THE AUTOMORPHISMS OF PETIT’S ALGEBRAS

C. BROWN AND S. PUMPLUN

ABSTRACT. Let o be an automorphism of a field K with fixed field F'. We study the
automorphisms of nonassociative unital algebras which are canonical generalizations of
the associative quotient algebras K[t; o]/ fK|[t; o] obtained when the twisted polynomial
f € K[t; o] is invariant, and were first defined by Petit. We compute all their automor-
phisms if o commutes with all automorphisms in Autp(K) and n > m — 1, where n is
the order of o and m the degree of f, and obtain partial results for n < m — 1. In the
case where K/F is a finite Galois field extension, we obtain more detailed information
on the structure of the automorphism groups of these nonassociative unital algebras over

F. We also briefly investigate when two such algebras are isomorphic.

INTRODUCTION

Let D be a division algebra, o an injective endomorphism of D, § a left o-derivation and
R = D[t;0,0] a skew polynomial ring (for instance, c.f. [16, § 3.4]). For an invariant skew
polynomial f € R, i.e. when the ideal Rf is a two-sided principal ideal, the quotient alge-
bra R/Rf appears in classical constructions of associative central simple algebras, usually
employing an irreducible f € R to get examples of division algebras, e.g. see [15].

In 1967, Petit [22, 23] introduced a class of unital nonassociative algebras Sy, which
canonically generalize the quotient algebras R/Rf obtained when factoring out an invariant
f € Rof degree m. The algebra Sy = DIt; 0,0]/Dlt; o, 0] f is defined on the additive subgroup
{h € R|deg(h) < m} of R by using right division by f to define the algebra multiplication
goh = gh mod,f. The properties of the algebras Sy were studied in detail in [22, 23], and
for D a finite base field (hence w.l.o.g. § = 0) in [20].

Even earlier, the algebra Sy with f(t) = t* —i € C[t;7], ~ the complex conjugation,
appeared in [8] as the first example of a nonassociative division algebra.

Although the algebras themselves have received little attention so far, the right nucleus
of Sy (the eigenspace of f € R) already appeared implicitly in classical constructions by
Amitsur [2, 3, 4], but also in results on computational aspects of operator algebras; they
are for instance used in algorithms factoring skew polynomials over F,(¢) or finite fields, cf.
[11, 12, 13, 14]. The role of classical algebraic constructions in coding theory is well known
(cf. [16, Chapter 9], [17, 1, 7]).

Moreover, recently space-time block codes, coset codes and wire-tap codes were obtained
employing the algebras Sy over number fields, cf. [9, 10, 21, 24, 27, 28, 29], and they also

appear useful for linear cyclic codes [25, 26].

1991 Mathematics Subject Classification. Primary: 17A35; Secondary: 17A60, 17A36, 16S36.
Key words and phrases. Skew polynomial ring, skew polynomials, Ore polynomials, automorphisms,

nonassociative algebras.



2 C. BROWN AND S. PUMPLUN

If K is a finite field, F' the fixed field of o, K/F a finite Galois field extension and
f € K[t;o] = K[t;0,0] irreducible and invariant, the Sy are Jha-Johnson semifields (also
called cyclic semifields) [20, Theorem 15], and were studied for instance by Wene [35] and
more recently by Lavrauw and Sheekey [20]. The main motivation for our paper comes from
the question how the automorphism groups of Jha-Johnson semifields look like. The results
presented here are applied to some Jha-Johnson semifields in [6].

The structure of this paper is as follows: In Section 1, we introduce the terminology and
define the algebras Sy. We limit our observations to the algebras which are not associative.
Given a field extension K, o € Aut(K) of order n with fixed field F, such that o com-
mutes with all 7 € Autp(K), and f € K[t; o] of degree m not invariant, we compute the
automorphisms of Sy in Section 2. We obtain all automorphisms for n > m — 1 and some
partial results for n < m — 1 (Theorems 4 and 5). For n > m — 1, the automorphisms in
Autp(Sy) are canonically induced by the F-automorphism G of R = K[t; o] which satisfy
G(f(t)) = af(t) for some a € K*, and on K restrict to an automorphism that commutes
with 7.

The automorphisms groups of Sy where f(t) =t —a € K[t;o|, a € K\ F, play a special
role, as for all nonassociative S, with g(t) = t" — Z?i_ol bit' € K[t;o] and by = a, Autp(S,)
is a subgroup of Auty(Sy) when n > m — 1.

We then focus on the situation that K/F is a finite Galois field extension such that o
commutes with all 7 € Gal(K/F). In many cases, either Autp(Sy) = Gal(K/F') or is trivial
(Theorem 10). Necessary conditions for extending Galois automorphisms 7 € Gal(K/F)
to Sy are studied in Sections 3 and 4. The existence of cyclic subgroups of Autg(Sy) is
investigated in Section 5.

For f(t) = t™ —a € K|[t;o] and K/F a cyclic field extension of degree m, the algebra
Sy is also called a nonassociative cyclic algebra and denoted by (K/F,0,a). These algebras
are canonical generalizations of associative cyclic algebras, but also generalizations of the
algebras in [3, 15]. The automorphisms of nonassociative cyclic algebras are investigated
in Section 6. All the automorphisms of A = (K/F,o0,a) extending idx are inner and
form a cyclic subgroup of Autg(A) isomorphic to ker(Ng,p). In some cases, this is the
whole automorphism group, e.g. if F' has no mth root of unity. In these cases, every
automorphism of A leaves K fixed and is inner. We explain when the automorphism group
of a nonassociative quaternion algebra A (where m = 2) contains a dicyclic group and when
it contains a subgroup isomorphic to the semidirect product of two cyclic groups.

In Section 7 we briefly investigate isomorphisms between two algebras Sy and S,.

This work is part of the first author’s PhD thesis [5] written under the supervision of
the second author. For results on the automorphisms of the more general algebras defined
using f € DIt;o], or a more detailed study and the (less relevant) cases left out in this
paper the reader is referred to [5]. For examples of applications of the associated classical

constructions the readers are referred to [1, 7, 16, 17].

1. PRELIMINARIES
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1.1. Nonassociative algebras. Let F be a field and let A be an F-vector space. A is an
algebra over F' if there exists an F-bilinear map A x A — A, (z,y) — « - y, denoted simply
by juxtaposition xy, the multiplication of A. An algebra A is called unital if there is an
element in A, denoted by 1, such that 1z = x1 = z for all x € A. We will only consider
unital algebras from now on without explicitly saying so.

Associativity in A is measured by the associator [x,y,z] = (xy)z — x(yz). The left
nucleus of A is defined as Nuc;(A) = {x € A|[z, A, A] = 0}, the middle nucleus of A is
Nuc,,(A) = {z € A|[A,z, A] = 0} and the right nucleus of A is defined as Nuc,(A) = {z €
A|[A, A, x] = 0}. Nugi(A), Nuc,,,(A4), and Nuc,(A) are associative subalgebras of A. Their
intersection Nuc(A) = {x € A|[z, A, A] = [A,z,A] = [A, A, z] = 0} is the nucleus of A.
Nuc(A) is an associative subalgebra of A containing F'1 and z(yz) = (zy)z whenever one of
the elements z, y, z lies in Nuc(A). The centerof Ais C(A) = {z € A|z € Nuc(4) and zy =
yx for all y € A}

An F-algebra A # 0 is called a division algebra if for any a € A, a # 0, the left
multiplication with a, L,(z) = az, and the right multiplication with a, R,(xz) = za, are
bijective. If A has finite dimension over F', then A is a division algebra if and only if A
has no zero divisors [31, pp. 15, 16]. An element 0 # a € A has a left inverse a; € A, if
R.(a;) = aqja = 1, and a right inverse a, € A, if Ly(a,) = aa, = 1.

An automorphism G € Autp(A) is an inner automorphism if there is an element m € A
with left inverse m; such that G(x) = (myz)m for all z € A. Given an inner automorphism
G € Autp(A) and some H € Autp(A), then clearly H=! o G, 0 H € Autp(A) is an inner

automorphism. [34, Lemma 2, Theorem 3, 4] generalize to any nonassociative algebra:

Proposition 1. Let A be an algebra over F.

(i) For all invertible n € Nuc(A), Gy, (z) = (n~1x)n is an inner automorphism of A.

(ii) If Gy is an inner automorphism of A, then so is G (z) = ((myn=Y)z)(nm) for all
invertible n € Nuc(A).

(#3) If Gy, is an inner automorphism of A, and a,b € Nuc(A) are invertible, then Ggm =
Gom if and only if ab=! € C(A).

(iv) For invertible n,m € Nuc(A), G,, = Gy, if and only if n='m € C(A).

The set {G,, |m € Nuc(A) invertible} is a subgroup of Autz(A). For each invertible
m € Nuc(A)\ C(A), G,, generates a cyclic subgroup which has finite order s if m® € C'(A),
so in particular if m has order s.

Note that if the nucleus is commutative, then for all invertible n € Nuc(4), G, (z) =

(n~'z)n is an inner automorphism of A such that GnlNuc(4) = 1dNuc(A)-

1.2. Twisted polynomial rings. Let K be a field and ¢ an automorphism of K. The
twisted polynomial ring K|[t; o] is the set of polynomials ag + a1t + - - - + a,t"™ with a; € K,
where addition is defined term-wise and multiplication by ta = o(a)t for all a« € K. For
f =ao+ ait+ -+ ayt™ with a,, # 0 define deg(f) = n and put deg(0) = —oco. Then
deg(fg) = deg(f) + deg(g). An element f € R is irreducible in R if it is not a unit and it
has no proper factors, i.e. if there do not exist g,h € R with deg(g),deg(h) < deg(f) such
that f = gh.
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R = K][t; o] is aleft and right principal ideal domain and there is a right division algorithm
in R: for all g, f € R, g # 0, there exist unique r,q € R with deg(r) < deg(f), such that
g = qf +r. There is also a left division algorithm in R [15, p. 3 and Prop. 1.1.14]. (Our
terminology is the one used by Petit [22] and Lavrauw and Sheekey [20]; it is different from
Jacobson’s, who calls what we call right a left division algorithm and vice versa.) Define
F = Fix(o).

1.3. Nonassociative algebras obtained from skew polynomial rings. Let K be a
field, o an automorphism of K with F' = Fix(c), and f € R = K[t;o0] of degree m. Let
mod, f denote the remainder of right division by f. Then then additive abelian group
R,, = {9 € KJt;o]|deg(g) < m} together with the multiplication g o h = gh mod,.f is a
unital nonassociative algebra Sy = (R,,0) over Fy = {a € K |ah = ha for all h € S;}. F,
is a subfield of K [22, (7)] and it is straightforward to see that if f(t) = t™ — 2?51 a;t" and
ag # 0 then Fy = F [25, Remark 9]. The algebra Sy is also denoted by R/Rf [22, 23] if we
want to make clear which ring R is involved in the construction. In the following, we call
the algebras Sy Petit algebras and denote their multiplication simply by juxtaposition.

Using left division by f and the remainder mod; f of left division by f instead, we can
analogously define the multiplication for another unital nonassociative algebra on R,, over
Fpy, called ;S. We will only consider the Petit algebras Sy, since every algebra ;S is the
opposite algebra of some Petit algebra [22, (1)].

Theorem 2. (c¢f. [22, (2), (5), (9)]) Let f(t) € R = K|[t; 0].

(i) If Sy is not associative then Nuc;(Sy) = Nuc,,(Sy) = K and Nuc,(Sf) ={g € R| fg €
Rf}.

(ii) The powers of t are associative if and only if t"™t = tt"™ if and only if t € Nuc,(Sy) if
and only if ft € Rf.

(i1i) Let f € R be irreducible and Sy a finite-dimensional F-vector space or free of finite
rank as a right Nuc,(Sy¢)-module. Then Sy is a division algebra.

Conversely, if Sy is a division algebra then f is irreducible.

(v) Sy is associative if and only if f is invariant. In that case, Sy is the usual quotient
algebra.

(v) Let f(t) =t™ — Z;T;Ol a;it' € R = K[t;0]. Then f is invariant if and only if o™ (2)a; =
a;0'(z) forallz€ K,i€{0,...,m—1} and a; € F for all i € {0,...,m — 1}.

Note that if f is not invariant, then the nucleus of any Sy = K[t;o]/K[t; 0] f is a subfield
of K = Nuc;(Sy). If Nuc(Sy) is larger than F', then {G,, |0 # m € Nuc(A)} is a non-trivial
subgroup of Autr(Sy) and each inner automorphism G, in this subgroup extends idyyc(a)
by Proposition 1.

Proposition 3. Let f(t) € F[t] = F[t;o] C K[t;0].

(i) F[t]/(f(t)) is a commutative subring of Sy and F[t]/(f(t) X F& Ft&--- @& Ft™~! C
Nuc, (S¢). In particular, then ft € Rf which is equivalent to the powers of t being associative,
which again is equivalent to t™t = tt™.

(i) If f(¢) is irreducible in F[t], F[t]/(f(t)) is an algebraic subfield of degree m contained
in the right nucleus.
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Proof. Sy contains the commutative subring F[t]/(f(t)). If f(¢) is irreducible in F'[¢], this
is an algebraic field extension of F'. This subring is isomorphic to the ring consisting of the
elements Z?Z)l a;t* with a; € F.

Clearly F' C Nuc,(S¢). For all a,b,c € K, i,j € {0,...,m — 1} we have [at’,bt? t] =
(ao® (b))t — (at’)(btI ) = ao®(b)t"TI T+ — ao®(be)t™™ = 0. Thus t € Nuc,(Sy) which
implies that F & Ft & --- & Ft™~! C Nuc,(Sy), hence the assertion. The rest is obvious.

O

We will assume throughout the paper that deg(f) = m > 2 (since if f is constant then
Sy = K) and that o # id. Without loss of generality, we only consider monic polynomials
f, since Sy = S,y for all non-zero a € K.

2. AUTOMORPHISMS OF Sy

2.1. Let K be a field, o an automorphism of K of order n (which may be infinite), F =
Fix(o), and f(t) =t™ — Z;’;l a;t' € K[t;o] a twisted polynomial which is not invariant.

Theorem 4. Suppose o commutes with all T € Autp(K). Let n > m — 1. Then H is an
automorphism of Sy if and only if H = H, j with

m—1

H: Z zit") = 7(z0) + T(21)kt + T(22) ko (k)t* + - + T(2)0_1) k0 (k) - - ™2 (k)t™ 1,
i=0
where 7 € Autp(K) and k € K* is such that
m—1
@ r(a) = (I] o'k
=i

for alli € {0,...,m—1}.

Proof. Let H : Sy — Sy be an automorphism. Since Sy is not associative, Nuc;(Sy) = K
by Theorem 2 (i). Since any automorphism preserves the left nucleus, H(K) = K and so
H|g = 7 for some 7 € Autp(K). Suppose H(t) = Z;’:)l k;t' for some k; € K. Then we

have

m—1 m—1
(2) H(tz) = H(t)H(z) = (Z kit (2) = Z ko (1(2))t"
i=0 i=0
and
(3) H(tz) = H(o(2)t) = Z 7(0(2)) kit
i=0

(4) kio'(1(2)) = kiT(0"(2)) = T(0(2))ki = kiT(0(2))

for all i € {0,...,m — 1} and all z € K. This implies k;(7(0%(z) — o(z))) = 0 for all
i€{0,...,m—1} and all z € K since ¢ and 7 commute, i.e.

(5) ki =0or o' (z) = 0(2)

forallie {0,...,m—1} and all z € K.
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Since ¢ has order n > m — 1, which means o® # o for all i € {0,...,m — 1}, i # 1, (5)
implies k; = 0 for all ¢ € {0,...,m — 1}, i # 1. Therefore H(t) = kt for some k € K*.
Furthermore, we have H(zt!) = H(z)H(t)Z () (kt) = 7(2 )(Hz Lol (k ))ti for all i €
{1,...,m —1} and z € K. Thus H has the form

(6) HT7k(Z_ zit") = 7(20) + z_: 7(z5) ﬁol(k)t
i=0 i=1 1=0

for some k € K*. Moreover, with "™ = tt™~!, also

m—1 m—1 m—1 1—1

(7) H(t™) = H( Z aiti) = Z H(a;)H(t)" = 7(ag) + T(ai)(H al(k;))ti

=0 =0 i=1 =0
and H(tt™ Y = HO)Ht™ ) = HHH@t)™ 1, ie.

m—1

®)  H@"=HOHO" " =ko(k)---o" (0™ = ko(k)-- 0™ (k) Y ait’

Comparing (7) and (8) gives 7(a;) = (H;n:_il Uq(k)>a,» for alli € {0,...,m—1}. Thus H is
as in (6) where k € K* is such that (1) holds for all i € {0,...,m — 1}.

The H,j are indeed automorphisms of Sy: Let G be an automorphism of R K|t; o].
Then for h(t) = S7_, bit' € K[t; 0] we have G(h(t)) = 7(bo) + S0 7(bi) [1)—g o' (k)t* for
some 7 € Aut(K) such that 0 o7 = 7 0 ¢ and some k € K* (the proof of [20, Lemma 1]
works for any R = K[t;o], or cf. [18, p. 75]). It is straightforward to see that Sy = S¢ (s
(cf. [20, Theorem 7], the proof works for any R = K[t;o]). In particular, this means that
if k € K* satisfies (1) then G(f(t)) = (I Yol(k ) f(t) = af(t) with a € K* being
the product of the o!(k), and so G induces an isomorphism of Sy with S,y = Sy, i.e. an
automorphism of Sy. The automorphisms of Autp(Sy) are therefore all canonically induced
by the F-automorphisms G of R = K[t; o] which satisfy (1). O

The assumption that n > m — 1 is needed in (4) to conclude that k; = 0 for i =
0,2,3,...,m—1and so H(t) = kt. If n < m — 1 we still obtain:

Theorem 5. Suppose o commutes with all T € Autp(K). Let n < m — 1.

(i) For all k € K* satisfying (1) for alli € {0,...,m — 1}, the maps H, y, from Theorem 4
are automorphisms of Sy and form a subgroup of Autp(Sy).

(i) Let H € Autp(Sy) and N = Nuc,(Sf). Then H|x = 7 for some 7 € Autp(K),
H|y € Autp(N) and H(t) = g(t) with g(t) = kit +k1pnt " + ki pont! T2+ 4 kgt T57
for some k111, € K, 0 <1 < s. Moreover, g(t)! is well defined for all i < m — 1, i.e., all
powers of g(t) are associative for all i <m — 1, and g(t)g(t)" ! = Z?:Ol 7(a;)g(t)t. Thus

m—1

Z zit?) Z m(2:)g(t)".

i=0
Proof. (i) is straightforward, using the relevant parts of the proof of Theorem 4. Note that
the inverse of H. y is Hy -1 .-1(-1y and Hy o Hy,p = Hy )y 2 (p)k-
(ii) Let H : Sy — Sy be an automorphism. As in Theorem 4, H|x = 7 for some 7 €
Autp(K), and H|y € Autp(N). Suppose H(t) = 7" kit? for some k; € K. Comparing
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the coefficients of ¢ in H(tz) = H(t)H(z) = H(o(2)t) we obtain (5) for all7 € {0,...,m—1}
and all z € K. Since o has order n < m — 1, here, (5) only implies k; = 0 for ¢ € {0,...,n},
i # 1. Therefore H(t) = kit+> . n+1 kit for some k; € K. However, 0'(z) = o(z) forall z €
K if and only if i = nl+1 for some [ € Z since o has order n. Therefore (5) implies k; = 0 for
every i # 1+nl, 1 € Ng,i € {0,...,m — 1}. Thus H(t) = kit+kiint" ™ 4. . +kiggnt!T5" for
some s, sn < m — 1. Furthermore, H(t"™) = H(X "o  ait’) = S0 m(as) (bt + kg ot +

vt kst ) and H(E™) = (kit + kipnt'™ + .+ k1psntt )™, Similarly, H(¢)! =
(it + k1t + .+ kst T5)% Together these imply the assertion. O

A closer look at the proof of Theorems 4 and 5 reveals that in fact the following holds

without requiring o to commute with all 7 € Autp(K):

Proposition 6. (i) For every k € K* satisfying (1) for all i € {0,...,m — 1} for T = id,
H,qk is an automorphism of Sy and generates a subgroup of Auty(Sy).

(ii) If any H € Autp(Sy) restricts to some 7 € Autp(K) such that Too = o o7 then
H=H, withk € K* as in Theorem 4. Moreover, {H, |7 € Autp(Sf),Too0 =001,k €
K> with 7(a;) = ( 7;;1 ol(k))a; for alli € {0,...,m — 1}} is a subgroup of Autp(Sy).
(i) If m =2, H € Aut(Sy) if and only if H = H., with Too =oc o7, T(ap) = ko(k)ao,

and 7(a1) = o(k)ay.

2.2. The automorphisms groups of Sy for f(t) =t"—a € K[t; 0], a € K\F, are crucial in the
understanding of the automorphism groups of all the algebras S, as for all nonassociative
S, with g(t) = t™ — 221_01 bit" € Klt;o] such that by = a, Autp(S,) is a subgroup of
AutF(Sf):

Theorem 7. Suppose o commutes with all 7 € Gal(K/F). Letn > m — 1 and g(t) =
tm — S Vbt € K[ty 0] not be invariant.

(i) If f(t) =t™ — by € K[t;0], bp € K\ F, then Autp(Sy) C Autp(Sy) is a subgroup.

(i) Let f(t) = t™ — 22161 a;it’ € K|t;o] not be invariant and assume b; € {0,a;} for all
i1 €{0,...,m—1}. Then Autp(Sy) C Autp(Sy) is a subgroup.

Proof (i) Let H € Autp(Sy). By Theorem 4, H has the form H(Zmolx ) = 7(z0) +
Y Lr(y) Hl o 0! (k)t, where 7 € Autp(K) and k € K* satisfy 7(b;) = (HTZZI O'j(k))bi
for all i = 0,...,m — 1. In particular, 7(by) = ko(k)---0™ *(k)by and so H is also an
automorphism of S¢, again by Theorem 4.

(ii) The proof is analogous to (i). O
Similarily, for n < m — 1 employing Theorem 5 we obtain:

Theorem 8. Suppose o commutes with all 7 € Autp(K). Let n < m — 1 and g(t) =
" — szol bit' € K|[t; o] not be invariant.

(i) If f(t) =t" —by € K[t;0], bp € K\ F, then {H € Autp(Sy) | H = H, 1} is a subgroup
of {H € Autp(Sy)|H = H 1.}

(ii) Let f(t) = t™ — 22161 a;t’ € Klt;o] not be invariant such that b; € {0,a;} for all
i1€{0,...,m—1} Then {H € Autp(Sy) | H = H, 1} is a subgroup of {H € Autp(Sy) | H =
H, i}
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The automorphism groups of Sy with f(t) = t™ — a € K|[t; o] are therefore particularly

relevant.

3. NECESSARY CONDITIONS FOR EXTENDING (GALOIS AUTOMORPHISMS TO Sf

From now on we restrict ourselves to the situation that R = K|[t;o0] and F = Fix(o),
where K/F is a finite Galois field extension and ¢ of order n.

We take a closer look at Equality (1), which gives necessary conditions on how to choose
the elements k € K* used to extend 7 € Gal(K/F) to Autp(Sf). These become more
restrictive for the choice of the elements k, the more coefficients in f(¢) are non-zero. Let
Ng/r : K — F be the norm of K/F. All monic polynomials f considered in the following

are assumed to not be invariant and of degree m.

Proposition 9. Suppose that o and T commute. Let f(t) =t™ — Z;’;Bl a;tt € K[t;o] and
k € K* such that

forallie{0,...,m—1}. Then:

(i) For alli € {0,...,m — 1} with a; # 0, Ng/p(k) is an (m — i)th root of unity.

In particular, if ag # 0 (e.g., if f(t) is irreducible) then N, p(k) is an mth root of unity,
and if a1 # 0 then Ng/p(k) = 1.

If app—1 € Fix(7)* then k= 1.

(i) If T # id and there is some i such that a; is not contained in Fix(7), then k # 1.

(iii) Suppose that there is some a; # 0 and F does not contain any non-trivial (m — i)th
roots of unity. Then N p(k) = 1.

(i) If there is an i € {0,...,m — 1} such that a; € Fix(7)*, then 1 = 7;:1 al(k). In
particular, if n =m, o generates Gal(K/F), and ag € Fix(7)* then k € ker(Ng /).

(v) Suppose T = idg. Then for all i € {0,...,m — 1} with a; # 0, 1 = ;1;1 ol(k). In
particular, if n = m, o generates Gal(K/F') and ag # 0 then k € ker(Ng,r). In this case,

the automorphisms extending idy are in one-one correspondence with those k € ker(Ng /r)
satisfying (1).

Proof. (i) Equality (1) states that 7(a;) = ( 7;:1 Ul(k‘))ai for alli € {0,...,m—1}. Thus
Nir(a;) =TI Niyr(ol (k) Nisr(a;) (apply Nk to both sides of (1)), and there-
fore Ng/p(a;) = N p(k)™ "N r(a;) for all i € {0,...,m — 1} is a necessary condition
on k. For all a; # 0, this yields 1 = Ny, p(k)™ " therefore Ng/p(k) € F* must be an
(m — i)th root of unity, for all ¢ € {0,...,m — 1}, with a; # 0. Hence if a,,—1 # 0 then
T(am-1) = 0™ 1 (k)am—1, thus Ng/p(am—-1) = Ng/r(k)Ng/p(am-1), i.e. Ngsp(k) =1. If
even a,,_1 € Fix(7)* then a,,_1 = 0™ Y(k)a,,_1 means c™ (k) =1, i.e. k=1.

(ii) k =1 implies 7(a;) = a;, i.e. a; € Fix(7) for all 4 € {0,...,m — 1}.

(iii) By (i), Nkx/r(k) € F* is an (m — i)th root of unity, for all i € {0,...,m — 1} with
a; # 0. If F' does not contain any non-trivial (m — i)th roots of unity, then N, p(k) = 1.
(iv) If there is an ¢ € {0,...,m — 1} such that a; € Fix(7)*, then (1) becomes 1 =
" ol(k). In particular, if a9 € Fix(7)*, m = n and o generates Gal(K/F), then

=i
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Ng/r(k) =11is a necessary condition on k.
(v) Here, (1) becomes 1 = ?;;1 ol(k) for all i € {0,...,m — 1} with a; # 0. In particular,

if n = m, o generates Gal(K/F) and ag # 0 (which happens if f(¢) is irreducible) then
Ng/r(k) =11is a necessary condition on k. O

For instance, Proposition 9 (i) yields that k¥ = 1 if a,,—; € Fix(7)* and so Theorems 4

and 5 become:

Theorem 10. Suppose o commutes with all T € Gal(K/F) and f(t) =t™ — Z?:Ol a;t’ €
K|[t; o] is not invariant with a;,—; € F*.

(i) Let n > m — 1. If a; & Fix(7) for all 7 # id and all non-zero a;, i # m — 1, then
Autp(Sy) = {id}.

If f(t) € F[t; o], any automorphism H of Sy has the form H,1 where T € Gal(K/F'), and
Autp(Sy) = Gal(K/F).

(i1) Let n < m — 1. If f(t) € F[t; 0] is not invariant, the maps H; 1 are automorphisms of
Sy for all T € Gal(K/F) and Gal(K/F) is isomorphic to a subgroup of Autp(Sf).

Proof. (i) H is an automorphism of Sy if and only if H has the form H,j, where 7 €
Gal(K/F) and k € K* is such that 7(a;) = ( lrizl Ul(k))ai for all ¢ € {0,...,m — 1}.
Since a,,—1 € F* we have a,,—1 € Fix(7)* for all 7 which forces k = 1 as the only possibility
for any 7 € Gal(K/F) by Proposition 9 (i). This in turn means that any extension H, j has
the form H, ;. In particular, the existence of an extension H y, 7 # id, implies 7(a;) = a;
for all non-zero a;, i #m — 1, that is a; € Fix(7) for all non-zero a;.

Thus if a; € Fix(7) for all 7 # id and all + € {0, ..., m — 2} then there is no non-trivial 7
that extends to an automorphism of Sy and Autp(Sy) = {H,a,1} = {id}.

If f(t) € F[t;o] then Autp(Sy) = {H;1} = Gal(K/F).
(ii) follows from (i) and Theorem 8. O

Note that indeed Condition (1) heavily restricts the choice of available k to £ = 1 in most

cases.

Corollary 11. Suppose o commutes with all T € Gal(K/F). Letn > m — 1 and f(t) =
t"™ —ag € K[t;o], a0 € K\ F.

(i) H € Autp(Sy) if and only if H = H, j, where k € K* is such that T(ag) = (Hﬁgl orl(k))ag.
In particular, here Ng (k) is an mth root of unity.

(i) For all g(t) = t™ — Z?;_ol a;t’ € Klt;o] with ag € K\ F, Autp(Sy) is a subgroup of
AutF(Sf).

Proof. (i) follows from Theorem 4 and Proposition 9.

(ii) follows from Theorem 7. O

For f(t) = t™ —ag € K[t;0], ap € K \ F, the automorphisms H,4 j extending idx thus
are in one-to-one correspondence with those k satisfying Hﬁgl o'(k) =1 (in particular, we
have Ng,r(k)™ = 1). Analogously, we still obtain for n < m — 1 employing Theorem 5 and

Theorem 8&:
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Corollary 12. Suppose o commutes with all 7 € Gal(K/F). Letn < m — 1 and f(t) =
" —ag € K[t;o], a0 € K\ F.

(i) For all k € K* with Nk r(k) an mth root of unity and 7(ag) = (Hlnigl ol(k)>ao, the
maps H; ), are automorphisms of St.

(i) For all g(t) = t™ — Z;iglaiti € K[t;o] withag € K\ F, {H € Autp(Sy) | H = H, 1}
is a subgroup of {H € Autp(Sy)|H = H, 1}

For m = n and K/F a cyclic field extension, the algebras considered in Corollary 11 are
called nonassociative cyclic algebras of degree m, as they can be seen as canonical general-

izations of associative cyclic algebras. These algebras are treated in Section 6.

4. AUTOMORPHISMS EXTENDING idg WHEN K/F IS A CYCLIC FIELD EXTENSION

Let f(t) =t™ — ZZ_Ol a;t" € K[t;o] not be invariant. In general, we know that if Sy has
nucleus K then every inner automorphism G, with ¢ € K*, extends idg. Conversely, an

extension H;q 5 of idg is inner for the right choice of k:

Lemma 13. Let k = ¢ 'o(c) with ¢ € K*, then Hiqy, € Autp(Sy) is an inner automor-

phism.

Proof. A simple calculation shows that G, ( Z?;Bl xiti) = (cfl Z?Z)l xiti)c =0+

S e ot ()t = Hig ( st xlt’) O
Let now K/F be a cyclic Galois field extension of degree n with Gal(K/F) = (o) and

norm Ng,p : K — F, Ng/p(k) = ko(k)o?(k)---o" (k). By Hilbert’s Theorem 90,

ker(N/p) = A7(1), where A7(l) = {o(c)lc™! |c € K*} is the o-conjugacy class of | € K*
[19].

Theorem 14. (i) Every automorphism H;q) € Autp(Sy) such that Ng/p(k) = 1 is an
mner automorphism.
(i) If n >m—1 and a1 # 0, or if n =m, a; =0 for all i # 0 and a9 € K \ F, then

these are all the automorphisms extending idg .

Proof. (i) Suppose there is Hiqx € Autp(Sy) with Ng/p(k) = 1, then by Hilbert 90, there
exists ¢ € K* such that k = ¢~ 'o(c). Thus Higx = Hiqc—14(c) for ¢ € K> and so G. = Hig
by Lemma 13.

(ii) By Theorem 4 and Proposition 9 (i), these are all the automorphisms extending idx

when n > m — 1 if a,;,—1 # 0. The remaining assertion is proved analogoulsy. O

5. CYCLIC SUBGROUPS OF Autp(Sy)

For any Galois field extension K/F and o € Gal(K/F) of order n, we now give some

conditions for Autp(Sy) to have cyclic subgroups.

Theorem 15. Suppose F' contains an sth root of unity w. Suppose that either f(t) = t°—a €
K[t; o] wherea € K\ F, or f(t) = t*! — Ei;é a;st™ € K|t; o] such that S is not associative.
Then (H;q,.) is a cyclic subgroup of Autp(Sy) of order at most s and of order s, if w is a

primitive root of unity.
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Proof. (i) Let f(t) = t*—a. Thenw/o(w’) - 0% 1 (w!) = w* =1 and so H;q s € Autp(Sy)
for all 0 < j < s—1 by Proposition 6.

(i) Let f(t) = 5! — Ei;é a;st*. Then we have qu:; 0l(w?) = ws=) = 1 for all i =
0,...,0—1. Hence a;s = (Hf;;li Uq(wj))ais foralli =0,...,l—1andso H;q . € Autp(Sy)
for all 0 < j < s — 1 by Proposition 6.

In both (i) and (ii), (H;4.w) is a cyclic subgroup of Aut(S;) of order less or equal to s, since
Hig i o Higuwr = Hig i+ for all 0 < j,r < sl — 1. 0

Lemma 16. Let F' have characteristic not two, m be even and f(t) = tm_ZELnJ?)/Z agit* €

K[t; o] not invariant. Then {H;q,1, Hiq,—1} is a subgroup of Sy of order 2.

Proof. The maps H;q1 and H;q,—1 are automorphisms of Sy by Proposition 6, and H;q,—1 0
Hiqg 1= Hiq,1. O

If f € F[t] C K[t; o], we obtain:

Theorem 17. Suppose o commutes with all T € Gal(K/F), and f(t) =t™ — 22161 a;it’ €
F[t;o] C K[t; o] is not invariant.

(i) (Hy1) = Z/nZ is a cyclic subgroup of Autp(Sy).

(i) Suppose Gal(K/F) = (o), n =m is prime, ag # 0 and not all of a1,...,am—_1 are zero.
Then Autp(Sy) = (Hon) = Z/mZ.

Proof. Let j € {0,...,n — 1}. Since 7(a;) = a; for all 7, here (1) becomes

m—1

(9) a; = ( I1 aq(k)>ai

q=i
for alli € {0,...,m —1}.

(i) Clearly, (9) is satisfied for £ = 1 and all ¢ € {0,...,m — 1}, therefore the maps
H., are automorphisms of Sy for all 7 € Gal(KX/F) by Theorems 4 and 5. We have
HyjhyoHypy = Hyjwi g and Hony = Hig. Hence (Hy 1) = {Hidyl,Hgyh . ,Ho-m—l’l} is a
cyclic subgroup of order n.

(ii) By Theorem 4, the automorphisms of Sy are exactly the maps H,; , where j € {0,...,n — 1}
and k € K* satisfies (9) for all i € {0,...,m — 1}. The maps H,; ; are therefore automor-
phisms of Sy for all j € {0,...,n — 1}. We prove that these are the only automorphisms of
Sy ag # 0 and so Ng,p(k) =1 by (9). Therefore, by Hilbert 90, there exists a € K such
that k = o(a)/a. Let I € {1,...,m — 1} be such that a; # 0. Then by (9),

7m—1gq 7m—10q o(a) . H;n:l+1 ol(a) o«
- H " H Ca)= 15 oia)  ol@)

Thus « € Fix(o7) = F since m is prime. Therefore k = o(a)/a = a/a =1 as required. [

This complements our results from Theorem 10, which in case Gal(K/F) is cyclic of

degree n mean the following:

Corollary 18. Suppose Gal(K/F) is cyclic of degree n and f(t) = t™ —Z?;Bl a;t’ € F[t; o]
not invariant with a,,—1 € F*.
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(i) Let n > m — 1 then for all T € Gal(K/F) the maps H.1 are exactly the automorphisms
of Sy and Autp(Sy) = Gal(K/F) =2 Z/nZ.

(it) Let n < m — 1 then for all T € Gal(K/F') the maps H, 1 are automorphisms of Sy and
Gal(K/F) 2 Z/nZ is isomorphic to a subgroup of Autp(Sy).

6. NONASSOCIATIVE CYCLIC ALGEBRAS

6.1. Let K/F be a cyclic Galois extension of degree m with Gal(K/F) = (o) and f(t) =
t" —a € K[t;o]. Then (K/F,0,a) = K[t;0]/K]|t;o](t™ —a) is called a nonassociative cyclic
algebra of degree m over F. It is not associative for all @ € K \ F and a cyclic associative
central simple algebra over F for a € F*. We will only consider the case that a € K\ F. If
1,a,a2,...,a™ ! are linearly independent over F then (K/F,o,a) is a division algebra (cf.
[32], [30] for finite F). In particular, if K/F is of prime degree then (K/F,0,a) is a division
algebra for every a € K \ F.

Theorem 19. Let A = (K/F,0,a) be a nonassociative cyclic algebra of degree m.

(i) All the automorphisms of A which extend idyx are inner automorphisms and of the form
Hiqy for alll € K* such that Ng,p(l) = 1.

The subgroup they generate in Autp(A) is isomorphic to ker(Ng/p).

(ii) An automorphism o7 # id can be extended to H € Autp(A), if and only if there is
some | € K such that 07 (a) = Ng/r(l)a. In that case, H = H,;; and if m is prime then
Nk /p(l) = w for an mth root of unity 1 # w € F.

(i1i) Let ¢ € K \ F and suppose there exists 1 € N such that ¢" € F*. Let r be minimal.
Then (G.) is a cyclic subgroup of Autg(Sy) of order r.

Proof. Theorem 4, Theorem 14 (ii), and Proposition 9 imply (i) and (ii).

(iii) Let ¢ € K\ F. Then G, is an automorphism, because K is the nucleus of A. Since
G.oG. =G, GooG.0G, = G and so on, we have G, = id if and only if ¢" € F. If
r € N is smallest possible then (G.) is a cyclic subgroup of Autg(Sy) of order 7. O

Note that different roots of unity yield different [ in Theorem 19 (ii). This yields:

Theorem 20. Let A= (K/F,o0,a) be a nonassociative cyclic algebra of degree m. Suppose
F contains a non-trivial mth root of unity w.

(i) (Hiaw) is a cyclic subgroup of Autp(A) of order at most m. If w is a primitive mth root
of unity, then (H;q.,) has order m.

(ii) If there is an element | € K, such that Nk/p(l) = w for w a primitive mth root of unity
and o(d) = wd, then the subgroup generated by H,,; has order m?.

Proof. (i) follows from Theorem 15.
(ii) Suppose o can be extended to an F-automorphism H of A. Then by Theorem 19, there
is an element | € K, such that Ng/p(l) = w, w # 1 and o(d) = wd, and H = H,;. (If
1 = Ng/p(l), then o(d) = d, contradiction.)

The subgroup generated by H = H,; has order greater than m, since Hy ;0 ---0 Hy
(m-times) becomes Hom , = H;q. With w = Nk, p(l). Hiq. has order m, so the subgroup
generated by H = H,; has order m?. O
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6.2. The case that m is prime. Let us now assume that the cyclic field extension K/F
has prime degree m = deg(f). Suppose that F' contains a primitive mth root of unity, where
m is prime to the characteristic of F. Then K = F(d), where d is a root of an irreducible

polynomial t™ — ¢ € F[t].

Lemma 21. (cf. [33, Lemma 6.2.7]) The eigenvalues of o/ € Gal(K/F) are precisely the
mth roots of unity. Moreover, the only possible eigenvectors are of the form ed® for some i,

0<i<m-—1 and somee € F.

Let f(t) =t™ —a € K[t;o], a & F. Then we get the following strong restriction for

automorphisms of S¢:

Theorem 22. H is an automorphism of Sy extending o7 # id if and only if H = Hg; y for
some k € K*, where Ng p(k) is an mth root of unity and a = ed® for some e € F* and

some d°.

Proof. H is an automorphism of Sy if and only if H = H,; ,, where j € {0,...,m — 1} and
k € K* is such that o7(a) = (Hﬁgl al(lc))a = Ng/p(k)a. For all 07 # id, by Lemma 21
this condition is equivalent to Ng (k) being an mth root of unity and a = ed® for some d*
and e € F* for all k € K*. O

Applying Theorem 7, our results for the automorphisms of a nonassociative cyclic algebra
A= (K/F,0,a) of degree m yield the following observations for more general algebras Sg:

Corollary 23. Suppose Gal(K/F) = (o) is cyclic of degree m and g(t) =t™ 72:;61 a;t’ €
K[t; 0] is not invariant with ag € K \ F. Suppose one of the following holds:
e I has no mth root of unity.

e m is prime and F contains a primitive mth root of unity, where m is prime to the
characteristic of F. Let K = F(d) as in Section 6.2 and ag # ed’, e € F*.

Then every F-automorphism of Sy leaves K fized, is inner and Autp(Sy) is a subgroup of

ker(Ng,p), thus cyclic. In particular, if ker(Ng p) has prime order, then either Autp(Sy)
is trivial or Autp(Sy) = ker(Ng,p).

6.3. The automorphism groups of nonassociative quaternion algebras. Recall the

dicyclic group
(10) Dic; = (z,y | ¥ =1, a* = ¢/, 27 gz =y ")

of order 41. The semidirect product Z/sZ x; Z/nZ between the cyclic groups Z/sZ and
Z/nZ corresponds to a choice of an integer | such that I = 1 mod s. It can be described
by the presentation Z/sZ x; Z/nZ = {x,y | 2* =1, y" =1, yoy~ ' = !).

We obtain the following result for the automorphism groups of nonassociative quaternion

algebras (where m = 2):

Theorem 24. Suppose K = F(\/b) is a quadratic field extension of F, char(F) # 2,
and consider the nonassociative quaternion algebra A = (K/F,o, \\/b) for some A\ € F*.
Suppose there exists k € K* such that ko(k) = —1.
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For every c € K \ F for which there is a positive integer j such that ¢/ € F*, pick the
smallest such j.
(i) If j is even then Autp(Sy) contains the dicyclic group of order 2.
(i) If j is odd then Autp(Sy) contains a subgroup isomorphic to the semidirect product
Z]jZ xj_1 Z/AZ. In particular, Autp(A) always contains a subgroup isomorphic to Z/AZ.

Proof. Since o(v/b) = —Vb and ko(k) = —1, Hy ) € Autg(Sy) by Theorem 19. A simple
calculation shows that (Hy k) = {Hpk, Hid,—1, Ho—k, Hig1}- (Ge) is a cyclic subgroup of
Autp(Sy) of order j by Theorem 19 (iii).

(i) Suppose j is even and write j = 2I. We prove first that Gu = H;q 1. Write ¢! =
o + p1v/b for some pg, 1 € F. Then ¢/ = ¢ = ug + p3b + 240p11Vb € F which implies
201 = 0. Hence pp = 0 or pg = 0. Since j is minimal, ct ¢ F so up = 0 and e = ,ulx/I;.
We obtain

Gcz (Qfo + 1‘1t> =29 + xl(ulx/li))fla(ul\/l;)t
=20 + 1 p] D IVO(—p VD)L

=x9 — 21t = Hig—1(zo + 211)

which implies G = H;q,—1. Next we prove (H, ;) 'G.H,r = G.'. Simple calculations
show (Hy )™ ' = H, ) and G, = Go(c)- We have

Hy _1(Ge(Ho k(20 + 21t))) = Ho, 1 (Ge(o(z0) + o (21)kt))
= H, _j(0(z0) + o(z1)ke  o(c)t)
=120 — 210(k)o(c)ckt
=20 +210(c V)t = Go(o) (T + 211)

and so (H, ;) 'G.H, = G

Thus Hgk =Hiyy1=Gu =G, G¥ =idand (Hy ;) 'G.Hy = G-'. Hence (Hy 1, Ge)
has the presentation (10) as required.
(ii) Suppose j is odd. Then (G.) does not contain H;q —1 as H;q,—1 has order 2 which implies
(H, ) N {G,) = {id}. Furthermore (H, ;) *G.Hyr = GS! = GI~1 = G,;-1 can be shown
similarly as in (i). Note that (j —1)* = j* — 453+ 652 —4j+1 =1 mod (j). Thus Autp(Sy)
contains the subgroup (G.) x;j_1 (Hy k) 2 Z/jZ xj_1 Z/4Z as required.
In particular, choose ¢ = v/b in (i), so that j = 2. This implies Autz(A) contains the dicyclic
group of order 4, which is the cyclic group of order 4. O

Example 25. (i) Let F = Q(i), K = F(v/-3), 0(v/=3) = —V/=3 and A = (K/F,0,\\/-3)
be a nonassociative quaternion algebra with some A\ € F*. Note that for k = ¢ we have
io(i) = —1. Let ¢ = 14++/=3. Then ¢? = —2+2/=3 and ¢3 = —8 which implies j = 3 here.
Therefore Auty(Sy) contains a subgroup isomorphic to the semidirect product Z/3Zx2Z/47Z
by Theorem 24.

(i) Let F = Q(3), K = F(y/—~1/12), 0(/=1/12) = —/=1/12 and A = (K/F,0,A\\/—1/12)
be a nonassociative quaternion algebra for some A € F*. Again for k = ¢ we have io (i) = —1.

Let ¢ = 1+ 2y/—1/12. Then ¢ = 2/3 + 2i/V/3, ¢ = 8i/3/3, ¢* = —8/9 + 8i/3/3,
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& = —16/9 + 16i/9v/3 and ® = —64/27. Hence c¢,c?,c¢®,c¢*,¢®> € K\ F and ¢ € F.
Therefore Autz(A) contains the dicyclic group of order 12 by Theorem 24.

7. ISOMORPHISMS BETWEEN S AND S,

The proofs of the previous sections can be adapted to check when two Petit algebras are
isomorphic and when not. This is not the main focus of this paper so we just point out how
some of the results can be transferred.

If K and L are fields, and Sy = K[t;0]/K[t;0]f(t) = L[t;0']/L[t;0'lg(t) = Sy, then
K = L, Nuc,(Sy) = Nuc,(Sy), deg(f) = deg(g), and Fix(o) = Fix(¢’), since isomorphic
algebras have the same dimensions, and isomorphic nuclei and center.

If G is an automorphism of R = Kt; o] which restricts to an automorphism 7 on K which
commutes with o, f € R is irreducible and g(t) = G(f(t)), then G induces an isomorphism
St = Sq(g) [20, Theorem 7] (the proof works for any base field).

From now on let F' be the fixed field of o, o have order n, and both f(t) = t"™ —
S bagtt and g(t) = ¢ — S bit' € K[t;0] be not invariant. Then the following is

proved analogously to Theorem 4, Theorem 5 and Proposition 6:

Theorem 26. Suppose o commutes with all T € Autp(K) and n > m — 1. Then Sy = S,
if and only if there exists T € Autp(K) and k € K* such that

(11) ~(a5) = (ﬁl o' (k) )b
=i

for alli €{0,...,m —1}. Every such T and k yield a unique isomorphism G, : Sy — S,

i—1

G th = 7(z0o +ZT( )Hal(k)ti.

i=1 =0

If n <m — 1 we still get a partial result:

Theorem 27. Suppose there exists T € Autp(K) and k € K* such that Too = o o7 and
such that (11) holds for alli € {0,...,m—1}. Then Sy = S, with an isomorphism given by

m—1 1—1
Grk th = 7(x0 +ZT )Hal(k)t’
i=1 =0

as in Theorem 26.

Corollary 28. For every k € K* such that a; = ( ;’;;1 ol(k))bi foralli e {0,...,m—1},
Giax : Sy — Sy is an isomorphism.

As a direct consequence of Theorem 26 we obtain:

Theorem 29. Suppose o commutes with all 7 € Autp(K) andn >m—1. If Sy = S, then
a; =0 if and only if b, =0, for alli € {0,...,m —1}.

Proof. If Sy = S, then by Theorem 26, there exists j € {0,...,n — 1} and k € K* such
that 7(a;) = ( ;1:1 al(k))bi for all i € {0,...,m — 1}. This implies a; = 0 if and only if
b; =0, for all ¢ € {0,...,m — 1}. O
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From now on we restrict ourselves to the situation that R = K|[t;o0] and F' = Fix(o),
where K/F is a finite Galois field extension and o of order n. We take a closer look at the

consequences of Equality (11):

Proposition 30. Let k € K* such that 7(a;) = ( ;1;1 ol(k’))bi foralli € {0,...,m—1}.
Then a; = 0 if and only if b; = 0 and:

(i) For alli € {0,...,m — 1} with a; # 0, Ni/p(a;) = Ng;p(k)™ "Ng/r(bi).

(i) If there is some i € {0,...,m — 1} such that a; € Fix(7)*, then a;/b; = ﬁ;lol(k).
In particular, if aym_1 € F* and b,,—1 € F*, then k € F* and a; = k™ b; for all
1€{0,...,m—1}.

(iii) If ap € Fix(7)*, m =n and Gal(K/F) = (o) then ag = Nk p(k)bo.

o'

Proof. (i) Equality (11) implies that Ny, p(a;) = ;i:l Ng/p(o'(k))Ng/r(bi) (simply
apply Ni/p to both sides of (11)), therefore N r(a;) = Ng (k)™ *Ni/p(b;) for all
i €{0,...,m —1} is a necessary condition on k.
(ii) If there is an ¢ € {0,...,m — 1} such that a; € Fix(7)*, then (11) implies that
a; = ( ot al(k))bi, so that we obtain a;/b; = [/ " o' (k).

Alternatively, if a,,_1 € F* and b,,_; € F*, then a,,_1 = ¢ }(k)by,_1 imply k € F*,
hence a; = k™17, for all i € {0,...,m — 1}.
(iii) In particular, if ag € Fix(7)*, m = n and o generates Gal(K/F), then ag/by =
| 1 Yol(k) = Nk /r(k) is a necessary condition on . O

Corollary 31. Suppose o commutes with all T € Gal(K/F) and n > m — 1. Assume that
one of the following holds:

(i) There exists i € {0,...,m — 1} such that b; # 0 and N, p(a;b; b ¢ Ni/p(K*)m%
(i) m =n, ag € F* cmdboEK\F.
Then Sy 2 Sg.

Corollary 32. Suppose Gal(K/F) = (o) and n =m. Let f(t) =t™ —a, g(t) =t™ —-b €
K|[t; 0] where a,be K\ F.

(i) Sy =2 Sy if and only if there exists T € Gal(K/F) and k € K* such that T(a) = Nk p(k)b.
(ii) If 07 (a) # Ng p(k)b for allk € K*,j=0,...,m—1, then Sy 2 S,,.

These follow from Proposition 30. Note that Corollary 32 canonically generalizes well-

known criteria for associative cyclic algebras.
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