form given by Eq. (4) with d = —c, in the Fock basis
{lmn)ap = |m)aln)glman=o1,..-

For this purpose we use the trick [52] depicted in Fig. 1
that any TMST state can be prepared by applying a suitable
single-mode phase-insensitive Gaussian channel & to mode A
of a two-mode squeezed vacuum state

P (8) = 1¥s)ap (W,
(14)

[Vs)ap =

o0
tanh” ,
COSh(s)mzzoan (8)mm) ap

where s is the squeezing parameter, which possesses a covari-
ance matrix V%%R(s) given by Egs. (4) and (5). Next, we use the
fact that any single-mode phase-insensitive Gaussian channel
& can be decomposed into a sequence of a quantum-limited

Alice channel " source ii" Bob
[0) |0)
two-mode n
squeezer (1)
/ A\
EPR
amplifier attenuator i % state(s) i

FIG. 1. Scheme to generate an arbitrary TMST state [52]. An EPR
source prepares a two-mode squeezed vacuum state with squeezing
parameter s, Eq. (14). One mode (right pointing blue arrow) of
the state freely propagates towards Bob while the other mode (left
pointing red arrow) propagates through a phase-insensitive Gaussian
channel towards Alice. The channel can be decomposed [53,54]
into a quantum-limited attenuator realized by a beam splitter with
intensity transmissivity n followed by a quantum-limited amplifier
implemented by a two-mode squeezer with a squeezing parameter r.
The state shared by Alice and Bob is then a TMST state p T35 (s,n,7)
with covariance matrix given by Eq. (18). See text for further details.
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attenuator (i.e., pure-loss) channel £, with transmissivity 7
followed by a quantum-limited amplifier A, with gain cosh?(r)
[53,54],ie.,E = A, 0 L,

On the level of covariance matrix, the pure-loss channel .£,,
on mode A can be implemented by mixing the mode with an
ancillary mode A’, initially in the vacuum state with covariance
matrix V 4 = 1, on a beam splitter described by the symplectic
matrix!

Vit _Vl_”]l) (15)

SBS —
TR Wi = B |

By taking the covariance matrix VEER(s) @ V 4 of the three
modes A, B, and A’, transforming modes A and A’ via the
symplectic matrix (15), and dropping mode A’, we get the
covariance matrix of the output state of modes A and B after
the pure-loss channel,

EPR . bn+1-ml vV n(b2 — o*
‘EW[VAB (S)] - (\/mo_z bﬂ )7 (16)

with b = cosh(2s). Likewise, the amplifier A, can be realized
by mixing mode A with another vacuum ancillary mode A” in
a two-mode squeezer with squeezing parameter r, described
by the symplectic matrix

§™ _ <cosh(r)11

sinh(r)o*®
~ \sinh(r)o* ) a7

cosh(r)1

By transforming modes A and A” of the intermediate state
with covariance matrix (16) via the symplectic matrix (17),
and dropping mode A”, we finally get the output covariance
matrix of modes A and B (see Fig. 1) given by [52]

ViR s.n.r) = (A o LY[VER )]

B (th+0)1 VT (b2 = 1)o*
BRWATC N = bl ’

(18)

with T = 5 cosh?®(r) and ¢ = (1 — n) cosh?(r) + sinh?(r). In
other words, Eq. (18) is the covariance matrix of a TMST state

A% in standard form, given by Eq. (4) with

a=n coshz(r)cosh(2s) + (1 —=n) coshz(r) + sinhz(r),
b = cosh(2s),
—d = ¢ = /n cosh(r) sinh(2s). (19)

Since for any admissible values of parameters a, b, and
¢ = —d there is always a physical channel & for which the
covariance matrices (18) and (4) coincide, we can always
parametrize the standard form covariance matrix of a TMST
state as in Eq. (18).

Let us now move to the evaluation of the Fock basis
elements of the TMST state, exploiting the parametrization
of Fig. 1. By applying the channel & to the first mode of the

' A unitary operation U which maps Gaussian states into Gaussian
states can be described by a symplectic transformation S which acts
by congruence on covariance matrices, V — SV ST.
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density matrix (14) and using the decomposition & = A, o L,
the matrix element to be evaluated boils down to

ATMST
(m1m2|pAB [nin2)

= (1 — ¢ (m1|(A, o Ly)(Im2)(na))lny),

where we set ¢ = tanh(s) and used the linearity of the
channel &.

First, we need to calculate how the pure-loss channel £,
transforms the operator |m)(n|. On the state vector level,
a beam splitter unitary U?S with symplectic matrix (15)
transforms the state |m) 4]0) 4/ as

Im)al0)ar = 1) anr = UPS|m) 410) 4

(20)

K
<m>(1nﬁ|k,m —k)aa, (21)

[0)4]0) 4, the
transformation rule UBS TUTBS f + 41— r]&;,, and
the binomial theorem Hence if we trace out the ancilla A’
from the state |¢) 44 of Eq. (21), we get the sought expression

()@

X |m —k)(n —k|.

where we used the relation UBS|O) A|O) N =

min{m,n}

Ly(jm)n)) =n""" Y
k=0

(22)

We now need to calculate how the amplifier A, acts on
the operator |m)(n|. Similar to the previous case, a two-mode
squeezer unitary U ™ with symplectic matrix (17) transforms
the state |m) 4|0) 4~ as

[m)410)ar — |@)aar
= UrTM|m>A|O>A”

— UTM( U|TMUTM| >A|0 A

r

[cosh(r)]m+l Z \/7tanhl(r)|l +m, 1) gar,

(23)

where we used the relations U™]|0)4]0)a» = |¥,) aar With
l¥,) defined in Eq. (14), U™a! 0™ = cosh(r)al, —
sinh(r)a,», and the binomial theorem. Now, by tracing out
the ancilla A” from the state |@) 44 of Eq. (23), we find that
the amplifier transforms the operator |m)(n| in the following
way:

A (lm){n])
= ; = m~+0\(n+1 ”
= [Cosh(r)]m+n+2 12:(; ( m ) < n )[tanh(r)]
X |m+1)(n +1]. 4)

Having formulas (22) and (24) in hand we are now in the
position to calculate the matrix elements (20) of a TMST state
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in Fock basis. A rather lengthy algebra finally yields the main
result of this section:

ATMST
(myma|p,p° |n1n2)

(1—-¢?
= 8ml+nzsnl+m2

cosh?(r)
x 2

()G )6
k=max{0,my—m,} k k mz—k I’lg—k
1— n 2k
X [ / sinh(r)] .
n

This formula provides the exact Fock basis representation
for the most relevant class of two-mode Gaussian states,
encompassing and generalizing previously known special
cases such as the instances where only one of the channels
acts on mode A, either the pure-loss £, (i.e., r = 0) or the
amplifier A, (i.e., n = 1) [37,48,55]. Note that, due to the
presence of the Kronecker symbol, the matrix elements in
Eq. (25) vanish if m| + my + n; + ny is odd, as it should
be [55]. In the Appendix, we explore further applications of
Eq. (25) to derive compact expressions for multidimensional
Hermite polynomials.

For completeness, we also report the explicit state vectors
of all the modes involved in the scheme of Fig. 1 before tracing
out the ancillae. Given an initial two-mode squeezed state of
the system modes A and B as in Eq. (14) with squeezing s
(EPR source), the state of modes A, B, and A’ after the action
of the beam splitter with transmissivity 7 on A and A’ can be
written using Eq. (21) as

mo+ny
C(S)‘S\I{(_r)] tanh(r)]Z(ml "

min{m;,n,}

(25)

|q>s n)ABA’

( r;AA/®]13 (hﬁv AB®|O

o0
1- S'zZs‘m ,/ Py —————|k.m,m—k) apa.
m=0 k= ( - )

(26)

The final state of all modes A,B,A’, A” after the successive
action of the two-mode squeezer with squeezing r on A and
A" can then be written using Eq. (23) as

|\Ijs,r; r)ABA/A”

= ( r AA” ® ]lBA (|q)v nABa @ 10) 4

\/l—gzig

(1- n)k m [cosh(r)]’“r1

m=0
o0
k+1
x Z < N )[tanh(r)]’|k +Im,m—k,l)aparar.
1=0 k

27

By tracing over the ancillary modes, one recovers the TMST
state trarar | Wy ) aarar (Yool = PAnST(s,n,r) described by
Eq. (19) on the level of covariance matrix and by Eq. (25) on

the level of Fock space.
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IV. STEERING OF TWO-MODE GAUSSIAN STATES:
GAUSSIAN VERSUS NON-GAUSSIAN MEASUREMENTS

We now investigate EPR steering of two-mode Gaussian
states as detected by the criteria presented in Sec. II B, looking
especially for instances in which superiority of non-Gaussian
measurements over Gaussian ones can be recognized. We
focus in particular on the criterion of Eq. (9) [42] evaluated
using pseudospin measurements as reported in Sec. II C.

A. Expectation values of pseudospin measurements
1. Typei

Thanks to the results of Sec. III, namely Eq. (25), we are
able to evaluate the expectation values of type-i pseudospin

J
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operators, defined by Eq. (10) [38], for a general TMST
PiMST(s,m,r) parametrized by initial squeezing s, attenuator
transmissivity 1, and amplifier squeezing r, according to the

scheme of Fig. 1. After some algebra, we find

= oot Z [tanh(s)1*"* (L (0.1) + L (1.1,

Sy)=—(8i® S") (28)
1

,/det VTA%ST(s,n,r)

®
(85 ® 85) = (pay T (s,m0) =

- s 2k + 21\ (2k + 21 + 1\ (2n)\ (2n + 1
Tu(n,r) =Y _n**2(1 - n)z“"[cosh(r)]<4’<+3>[tanh<r>]4’\/ ( ) ( ) ( ) ( )
prd 2k 2k +1 2k ) \2k + 1

S i P — 2 oosh(r -+ anh(r) 2 \/ <2k ol + 2) <2k +21 + 3)( 2n > <2n + 1)_

The expressions in Eq. (28) can be evaluated numerically
by truncating the sums over n and ! to an appropriately
large integer depending on the value of the parameters
S,M,1.

Before going further, let us note that the steering in-
equality (9) for type-i pseudospin operators (10) can be
interpreted in the context of mapping of CV modes onto
qubits [48,56-58]. Namely, it is possible to map via a nonlinear
Jaynes-Cummings interaction a density matrix g4 of a single
mode A onto a density matrix p; of a single qubit 1, such
that ($7), = tr[8/pal = trlo/ 1] = (07) 5, [48]. Similarly,
if we map locally modes A and B of a two-mode state
Oap onto two qubits 1 and 2, the qubits will end up in a
state py, for which ($), ® §2);,, = (6' ® 6/);,. Thus the
analysis of EPR steering for a two-mode state using type-i
pseudospin measurements can be seen as a mapping onto
a two-qubit state followed by the analysis of EPR steering
for the two-qubit state using conventional spin measurements.
Since the mapping does not preserve entanglement [43,57—
59], i.e., some entangled two-mode states are mapped onto
separable two-qubit states, we may expect that the same
holds true also for steering, that is, a two-mode state can
be steerable although the corresponding two-qubit state is
unsteerable.

2. Type-ii

In the case of type-ii pseudospin operators, defined by
Eq. (11) [40,41], we can evaluate analytically their ex-
pectation values for all two-mode Gaussian states, spec-
ified in general by a standard form covariance matrix
Vap as in Eq. (4) as a function of a,b,c,d. Exploiting
the formulation in terms of Wigner functions, Eq. (13),

2k +1 2k +2 2k+1)\2k+2

(

we get
A 2 c?
(I ® IT) = —arctan | ——,
(I, ® 1) t. d2 (29)
%) = ———— arctan ,

A B n«/det VAB d2

(A, @ M) = ———
A B det VAB’

where to obtain the second equation we resorted to Parseval’s
theorem.

B. Steering analysis, examples, and discussion
Let us denote the combination of moments in the left-hand
side of the EPR steering criterion Eq. (9) evaluated on a state
Pap as M;ﬁ )R , with j =1i,ii denoting the pseudospin type.
Explicitly,

My, = (81 @ &) +(31 @ 8 + (85 @ 85, 0
My, = (1 @ [15) + (T, @ I, + (1T}, @ I15)

1. Two-mode squeezed vacuum states

We begin by comparing the two types of pseudospin
measurements on a two-mode squeezed vacuum state ,OEPR(S)
defined by Eq. (14) or equivalently by its covariance matrix
VER(s) with elements given in Eq. (5). Referring to the
scheme of Fig. 1, this amounts to a pure EPR source without
any further noisy channel on A (i.e., n = 1,r = 0). It is well
known that this state is entangled, EPR steerable, and Bell
nonlocal as soon as s > 0. It thus presents itself as an easy test
ground for the criterion of Eq. (9).
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FIG. 2. Plot of the left-hand side M ”EPR (s) [Eq. (31)] of the
squeezing criterion [Eq. (9)] using pseudospm measurements of type
J, with j =1 (solid green) and j = ii (dashed magenta), for a two-
mode squeezed vacuum state 55R(s) [Eq. (14)] as a function of the
squeezing parameter s. All the quantities plotted are dimensionless.

The expressions in Eq. (30) are straightforward to compute
for the two-mode squeezed state, yielding

M;ggk(s) = 142 tanh®(2s), M;%R(s) = 1+(8/72)gd>(2s),

(3D

where gd(z) = 2 arctan(e®) — /2 is the Gudermannian func-
tion. As plotted in Fig. 2, both quantities in Eq. (31) are larger
than 1 for any s > 0, and increase monotonically as a function
of s reaching their maximum value of 3 in the limit s — oo.
This confirms that the criterion of Eq. (9) is able to reveal
maximum steerability of the EPR state using either type of
pseudospin measurements, in agreement with previous studies
of Bell nonlocality [38,40,41]. However, we also notice that
M(‘ka(s) >M (lilk(s) in general, which suggests that type-ii

observables are less sensitive than type-i ones for steering
detection using the adopted criterion. This will be confirmed
for more general states in the following.

2. Two-mode squeezed states with loss on Alice

Next, we consider an important example of a noisy Gaussian
state, namely a TMST state resulting from the action of
a pure-loss channel £, with transmissivity 7 on mode A
of an EPR state p5PR(s). This state, that will be denoted
by pIM5T(s,1,0) according to the notation of Sec. III (see
Fig. 1), arises naturally in quantum key distribution, where £,
models attenuation due to transmission losses. According to
Eq. (8), the state p 35T (s,7,0)is A — B steerable by Gaussian
measurements if and only if [10]

n> 1 (32)

However, recently Refs. [36,37] found that Eq. (32) is not
a critical threshold for one-way steerability, as the state
p}%ST(s 1n,0) can be steered from Alice to Bob even at lower
values of n if using suitable non-Gaussian measurements.
Before presenting the results of our analysis, let us provide

a bit more details on the findings of [36,37].

PHYSICAL REVIEW A 96, 042326 (2017)

The authors of [36] considered an equatorial family of type-
i pseudospin measurements with 8¢ = cos (9)3’" + sin (Q)S‘y
and applied it together with 8¢ to the following nonlinear
steering criterion [60]:

/d9<A9s9 >—(P+,/1 Z2+P_\J1-27%, (33)

where the measurement A? that Alice performs on her
mode is informed by Bob’s choice of $¢ and P. are the
probabilities that Alice obtains results &1 for her observable
A%, while Z. are Bob’s respective conditional expectation
values. The fulfillment of Eq. (33) implies that steering can be
demonstrated from Alice to Bob.

Instead of pseudospin measurements, the authors in
Ref. [37] defined a collection of n> orthogonal observables
{AM} = Dy, A5} (k1= 0,1, ...,n — 1), where

o= kYKl A5 = )T £ 1) k] 'll)(]f| k < D). (34)
V2 (=¥
If the correlation matrix C,,, of a two-mode state p,p, with
elements (C,,);; = (AE") ® é;",)) — (AE”))(E;"’)), violates the
local uncertainty relations of these non-Gaussian measure-
ments [37], i.e., if

=
S

Sy

j=1

” Cnn’ ”lr >

B(n N2 .

(35)

then p,p is steerable from Alice to Bob.

To further investigate the EPR steering of the lossy
state pTMST(s,7,0) by non-Gaussian measurements, we have
evaluated the criterion of Eq. (9) based on pseudospin
measurements. Instead of reporting the explicit expressions for

the quantities of Eq. (30), we plot in Fig. 3 the threshold curves
such that M JTim (s,n,0) = 1, for j =i (thick solid green) and

j = 1ii (dot- dashed magenta), in the space of parameters (s, 7).
Steering from Alice to Bob according to the chosen measure-
ments is demonstrated in the region above the corresponding
threshold curve. The figure also compares our findings with
the thresholds arising from Gaussian measurements [thin solid
black, corresponding to saturation of Eq. (32)], from the
criterion of Ref. [36] [dashed blue, corresponding to saturation
of Eq. (33)], and from the criterion of Ref. [37] [dotted red,
corresponding to saturation of Eq. (35)]. We see that our simple
criterion based on type-i pseudospin measurements is quite
powerful in revealing A — B steerability down to n > 1/3
for small initial squeezing s, and is in particular better than
the criterion of Eq. (33) based on the same measurements
for larger s. We also identify a region (shaded yellow in
Fig. 3) where our analysis certifies steerability not previously
detected by any other criterion based on either Gaussian or non-
Gaussian (two-outcome) measurements. Fors = 0.9, however,
conventional Gaussian measurements are more suited for
steering detection than non-Gaussian ones in the considered
state. On the other hand, application of our criterion (9) with
type-ii pseudospin measurements is ineffective, as it identifies
an A — B steerable region which is in fact smaller than the
one identified by Gaussian measurements, Eq. (32).
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FIG. 3. Comparison of EPR steering criteria for the lossy state
PIMST(5.7,0) as a function of the initial squeezing s and the
attenuator transmissivity 7 (see Fig. 1). A — B steering is detected
by each criterion in the parameter region above the corresponding
threshold curve. The considered criteria are steerability by Gaussian
measurements, Eq. (32) [10] (thin solid black); nonlinear steering
criterion with type-i pseudospin measurements, Eq. (33) [36] (dashed
blue); local uncertainty relation criterion with two-level orthogonal
observables, Eq. (35) [37] (dashed red); moment criterion, Eq. (9)
[42], evaluated in this paper with type-i pseudospin measurements
[38] (thick solid green); moment criterion, Eq. (9) [42], evaluated in
this paper with type-ii pseudospin measurements [40] (dot-dashed
magenta). In the shaded (yellow) region of parameters, steering
is identified only by our criterion based on type-i pseudospin
observables. All the quantities plotted are dimensionless.

3. General two-mode squeezed thermal states

Having verified that the EPR steering criterion Eq. (9)
with (type-i) pseudospin observables is effective to detect
steerability of special Gaussian states beyond the capabilities
of Gaussian measurements, we can now extend our analysis

PHYSICAL REVIEW A 96, 042326 (2017)

to general TMST states, for which no previous steering study
based on non-Gaussian measurements has been reported to
date. Namely, we consider in general the state ﬁill\,f[ST(s,n,r)
constructed as in Fig. 1, and investigate EPR steering as a
function of the three parameters s (initial squeezing of the
EPR source), n (transmissivity of the attenuator channel), and
r (squeezing parameter of the amplifier channel). Our analysis
is based on numerical evaluation of the formulas in Eq. (28)
for the moment criterion ME%MST(s,n,r) > 1 using type-i
pseudospin measurements, and cA(fmparison with the analytical
prescription of Eq. (8) relying on Gaussian measurements.
The results are reported in Fig. 4. Panel (a) shows the
dependence of the steering thresholds corresponding to non-
Gaussian versus Gaussian measurements as a function of the
noise parameters » and 7, for different fixed values of the
initial squeezing s. Panel (a) shows that, even in the presence
of both attenuator and amplifier noises on A, EPR steering
from Alice to Bob can be demonstrated at lower values of
n by using type-i pseudospin measurements as opposed to
Gaussian ones, in particular in the region of moderate r.
Panel (b) shows in more detail how the analysis of Fig. 3
gets modified by the presence of the additional amplifier noise
induced by A,. While the Gaussian thresholds for steerability
remain independent of s, for any fixed r, additional regions
of steerability identified by type-i pseudospin measurements
appear at intermediate values of s. In general, these results give
a quite comprehensive picture of the potential enhancements
to EPR steering characterization for Gaussian states due to
non-Gaussian measurements, and go significantly beyond
specific examples considered in previous literature [36,37].

4. Arbitrary two-mode Gaussian states

Finally, it would be desirable to extend the previous
study to arbitrary two-mode Gaussian states, with covariance
matrix V 4p specified by all four independent standard form
parameters a,b,c,d as in Eq. (4). However, the construction of

FIG. 4. EPR steering of TMST states p1n>1(s,n,7). (a) Plot of the threshold for the transmissivity 7 to detect steering as a function of the
amplifier squeezing r, for different initial squeezing s (from bottom to top: s = 0.4,0.7,1.0). (b) Plot of the threshold for 7 to detect steering as
a function of s (solid lines), for different r (from bottom to top: r = 0.1,0.2,0.4). Steering is detected in the regions above the corresponding
curves. In both panels, solid lines indicate thresholds for the moment criterion Eq. (9) using type-i pseudospin measurements, while dashed
lines indicate thresholds for the criterion Eq. (8) using Gaussian measurements. All the quantities plotted are dimensionless.
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Sec. III to obtain the Fock basis elements of a Gaussian state
Oap 1s special to the TMST case, d = —c, and its possible
extension beyond this case appears quite nontrivial. The only
possibility we have, based on the tools employed in this paper,
is to use type-ii pseudospin measurements to investigate the
EPR steering of arbitrary two-mode Gaussian states using the
moment criterion Eq. (9), thanks to the explicit expressions
of Eq. (29). Unfortunately, as anticipated by the special cases
investigated in the previous subsections, it turns out that type-ii
pseudospin measurements used in the moment criterion of
Eq. (9) are always inferior to Gaussian measurements used in
the variance criterion of Eq. (8), for all two-mode Gaussian
states. This can be proven by maximizing the quantity ME;)B ,
Eq. (30) entering the left-hand side of the moment criterion
(9), under the condition that (8) is violated, that is, that the
state is unsteerable by Gaussian measurements. We find

max M (a,b,c.d)| =1, (36)

(a.b,c.d) pPaB a?<(ab—c?)(ab—d?)

which is obtained fora =b =1,c=d =0, i.e., when pap
reduces to the product of vacuum states for A and B,
with V5 = 14 @ 1. This shows that the moment criterion
(9) can never detect EPR steering using type-ii pseudospin
measurements if the state is not already steerable by Gaussian
measurements. In fact, the steerability region as detected by
Mgfg > 1 is strictly smaller than the one defined by Eq. (8), as
demonstrated in the instance of Fig. 3. However, this does not
exclude that the type-ii pseudospin operators might be useful
to detect EPR steering of Gaussian states beyond Gaussian
measurements if other criteria, possibly involving higher order
moments, are considered.

V. STEERING OF CONTINUOUS-VARIABLE
NON-GAUSSIAN WERNER STATES

Up to now, we focused on the investigation of EPR steering
for Gaussian states using non-Gaussian measurements. A
next logical step is to take also non-Gaussian states into
consideration. Here, we probe this scenario by analyzing
steerability for a paradigmatic example of mixed non-Gaussian
states given by the class of CV Werner states [43]. In past
literature, the CV Werner states have been studied from
the point of view of inseparability, nonlocality, and optical
nonclassicality [43], as well as quantum discord [61]. In this
section we complement the list by analyzing EPR steering
of these states as detected by the inequality (9) with type-i
pseudospin operators (10).

A CV Werner state is defined as the convex mixture

PV = p AR + (1 = p) W) ® prw)], (37)

where 0 < p < 1, pEPR(s) is the two-mode squeezed vacuum
state (14), and

ﬁﬁm:ﬂ-mm%mi)mﬁwwmmm,j=Aﬂ,
m=0

(38)

is a thermal state with tanh?(u) = (nj)/(1+(n;)), where
(nj) is the mean number of thermal photons in mode ;.
For u = s, the state (37) can be interpreted as originating

PHYSICAL REVIEW A 96, 042326 (2017)

from transmission of one mode of the two-mode squeezed
vacuum state (14) through a non-Gaussian channel which,
with probability p, transmits the mode unaltered and, with
probability 1 — p, replaces the mode with a thermal state (38)
with u = 5. In addition, in the limit s — oo the latter Werner
state provides a direct analogy to the original discrete-variable
Werner state [62], because it becomes a mixture of a maximally
entangled EPR state and a maximally mixed state in the
infinite-dimensional Hilbert space.

Moving to the determination of the region of parameters
p, s, and u, for which the steering inequality (9) is satisfied,
we first need to derive the expectation values (S} ® §2), j =
x,y,z, of pairs of type-i pseudospin operators (10) on the CV
Werner state (37). Straightforward algebra reveals that the
expectation values attain the following simple form [43]:

(831 ® 85) = —(8% ® §3) = pv,
A A (39)
(Si8)=pw+1-w,
where v = tanh(2s) and w = tanh®>(2u). Making use of the
expectation values (39), one then finds that the steering
inequality (9) boils down to

5 2w(l - w)p
202 + w?
which is equivalent to

w2-w (40)
- >
202 + w? ’

: W) 2y _ —
p> pil, = L2 S
Ve 4w

The region of fulfillment of the steering inequality (9) for the
CV Werner state (37) with type-i pseudospin measurements is
depicted in Fig. 5. By comparing it with the results of [48],
one can see that the threshold pg?w for detecting steering is
lower than the one for detecting Bell nonlocality, as it should
be expected given the hierarchy existing between these two
forms of nonclassical correlations. Furthermore, for u = s and

in the strong squeezing limit, the inequality (41) reduces to

FIG. 5. Threshold probability pyee = pgée, [Eq. (41)] character-
izing the EPR steering of the CV Werner state (37) as a function
of the squeezing parameter s and the thermal noise parameter
u. According to inequality (9), the state is steerable by type-i
pseudospin measurements if p > pg?m. All the quantities plotted are
dimensionless.
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p>1/ ﬁ which coincides with the threshold for steering
of a two-qubit Werner state when Alice has exactly three
inputs [13].

We can also check the steerable region predicted by the
inequality (9) when using type-ii pseudospin operators (11).
By linearity, the expectation values (fli{ ® f[g), j=x,y,z,0f
pairs of type-ii pseudospin operators on the CV Werner state
can be obtained as convex combinations of the corresponding
expectation values on the two Gaussian states entering the
definition (37). Exploiting Eq. (29), we find
(I, ® 113) = (I, @ IT},) = 2—pgd(2s),

. § “2)
(T4 ® ITy) = p + (1 — p)sech®(2u).

Using the expectation values (42), one then finds that the
steering inequality (9) is fulfilled using type-ii pseudospin
measurements when

. \/w(nzw + 8(2 — w)gd*(2s)) — rw(l — w)
P > Dsieer = (8/n)gd2(2s) T+ rw?

(43)

We find that the threshold P is only slightly higher than
pg)eer in the regime of small s; however, they both converge
to 1/+/3 in the asymptotic limit u = s — oo. Therefore, both
types of pseudospin observables are equally effective in this
relevant regime.

For the sake of comparison, we can finally look at the
region of parameters p, s, and u in which the CV Werner state
is steerable by Gaussian measurements. For this purpose, we
need the covariance matrix of the state 6%, which is simply
given by the linear combination of the covariance matrices of
the Gaussian states appearing in the convex mixture (37),

VWe = pVER(s) + (1 — p)coshQu)(14 @ 1p).  (44)

Explicitly, V%, is in the standard form (4) with a =b =
p cosh(2s) + (1 — p)cosh(2u) and c¢ = —d = p sinh(2s).
According to (8), the state is steerable by Gaussian measure-
ments when a > a% — ¢2, which amounts to

p> p(G) _ A/ 20-2c,2-2¢,c,+c,(4=3c,) ¢, (2, — 1) =22 +c,
steer = 4(?56“—2((,‘3-‘(-])

’

(45)

where ¢; = cosh(2s) and ¢, = cosh(2u). Remarkably, one sees
that pgglr > pg?w for any s,u > 0, meaning that non-Gaussian
pseudospin measurements are always superior to Gaussian
measurements for the characterization of EPR steering in the
non-Gaussian CV Werner states. In particular, when u = s
we find pg';’)er = 1/4/1 4+ sech(2s), which tends to 1 in the
limit s — oo, meaning that—although the state is steerable
forp > 1/ /3 as confirmed by either (41) or (43)—Gaussian
measurements can never detect steering in this asymptotic
case unless p = 1, i.e., when the state (37) trivially reduces to
the EPR state (14). A comparison between the EPR steering
thresholds (41), (43), and (45) for the CV Werner state with
u = s is provided in Fig. 6.

PHYSICAL REVIEW A 96, 042326 (2017)
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FIG. 6. Threshold probabilities characterizing the EPR steering
of the CV Werner state (37) with u = s. The state is steerable by
type-i pseudospin measurements when p > pgiﬂ [Eq. (41)] (solid
blue line), by type-ii pseudospin measurements when p > pgie)e,
[Eq. (43)] (dashed green line), and by Gaussian measurements when
p > p9 (dotted red line) [Eq. (45)]. All the quantities plotted are

dimensionless.

VI. CONCLUSIONS

In this paper we investigated EPR steering [10] of
continuous-variable bipartite states, as revealed by a simple
nonlinear criterion [42] involving the second moments of
pseudospin measurements [38,40]. Our analysis led to the
identification of sizable regions of parameters in which
Gaussian states, in particular two-mode squeezed thermal
states, can only be steered by non-Gaussian measurements,
complementing and extending recent findings [36,37]. We
also showed that non-Gaussian (pseudospin) measurements
are more effective than Gaussian (quadrature) measurements
for witnessing steering of non-Gaussian continuous-variable
Werner states [43], whose steerability properties were found
comparable to their discrete-variable counterparts [13]. While
pseudospin observables are experimentally hard to measure
with current technology, our results can stimulate further
research to identify accessible non-Gaussian measurements
for enhanced steering detection in Gaussian and non-Gaussian
states. Since steering is a fundamental resource for quantum
communication [14-17,19,20,27,28], this can lead in turn
to further advances in the engineering of secure quantum
network architectures based on continuous-variable systems. It
would be interesting in the future to investigate generalizations
of our study to multipartite settings [22,63,64], possibly
adopting other feasible criteria [65], and analyzing in particular
relaxations to strict monogamy inequalities for steering which
hold specifically in the all-Gaussian setting [23,30,31,66].

In the first part of the paper, we also obtained a result
of independent interest, that is the Fock representation of
arbitrary two-mode squeezed thermal states. In this respect,
recall that a standard approach [67-69] to the derivation of
the elements of a quantum state in the Fock basis makes use
of the fact that the Husimi Q quasiprobability distribution
of the state is proportional to a generating function of the
elements. For a Gaussian state, the generating function is
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Gaussian and thus it is at the same time a generating function
for multidimensional Hermite polynomials [70]. This implies
that, up to a normalization factor, the Fock basis elements
of Gaussian states are equal to multidimensional Hermite
polynomials (see the Appendix for details). Since for higher
orders the polynomials are obtained as multiple derivatives of
a multivariate Gaussian function, they are very complex, and
thus in practical tasks one has to evaluate them numerically
using arecurrence relation [55]. Here, we undertook a different
route by calculating the Fock basis elements directly with the
help of an expression of a two-mode squeezed thermal state via
a two-mode squeezed vacuum state with one mode exposed
to a phase-insensitive Gaussian channel, and a decomposition
of the latter channel into a sequence of a pure-loss channel
and a quantum-limited amplifier [52-54]. This led to a rather
simple formula for the density-matrix elements in terms of
a single finite sum as given in Eq. (25). On a more general
level, given the correspondence outlined above, our approach
may also serve as an inspiration to derive new relations for
multidimensional Hermite polynomials. An explicit instance
is discussed in the Appendix.
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APPENDIX: COMPACT EXPRESSION FOR
MULTIDIMENSIONAL HERMITE POLYNOMIALS

The method used in Sec. III for the derivation of the
Fock basis elements of TMST states, given by Eq. (25), can
be a cornerstone for a wider algebra program aimed at the
derivation of new compact expressions for multidimensional
Hermite polynomials based on quantum mechanics.

J

o
H’(nl,)*’nz,nl.,i’lz(o) =y m !I’I’lz!l’ll !I’lz !8m1+n2,n]+mz |:

11— 2%
x [ 1 sinh(r):| .
V

cosh(r)

mo+ny
gﬁ } [tanh(r)]2(m1—mz)
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Making use of the results of Refs. [67-69], it can be shown
[55] that, for a TMST state A}%°" with covariance matrix
V 4p given by the right-hand side of Eq. (4), where d = —c,
the Fock basis elements can be written formally as

(©)

(mima|pyy>" Inina) = 0 D) :
det(V ap + D/my!ma!ng \ny!

(AL)

Here H{®, . (0)is the four-dimensional Hermite polyno-

mial at the origin, which can be calculated from the expression
[70]

H'® (x)

my,ma,ny,ny
2

= (=1)Z=1 "+ exp (3xTOx)
aziz:] ni+m;

X
m my n ny
0x) '0x, 0x;3'0x,

exp (—31xTOx), (A2)

and O is a real symmetric matrix defining the polynomial,
which is of the form

, (A3)

SO 8 O
R O O
QOO
SO N x O

where

2c
e= ,
(@+Dd+1)—c?
_ (@a—Db+1)—c?
I =@ nern-

@+ Db -1
ST @+ Db+ -

By comparing the right-hand sides of Eq. (A1) and Eq. (25)
and taking into account the relation
1-¢? _ 4
cosh®(r)  /det(Vag +1)

which follows from Egs. (19), one finds that the Hermite
polynomials H'® (0) can be expressed as

miy,ma,ni,ny

PRGN

k=max{0,m,—m

(A4)

(A5)

If we now reverse Egs. (19), we can express after some algebra the parameters /7,5, as well as all functions of the squeezing
parameter r which appear on the right-hand side of Eq. (A5), as functions of the covariance matrix parameters a, b, and ¢, which
finally yields the following formula for four-dimensional Hermite polynomials defined by the matrix ® in Eq. (A3):

H®

ml,mz,nl.ﬂz(o) = ml!mZ!nl!n2!8m1+nz,n1+m2

emg-ﬁ-nz fml —my

min{my,n,} Mo ny nmi ni fg ‘ A6
> <k><k><mz—k)<”2‘k)<e_2>' -

k=max{0,my—m,}
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Note that, in the usual practice, Hermite polynomials are evaluated numerically using a recurrence relation. Our last formula
(A6) shows that, in some cases, this is not necessary and one can obtain them just as a single finite sum instead. This can make
analytical calculations with multidimensional Hermite polynomials more tractable and numerical calculations more efficient.
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