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We use exact diagonalization to study the eigenstate thermalization hypothesis (ETH) in the
quantum dimer model on the square and triangular lattices. Due to the nonergodicity of the local
plaquette-flip dynamics, the Hilbert space, which consists of highly constrained close-packed dimer
configurations, splits into sectors characterized by topological invariants. We show that this has
important consequences for ETH: We find that ETH is clearly satisfied only when each topological
sector is treated separately, and only for moderate ratios of the potential and kinetic terms in the
Hamiltonian. By contrast, when the spectrum is treated as a whole, ETH breaks down on the square
lattice, and apparently also on the triangular lattice. These results demonstrate that quantum dimer
models have interesting thermalization dynamics that has not previously been studied.

I. INTRODUCTION

Considerable attention has recently been devoted to
the question of whether and how an isolated quantum
many-body system thermalizes [1–3]. At the centre of the
topic is the eigenstate thermalization hypothesis (ETH),
which states that each energy eigenstate of a generic
many-body Hamiltonian is indistinguishable from a mi-
crocanonical ensemble with the same energy [4] (see Sec-
tion II for a more precise statement). ETH is expected
to be valid for nonintegrable systems when energy is the
only conserved quantity, but is known to fail for inte-
grable systems [5]. In the latter case, the dynamics can
be described by the generalized Gibbs ensemble (GGE),
obtained by maximizing the entropy subject to appropri-
ate mean values of all conserved quantities. Both ETH
and the GGE have recently been studied in experiments
with ultracold atomic gases [6, 7].

In this work we use exact diagonalization to study
ETH in the quantum dimer model (QDM) [8]. The QDM
was originally introduced by Rokhsar and Kivelson (RK)
as an effective description of quantum antiferromagnets
[9], and can potentially be simulated using cold atoms
[10, 11]. Its ground-state properties have been studied
extensively, and it is known to exhibit liquid phases with
topological order on nonbipartite lattices in two dimen-
sions (2D) [12, 13]. As far as we are aware, its quench
dynamics has not previously been considered.

Our study of the 2D QDM combines a number of fea-
tures that have proven to be of interest in other recent
work on ETH [14–18]: First, it continues the progress
of ETH studies from the familiar territory of 1D sys-
tems [19–22] into higher dimensions. Questions about
ETH in systems in two or more dimensions, such as the
transverse-field Ising model on the square lattice [14–16],
are of great interest but challenging due to the rapid in-
crease of the Hilbert-space dimension with system size.
Second, the Hilbert space of the QDM is spanned by
dimer configurations subject to strong local constraints.
The study of ETH in constrained systems has recently
been initiated by Chandran et al. [17], who considered
non-Abelian anyon chains, motivated by the question of

whether the constraints can hinder thermalization.

A third interesting feature of the QDM is that global
constraints on the local plaquette-flip dynamics cause the
Hilbert space to split into topological sectors, character-
ized by a pair (in 2D) of winding numbers. A crucial dis-
tinction can be drawn between lattices that are bipartite,
such as square, and those that are not, such as triangular:
For bipartite lattices, in which the sites can be divided
into two sublattices such that all nearest-neighbor pairs
are on opposite sublattices, the winding numbers are in-
tegers and the number of sectors grows with size [23].
By contrast, for nonbipartite lattices the winding num-
bers can be defined only modulo 2, and there are four
sectors defined by a pair of Z2 invariants [24, 25]. Not-
ing the effect of topological blocking on quench dynamics
[26], and recalling the case of integrable models, where
the extensive number of conserved quantities invalidates
ETH, it is natural to ask whether the existence of these
topological invariants will influence ETH in the QDM
[18].

Our main finding is that the QDM obeys ETH with
certain important caveats: On both the square and tri-
angular lattices, ETH is only clearly satisfied when each
topological sector is treated separately. If the spectrum
is treated as a whole, ETH apparently breaks down, at
least on the square lattice, as a result of separation of the
spectra into bands corresponding to different topological
sectors. On the triangular lattice, our results are less
clear-cut, because of limitations on the accessible system
geometries, and it is possible that ETH is restored at
larger system sizes, even if the spectrum is treated as a
whole. We also find that ETH breaks down when the
ratio of the potential- and kinetic-energy terms in the
Hamiltonian becomes large, which we understand as the
approach to the trivially integrable point when this ratio
is infinite.

In Section II, we give a brief definition of ETH and in-
troduce the QDM on both the square and triangular lat-
tices. We also discuss the distinction between the topo-
logical sectors of the square and triangular lattices and
outline the main aims of the paper. We present our main
results in Section III and conclude in Section IV.
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II. BACKGROUND AND AIMS

A. Eigenstate thermalization hypothesis

ETH amounts to a conjecture regarding the statistical
distribution of the matrix elements of any local observ-
able O in the eigenbasis of the Hamiltonian H for large
system size N . For eigenstates |m〉 and |n〉, with eigen-
values Em and En, it states that [4]

〈m|O|n〉 = dO(Ē)δmn +
rmn√
eS(Ē)

fO(Ē, Em − En) , (1)

where Ē = (Em+En)/2, δmn is the Kronecker delta, and
S(E) is the (extensive) thermodynamic entropy at en-
ergy E; rmn are independent Gaussian random variables
with zero mean and unit variance; and dO and fO are
functions that are smooth on the scale of the many-body
level spacing ∼ Ēe−S(Ē). The statement is expected to
apply only for eigenstates that are sufficiently far from
the edges of the spectrum (and, in particular, not to the
ground state or low-lying excited states).

The function dO can be related to the expectation
value of O in the canonical ensemble at temperature
T = 1/β,

〈O〉T =
TrOe−βH

Tr e−βH
. (2)

Replacing the sums over eigenstates by integrals over en-
ergy, which are then evaluated by the method of steepest
descent [4], one finds

dO(ET ) = 〈O〉T +O(N−1) , (3)

where ET = 〈H〉T is the average energy at temperature
T .

The statement of ETH that we wish to test here is
the following: the diagonal matrix elements 〈n|O|n〉 for
energy En near ET are distributed around the value
dO(ET ), with fluctuations that are exponentially small
in N , and this value furthermore approaches 〈O〉T as
N →∞.

B. QDM on square and triangular lattices

The Hilbert space of the QDM is spanned by the set of
basis states |Ψ〉 for all possible close-packed dimer con-
figurations Ψ, in which each site forms a dimer with ex-
actly one of its nearest neighbours. We use the standard
RK Hamiltonian [9] with a kinetic term that flips dimers
around the shortest possible loop, referred to as a pla-
quette, and potential energy proportional to the number
of flippable plaquettes.

The Hamiltonian can be written as [8]

Hα =
∑
p

(
−tTαp + V Pαp

)
, (4)

⟷

FIG. 1. Action of T4
p , the plaquette-flip operator for the

triangular lattice. We show only one out of the three possible
orientations of the rhombus-shaped plaquette p.

⟷

FIG. 2. Action of T�
p , the plaquette-flip operator for the

square lattice.

where α = 4 and � for the triangular and square lat-
tices respectively. The operator Tαp flips dimers around
plaquette p or gives Tαp |Ψ〉 = 0 if p is not flippable in con-

figuration Ψ, while V αp = (Tαp )2 is diagonal in the con-
figuration basis, with matrix element 1 if p is flippable
and 0 otherwise. For the triangular lattice, the smallest
possible flippable loop is a rhombus, and the action of
Tαp is illustrated in Figure 1. For the square lattice, the
plaquettes are squares, as shown in Figure 2.

The ground state of the QDM is known exactly in cer-
tain cases: For V = +∞, the ground state is a staggered
configuration in which there are no flippable plaquettes,
while for V = −∞, it is a columnar configuration which
maximizes their number. A third special case is the RK
point t = V , where the exact ground state is an equal-
amplitude superposition of all allowed dimer configura-
tions [9].

In this work, we will focus on a different aspect of the
model, viz, the statistics of expectation values of certain
observables in eigenstates of the Hamiltonian. The ob-
servables that we choose are: Nα

f =
∑
p P

α
p , the number

of nearest-neighbour parallel dimers; and Nα
s , the num-

ber of second-neighbour parallel dimers along the same
directions, as illustrated in Figures 3 and 4. (The lat-
ter definition is chosen because Nα

s is maximized by the
columnar state at V = −∞, and so 〈Nα

s 〉T is expected
to correlate fairly well with ET .) Both are sums of local
operators, and so are expected to obey ETH [27].

C. Lattice geometries and topological sectors of
the QDM

Our goal is to verify ETH using exact diagonalization
of the QDM Hamiltonian. This is made particularly chal-
lenging by the fact that ETH is a statistical claim about
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FIG. 3. Further neighbors used in the definition of the observ-
able N4

s for the triangular lattice. For the central link `, with
a blue dimer, we call the four links `′ containing red dimers its
“second neighbors” S`, and define N4

s = 1
2

∑
`

∑
`′∈S`

n`n`′

where n` ∈ {0, 1} is the dimer occupation for link `. (For
other orientations of the central link `, the set S` is defined
by applying the rotation symmetries of the lattice.)

FIG. 4. Further neighbors used in the definition of the ob-
servable N�

s for the square lattice (see Figure 3). The two red
dimers are the “second neighbors” of the central blue dimer.

the approach to the thermodynamic limit, whereas we
have a clean system (and so limited statistics) and are
necessarily restricted to small system sizes.

The memory requirements for full diagonalization of
the Hamiltonian limit us to matrices with linear size be-
low about 5 × 104. We show in Tables I and II how
the Hilbert-space dimensions for the square and trian-
gular lattices change with system size [28–30] under pe-
riodic boundary conditions (PBC). (We restrict to clus-
ters of type A, using the notation of Ref. [24].) Ex-
ploiting translation symmetry, the largest size of square
lattice we can access is Lx × Ly = 6 × 8 with a Hilbert

TABLE I. Number of dimer configurations on square lattice
with size Lx × Ly under periodic boundary conditions [30].
Shaded entries show the cases used here.

Ly = 2 Ly = 4 Ly = 6 Ly = 8

Lx = 2 8 36 200 1156
Lx = 3 14 50 224 1058
Lx = 4 36 272 3108 39952
Lx = 5 82 722 9922 155682
Lx = 6 200 3108 90176 3113860
Lx = 7 478 10082 401998 19681538
Lx = 8 1156 39952 3113860 311853312

TABLE II. Number of dimer configurations on triangular lat-
tice with size Lx×Ly under periodic boundary conditions [30].
Shaded entries show the cases used here.

Ly = 2 Ly = 4 Ly = 6 Ly = 8

Lx = 2 12 72 480 3360
Lx = 3 28 344 4480 58592
Lx = 4 72 1920 59040 1826944
Lx = 5 184 10608 767776 55801792
Lx = 6 480 59040 10045824 1720316544
Lx = 7 1264 328224 131456320 53046806656
Lx = 8 3360 1826944 1720316544 1635885514752

space of dimension HD = 3113860, where we diagonalize
the Hamiltonian in each momentum sector (kx, ky) sep-
arately. Similarly, the largest size of triangular lattice
we can access is Lx × Ly = 4 × 8 with a Hilbert space
of dimension HD = 1826944. Note the largest momen-
tum sector of Lx × Ly = 6 × 6 triangular lattice has a
dimension of size 69996, which is beyond our limit. A
further constraint on the lattice sizes we can choose is
from the interplay between the shape of the lattice and
the topological sectors, which we will discuss next.

As stated in Section I, the Hilbert space of the QDM on
the square and triangular lattices splits into disconnected
sectors due to the nonergodicity of the plaquette-flip dy-
namics. In three dimensions and higher, there are addi-
tional conserved quantities and the Hilbert space within
each sector is not connected by single-plaquette flips [31–
33], but for the square and triangular lattices, all states
within each winding-number sector are connected by the
kinetic operator, with the exception of some sectors near
maximal winding number, which are completely isolated
[8].

The different sectors can be characterized by topolog-
ical winding numbers. For a 2D lattice with periodic
boundary conditions, i.e., a torus geometry, we can draw
reference loops around the x and y directions, as illus-
trated in Figure 5. For the square lattice, we label the
vertical links that are crossed by the x loop according
to the parity (odd or even) of their x coordinate, and
similarly label the horizontal links crossed by the y loop
by their y coordinate. For µ ∈ {x, y}, the winding num-
ber Wµ is given by Wµ = No − Ne, where No and Ne
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FIG. 5. Definition of the winding number on square and tri-
angular lattices. For square lattice, the winding number in
the x direction is Wx = No − Ne, where No and Ne are the
number of dimers on links with odd and even x, respectively,
that are crossed by the horizontal reference line (and similarly
for Wy). For the triangular lattice, the winding number in di-
rection µ ∈ {x, y} is defined by Wµ = N mod 2, the number
of dimers crossing the reference line up to its parity. Example
dimer configurations and their winding numbers are shown.

are the number of dimers on links that are crossed by
the loop and that are odd and even according to this la-
beling. Since the plaquette-flip dynamics can only ever
add or remove a pair of nearest-neighbour dimers cross-
ing the reference line, it conserves Wµ. (The same is
in fact true of any local dynamics.) The dimer con-
figurations on the square lattice can therefore be split
into sectors with given winding numbers (Wx,Wy), where
−Lx/2 ≤Wx ≤ Lx/2 and −Ly/2 ≤Wy ≤ Ly/2.

Because the triangular lattice is not bipartite, there is
no consistent way to label links crossed by the reference
loop as odd or even. Instead the winding number is de-
fined by the number of dimers crossing the reference line
up to parity, Wµ = N mod 2. There are therefore only
four sectors, with (Wx,Wy) = (0, 0), (0, 1), (1, 0), and
(1, 1). Because every plaquette is crossed by any chosen
reference line an even number of times, these winding
numbers are also conserved by the dynamics (and by any
local dynamics).

We will show that the manifestation of ETH in the
QDM is sensitive to how these topological sectors are
treated. Since different system geometries imply dif-
ferent degeneracies between the sectors, it is helpful to
choose sizes with consistent degeneracy structures. For
the square lattice, it is sufficient to restrict to the case
where Lx and Ly are both even. We therefore take
(Lx, Ly) = (4, 6), (6, 6), (6, 8), the three largest acces-
sible system sizes.

This issue is more significant for the triangular lattice,
where we must account for the fact that spatial symmetry
operations change the winding numbers and hence map
configurations from one sector to another. This implies
that energy eigenstates in different sectors are related by
symmetry operations, and have identical energies as well
as identical expectation values of symmetric observables

such as N4f and N4s .
The effect of the symmetries on the winding numbers,

and hence on the degeneracies, are determined by the

shape of the system, and in particular on its size in units
of the lattice vectors. (We consider only clusters of type
A, according to the classification of Ref. [24].) To host
close-packed dimer configurations, the lattice must have
an even number of sites, and so there are three distinct
cases:

• even Lx = Ly—Rotations by π/3 relate configura-
tions in three of the sectors [24]. The largest system
size accessible to full diagonalization is Lx = Ly =
4.

• Lx 6= Ly, both even—In this case, the four sectors
are all different. The largest accessible sizes are
(Lx, Ly) = (4, 6) and (4, 8).

• Lx even, Ly odd—In this case, symmetries relate
the (0, 0) and (0, 1) sectors as well as the (1, 0)
and (1, 1) sectors [34]. Accessible sizes include
(Lx, Ly) = (4, 5), (4, 7), and (6, 5).

We therefore choose Lx even and Ly odd, so that we have
three accessible system sizes with the same degeneracy
structure. A negative trade-off of this choice is that we
must include the case (4, 7), which has relatively large
anisotropy.

III. RESULTS

In this section we will present our main results, first
for the square lattice and then the triangular lattice. The
primary quantities of interest are the expectation values
of the observables Nα

f and Nα
s in energy eigenstates. For

each lattice, we first present the raw data, from which
some qualitative features can be understood. We then
analyze statistical properties of the expectation values
and compare these with predictions based on ETH.

In the following, we will set t = 1 as the energy unit and
vary V only. Only the cases with V ≥ 0 are considered
because, as we prove in Appendix A, the spectra and
diagonal matrix elements are identical for V and −V .

A. ETH for the square QDM

In Figure 6, we show (N�
f )nn and (N�

s )nn, the diagonal

matrix elements of Nf and Ns, in all eigenstates |En〉
of the Hamiltonian H� for the square lattice, at various
values of V (columns) and lattice sizes L = LxLy (colors).
The top two rows include the full spectrum, containg all
topological sectors, while the bottom two rows restrict to
the (0, 0) sector.

It is interesting to see that, for small V , the full spectra
of both Nf and Ns (top two rows of Figure 6) form a
structure consisting of multiple bands. We have verified
that this results from the fact that each topological sector
forms a band and some of these overlap. Concentrating
on the (0, 0) sector (bottom two rows of Figure 6), which
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V = 0 V = 0.5 V =1 V = 2 V = 5

E / L E / L E / L E / L E / L

E / L E / L E / L E / L E / L

L = 4×6
L = 6×6
L = 6×8(N

⇤ f
) n

n
/L

(N
⇤ s

) n
n
/L

(N
⇤ f

) n
n
/L

(N
⇤ s

) n
n
/L

FIG. 6. Diagonal matrix elements of Nf and Ns in the energy eigenbasis for the QDM on square lattices with size L = Lx×Ly =
4×6, 6×6 and 6×8 at V = 0, 0.5, 1, 2, 5. The top two rows show the full spectrum, containing all the topological sectors, while
the bottom two rows show the spectrum from only the (0, 0) topological sector. The solid black lines show the expectation
values in the canonical ensemble, Eq. (2), at a temperature T chosen such that the mean energy is E (for the largest lattice
size, L = 6× 8).

contains roughly half of the whole Hilbert space, we see
that the distribution becomes narrower as the system size
increases, at least in the middle of the distribution and
for V not too large. Furthermore, the expectation values
in eigenstates of energy E appear to converge towards the
thermal expectation value (black line) at a temperature
chosen such that the mean energy is E, consistent with
the predictions of ETH as detailed in Section II A.

Finally, for large V , the QDM approaches a trivially
integrable point at V = ∞, where the Hamiltonian con-
tains only the diagonal terms Pαp and thus reduces to a
classical Hamiltonian. This is reflected in the step struc-
ture in the case V = 5, which is already visible within
the (0, 0) sector.

To provide a more quantitative picture, we employ
an approach that has proved useful in previous studies
[14, 17], by looking at fluctuations between the diagonal
matrix elements in adjacent energy eigenstates. We first
sort all the eigenstates by energy and then calculate the
difference of diagonal matrix elements between adjacent

eigenstates,

(∆Nf,s)n = (Nf,s)n+1,n+1 − (Nf,s)n,n . (5)

As discussed in Section II A, ETH predicts that the width
of the distribution of ∆Nf,s should decrease exponen-
tially with system size. We note that since it is well
known that states at the edges of the spectrum do not
exhibit eigenstate thermalization (as can also be seen
clearly from the bottom two rows of Figure 6), we will
only keep the middle part of the spectrum. We follow
Ref. [14] and retain only states with energy En such that

|En − Emid| < xthr
Emax − Emin

2
(6)

where Emin and Emax are the eigenstates of minimal and
maximal energy respectively, Emid = (Emax + Emin)/2
and xthr is the truncation parameter, which we will set
to xthr = 0.2.

The top two rows of Figure 7 show the distributions
of (∆Nf )n and (∆Ns)n, which clearly narrow as L in-
creases, for V ≤ 2. Also shown, in the bottom row of
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FIG. 7. Top two rows: Distribution of (∆Nf )n and (∆Ns)n, the difference of the diagonal matrix element of Nf and Ns for
successive energy eigenstates, on the square lattice. Only the (0, 0) topological sector, corresponding to the bottom two rows of
Figure 6, is included. States at the edges of the spectrum, i.e., those not obeying Eq. (6) with Ethr = 0.2 for all the cases, are
excluded. Bottom row: Root-mean-square (RMS) values of (∆Nf )n and (∆Ns)n. The solid lines show an exponential fit (note
the logarithmic scale on the vertical axis), to test the ETH claim that the eigenstate-to-eigenstate fluctuations of the diagonal
matrix elements are suppressed exponentially with system size.

Figure 7, is the root-mean-square (RMS) of these distri-
butions, calculated after the truncation. From the ex-
ponential fit of the RMS values of (∆Nf )n and (∆Ns)n
(note the log scale on the vertical axis of the bottom row
of Figure 7), we see the hallmark of ETH, i.e., that the
eigenstate-to-eigenstate fluctuations of the diagonal ma-
trix elements of the observables decrease exponentially
with system size, is evident for the smaller values V . At
V = 5, ETH appears to break down, with no consistent
decrease in the RMS with increasing system size.

B. ETH for the triangular QDM

In Figure 8, we show the raw data for the triangular
lattice. The diagonal matrix elements of Nf and Ns are
shown for all topological sectors in the top two rows, and
within the (0, 0) sector in the bottom two rows. (Recall
that there are four sectors for the triangular lattice, but,
for the system sizes used here, symmetries reduce these to
two distinct pairs.) In this case, the distribution becomes
narrower with increasing system size L both for the full
spectrum and when restricted to a single sector.

To determine whether this narrowing is quantitatively
consistent with ETH, we calculate (∆Nf )n and (∆Ns)n,
defined by Eq. (5), for the triangular lattice. In Figure 9,
we show the distribution of these quantities, calculated
after truncation using Eq. (6) with xthr = 0.2. As was

already evident from Figure 8, the distributions become
narrower with increasing L for both the full spectrum
and that of the (0, 0) sector.

For L = 4 × 7, there is a clear two-peak structure
that is visible for the spectrum treated as a whole but
not for the (0, 0) sector. This indicates a separation of
the expectation values into bands corresponding to dif-
ferent topological sectors, as for the square lattice. In
this case, however, there is no visible splitting for the
more isotropic systems, L = 4× 5 and 6× 5.

In Figure 10, we present the RMS values of (∆Nf )n
and (∆Ns)n. As for the square lattice, a reasonable fit
is achieved to an exponential decrease with system size,
but only within the (0, 0) sector. It should be noted that
the more isotropic systems, L = 4 × 5 and 6 × 5, show
a consistent decrease, similar to that for a single sector,
even with the spectrum treated as a whole. One might
speculate that the breakdown of the ETH in this case
is due to the confounding influence of the variation in
system geometry.

IV. CONCLUSIONS AND OUTLOOK

We have studied the statistical properties of energy-
eigenstate expectation values in the quantum dimer
model (QDM) on both the square and triangular lattices,
as a test of the applicability of the eigenstate thermaliza-
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FIG. 8. Diagonal matrix elements of Nf and Ns in the energy eigenbasis for the QDM on triangular lattices with size
L = Lx × Ly = 4 × 5, 4 × 7 and 6 × 5 at V = 0, 0.5, 1, 2, 5. The top two rows show the full spectrum, containing all the
topological sectors, while the bottom two rows show the spectrum from only the (0, 0) topological sector. The solid black lines
show the expectation values in the canonical ensemble, Eq. (2), at a temperature T chosen such that the mean energy is E (for
the largest lattice size, L = 6× 5).

tion hypothesis (ETH). We find results consistent with
the quantitative predictions of ETH, as long as one treats
separately the different topological sectors of the Hilbert
space, which are disconnected under the action of the
Hamiltonian. When the spectrum is treated as a whole,
we observe substantial deviations from ETH, for the sys-
tem sizes that are accessible in exact diagonalization.

While the evidence for the breakdown of ETH as ap-
plied to the full Hilbert space is, we believe, convincing
for the square lattice, the situation is less clear for the tri-
angular lattice. In the latter case, the set of system sizes
accessible by exact diagonalization is extremely limited,
and the choice is complicated by the interaction between
system geometry and topological degeneracies. The three
systems for which we have presented results have a range
of aspect ratios, introducing an additional confounding
variable that may be obscuring the exponential trend ex-
pected from ETH.

From a theoretical point of view, the distinction be-
tween square and triangular lattices results from their
different topological conservation laws, which are in turn
due to the fact that the triangular lattice is not bipar-

tite. The winding numbers Wx and Wy can therefore be
defined only up to parity, and there are only four sectors,
some of which are related by symmetries. It is possible
that the different sectors may become indistinguishable
in the thermodynamic limit; more precisely, full restora-
tion of ETH would require that the sector-dependent ef-
fects become exponentially small in the system size L.

The dimer model on the bipartite square lattice, by
constrast, has integer winding numbers and thus an ex-
tensive number of topological sectors. It is therefore rea-
sonable to expect a spread in their properties that re-
mains in the thermodynamic limit. It should be noted,
though, that for large system sizes, most states (in fact,
all but an exponentially small fraction) have winding
numbers that are much less than the maximal value, of
order the linear system size. In this respect, the square
lattice becomes, for larger L, more like the triangular
lattice, where all states have Wµ of order unity.

For the square lattice, the possibility therefore remains
that, in the thermodynamic limit, the subset of states
with Wµ of order unity obey ETH when treated as a
whole. As for the triangular lattice, this would require
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that their dependence on Wµ not merely decreases, but
does so exponentially with L. With the system sizes
available, it is not possible to state definitively whether
this will indeed happen. In any case, it is certainly true
that the minority of eigenstates that have extensive wind-
ing numbers will remain outliers as far as ETH is con-
cerned, for any finite size.

While the need to distinguish topological sectors may
not be viewed as particularly surprising, it should be
noted that this is apparently unnecessary with other
global conserved quantities, such as momentum. (We
have exploited momentum conservation to aid diagonal-
ization of the Hamiltonian, but all momentum sectors
are included in our results.) The winding numbers defin-
ing the topological sectors are apparently more similar
in this respect to local conserved quantities in integrable
models [5]. In principle it should be possible to include
all topological sectors on an equal footing, by analogy
with the GGE for integrable systems [35], but it remains
to be seen whether this can be done in practice.

In this work, we have studied the predictions of ETH
only for diagonal matrix elements of the observables.
Predictions for off-diagonal elements are also contained
in Eq. (1), but an alternative perspective on this question
involves the time dependence of observables after a quan-
tum quench [2]. Our results here suggest that interest-
ing behavior should occur at large V (around V/t & 5),
where ETH begins to break down, and we indeed observe
signatures of slow relaxation and metastability at such
parameters [36]. Another interesting extension is the dis-
ordered QDM and its possible connections to many-body
localization [37].
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Appendix A: Symmetry between +V and −V

In this Appendix, we prove that there exists a unitary
operator R such that, for any eigenstate |E〉 of Hα(V )
with eigenvalue E, R|E〉 is an eigenstate of Hα(−V ) with
eigenvalue −E. Furthermore, any operator that is diag-
onal in the basis of the dimer configurations, such as Nα

f
and Nα

s , commutes with R and hence has the same di-
agonal matrix element in |E〉 and R|E〉.

For any dimer configuration Ψ, let n be the number of
dimers occupying links colored red in Figure 11, and let
R(Ψ) = (−1)n. Since every plaquette has an odd number
of red links, flipping any plaquette gives a configuration
Ψ′ with R(Ψ′) = −R(Ψ). We can define the unitary
(in fact involutory) operator R, which is diagonal in the

FIG. 11. Pattern of bonds used in the definition of the op-
erator R (see Appendix A). Each plaquette (square for the
square lattice, left; rhombus for the triangular lattice, right)
has an odd number of red (dashed) links.

basis of dimer configurations |Ψ〉 and has the property
R|Ψ〉 = (−1)n|Ψ〉.

Now since R and Pαp , defined in Section II B, are both
diagonal in the basis |Ψ〉, they commute, i.e., RPαp =
Pαp R. On the other hand, because each term of Tαp flips a
plaquette, which changes the sign of R, the operators Tαp
and R anticommute, i.e., RTαp = −Tαp R. Applying the
unitary transformation R to the Hamiltonian, Eq. (4),
therefore gives

RHα(V )R−1 =
∑
p

(
−tRTαp R−1 + VRPαp R−1

)
=
∑
p

(
tTαp + V Pαp

)
= −Hα(−V ) . (A1)

The statement that R|E〉 is an eigenstate of Hα(−V )
with eigenvalue −E follows. Finally, R is by definition
diagonal in the basis of dimer configurations, and hence
commutes with any other such operator.
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