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We consider fermions defined on a continuous one-dimensional interval and subject to weak re-
pulsive two-body interactions. We show that it is possible to perturbatively construct an extensive
number of mutually compatible conserved charges for any interaction potential. However, the con-
tributions to the densities of these charges at second order and higher are generally non-local and

become spatially localized only if the potential fulfils certain compatibility conditions.

We prove

that the only solutions to the first of these conditions are the Cheon-Shigehara potential (fermionic

dual to the Lieb-Liniger model) and the Calogero-Sutherland potentials.

We use our construc-

tion to show how Generalized Hydrodynamics (GHD) emerges from the Bogoliubov—-Born—Green—
Kirkwood—Yvon hierarchy, and argue that GHD in the weak interaction regime is robust under

non-integrable perturbations.

Finding an efficient description for the non-equilibrium
dynamics of quantum many-particle systems has been a
key problem in theoretical physics since the birth of quan-
tum mechanics [1]. During the last two decades there
has been an upsurge in interest as a result of significant
experimental advances [2] and potential technological
applications [3]. In spite of remarkable progress in our
understanding of out-of-equilibrium quantum matter [4—
10], however, an efficient and accurate description of its
dynamics remains out of reach.

In essence, what makes this problem so hard is the lack
of general methods to tackle it. Exact methods are re-
stricted to a small number of fine-tuned many-body sys-
tems [11-15] and there is currently no controlled approx-
imation scheme applicable to generic interacting systems.
Numerical methods are typically limited by the accessi-
ble system sizes [5, 16] or by the class of initial states
that can be accommodated [17]. Even in one dimension,
where techniques based on matrix product states [18-20]
give access to large systems, their applicability is limited
to short times by the rapid growth of quantum entangle-
ment. Furthermore, continuum models — which describe
many relevant experiments — provide additional obsta-
cles to numerical approaches.

For weakly interacting systems the situation is sub-
stantially simpler because, at least in principle, a gen-
eral description of the dynamics can be attained by using
the celebrated Bogoliubov—Born-Green—Kirkwood—Yvon
(BBGKY) hierarchy [21-23], which encodes the Heisen-
berg equations of motion for the reduced density matri-
ces. To illustrate it let us consider for simplicity and
concreteness a system of spinless fermions: in this case
the reduced density matrices are written as

pn(%,y5t) = Tr [p(t)0d, . 08 W, vy, ], (1)
where ] and 1), are fermionic creation and annihilation
operators and p(t) denotes the density matrix specifying
the state of the system at time ¢. Assuming that the

fermions interact via a two-body potential V(x — y) the
BBGKY hierarchy takes the form

z&tpn x,y;t) — (H(M — pn(X,y;5t) = (2)

ST

where H,(cn) is the first-quantized n-particle Hamiltonian
in the position representation. In principle the system
(2) gives a complete account of the non-equilibrium dy-
namics of many-particle quantum systems. In practice
it is necessary to truncate it, which can be justified e.g.
for weak interactions. Retaining only two-particle cumu-
lants gives rise [24] to the ubiquitous quantum Boltzmann
equation (QBE) for the Wigner function

H{M)

V(yJ - w)]pn+1(X7 w,y,w; t),

fi(x,p) = /dze_ipz Tr[ (t )’(/J 1/%77]' (3)

The QBE holds in the regime of weak spatial variations
and large times, i.e. the Euler scaling limit [24], and un-
der the assumption of local relaxation can be further re-
duced to a set of hydrodynamic equations, which are ob-
tained from the continuity equations of particle number
(or mass), energy, and momentum [22, 23].

The situation is very different, and significantly richer,
in quantum integrable systems [25, 26], which are char-
acterized by having an extensive number of (mutually
compatible) conservation laws with densities that are suf-
ficiently local in space. These conservation laws give rise
to the existence of stable quasi-particles over macro states
at finite energy densities [27]. Integrable models do not
thermalize but relax to a much wider class of equilibrium
states known as Generalized Gibbs Ensembles [28, 29],
which can be fully characterized in terms of their respec-
tive quasi-particle density in momentum space p(k). In
these systems the dynamics of local observables close to
local equilibrium is described by GHD [30, 31], which
can be expressed as an evolution equation for a space



and time dependent density p, +(k) of the stable quasi-
particles

atpm,t(k) + 0p (vt (k) pr,t (k) =0 . (4)

Here v, (k) is a (known) quasi-particle velocity that de-
pends on py.(-). GHD is obtained from the system of
continuity equations for the extensive number of conser-
vation laws, postulating local relaxation to an equilib-
rium state with quasi-particle density p,.(k), and then
inferring its evolution equation (4). The GHD equation
(4) can be viewed as a kinetic theory governed by a dis-
sipationless Boltzmann Equation [30] where the velocity
is a non-linear functional of the density itself [32, 33].
Hence it suggests the existence of an operator n(x, k) ex-
pressed in terms of fermions 1, localized near x, whose
expectation value is pg¢(k), and for which the BBGKY
hierarchy would re-organize into a dissipationless QBE.
Such an operator, however, is only known in the non-
interacting case, where it is given by the Wigner operator
(whose expectation value is (3)).

In this letter we show that under certain conditions the
BBGKY hierarchy can be reformulated as GHD equa-
tions. We establish that, surprisingly, one can construct
conserved charges for arbitrary local but weak interaction
potentials by appropriately dressing the non-interacting
modes. Crucially, however, these conserved charges are
generally non-local and acquire good locality properties
only for integrable models. This means that even though
it is possible to explicitly construct operators fulfilling a
dissipationless QBE for generic interacting models, these
operators are non-local and the equation cannot be used
to infer the dynamics of physical observables. In contrast,
in the integrable case the evolution equation reduces to
the GHD equation for expectation values of local mode
occupation numbers. As discussed in the following, this
also gives a simple operational criterion to assess the in-
tegrability of a given interaction potential.

In the remainder of this letter we consider a system of
interacting fermions on a ring of size L with Hamiltonian
H=Hy+ H

Ho =3 puly . Hi= 1 S V)W tltptp, ()
P p

where all summations are on “free momenta” p = 27n/L
with n € Z and where w; and v, are fermionic cre-
ation and annihilation operators with canonical anti
commutation relations {1/);;1 , 1/);2} =0={¢p,,¢¥p, } and
{f, p,} = 6p, p,- Here V(p) is a two-particle interac-
tion potential, which by virtue of the anti-commutation
relations can be cast in the form

1
V(p) =0 1+p27P3+P4A:D1P2AP3P4 [V(pl - pS)]» (6)

4 p
where Ay, ..r, 1s an operator that acts by anti-
symmetrising in {k1,..., k,}. Without loss of generality
we take V (k) to be even in k and V(0) = 0 [34].

In particular, the choice

_ﬁ e o”(:z:/a)(ei’“' _ 1)
a? x + Bo(z/a)

V(k) = Ea(k) := , (7)
where o(z) is a smooth odd function with o'(z) > 0,
a'(0) > 0, lim, oo o(z) = 1, lim, oo 220" (z) = 0, pro-
duces the second-quantised (and regularised) Cheon
Shigehara model of Ref. [35, 36], i.e., an integrable
fermionic dual of the Lieb-Liniger model [37]. We stress
that the regularisation (7) allows for a perturbative ex-
pansion at second order without renormalisation.

In order to obtain GHD we follow the logic of [30, 31],
but aim to explicitly construct the conserved charges
from the BBGKY hierarchy. These are derived by as-
suming that the potential V (k) can be treated perturba-
tively. We note that for the potential (7) perturbation
theory is believed to have a finite radius of convergence,
cf. [38-40].

Our first step is to find all the conserved charges of (5).
We begin by considering an operator () and assuming
that it has a regular perturbative expansion

Q= Qm (8)
m=0

where @, is of order m in V(k). @ is conserved if the
operators @, fulfil

[H07Qm] = _[Hlanfl]a (9)

where we set Q_; = 0. In addition, we restrict our
discussion to cases where the particle number operator
N = ZP %Wp is part of the tower of conserved charges.
This implies that all @,, are expressed as sums of mono-
mials involving equal numbers of w; and 1),. It is easy to
see that the zeroth order of (9) is solved by the following
number-conserving charges

Qro=Y_ f(p)ity, (10)

where f(p) is any function, which we take to be smooth.
We note that charges corresponding to different fs com-
mute, but (10) is clearly not the most general choice for
a conserved charge of Hy. Any energy-diagonal operator
(i.e. any operator that is diagonal in an eigenbasis of Hy)
could be taken as a conserved charge of Hy, with any
V-dependent prefactor appearing at higher orders. The
densities of such more complicated energy-diagonal op-
erators, however, are generically non-local in real space.
We therefore restrict our search to zeroth-order charges of
the form (10) and leave out energy-diagonal contributions
at higher orders. We expect this “minimal ansatz” to be
sufficient for the perturbative construction of complete
sets of conserved charges in all integrable models of the
form (5) featuring a single species of quasi-particles, i.e.
cases in which the stable quasi-particles can be thought
of as being “adiabatically connected” to the free fermions
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Starting from (10) we can directly use (9) and our min-
imal ansatz to recursively generate the higher orders of
Q. In particular, for m = 1 the equation can be solved
for any potential giving [41]

Qfl—ng

’/’klwkg ¢k3¢k1+k2 ks’ (11)

where the function g}%i (k) is non-singular for any choice
of V(k), and has the same regularity as V (k): its explicit
expression is given in (sm-14).

In contrast, for m = 2 Eq. (9) does not always admit
a solution in the framework of our minimal ansatz, i.e.
starting from the zeroth order (10) and omitting energy-
diagonal contributions at higher orders. This is because
[H1, Q1] generically contains an energy-diagonal com-
ponent and therefore cannot be expressed in the form
[Ho, Qf,2). Indeed, the energy-diagonal part of the lat-
ter commutator is always zero. In particular, defining

Sg := Mg \Nﬁ with

M :={k;: }:#2 53 23@ ﬁi@}
j=4 j=1 j=4
ng:::{ (k1 Koy by} = {k4,k5,k6}} (13)

we find the following solvability condition

Condition 1. For Q.1 given in Eq. (1
solution for m = 2 and all f only if

1), Eq. (9) admits

V(ks — k)V (ks — ks)
(k1 — ka) (k2 — ka)

Ak1k2k33Ak34k5k6|: ] =0, (14)

for every k € Sg.

This condition can be shown to be equivalent to the re-
quest that the connected 2nd order contribution to the
three-particle S-matrix vanishes for different sets of in-
coming and outgoing momenta [44].

If Condition 1 is fulfilled the second order charge can
be expressed as [34]

Qfp2 = Zg
nggé

(k)0 b, Yy Oy s (15)

wkl ¢k2 wl% wkzx wkra wkl +kotks—ksi—ks

where {g'%)(k)}n:‘m are regular and their explicit ex-
pressions are given in Eqgs. (SM-33) and (SM-34).
Proceeding in this way we obtain a set of charges

{Qr = Q0+ Qp1 + Qo

conserved up to O(V3). Our construction can be read-
ily extended to higher orders. Crucially the charges (16)
are mutually compatible (it is shown in [34] that they
commute up to O(V?)) and for smooth f(k) and V (k)

any smooth f(k)}, (16)

they are quasi-local, i.e. their density is exponentially
localised. The latter property can be shown by ex-
pressing Q. in terms of real space fermions ¥ (z) =

> ¥, /v/L. For instance, considering (11) we have

Qf;lz/d$cf;1(m1 —T4y...,T3 —1‘4)’(/) %47 (17)

where

1 .
Cf 1 (yh Yo, y3) Z g(4i (k)ez(k1y1+k2y2fk3y3) . (18)

In the thermodynamic limit C'f,1 (x) becomes the Fourier

transform of g (k) which is smooth for f(k) and V (k)
smooth. Therefore quasi-locality is guaranteed by stan-
dard Fourier analysw [42]. If V(k) is regular but not
smooth, the densities still decay in real space, but gener-
ically as power-laws.

If Condition 1 is not fulfilled one can construct charges
at second order by either: (i) adding appropriate energy-
diagonal contributions to Qo (or Qy.1) to subtract the
energy diagonal part of [Hq,Qsq1] [43]; (ii) appropri-
ately deforming the dispersion relation of the free model:
k* = k* + en(k), with € < 1 and n(-) a suitable func-
tion. Using this deformed dispersion in (12) one can en-
sure that Mg coincides with Mg in any finite volume L
and hence Condition 1 is always fulfilled for finite L.
Both strategies (i) and (ii), however, necessarily pro-
duce second-order charges where the coefficient of the
six-fermion term (g}ﬁg(k) in Eq. (15)) has singularities
in momentum space. In real space, these singularities
translate into a charge density that does not decay, i.e.
the second-order charges are non-local.

In summary, restricting to zeroth order charges with
a quadratic term, Condition 1 is necessary and sufficient
for the system (5) to have a complete set of charges with
densities that decay in space at second order. We remark
that if one changes the dispersion relation, for instance by
considering a system on the lattice, the situation becomes
richer and will be discussed in a separate work [44].

Let us now characterise the solutions to Condition 1.
We have the following [34]

Property 1. The only potentials fulfilling Condition 1
and admitting a power-series expansion around 0 are
Var(k) = a (1 — Vbk coth \@k) , a,beR. (19)
Restricting to b > 0 (we seek potentials that are well
defined for all & € R) we see that that (19) correspond
to the inverse-sinh-squared Calogero-Sutherland poten-
tial up to mass and momentum rescaling [26]. In partic-
ular we find the two following limiting cases

lim Vi (k) = vk,
b—0
ab=—3~

lim  Vgp(k) =~]k|l.  (20)
b—o0
a=—v/Vb

The first is nothing but the Fourier transform of the
integrable Cheon-Shigehara potential (7) at order O(p)



when the regulator is removed, while the second is the
inverse-squared Calogero-Sutherland potential [26]. We
have conducted a numerical check of Condition 1 for sev-
eral classes of singular potentials but have failed to find
any additional solutions.

We note that to the best of our knowledge, (19) and
(20) correspond to the only known integrable potentials
for (5) in the thermodynamic limit. Importantly both
cases give rise to theories with a single species of quasi-
particles (smoothly connected to free fermions for van-
ishing V). For the k? potential one can use a standard
result of Fourier analysis [42, 45]to construct a complete
set of “ultra-local” charges [25] with density supported
on a single point. To this end it is sufficient to take the
set of charges constructed choosing f(k) € {k*"}22 ;.

Given the set of conserved charges (16) we can now
define the quasi-particle number operator n(k,z). Our
starting point are the operatorial densities gy(z) of the
charges (16), which can be chosen with at least a power-
law decaying density if Condition 1 is fulfilled. A conve-
nient choice is

1 .
)= 7 Y Flk)e Tyl (21)
k1,k2
1 4 4 T —ko—
5 D (g (k) + gy ()b ka byl
k,ky
o g R)ei otttk ka kgl
k,kg

corrected by higher orders in V. Note that this choice of
density operator is not Hermitian but one can straight-
forwardly recover an Hermitian density via g¢¢(z) —
(q7(z) + g} (x))/2.

To construct n(k, z) we consider linear combinations of
{gs(z)} with smooth f’s and select the contributions of
a single non-interacting mode k. The linear combination
is then chosen such that we obtain the density associated
with f(p) = k. Since (21) is linear in f this is always
possible if { f(k)} is a complete set in L?(R). Specifically
we propose the following definition

L 0
n(k,z) := %qu(x) ’ (22)
where k obeys free quantisation conditions. This opera-
tor is characterised by the following properties:
(i) The moments of n(k, ) are the densities

Zf = qs(x). (23)

As shown below this implies that the thermodynamic
limit of the expectation value of n(k,z) on a translation-
ally invariant state gives the density of quasi-particles.
(ii) n(k, ) is conserved, i.e., it fulfils

atn(kvx) + am]n(ka SU) =0,

Jn(k,x) = ;%]f(x) , (24)

4

where j¢(z) is the current associated with ¢s(z) via the
continuity equation [34]

Dy (2) + Daiy () = 0. (25)

(iii) An explicit expression of n(k,z) can be obtained
from (21). We note that for V' = 0 the resulting ex-
pression differs from the free fermion Wigner operator,
but the latter can be easily recovered by modifying the
definition of the densities of the conserved charges.

If the moments of n(k, x) are sufficiently local in space
[46] then (i) and (ii) allow us to interpret Eq. (24)
as an operatorial progenitor of the GHD equation (4).
Property (iii) makes the relation between GHD and the
BBGKY hierarchy explicit. The expectation value of
n(k, z), which fulfils the GHD equation (4), is recovered
as a specific sum of cumulants fulfilling the BBGKY hi-
erarchy. The expansion of (n(k,z)) up to order O(V")
involves cumulants of order 2n + 2. Therefore, in order
to recover the full GHD equation one needs the entire
BBGKY hierarchy.

Our previous discussion implies that, at second or-
der, n(k,z) is sufficiently local only if V (k) is taken to
be the Cheon-Shigehara or Calogero-Sutherland poten-
tial. Remarkably, however, at first order the moments
are quasi-local for any smooth potential V' (k), integrable
or not [47]. This suggests that in the weak-interaction
regime GHD physics is robust against non-integrable per-
turbations. Namely, having a weak non-integrable po-
tential in (5) does not preclude the formulation of the
BBGKY hierarchy in terms of a GHD equation at first
order in perturbation theory, but only at second order.
This means that GHD will be applicable on a longer
time scale than naively expected and perhaps partially
explains the relevance of GHD in modelling actual ex-
periments [48-50].

In order to fully make contact with GHD, the thermo-
dynamic limit of the expectation values of n(k,z) and
Jn(k,x) in an energy eigenstate should match the known
formulae for Thermodynamic Bethe ansatz (TBA) inte-
grable models. Namely, at order m in perturbation the-
ory one should have

= p(k) +O(V’”+1) (26)
v(k)p(k) +O(V™H), (27)

‘ m

Jnkx

|77L

where p(k) is the quasi-particle density in momentum
space and v(k) is the group velocity of stable particle and
hole excitations around the energy eigenstate [51]. For a
given state both these quantities depend non-trivially on
the two body interactions characterising the integrable
model [30, 31, 52, 53]. More precisely, they are de-
termined by two integral equations involving the two-
particle “scattering phase shifts” [54]. Upon assuming
local equilibration [55], the relations (26) and (27) allow
one to go from the operatorial continuity equation (24)
to the GHD equation (4).

One can verify that for m =1 Eqgs. (26) and (27)
are fulfilled for any potential. Namely, using <w;1/)q> =



dp,q¥(q) and (Yiy]) =0, we find at first order [43]

where K (k) = 0r(V(k)/k). These agree with the first
order expansion of p(k) and v(k) in an integrable model
with a single species of quasi-particles and a scattering
phase shift V(k)/k (perturbatively small). The latter
is then interpreted as the scattering phase shift of the
effective integrable model describing (5) at first order.
In particular, using the potentials (19) and (20) we re-
cover the first order expansion of the known TBA expres-
sions of p(k) and v(k) in the Lieb-Liniger and Calogero-
Sutherland models [34]. The extension of these results
to higher orders in the integrable case will be reported
elsewhere [44].

We note that at first order in V' the above programme
can be generalized to the bosonic case, i.e. when the op-
erators ¢ entering the Hamiltonian (5) satisfy canonical
commutation relations. We are again able to construct
charges for any potential, but now the expectation value
of these charges in an eigenstate is in general divergent
at first order in V, as reported in Sec.VI of the SM.

Discusston. In this Letter we showed how to system-
atically derive a dissipationless Boltzmann equation for

certain “dressed” quasi-particles from the BBGKY hier-
archy for weakly interacting many-particle systems and
derived an explicit expression for the density of the corre-
sponding mode occupation operator. In order to enable
a GHD description this density must have good local-
ity properties, which we find to be the case precisely for
the known integrable potentials. This suggests that our
“integrability condition” provides an exact characterisa-
tion of all integrable systems (even those not solvable
by Bethe ansatz) with a single species of quasi-particles.
Our construction further suggests that in weakly inter-
acting models the GHD description is robust against
non-integrable perturbations, which is relevant for ap-
plications of GHD to cold-atom experiments. Our work
can be extended in a number of directions. Firstly, the
case of integrable models with several species of stable
quasi-particles can be analysed in a similar way, but a
number of interesting complications occur [44]. Secondly,
from our “operatorial” GHD equation it should be pos-
sible to derive corrections to GHD [55-59] in a system-
atic fashion. Finally, our approach can be used to study
the effects of general weak integrability breaking interac-
tions [60-67]. An important goal is to investigate how,
and over what time-scales, they render perturbed GHD
descriptions invalid.
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Supplemental Material for
“BBGKY Hierarchy and Generalised Hydrodynamics”

Here we report some useful information complementing the main text. In particular
- In Section I we explicitly compute the charges at the first two orders in perturbation theory.
- In Section II we prove Property 1.
- In Section III we show that the charges (16) commute up to second order.
- In Section IV we present an explicit expression for the current j , associated to the density ¢y, in Eq. (21).

- In Section V we present an explicit Thermodynamic Bethe ansatz derivation of (28) and (29) in the cases of
Lieb-Liniger and Calogero—Sutherland.

I. PERTURBATIVE DETERMINATION OF THE CHARGES
A. First Order

The first order correction to the charge, Qy.1, is obtained by solving the following equation

[Ho, Q1] = —[Hi1,Qr0l, (sm-1)

where Q.o is given in Eq. (10). The commutator on the r.h.s. is immediately evaluated as

[H1, Q0] = % D Vi, ko, ks, ka) (f(k1) + f (ko) — f(ks) = f(ka))OL 0L, v, vy, (sM-2)

E1yoika

Therefore making the ansatz

1 4
Qra =17 D Wtk kvl w0, (sm-3)
k1,....ka
we see that (sSM-1) is solved if
W (kv k) (K2 4 k2 — k3 — k3) = V(ka, ko, ks, ka) (f (ko) + F(ks) — f(k2) — f(k1)). (sM-4)

The latter equation admits solutions only if the r.h.s vanishes when the 1.h.s. does. This means that we should have

Vi (ki ko, ks, ka)(f (k1) + f(k2) — f(ks) — f(k4)) =0 (k1, ko, ks, ka) € Ky, (sM-5)
where we set
Ka={(k1, k2, ks, ka) : kj € 2%27 ki + k3 — k3 — ki =0} (sM-6)

First we note that if
ki+ ko — ks —ky 75 0 (SM—7)

the condition (sM-5) is immediately satisfied. Indeed V'(k1, ko, k3, k4) vanishes because of the momentum-conserving
Kronecker Delta in Eq. (6). Therefore, the non-trivial condition is

V(lﬁ, kz, kg, k4)(f(k1) + f(kg) — f(k3) — f(k4)) =0 (kl, kg, k37 k4) S M4 s (SM—8)

where

2
M4={(k1,k2,k3,k4):kj€%2, k2 4+ k3 — ki —kiI=0, ky+ky—ky—ky=0} (sM-9)



It is easy to see that (SM-8) is immediately satisfied. Indeed, by solving explicitly the constraints and writing
k? + k3 — k3 — (k1 + ko — k3)? = —2(ks — k1) (ks — k2), the manifold My can be rewritten as
2w 2w
My = {(k1, ko, ko, k1) : Ky € fz} U{(k1, ko, k1, ko)« kj € TZ}, (sm-10)

and it is immediate to see that
(f(k1) + f(k2) — f(ks) — f(ka)) =0, (K1, k2, k3, k) € My (sm-11)
Therefore (sM-1) is solved by (11) with the choice

ki) + f(ka) — f(ks) — f(k
h(4) (kla sy k4) = V(kh k?u k37 k4) f( 1) sz_|(_ ‘Zg — ig —3)]€2 f( 4)7 (kh k27 k37 k4) € M4' (SM_]‘2)
4 3 2 1

Using the momentum-conserving delta function in V'(k1, ke, k3, k4) we can then write
1 1
Qra=17 D gpnlu o ka0l LY, i, (sM-13)
ki,....k3

where we introduced

J(ky) + f(ka) — f(k3) — f(k1 + k2 — k3)
(k1 + ko — k3)? + k3 — k3 — ki ’

for k% + k3 — k3 — (k1 + ko — k3)? # 0, extended by continuity at k3 = k1 and k3 = ko.

g‘(f4i(k1’ ce k ) V(klv k27 kd» kl + k2 - k3) (SM-]_4)

B. Second Order

Repeating the procedure we find that the second order correction to the charge, Q¢.2, has to fulfil the following
condition

[Ho, Q2] = —[Hi1, Q. (sM-15)

In particular, using the quartic form of the potential and the expression (11) for the first order correction to the
charge we find

[H1, Qfal = [H1, Qpala + [H1, Qrinls, (sM-16)

where [Hy, Q¢,1]4 and [Hi, Qf.1]¢ denote respectively quartic and sextic terms in the fermionic operators, their explicit
expression reads as

4
[H1, Qla L Z c;;k1,~~,k4>w,ilw,;wk3wk4

4
H1, Qrals = 7 Z Pyl ko)l bl by i, o, - (s3-17)

k1, ke

where we set

Sk, R > (Vs kay b+ ko = 0053 (0, b + ks — g, ks, F)

q

i =

_hg‘%)l (kla k?? kl + k2 —4q, q)V(Q7 kl + k2 - ]{73, k4))

_ 6k1+k27k3+k4 Af(kh kg, Q) Af(k‘g, k47 Q)
=—7 zq:V(/ﬁ,kz,k‘l + k2 —q,q)V(q, k3 + ks — q, k3, ks) (Ae(kl,kQ,q) = Aclhs, ku )

Af(ks ke ks)  Af(kr, ko k
Cg“?%(kl, . 7k6) = 5k1+k2+k3,k4+k5+k6Ak1k2k3Ak4ksk6 V(k4 - kl)v(kii - k5) (A‘:((k/’j k:j k;)) - A‘:((k’ll k22 kj)))]

Af(z,y2) = f@)+ fly) = f(2) = fla+y—2), Aeclz,y,2) =0 +y° = 2" — (x +y - 2)% (sm-18)
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and Agpc[-] is the operator that antisymmetrises with respect to a, b, and ¢. This means that Q> has to have the
same structure, namely

sz—L Z Bk, ko, ks, k)l 0 Wy,

ki1,

Z h(6) kla k27 k3; k47 k57 kﬁ)wkl wkzwkgwk4wk5wk}6 (SM—19)

In order for (sm-19) to solve (sM-15) we have to impose

h(4)(k1,k2,k3, k) (K2 4+ k2 — k2 — k2) = —20(4)(k1, AR
Rk ko, ks, K, ks, Ko ) (K3 + k3 + k3 — k3 — k2 — k) = —4c{0) (kv k) . (5M-20)

As before, it is easy to see that these equations admit solutions only if

k- k) =0 (koo k) € My, (sm-21)
)k, k) =0 (ki ko) € M, (sM-22)

where My is defined in (sM-9) and we introduced

2
Me = {(k1, ko, k3, ka, ks, ke) : kj € %Z, k2424 k2 —k2—k2—k2=0, ki+hkytks—Fky—ks—ks =0} (SM-23)

It is easy to see that (sm-21) is satisfied for any two-body potential. Indeed, first we note that My can be expressed
as in Eq. (sM-10) and then we observe

kb = S Vo bk ka0 (G20~ 50 Crr o) IUCEY
where we used
V(ky, ko, ks, ka) = V(ka, k3, ko, k1)™ . (sM-25)
To treat (sM-22) we note
k1, k6) = = Ary s Akyske V(k‘*A_E (le)‘];(k;@_ 5| gk, ) kj € Mg (SM-26)
where we used
Ae(ks, ko, ks) = Ae(k1, ko, k), k; € Mg, (sM-27)
and defined
Asf(ky, ko, ks, ka, ks) == f (k1) + f(k2) + f(ks) = f(ka) — f(ks) = (k1 + k2 + ks — ka — ks) . (sm-28)
Furthermore, we note that the latter quantity vanishes identically on the sub-manifold
= |J {(k1, ko ks, ka, ks, he) € Mg = ks = kj}. (sM-29)
=15
Indeed, it is easy to see that
No = | {(k1, b, ks, ko) ko) Fos) © By € 2%2}, (sM-30)

o€S3

where o is a permutation and S3 is the group of permutations of three objects.



This means that in order for (sM-22) to hold for generic functions f one has to impose

Vky — k1)V (ks — ks)

Ae(kl,kg,k4) =0, Vk; EMG\NG.

AklkgkgAk4k5k6|:

This is nothing but Condition 1 of the main text. If this condition holds we can write

f§2 L Z kl’ kQ, kS)wkl wkg wkg wkﬁ +ko—ks

ki1,

1
+ﬁ Z gf2(k1,k271€3,k4,k5)¢k1¢k2¢k3¢k4¢k5¢kl+k2+k3 ka—Fks
ki, ks

with
20(4) (k’l7 RN S kg)
(k2 + k2 k2 — (k1 +ky —k3)?)’

4C§»?%(k1,--~ ,k‘1+k‘2+k‘3—k‘4—k5)
(k%+k%+k§—kz—kg—(k1+k2+k3—k'4—k'5)2)

g}é}%(kla kQa kB) = -

9\, ko ks ka k) = —

11

(sm-31)

(sm-32)

(sM-33)

(sM-34)

extended by continuity for (k1, ko, k3, k1 +ka—k3) € My and (ky, ko, k3, ka, ks, k1 +ka+ ks —ksa—ks) € Mg respectively.

II. PROOF OF PROPERTY 1

In this section we prove Property 1. We begin by noting that Mg can be parametrised as

MG :{(khk?ak37k475+(k17k23k37k4)75—(k13k27k37k4)) : A(klkaak3ak4) > 0}
U {(k17k27k3ak475—(k1ak27k37k4)3S"r(kl’k27k37k4)) : A(klﬁk27k3ak4) > O}a

where we introduced
1
st(z,y,2,t) : *5 <x+y+zft:|2 VA(z,y,, t)
Az, y, z,t) == a2 — 20y — 2x2 + 2ut + % — 2yz + 2yt + 22 + 22t — 3t

Next, we define

3 6
Viky — k) (ks — k
f<k17k2,k3’k4) = HH Ak1k2k3~’4k4k5k6|: ( ! 1) ( 3 5)

In this new notation the task is to find all potentials written as

k‘) — Z C2nk2”7

n>1
for which
fk1, ko, ks, kq) =0, Vki,ka, ks, ks € R.
To this end, let us consider a necessary condition and seek for the potentials for which
h(z) = f(x, 2z, -3z, —x) = 0, V.

Explicitly we find

h(z) = =827 ( — V(3z)V(2z) + V (4z)V (6x) — 3V (3x)V (6x) 4+ 2V (22)V (62) — 2V (2)V (3z) 4+ 4V (x)V (2x)

—V(x)? — V(22)V (4z) — 2V (2x)? + 3V (32)?).

Ae(ky, ko, ky) ] |k5:s+;k6=s* .

(sm-35)

(sM-36)

(sM-37)

(sM-38)

(sM-39)

(sm-40)

(sm-41)
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Using
2 tanh
tanh(2z) = Lﬁ, z € C, (sM-42)
1+ tanh“z
one can explicitly verify that for
Vag(k) = a (1 — Bkcoth(Bk)) , a, B €C, (sM-43)

Condition (sm-40) is satisfied. Let us now argue that these are the only potentials with regular power series expansion
around 0 fulfilling (sMm-40).

First we observe that if co = 0 in (SM-38) the potential cannot fulfil (sM-40). This can be seen as follows. Let 71 > 1
be the smallest n > 1 for which ¢z, in (SM-38) does not vanish. Then we have

R T h(z)
ban = (4&)!896 (—8a7) om0 =

=-36(2"" —1) (3%" —1) (=3*"t" 432" + 4" —1) &3 (sM-44)

2n
which never vanishes for 7 > 1. Therefore we can assume co # 0 and write

V(k) = ea(k + ) Gank®™). (sM-45)

n>2
Next we note

1 82n+2 h(.’L‘)

Fansa = g0 gy oo = (435277 60371 432 470 = 367 + PG, B a2, (S1046)

with P, a known polynomial. The coefficient in front of ¢3, vanishes for n = 1,2 and never vanishes for n > 3.
Imposing ko, 12 = 0 for all n then uniquely fixes the values of all és,,’s for n > 3 in terms of é4. It follows that, up to
a multiplicative constant, there is at most a one-parameter family of solutions to (SM-40) and, therefore, (SM-43) are
the only possibilities.

To conclude, we have to show that (sm-43) fulfil also the more general condition (sM-39). This is indeed the case
as can be seen, for instance, using the symbolic simplification of Mathematica.

Restricting the family (sm-43) to real potentials we have that the only solutions of (sm-39) with regular power
series expansion around 0, and hence decaying rapidly enough in real space, are

Vas(k) = a (1 — bk coth(\/ék)) . abeR, (SM-47)

as claimed in the main text.

III. COMMUTATION OF THE CHARGES

In this section we prove that the charges (16) commute up to second order in V. Writing explicitly the commutator
up to second order we have

[Qfa Qg] :[Qf;Ov QQ;O] + [Qf;l’ Qg;O} + [Qf;Oa Qg;l]
+ [Qf§27 Qg;O] + [Qf;lv Qg;l] + [Qf;Ov Qg;Z]- (SM—48)

The first term on the first line of the 1.h.s. is clearly 0, while the second and the third are opposite. Concerning the
second line we have

1
[Qf;Za QQ;O] + [Qf;lv Qg;l] + [Qf;()» Qg;2] :Z Z Q4(k1, k2, k3)wz1w};2wk3wk1+k2—k3 (SM—49)
k1,k2,ks3
1
+ ﬁ Z QG(kl’ ka2 ks, ka, k5)¢;21 1’11;22q’b;;sq’bkz;ﬂ]ksq/}kl-i-kz-i-ka—kz;—ks’

k1, ks
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where we introduced

1
=7 ZV(kl, ko, ki + ko —q,q)V(q, k1 + ko — q, k3, kq)

q

qa(k1, ko, ks3)

X {q(20)(k13k27k37 )+Q4 )(k17k27k37 )+Q4 )(k17k25k37 )}3 (SM_5O)
(20) o Af(ky ko ks) [ Ag(ks, k1 + ko — ks, q)  Ag(ki, ks, q) 51
4 (kb ey g) =2 Ae(ky, ko, k) | Ae(ks, k1 + ko — ks, q)  Ae(ki, k2, q) (sm-51)
(02) Ag(kla k27 k&) Af<]€17 k?u q) Af(k?n kl + k2 - k37 )
[ T _ 59
G (kb ke 0) Ae(ky, ko k3) | Ae(ki, ko, q)  Ae(kg, by + ko — k3, q) (5M-52)
(11) Af(k, ko, q) Aglks, by + ko — k3, q)  Aglky, ko, q) Af(ks, ki + k2 — k3, q)
k1, ko, ks, q) =2 _ )
G (ke ks ha ) (AE(k‘h ka,q) Ae(ks, ki + ke —ks,q)  Ae(ki, ko, q) Ae(ks, k1 + ko — k3, q) (5-53)
and
qo(kr, ko, ks, kay ks) =V (ks — k1)V (ks — ks) { (k. ks) + @2 (R, k) + g k5)} (sM-54)
(20) Aszg(ki, ko, k3, ka, ks) ((Af(ky, ko, k‘4) Af(ks, ki + kg + k3 — ky — ks, k3)
k1, ko, k3, ka, ks) =4 — -
G (k1 Ko, s, b, ) Aze(kr, ko, k3, ka, ks) \ Ae(ki, ko, ka)  Ae(ks, k1 + ko + k3 — ka — ks, k3) (5M-55)
(02) Az f(ki, ko, kg ka,ks) (Ag(ks, ki + ko + ks — ka — ks, k3)  Ag(ki, ka2, ka)
k1, ko, k3, ka, ks) =4 -
Go (koK Ko Ko Ks) 4R Tk T By, By i) \ Al by + o by — s — Ko Bs)  Aelhn, o) )7 M9
(11) _4 Ag(ky, ko, ka) Af(ks, k1 + ko + ks — kg — ks, k3)
qg (K1, ko, ks, ka, ks) <A6(/€1,k2,k4) Ae(ln, 1 + ko + kg — ks — ks, Fa)
_ Af(k1, ko, k) Ag(ks, ky + ko + ks — ky — ks, ks)) (sM-57)
Ae(ki, ko, ka) Ae(ks, k1 + ko + ks — ka — ks, k3)
A36(/€1, RN k‘5) :k‘% + kg + k)g — k‘i — k‘g — (]61 + ko + ks — ky — k5)2 . (SM—58)
Noting
Af(ky ko, ks) = Af(ky, ko, q) — Af(ks, ki + k2 — k3, q), (SM-59)
Asf(ki, ko, ks, ka,ks) = Af(ky, ko, ka) — Af(ks, ki + ko + ks — kg — ks, ks3), (SM-60)
one can easily verify
<2°)(k1,k2,k3, q) + 4\ (k1 ko, ks, )+q§”>(k1,k27k37 9)=0,  V(ki, ko, ks,q) € R,
Q((SQO)(klv kQa k3; k47 k5) + Q6 (kla k27 k3; k4a k5) + QG (kla k27 k37 k4a k5) - O V(kl, k27 k3’ k4’ k5) € RS’ (SM_Gl)

for any f and g (even when replacing the dispersion k% with a generic function €(k)). Therefore (SM-48) vanishes up
to O(V3).

IV. CURRENTS AT FIRST ORDER

The current is obtained by substituting the explicit form of the density (cf. (2
In particular, evaluating the derivative we find

1)) into the Continuity Equation (24).

deqr(x) = i[Ho, qp:0(x)] + i[Ho, g (x)] + i[H1, gp0(2)]. (sM-62)
An explicit calculation gives
[Ho, qf.0(z Zf )P — @) TPyl (sM-63)
Pq
[Ho’qf;l(x)] :ﬁ Z Tf(/ﬁ, ..’k4)e—iw(k1+k2—k3—k4)1/};;lrw;;wkawlm, (SM—64)
K1 yeeska
1 —ix —k3—
[Hy, qp0(z)] =73 Z sp(k,. .. ke (k1+k2—ks ’“4)1/)111/);121/%31/%4’ (sM-65)
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with
(ke ka) = g\ (ke ko, ka) (K3 + K3 — k3 — k2) (SM-66)
sp(krs. .. ka) = (f(k1 + ko — k3) — f(k2))V (k1 — k3) + (f (k1 + k2 — ka) — f(k1))V (ks — k2). (sM-67)

Noting that

lim rf(klv'“vkél)+8f(k1,..‘,k4)
ka—ki1+ka—k3 (kl + k2 _ kS _ k.4)

= {2(k3 — k1 — ka)gl) (k. b k) — (V (ks — ks) — V (ky — k) f' (ks)

n (V’<k1—k3>—V’<k2—k3>>[2f<k3>—f<k1>—f<k2>1}, (sn1-68)

N =

we can then define the current operator fulfilling (24) as follows

Jra(@) =7 2 1)+ e " Pyly,
p.q

1 ri(kty .o ka) +sp(k, oo ka) byt ho—k kot
i 2 Koy + ko — ks — Ky e T T Uk, ke, Y, (sM-69)

k1,...,ka

V. TBA DERIVATION OF (28) AND (29)

Consider an integrable model treatable by Thermodynamic Bethe ansatz and featuring a single species of quasi-
particles. In the thermodynamic limit eigenstates are described by a single root density p(k), which characterises the
distribution of Bethe roots [54]. The latter is related to the so called filling-function, describing the distribution of
Bethe integers, as follows [54]

p(k) = 9(k)pi(k), (sM-70)

where p;(k) is the solution of

pe(k) = % + /dq K(k — q)0(q)pi(q), (sM-T71)

and K (k) is the derivative of the scattering phase shift. On the other hand, the velocity of elementary excitations is
determined by the following integral equation

o(kpulh) =

+ [daR (k= o@ean(o. (sn1-72)

where e(k) is the dispersion relation of the free modes. Here we focus on the choices
e(k) = k%, (SM-T73)

and

_ 3 1 _ . . .
K(k) = T4 B2k /4 —2mBé(k), 3 (o(B+1+1ik/2) +o(B + 1 —ik/2) —po(1 + ik/2) — (1 — ik/2)), (SM-T4)
where 1g(k) is the Digamma function. These three cases describe respectively the Lieb Liniger (for ¢ = 2/3), the
inverse-squared, and the inverse-sinh-squared Calogero-Sutherland models (for 5 = X — 1) [26].

Fixing the Bethe integers and expanding for small 8 we find

_ k) (1 +/dq K(k— q)z?(q)) +0(6% (sM-75)

o(kp() = "2 (k + [agk- qw(q)q) o) (51-76)
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with
K(k) = B, —2mBd(k), —g <4 — k%%ssh(kﬂmQ) ; (SM-77)
where we used the identity [71]
(14 ik/2) + a1 ik/2) = = kQWQC;Sh(k”/Q)Q. (SM-T8)
These expressions agree with (28) and (29) upon choosing
V (k) = pE?, —nB|k|, -2 (gk coth (T) - 1) . (SM-T79)
Apart from proportionality and scale factors these are indeed the potentials in (19) and (20).
VI. BOSONIC CASE AT FIRST ORDER
We consider the Hamiltonian H = Hy + H; with
Ho =Y 0%0}6, . Hi= 7 S V(0)o}, 616,06, (514-80)
P P
where now the ¢s satisfy canonical (bosonic) commutation relations. V(p) is supposed in the form
Vip) = i‘spﬁpz,pﬁmspwzspsm [V(p1 —p3)], (sm-81)
where Sy, ..., is an operator that acts by symmetrising with respect to {k1,...,kn}. Without loss of generality we

can again assume V (k) to be even. However, in general one has V(0) # 0. Similarly to the fermionic case, we consider
the zeroth-order charges

Qo= [(0)dhn, (5M-82)
P

where f(p) is any function, which we take to be smooth. The calculation of the conserved charges at first order in V'
are similar to the fermionic case and one finds

1 4
Qra=7 Y dpilkre koL, 0,00, 00, crsiy ($M-83)
k1,...,ks

where we introduced

1 k1) + f(ko) — f(ks) — f(k1 + ko — k
08 k) = SV (ks — k) = V(o) L LE =T 2 T )

(sM-84)

for k? + k3 — k3 — (k1 + ko — k3)? # 0, extended by continuity at k3 = k1 and k3 = ke. However, important changes
occur when evaluating such charges in an eigenstate. We find

i) = 2 it [ aq i - oo (s11-85)
where
Ky (k) = —akw , (sM-86)

and where ¥y (k) is the filling fraction of momenta k in the eigenstate. We note that contrary to the fermionic case this
function is not bounded and can take arbitrarily large values, since bosons can coincide. But an important difference
with the fermionic case is that (SM-85) is in general divergent at first order in V, since V(0) # 0 in general. This
corresponds to the well-known fact that the expansion in ¢ of energy levels of the Lieb-Liniger model is singular [72].



