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Abstract

In this paper we consider estimating the innovation variance function when the conditional
mean model is characterized by a structural break autoregressive model, which exhibits
multiple unit root, explosive and stationary collapse segments, allowing for behaviour of-
ten seen in financial data where bubble and crash episodes are present. Estimating the
variance function normally proceeds in two steps: estimating the conditional mean model,
then using the residuals to estimate the variance function. In this paper, a nonparametric
approach is proposed to estimate the complicated parametric conditional mean model in
the first step. The approach turns out to provide a convenient solution to the problem and
achieve robustness to any structural break features in the conditional mean model without
the need of estimating them parametrically. In the second step, kernel-smoothed squares of
the truncated first step residuals are shown to consistently estimate the variance function.
In Monte Carlo simulations, we show that our proposed method performs very well in the
presence of explosive and stationary collapse segments compared to the popular rolling stan-
dard deviation estimator that is commonly used in economics and finance. As an empirical

illustration of our new approach, we apply the volatility estimator to recent Bitcoin data.
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1 Introduction

In this paper, we consider estimating the variance function of the error in a Structural Break
Autoregressive (SBAR) model, which allows for changes between unit root, explosive and sta-
tionary collapse behaviour in a time series. Recent progress in the literature on bubble testing
(e.g. Phillips et al. (2011, 2015), among others) has provided convincing evidence for the ex-
istence of such behaviour in economic data during periods of economic exuberance and crises.

The model we consider is of the following form:

J
e =Y A1+p3 ([T T) <t < [T+ pjpl([T5T] < t <[5y +ur, t=2,...,T (1)

j=1
where u; = o6y with €; a white noise error term with zero mean and unit variance, and we
assume y; = Op(1). Here, I(.) denotes the indicator function and [.] denotes the integer part.
Our focus is then on the estimation of o7, which represents the variance of the SBAR error
uz at time ¢. The model in (1) has J episodes and we assume 0 < 75, < 71y < Ti3 < 75 <
... < 143 < 1. Within each episode j, y; starts as a unit root process (a standard model for
financial asset prices), but is subject to an explosive segment with parameter ¢ =1+ pjy
(with pj; > 0) that begins after time [77,7] and terminates at time [77,7, with a stationary
collapse segment with parameter ¢y := 1+ pj, (with Pia < 0) running through to time [7';3T].
After time [T;ng], the process returns to a unit root. The model also admits the possibility
of no stationary collapse upon termination of an explosive segment, with the process returning
directly to unit root behaviour if p7y = 0. The number of episodes J, the locations of the break
points 771, 719, T3, T51, --., T3, and the associated AR offset parameters pi|, pls, P51, P39 ---s
P15 Plo, are all assumed unknown. When J = 1, the model is an extension of Phillips et al.
(2011)’s instant crash, one episode bubble model to allow for a stationary crash segment; when
J > 1, the model is an extension of Phillips et al. (2015)’s multiple episodes bubble model with

instant crash to allow for stationary crash segments.

Estimation of the error variance function o? relies on obtaining suitable prior estimates
of the u;. In each episode, the AR coefficients take a piecewise constant structure in each
segment, with the majority of segments being nonstationary, either containing a unit root or
being explosive. One approach would be to consider extending existing parametric estimation
methods for the SBAR model along the lines of, inter alia, Davis et al. (2006), Chan et al.
(2014), Bai and Perron (1998), Qu and Perron (2007) and Bai and Perron (2003). However,

all these methods assume stationarity within each segment, and would need generalising to the



nonstationary context involved in model (1). Moreover, such parametric approaches would also
necessarily involve complicated steps of model selection (using information criteria or sequential
testing) to determine the number of breaks and a follow-up estimation procedure for the timing
of the breaks. When the number of episodes .J is large and unknown, developing such a proce-
dure suited for variance estimation in our SBAR model, being characterised by nonstationary
segments, is far from straightforward.

In this paper we instead pursue a nonparametric approach to estimation of the SBAR
model, in order to obtain residuals which can then be used to estimate the variance function.
Our approach does not require estimation of either the number of breaks in the SBAR structure,
or their timing, thus offering great flexibility in dealing with the conditional mean model. To be
specific, we propose use of a local least squares [LLS] estimator to estimate the AR coefficients
of the SBAR model, which we then use to obtain residuals. The resulting residuals, when
truncated and squared, are then used to obtain a consistent estimator of the variance function.

The intuition underpinning our proposed method is as follows. At any given point in time,
the LLS estimator only uses data local to that point; consequently, within the interior of a
given segment with a constant AR coefficient, a consistent estimate for the corresponding AR
coefficient (and thus the associated residuals) can be obtained. However, the problem with
LLS estimation is that it will not be consistent around the time of the structural breaks, due
to the fact that at some points the LLS estimator will necessarily use data from two different
AR regimes. Consequently, some LLS residuals can be very large in (absolute) magnitude, and
can render the subsequent variance estimation problematic. We therefore propose a truncation
mechanism to mitigate against the problematic effects of such large residuals, and use the
truncated residuals to estimate the variance function using kernel smoothing techniques. Under
suitable conditions on the truncation parameter and the bandwidths, we are able to show both
pointwise and uniform consistency of the variance function estimator.

While the bubble model we consider in (1) contains a natural ordering of regimes from unit
root to explosive to stationary to unit root, the methodology and theoretical analysis of the
paper actually applies automatically to models where the ordering of different autoregressive
episodes is arbitrary; for example, it is not necessary for our consistency results for there to be a
unit root regime prior to the first explosive regime. Our analysis also applies to the case where
multiple stationary (or explosive) segments with different AR parameters occur in sequence.
This potentially opens the way for applications of our new methodology in fields other than the
present context of bubble modelling.

Nonparametric variance function estimation in structural break models has important ap-



plications in a number of theoretical and methodological situations. These include, for exam-
ple, constructing tests for bubbles as considered in Kurozumi et al. (2020), and developing
heteroskedasticity-robust real-time monitoring procedures for bubbles, as considered in Astill
et al. (2020). The classical rolling standard deviation estimator used widely in macroeconomics
and finance, e.g. Officer (1973), Bittlingmayer (1998), Blanchard and Simon (2001) and Mum-
taz and Theodoridis (2017), is essentially the square root of a nonparametric variance function
estimator which does not account for structural breaks in the conditional mean model. Our
Monte Carlo simulation analysis shows that, when explosive and stationary collapse segments
exist in the data, it can provide a very imprecise estimate of the true volatility, while the method
we propose affords a convenient and superior method in such situations, with robustness to the
structural breaks in the AR coefficients.

Nonparametric volatility measures have been widely studied in the statistics and econo-
metrics literature. This includes Hall and Carroll (1989), Fan and Yao (1998) and Kristensen
(2012), among others, in a regression model context, and Xu and Phillips (2008), Beare (2018)
and Boswijk and Zu (2017) in autoregressive models. However, to the best of our knowledge, no
extant papers considering variance estimation allow for structural breaks in the AR coefficients
of the conditional mean AR model.

The structure of the paper is as follows. Section 2 presents assumptions for the model,
motivates and defines the new estimator of the variance function and shows its pointwise and
uniform consistency. Section 3 discusses how our approach can be extended to a model with a
more general SBAR(k) structure. In section 4, we study the finite sample performance of the
proposed new estimator and compare it with that of a non-truncated alternative version and
the commonly used simple rolling standard deviation estimator, using Monte Carlo simulation.
Section 5 presents an empirical illustration of our volatility estimation method using Bitcoin
price data, while section 6 concludes. Proofs of the main results of the paper can be found in the
Appendix, with proofs of the technical lemmas contained in the online Supplementary Appendix.
In the remainder of the paper, we adopt the following notation: % denotes convergence in
distribution, = weak convergence to a stochastic process. For two sequences ar and br, ar Vb

means taking the sequence with higher order.

2 Model assumptions and volatility estimator
We make the following assumptions regarding the innovation ¢; in model (1):

Al E(g|Fi1) = 0, E(e?|F;_1) = 1 with F; the natural filtration generated by {et}i>1,



sup; E(|et|! | Fi—1) < oo almost surely for some p > 6.

Assumption Al requires that {e;} is a conditionally homoskedastic martingale difference
sequence with absolute moments existing up to order 6. The moment condition is justifiable in
view of the recent empirical evidence in Francq and Zakoian (2020, 2021), who propose new tests
for the existence of moments of financial returns and find the existence of the sixth moment in
financial returns. Denoting oy = o(t/T'), then o(t/T') represents both the conditional and the
unconditional standard deviation of the SBAR error o4¢; in (1) given information up to time ¢—1.
The considered model therefore permits time-variation in both conditional and unconditional
variances. Although the conditional homoskedasticity assumption for the sequence {e;} rules
out GARCH effects in the standardised error, our estimator for the o(.) function will be able to
absorb such effects (to a certain degree) in data. In some practical situations, it is certainly useful
to consider an extension to allow for GARCH effects, i.e. E(¢?|F_1) = w? (with identification
assumption F(w?) = 1). In view of the Cavaliere et al. (2022) recent work on heteroskedastic
fractional time series models, such an extension is possible using the relevant cumulant type
assumptions for the dependence structure in {;} and the proof strategy therein, although we
leave consideration of such an extension for future work.

As a convention, we refer to (7) as the volatility function and o2(7) as the variance function.
We also refer to the domain of the o(.) function [0,1] as a normalised time scale, while t =

1,2,...,T is the observational time scale. We assume the following regarding o(7):

A2 o(7) is a non-stochastic strictly positive, Lipschitz continuous function satisfying oo >

oy > o(r) > o >0 for any 7 € [0, 1].

If the error sequence {u;} was observable, the variance function o%(.) could be estimated by

a kernel smoothing estimator of the form
T
&% (r) =) wruf (2)
i=1

where w;; = Kj(i/T — 7')/ZZ-T:1 Ky (i/T — 1), Kp(s) = K(s/h)/h with K(.) a kernel func-
tion and h some bandwidth parameter. In practice, of course, {u;} is not observable and the
nonparametric variance estimator is typically constructed by replacing the u; in (2) with cor-
responding estimates u;. If the dimension of the parameter space is low, it may be plausible
to develop a parametric approach to estimating the conditional mean model. However, given

the large number of unknown parameters in our mean model (1), particularly given that J is



unknown and can be large, such an approach is unappealing. Instead we propose a nonpara-
metric LLS approach that will provide a simple and robust way of estimating the SBAR model,
despite the mean model being parametric in nature. To be specific, letting p, generically denote
the AR offset parameter of the process at time ¢, we define a kernel-type LLS estimator for p,

as

T
pr=argminy | G, ((i = 1)/T)(Ayi = pyi1)? (3)
i=1

where G}, (s) = G(s/h1)/h1, G(.) is a kernel function and h; is the bandwidth parameter.

Solving analytically, we obtain for t =1,...,T,

T -1 /7
Py = (Z G, ((i — t)/T)y3—1> (Z G, ((1 = t)/T)y¢_1Ayi> : (4)
i=1

i=1

Given p;, we define the LLS AR residuals as 4; = Ay; — p,yr—1. Substituting in the definition

that Ay, = pyi—1 + ug, we have

Uy — up = —(pp — pr)Yt—1-

This implies that the magnitude of the error arising from using 4, instead of u; depends on
both the error of the LLS estimator p, — p, and the magnitude of the y; process at time ¢t — 1.

LLS estimation is normally used to estimate time-varying parameters that evolve smoothly,
whereas here we use it to estimate piecewise constant parameters, where the process can be
allowed to have nonstationary and explosive segments. In our context, using the LLS estimator
has the advantage of rendering model identification and break point estimation unnecessary, but
a problem remains in that it may not be efficacious in time periods around the break points.

Intuitively, the LLS estimator should be consistent in the interior of a given segment, where
the AR coefficient is constant. However, in the neighbourhoods on both sides of the regime
change points (both of size h;), consistency may not hold. In such cases, given that 4; — u; =
—(py — pr)Yt—1, this discrepancy could be very large (in absolute value) when the level of y;_;
is very high. If such 4; were used in place of u; in (2), a non-negligible error in this second step
variance estimator may result.!

To deal with this issue, we propose using truncation-based residuals 4:I(|4;| < 1) in place of
u; in (2), where 1 is a truncation parameter which slowly diverges to infinity. The idea is that,

in the interior of a given segment, since p, is consistent, @; = u;—(p;—p;)yi—1 will differ from w; by

n fact, it is clear from the later theoretical analysis of Theorems 1 and 2 that, under the conditions stated
for these theorems, a variance estimator simply using the residuals 4; will be diverging and inconsisent.



only an 0,(1) term, hence 4; will be Op(1), and the truncation will not be operative as ¥y — oco.
On the other hand, in the neighbourhoods of the break points, truncating |;| residuals that
are larger than 17 to 0 will ensure that the truncated residuals have a magnitude controlled by
1. Because inconsistent estimation of p, can only occur for shrinking neighbourhoods of size
h1, careful selection of the order of the truncation parameter 1, and the kernel bandwidths
ensures that consistency of the variance estimator can be established.

Our variance function estimator takes the following form, for 0 < 7 < 1:

T
5*(r) = Y wridfl(|] < vr) (5)

i=1
where w,; = Kp,(i/T — 7')/23“:1 K, (i/T — 1), Kp,(s) = K(s/h2)/h2, and K(.) is a kernel
function and ho the associated bandwidth parameter. In this definition of the estimator, the
squared residuals at the truncated points are replaced by zeros. As pointed out by a referee, this
may induce a finite sample downward bias in the estimated variance. Alternatively, these trun-
cated “observations” can be treated as missing data, without altering the asymptotic properties

of the variance estimator. The appropriate modification would then be to define the weight as

_ KhQ(i/T—T) '
iy Koy (i/T = m)I(|| < br)

(6)

wm-

We found the finite sample performance of the estimator in (6) to be markedly superior. There-
fore, in our Monte Carlo simulations and empirical analysis, the weight definition in (6) is used
throughout.

Next we study the asymptotic properties of the truncation-based kernel smoothing estimator

for the variance function. We make the following additional assumptions:
. . . 1
B1 G(.) is strictly positive on [—1,1], and 0 < [*, G(u)du = v < .

B2 h; — 0 as T — oo with

log(T
_LoelD) )_2 =0 (7)
l_i 1 —
I v=1h, P71

with p > 6 as specified in Assumption Al.

C1 K(.) is a bounded non-negative function defined on the real line, Lipschitz continuous, and

satisfies [ K(u)du =1 and [*_|K(u)u|du < co.
C2 As T — oo, Yy — o0.

C3 As T — oo, hg — 0. Defining a = hq/hs, a satisfies aw4T — 0.



The following theorem details the large sample properties of the volatility function estimator

62(1):

Theorem 1. Under conditions A1-A2, B1-B2, C1-C3, then for all T € [0,1],

That is, 6*(T) is pointwise consistent for o*(1) for all T € [0,1).

In the next theorem, we show that the pointwise consistency result can be strengthened to

a uniform consistency result, under a stronger bandwidth condition on ho:

Theorem 2. Under the conditions of Theorem 1, if in addition log(T)/(Tl_%hg) — 0, we have

sup ‘62(7‘) - 02(7')‘ = o0p(1).
T7€[0,1]

Note that in Assumption Bl we impose G(.) to be a two-sided kernel which is strictly
positive over [—1,1]. For the result in Theorem 2, this is a requirement and hence a one-
sided kernel is not permitted. Examples of a kernel for G(.) that satisfies the requirements of
Assumption Bl are the uniform kernel G(u) = I(—1 < u < 1) and the truncated Gaussian
kernel G(u) = (27)~ Y2 exp(—u?/2)I(—=1 < u < 1). In Assumption B2, (7) indicates the trade-
off between the moment condition and the bandwidth restriction. If we take the smallest
integer satisfying the p > 6 condition, i.e. p = 7, (7) becomes equivalent to Th% — 00 up to
a logarithmic term. When ¢; is Gaussian so p can be arbitrarily large, (7) would be close to
the commonly-used assumption Th; — co. Assumptions on the second step kernel K(.) are

~1/2 exp(—u?/2) satisfies the conditions

standard. The classical Gaussian kernel K (u) = (2)
for K(.) in Assumption C1l. Assumption C2 only requires that 1, diverges, but technically
Assumptions B2 and C3 also imply that ¢ cannot diverge too fast, because h; — 0 cannot be
too fast (Assumptions B2 and C3), and hy = o(h1/h2) (Assumption C3). A slowly diverging
logarithmic rate for the truncation level v, will satisfy Assumptions C2 and C3. For example,
when ¢ = O(log(T)), and the rate difference a between hi and hy is some polynomial rate 72,
9 > 0, both Assumptions C2 and C3 will be satisfied. For the condition log(T)/(Tk%hg) — 0,
when p = 7, it becomes equivalent to T’ h;/ P 00 up to a logarithmic term; when ¢; is Gaussian
and p can be arbitrarily large, it becomes The — oo (up to a logarithmic term). Although
the bandwidth conditions for h; and ho appear complicated, the conditions Th‘;’ — oo and

Th3 — oo would be sufficient for all possible values of p, and these are comparable with those

in Fan and Yao (1998).



2.1 Bandwidth and truncation level selection

For given choices of G(.) and K(.), the associated bandwidths h; and hg can be selected to
optimise the performance of the estimators. The bandwidths can be subjectively tuned to
trade off the bias and variance of the nonparametric estimates, or chosen by data to minimise
some criteria that are related to the prediction/estimation error. Here we outline a data-driven
approach to choosing the bandwidths.

We propose using the so-called “leave-one-out” cross-validation (CV) method to select h; and
hg. To ensure the selected hy and hg satisfy the multiple bandwidth conditions (i.e. Assumptions
B2 and C3, and potentially the extra condition for hg in Theorem 2), we follow the approach
proposed in Patilea and Raissi (2012, 2014) to select h; and hy with suitable pre-specified rates.
To be specific, we first set hy = bik1,7 and hg = baka 7, with k1 7 and k2 7 chosen to be functions
of T' that satisfy the required rate conditions, and then use the leave-one-out CV method to
select the constants b; and by by optimizing the constants over fixed sets.

For the first step bandwidth h; = b1k 7, the CV criterion is defined as

T
1 .
CVi(b) = T Z(Ayt — Pr—yi1)’

t=1

where p, _ is the LLS estimator leaving out the observation at time ¢. The CV bandwidth is
then selected by minimizing the CV criterion across by € By := [b*", b"2®]:

hi = k1,1 - arg bnéiél CVi(h).
1 1

The second step estimation for &f involves truncation. As discussed above, setting the trun-
cation level as ¥ = clog(T'), where ¢ is a positive constant, will be a valid choice. Practically,
given that in the model (1) an initial unit root regime occurs prior to the first explosive episode,
we propose setting ¢ to be the sample standard deviation of Ay in this initial sub-sample,
thereby acting as a simple measure for the average error volatility. Such a sub-sample is to be
used because when explosive behaviour is present in the data, the sample standard deviation of
Ay, across the full sample will over-state the average error volatility. The advantage of using an
average error volatility measure is that the truncation is then adapted to the (average) level of
volatility in the specific dataset under study. In practical applications, although the onset of the
initial putative explosive regime is unknown, it is usually straightforward to informally identify
a sub-period of the data that is free of explosive behaviour. Denoting this average volatility

estimate as 7, the truncation level is then set as ¥ = dlog(T'). Following truncation of the 4y,



series, leave-one-out cross-validation is then used to select the bandwidth hsy, which is defined

as
T
hy = ko - arg min Z(@%H(mﬂ < Pp) — 67 )2
b2€B2 =1 ’
where By := [b7" b7'%] and 6?7_ denotes the variance estimator defined in (5) using observa-

tions excluding the squared truncated residuals 421(|a;| < 7).

Notice that in our model specifications, second order dependence of the e; sequence is
unspecified and it is possible that Cov(e?,¢2) # 0. In practical applications, it is also the case
that nontrivial dependence may exist in the squared residuals used in the second step estimator.
Consequently, leave-one-out CV may not be the best choice for bandwidth selection in this case,
given the findings of Chu and Marron (1991), and an alternative possibility would be to leave
more observations out in computing the CV criterion function, i.e. using leave-p-out CV with

p> 1.

3 Allowing for serial correlation in the errors of the SBAR

model

Our variance function estimator can also be applied to an SBAR model which allows for higher
order serial correlation in the errors. A (k 4 1)th order SBAR variant of our model can be
obtained by augmenting (1) with lagged differences of Ay; in each of the segments involved.
Specifically:
J
v = Y {1+ pnI(rhT] < t < [F5T) + p5l([FpT) < t < [753T)} g (8)

j=1

H{0111Ay—1 + - + 611k Ay, HI(E < [771T])

H{0j21AY—1 + - + 0y Ay JI([75H T] <t < [15.T])

+{5j31Ayt—1 +- (5j3kAyt,k}]I([T;-2T] <t< [T%T])

HOja1Aye—1 + -+ 0jun Ay H([75T] < ¢ < [ THI+ we

where 7%, ; = 1. Note that this model allows the lagged difference coefficients to be different
across the four segments in each episode j, as well as across j. In this model, our LLS estimator

can be applied analogously to estimate all the coefficients in this (k + 1)th order SBAR model,



simply by augmenting the LLS regression equation appropriately, i.e. replacing p, in (3) with

T

{Ps;01, ..., 0} = arg , in_ }ZGhl((i —1)/T)(Ay; — pyi-1 — 018yp1 — -+ — 6, Ays_)?
01Okt g

which again has an analytical solution, a vector analogue of (4). The residuals from such LLS
estimation can then be truncated and used to estimate the o(.) function as in the simpler case of
the previous section. This extension further highlights the benefit of using a LLS nonparametric

approach, as opposed to a high dimensional parametric estimation of (8).

4 Monte Carlo simulation

In this section, we use Monte Carlo simulation to compare the performance of our truncation-
based variance estimator 2 with two related estimators across a number of different specifi-
cations for the volatility and explosive episodes. The first estimator we compare with is the
square of the classical rolling standard deviation estimator, which essentially applies the usual
sample variance formula to Ay; over rolling windows; we denote this estimator by &im. The
second estimator used for comparison is our two-step estimator but without truncation (which
we denote by &?,nt); this is included to demonstrate the effect of truncation in our proposed
estimation procedure.

We use the uniform kernel over [—1,1] for both the first step kernel function G(.) and
the second step kernel function K (.). This choice of kernel functions is comparable with the
rolling estimator, which applies equal weights to squared demeaned returns in a fixed window.
The bandwidths used in this simulation study are hy = T~Y3/log(T) and hy = T—'/%; it is
straightforward to confirm that these bandwidths satisfy the imposed bandwidth conditions.
We set the truncation level according to ¥ = dlog(T') with & calculated using the standard
deviation of Ay; over the first 10% of the sample. The same bandwidth hs is then also used for
the rolling estimator. We use 1000 Monte Carlo replications in all the simulations.

For simplicity, we simulate the DGP (1) with J = 1, so we suppress the dependence on
j in the notation of this section. We use T' = 200,500, 1000, y; = 5, ¢ ~ NIID(0,1), and
pi = {0,0.02,0.04,0.06} for the explosive parameter magnitudes, along with p5 = —pJ, such
that the stationary collapse offset is of the same magnitude as the explosive offset. We consider
the break timings (77,75,7%) = {(0.3,0.7,0.8),(0.4,0.6,0.7)}. In each case we consider the

following volatility specifications for o(7), setting o* = 0.03:
(a) Constant volatility: o(7) = o* Vr.

10



(b) Early smooth upward shift: o(7) = o* + 20* 1+exp{—210(7'—0.3)}'

1
1+exp{—20(7—0.5)}*

(¢) Mid-sample smooth upward shift: o(7) = o* + 20*

1
1+exp{—20(7—0.8)} "

(d) Late smooth upward shift: o(7) = ¢* + 20*

4. _ * * 1 * 1
(e) Double smooth shift: o(7) = o* + 20 o —200—=03)] — 20 Trep[—200—07]"

(f) Upward trend: o(7) = o* + 20*T.

In cases (b) to (d), the volatility undergoes a (logistic) smooth transition from o* to 30 at
different points in time. In case (e), the volatility transitions from o* to 3c* early in the sample

before returning to ¢* at a later point in the sample period.

2

~2 . .
trw and 67, using two measures: Root Mean In-

We compare the performance of &?, o
tegrated Squared Error (RMISE) and Mean Integrated Absolute Percentage Error (MIAPE).
Specifically, and with a slight abuse of notation, letting %(7) denote an arbitrary estimator for

02(7), these measures are defined as follows:

RMISE

1
\/E /O (6(r) — o(r))%dr,

GG
MIAPE = E/o o(7) dr.

The integration and the expectation above cannot be evaluated exactly, so in our simulations
the integrals are approximated by T discretised points, with the expectations based on the
means across replications.

We report the results for both measures in Tables 1-4 for different combinations of break
timings and error summary measures. From Tables 1-4, we observe that in the case of no
explosivity (pj = 0), all the estimators perform similarly. In the cases where an explosive
(and stationary collapse) segment exists, the error measures for our proposed estimator &f
change relatively little as the explosive magnitude increases, while the rolling estimator 65’“”
and the “no truncation” version of our estimator ‘ﬁmt have errors that increase substantially
with both p] = —p5 and T', with particularly high error measures observed for the large explosive
magnitude settings. As might be expected, the é)’%mw estimator is overall the least accurate of the
three in the presence of an explosive segment, followed by &?,nh while our proposed 67 estimator
offers by far the best performance, with truncation clearly performing a very important role

in improving the accuracy of the variance function estimation. We also observe that the error

measures associated with 6? are, without exception, monotonically decreasing in T' (in contrast

11



T =200 T = 500 T = 1000
VOlatlhty p’{ = _p§ a-t2 &?,nt a-?,Tw &? a-int a-t2,'rw a-? &int &irw
Model (a) 0.0000 0.0026 0.0026 0.0023 | 0.0018 0.0018 0.0016 | 0.0013 0.0013  0.0012
0.0200 0.0122 0.0617 0.1804 | 0.0036 0.6397  1.5687 | 0.0014 27.9658 61.2222
0.0400 0.0058 0.7288 1.5514 | 0.0035 63.3387 > 100 | 0.0027 > 100 > 100
0.0600 0.0075 5.0935 9.3166 | 0.0056 > 100 > 100 | 0.0045 > 100 > 100
Model (b) 0.0000 0.0178 0.0106 0.0104 | 0.0114 0.0073 0.0071 | 0.0078 0.00564  0.0053
0.0200 0.0166 0.0383 0.1459 | 0.0111 0.6051  1.5335 | 0.0079 28.1420 61.6480
0.0400 0.0177 0.6892 1.5111 | 0.0116 63.5299 > 100 | 0.0080 > 100 > 100
0.0600 0.0181 5.0623 9.2941 | 0.0117 > 100 > 100 | 0.0082 > 100 > 100
Model (c) 0.0000 0.0154 0.0093 0.0090 | 0.0101 0.0066  0.0065 | 0.0071  0.0051 0.0050
0.0200 0.0143 0.0399 0.1504 | 0.0103 0.6051 1.5314 | 0.0075 27.9413 61.2074
0.0400 0.0164 0.6924 1.5139 | 0.0115 63.3075 > 100 | 0.0082 > 100 > 100
0.0600 0.0177 5.0558 9.2788 | 0.0124 > 100 > 100 | 0.0091 > 100 > 100
Model (d) 0.0000 0.0121 0.0102 0.0098 | 0.0085 0.0073 0.0071 | 0.0063 0.0055 0.0054
0.0200 0.0115 0.0525 0.1684 | 0.0076  0.6278  1.5555 | 0.0057 27.9560 61.2113
0.0400 0.0114 0.7134 1.5359 | 0.0082 63.3266 > 100 | 0.0062 > 100 > 100
0.0600 0.0129 5.0774 9.3006 | 0.0093 > 100 > 100 | 0.0072 > 100 > 100
Model (e) 0.0000 0.0157 0.0135 0.0137 | 0.0107 0.0092 0.0092 | 0.0078 0.0068  0.0068
0.0200 0.0176 0.0537 0.1647 | 0.0109 0.6253  1.5553 | 0.0075 28.1605 61.6673
0.0400 0.0154 0.7122 1.5344 | 0.0102 63.5506 > 100 | 0.0077 > 100 > 100
0.0600 0.0150 5.0861 9.3180 | 0.0104 > 100 > 100 | 0.0079 > 100 > 100
Model (f) 0.0000 0.0095 0.0066 0.0060 | 0.0058 0.0045 0.0041 | 0.0039 0.0034  0.0031
0.0200 0.0078 0.0425 0.1543 | 0.0051 0.6148 1.5439 | 0.0039 28.1063 61.5582
0.0400 0.0095 0.6994 1.5214 | 0.0061 63.5088 > 100 | 0.0042 > 100 > 100
0.0600 0.0110 5.0682 9.2955 | 0.0069 > 100 > 100 | 0.0049 > 100 > 100

2

Note: 67, 6f)nt and &f,rw denote the truncation-based variance estimator, the estimator without truncation,
and the classical rolling window estimator, respectively.

Table 1: RMISE for variance estimates: (7%, 75,75) = (0.3,0.7,0.8)

to those for 6?,m and (ﬁmﬂ), in line with what we would expect from our theoretical consistency
results derived in section 2. It is encouraging to see that the attractive behaviour of the new
&f estimator is maintained across all the different volatility specifications employed and the
different SBAR settings considered for the explosive and stationary segment magnitudes and

timings. These findings are also confirmed by both the RMISE and MIAPE error measures.

5 Empirical illustration: Bitcoin data 2016-2019

In this section, we compare the empirical performance of our estimator with the untruncated
estimator and the rolling standard deviation estimator, using a dataset for the logarithms of
Bitcoin prices as y;. The rolling standard deviation, at various fixed lengths of intervals (e.g.
30-day, 60-day, 120-day, etc.), is available in databases such as the Bloomberg Terminal and
Thompson Reuters Datastream.

Bitcoin is a digital asset designed to work as a medium of exchange that uses cryptography.
It has long been recognised as a speculative asset among financial economists. Bitcoin gained
much media exposure in late 2017 because of the rapid increase and decrease in its price. Its

unit price increased dramatically, reaching a historical high on December 17th, 2017, after which
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T =200 T =500 T = 1000
VOlatlhty p»{ = _p§ a.tQ a-t2,nt 6-t2,'rw 6-? &tz,nt a-f,rw 6’? a-int &?77‘11)
Model (a) 0.0000 | 0.0702 0.0701  0.0604 | 0.0474 0.0474  0.0419 | 0.0353 0.0353 0.0315
0.0200 | 0.2971  1.5600  5.1065 | 0.0869 14.5626 39.6193 | 0.0367 > 100 > 100
0.0400 | 0.1634 18.3270 42.5372 | 0.0927 > 100 >100 | 0.0695 > 100 > 100
0.0600 | 0.1971 > 100 > 100 | 0.1412 > 100 >100 | 0.1075 >100 > 100
Model (b) 0.0000 | 0.2251 0.1599  0.1630 | 0.1488 0.1056  0.1073 | 0.1036 0.0770 0.0777
0.0200 | 0.2155 0.4166  1.5721 | 0.1478 4.6226  13.0841 | 0.1058 > 100 > 100
0.0400 | 0.2395 5.8927  14.5309 | 0.1602 > 100 >100 | 0.1115 >100 > 100
0.0600 | 0.2520 42.5400 85.2695 | 0.1668 > 100 >100 | 0.1161 >100 > 100
Model (c) 0.0000 | 0.1820 0.1399  0.1439 | 0.1273 0.0972  0.0985 | 0.0924 0.0735 0.0744
0.0200 | 0.1803 0.4631  2.0429 | 0.1356  4.9954  15.3439 | 0.1018 > 100 > 100
0.0400 | 0.2407  6.7788  17.9248 | 0.1772 > 100 >100 | 0.1304 >100 > 100
0.0600 | 0.2875 48.7844  >100 | 0.2137 > 100 >100 | 0.1602 >100 > 100
Model (d) 0.0000 | 0.1487 0.1486  0.1527 | 0.1086 0.1048  0.1067 | 0.0820 0.0784 0.0797
0.0200 | 0.1956 0.9880  3.6392 | 0.1076 10.1845 28.6784 | 0.0760 > 100 > 100
0.0400 | 0.2054 12.5623 30.6302 | 0.1426 > 100 >100 | 0.1097 >100 > 100
0.0600 | 0.2603 88.6872 > 100 | 0.1916 > 100 >100 | 0.1484 >100 > 100
Model (e) 0.0000 | 0.2508 0.2543  0.2741 | 0.1753 0.1673  0.1775 | 0.1291 0.1212 0.1276
0.0200 | 0.3388 0.9912  2.9853 | 0.1994 8.7940 23.5196 | 0.1247 > 100 > 100
0.0400 | 0.2781 11.4496 25.9884 | 0.1754 > 100 >100 | 0.1308 >100 > 100
0.0600 | 0.2605 80.1094 > 100 | 0.1826 > 100 >100 | 0.1360 > 100 > 100
Model (f) 0.0000 | 0.1119 0.0861  0.0852 | 0.0694 0.0588  0.0584 | 0.0483 0.0441 0.0436
0.0200 | 0.0991 0.4806  1.9777 | 0.0654 5.8051 16.5738 | 0.0491 > 100 > 100
0.0400 | 0.1279  7.3803 18.1855 | 0.0839 > 100 >100 | 0.0582 >100 > 100
0.0600 | 0.1586 53.2021 > 100 | 0.1037 > 100 > 100 | 0.0740 >100 > 100
Note: &7, 6f)nt and &f,rw denote the truncation-based variance estimator, the estimator without truncation,

and the classical rolling window estimator, respectively.

Table 2: MIAPE for variance estimates: (77,75, 75) = (0.3,0.7,0.8)

T =200 T = 500 T = 1000
VOlatlhty p; = _p§ &tz &?,nt &?,rw &? &?7nt &?,rw a.t2 &?,nt Atz,rw
Model (a) 0.0000 0.0026 0.0026 0.0023 | 0.0018 0.0018  0.0016 | 0.0013 0.0013  0.0012
0.0200 0.0102 0.0194 0.0682 | 0.0079 0.0710  0.1953 | 0.0063  0.5140 1.1450
0.0400 0.0120 0.1292 0.2953 | 0.0058  1.2052 2.2215 | 0.0030 51.3026 81.2238
0.0600 0.0103 0.4541 0.8540 | 0.0062 12.2071 18.6075 | 0.0047 > 100 > 100
Model (b) 0.0000 0.0178 0.0106 0.0104 | 0.0114 0.0073  0.0071 | 0.0078 0.0054  0.0053
0.0200 0.0167 0.0113 0.0452 | 0.0105 0.0481  0.1645 | 0.0072  0.4933 1.1344
0.0400 0.0167 0.0982 0.2588 | 0.0108 1.1782  2.2005 | 0.0075 52.2679 82.7706
0.0600 0.0171 0.4171 0.8161 | 0.0109 12.2718 18.7245 | 0.0075 > 100 > 100
Model (c) 0.0000 0.0154 0.0093 0.0090 | 0.0101  0.0066 0.0065 | 0.0071  0.0051 0.0050
0.0200 0.0146 0.0145 0.0521 | 0.0093 0.0533  0.1712 | 0.0063  0.4896 1.1194
0.0400 0.0145 0.1065 0.2680 | 0.0101 1.1775  2.1924 | 0.0077 51.3372 81.2934
0.0600 0.0153 0.4257 0.8235 | 0.0110 12.1818 18.5828 | 0.0085 > 100 > 100
Model (d) 0.0000 0.0121 0.0102 0.0098 | 0.0085  0.0073 0.0071 | 0.0063  0.0055 0.0054
0.0200 0.0148 0.0208 0.0654 | 0.0114 0.0694 0.1917 | 0.0091 0.5116 1.1417
0.0400 0.0149 0.1239 0.2882 | 0.0105 1.2012  2.2165 | 0.0073 51.3001 81.2209
0.0600 0.0150 0.4469 0.8457 | 0.0108 12.2030 18.6026 | 0.0080 > 100 > 100
Model (e) 0.0000 0.0157 0.0135 0.0137 | 0.0107 0.0092  0.0092 | 0.0078 0.0068  0.0068
0.0200 0.0152 0.0175 0.0536 | 0.0106  0.0547  0.1739 | 0.0082 0.5014  1.1440
0.0400 0.0155 0.1099 0.2725 | 0.0102 1.1891 2.2126 | 0.0072 52.2747 82.7769
0.0600 0.0151 0.4314 0.8316 | 0.0097 12.2829 18.7364 | 0.0070 > 100 > 100
Model (f) 0.0000 0.0095 0.0066 0.0060 | 0.0058 0.0045  0.0041 | 0.0039 0.0034  0.0031
0.0200 0.0087 0.0122 0.0521 | 0.0056 0.0559  0.1754 | 0.0043 0.5001 1.1361
0.0400 0.0086 0.1085 0.2709 | 0.0056 1.1880  2.2074 | 0.0040 51.8282 82.0673
0.0600 0.0092 0.4297 0.8283 | 0.0061 12.2434 18.6739 | 0.0045 > 100 > 100

Note: &7, 6f)nt and &f,rw denote the truncation-based variance estimator, the estimator without truncation,
and the classical rolling window estimator, respectively.
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T =200 T =500 T = 1000
VOlatlhty p’{ = _p§ a.tQ a-t2,nt a-t2,'rw 5‘? a-t2,nt a-irw 6’? &E,nt &?,rw
Model (a) 0.0000 0.0702  0.0701 0.0604 | 0.0474 0.0474  0.0419 | 0.0353 0.0353  0.0315
0.0200 0.2642  0.5093 1.8923 | 0.1994 1.6030 4.7974 | 0.1438 10.4224  25.3197
0.0400 0.3245  3.3386 8.1399 | 0.1575 26.9090 53.1514 | 0.0755 > 100 > 100
0.0600 0.2851 11.6579 23.2564 | 0.1563 > 100 > 100 | 0.1104 > 100 > 100
Model (b) 0.0000 0.2251 0.1599  0.1630 | 0.1488 0.1056  0.1073 | 0.1036  0.0770  0.0777
0.0200 0.2130 0.1668  0.5432 | 0.1387 0.4197  1.4192 | 0.0956 3.3264  8.3430
0.0400 0.2147 09515  2.6421 | 0.1430 8.8386 17.8896 | 0.1015 > 100 > 100
0.0600 0.2202 3.7391 7.9741 | 0.1456 91.3034 > 100 | 0.1015 > 100 > 100
Model (c) 0.0000 0.1820 0.1399 0.1439 | 0.1273  0.0972 0.0985 | 0.0924 0.0735 0.0744
0.0200 0.1874 0.2186  0.8152 | 0.1240 0.5873  2.0424 | 0.0869 4.2206  10.9465
0.0400 0.2031  1.3906 3.8222 | 0.1472  11.7341 24.2712 | 0.1143 > 100 > 100
0.0600 0.2281 5.2921 11.2538 | 0.1706 > 100 > 100 | 0.1328 > 100 > 100
Model (d) 0.0000 0.1487  0.1486 0.1527 | 0.1086  0.1048 0.1067 | 0.0820 0.0784 0.0797
0.0200 0.2788  0.4531 1.5290 | 0.2068 1.3701 4.0704 | 0.1499 9.2523  22.2931
0.0400 0.3047  2.6422  6.6014 | 0.2015 23.2374 45.6425 | 0.1334 > 100 > 100
0.0600 0.3206 9.4154 18.9759 | 0.2266 > 100 > 100 | 0.1655 > 100 > 100
Model (e) 0.0000 0.2508  0.2543 0.2741 | 0.1753  0.1673 0.1775 | 0.1291  0.1212 0.1276
0.0200 0.2626  0.3317 0.9235 | 0.1901 0.6740 2.1076 | 0.1439 4.3972  11.1099
0.0400 0.2760  1.6299 4.1058 | 0.1761 12.1990 24.8113 | 0.1200 > 100 > 100
0.0600 0.2562  5.8556  12.0245 | 0.1624 > 100 > 100 | 0.1168 > 100 > 100
Model (f) 0.0000 0.1119  0.0861 0.0852 | 0.0694 0.0588  0.0584 | 0.0483  0.0441 0.0436
0.0200 0.1059 0.1664  0.7069 | 0.0687 0.5927  1.9933 | 0.0533 4.5926  11.4387
0.0400 0.1101  1.2975  3.5191 | 0.0705 12.0997 24.2961 | 0.0520 > 100 > 100
0.0600 0.1219 5.0564 10.5327 | 0.0811 > 100 > 100 | 0.0621 > 100 > 100

2

= ) =7 . . A 5 5 "
Note: 63, 6% ,,, and 67 ,.,, denote the truncation-based variance estimator, the estimator without truncation,

and the classical rolling window estimator, respectively.

Table 4: MIAPE for variance estimates: (77,75, 75) = (0.4,0.6,0.7)

the price underwent a rapid depreciation, losing a third of its value by December 30th. Harvey
et al. (2020) studied the daily level price data from late 2017 to early 2018 using a sign-based
approach to bubble testing and dating, and confirmed the existence of explosive behaviour from
November 13th 2017 to December 7th 2017, a period before the highest value was reached. In
this illustration, we focus on the log Bitcoin price over a longer period of daily closing prices,
from January 1st 2016 to April 2nd 2019, obtained from Yahoo Finance. Figure 1 provides a
plot of the log Bitcoin price.

We use the same uniform kernels as in the Monte Carlo simulations for our proposed estima-
tor 67 from (5), the non-truncated estimator &f’m and the rolling standard deviation estimator
63,% discussed in section 4. The truncation level is again chosen as described in section 2.1 with
& calculated using the standard deviation of Ay; over the first 10% of the sample. The computed
actual truncation level is roughly 7 times the standard deviation &. For the bandwidths, we
implemented the leave-one-out CV methods discussed in section 2.1 with hy = byT~1/3/log(T)
and hg = bgTﬁl/ 4, and the optimisation for both b; and by is performed over a grid from 1/5
to 5 with increment 0.1 (i.e. By = By = {0.2,0.3,...,4.9,5}). The selected h; corresponds to

performing the first step local least squares using a window of 40 evenly split lead and lag ob-
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Figure 1: Bitcoin log price.

servations, and the selected ho corresponds to performing the second step variance estimation
using a window of 120 evenly split lead and lag observations. To account for the possibility
of non-trivial dependence in the truncated squared residuals sequence, we also implemented
leave-p-out CV for the selection of hsy; we found very similar bandwidths were obtained as those
selected by leave-one-out CV, hence we report results only for the leave-one-out case.

In Figure 2, we provide plots of the volatility estimators. We plot the square root of each
estimator in the figures, since this can be interpreted as estimated volatility. We observe that the
rolling estimator &, generally produces the highest volatility estimates, while our proposed
estimator ¢; produces the lowest; the “no truncation” version of our estimator 6, produces
volatility estimates that lie inbetween 6, and 6,y (64, coincides with &; for much of the
sample period). This observation is in line with our intuition and simulation results regarding
the differential behaviour among the estimators. Considering the volatility estimators over
different sub-periods of the data, we find that the most obvious differences occur over the
predominantly explosive phase of the data leading up to January 2018, during which time there
are also a number of relatively smaller rapid expansions and contractions. In this period, the
Otrw and 0y ¢ estimates are relatively similar, while the &; estimates are substantially lower.
This feature is largely common across the first step window widths considered, and it is not
surprising that the greatest differences arise due to the truncation element of 64, which has most

effect around the times of explosive behaviour in the data. In the earlier period of less dramatic
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Figure 2: Volatility estimates: 67, 6?7,“5 and &t2,7"w denote the truncation-based variance estima-
tor, the estimator without truncation, and the classical rolling window estimator, respectively.

price increase (up to mid 2017) and also in the later period following the numerical peak of the
series in January 2018, it is interesting to observe that the correction made by truncation is
less apparent, with the 6; and 6, estimators producing really quite similar results, while both
6¢ and 0y ¢ produce volatility estimates a little lower than &4 ., especially in the cases of the
shorter first step bandwidths. In these periods, it seems that the truncation plays less of a role,
while the LLS approach involved in 6; and 6, results in reduced volatility estimates compared
to the simple rolling approach, suggesting that properly accounting for the AR dynamics can

lead to a less inflated (and arguably more reliable) estimator of the true volatility.

6 Conclusion

In this paper we have proposed a new two-step truncation-based variance estimator for time
series data containing possibly multiple unit root, explosive and stationary collapse segments
at unknown times. The estimator consists of a first step LLS estimation, and a second step
smoothing of truncated squared residuals obtained from the first step nonparametric estima-
tion. We have derived uniform consistency results for the estimator in the context of possible
explosive (and subsequent stationary collapse) behaviour. Our simulation results confirm the
superiority of the new estimator relative to competing methods in terms of accuracy in the

presence of explosive/stationary collapse behaviour, as might be observed during an asset price
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bubble/crash in financial data. In an empirical illustration employing recent Bitcoin data, we
also demonstrate the potential value of the estimator in a practical application. While our ap-
proach focuses on estimating the variance function while treating the autoregressive dynamics
separately, in practice changes in variance and changes in the autoregressive parameter may be
interlinked. It would be interesting to entertain the possibility of an extended (and inevitably
more complex) model allowing for such endogenous interactions, and we consider this as an

avenue for potential future research.
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Appendix: Proofs of theorems

Technical lemmas

To begin, we state a number of technical lemmas that will be used in the proofs of the theorems.

Proofs of the technical lemmas are contained in the online Supplementary Appendix.

Lemma 1. Under conditions A1-A3 and B1-B2, if p; > 0 and p5 < 0,

max — —
Thi+12teri—Th, Pt P b T2h,

(t+Thi—1-t7) _ (Tl/p*ml ) T)
t}“—i—Thl-Fllgi(gt;_Thl ‘qsl (pt pt)’ Op og ( )

(t—Thi—1—t3) . - 0 ( —(t;—t;)Tl/p_l/Ql 9 T)
t§+Thl+H112§(<t§7Thl (2> (Pt = pi)l p | 01 og“(T)

. log(T)
_ - 0 )
t§+Th14?112i(<TfTh1 |pt pt| P (\/(GT V T1/2)2Th1

In Lemma 1, the uniform rate of convergence in the pre-explosive unit root regime is the
same as that in Li et al. (2016) and Phillips et al. (2017). The uniform rates derived in the

explosive, stationary and the post-stationary unit root regimes are new.

Lemma 2. Under the same condition as Lemma 1, when Thy +1 <t <t} —Thy,
t+Thy .
1 i —t
— G|l— | —
Thy 2. <Th1> 7
1=t—Thy

which by assumption satisfies 0 < v < oo.

When t7 +Thy +1 <t <t5 —Thy, for ¢ >1,a >0
1 LS 1—1 (i—1—t*)
- a(i—1—t7
a(t+Thi—1-]) >. G (Th1> 1 Y =0(01)
¢1 i=t—Th1

and in the limit it is strictly positive and nondegenerate to 0.

When t5 +Thy +1 <t <t5 —Thy, for1> ¢y >0,a>0

1 i 1—1 (i—1—t%)
a(t—Thy—1—t3) Z G (T 1 > 2 ¥ =0(1)
®y i=t—Thy

and in the limit it is strictly positive and nondegenerate to 0.
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When t5+Thy +1 <t < T —Thy,
t+Thy .
1 1—t
— G|l— | —~.
Th, 2 (Thl ) K
i=t—Thy

*

Lemma 3. Uniformly for 0 <7 < 77,
(1/\/T)y['rT] = U(T)a

where U(s) := [ of
Uniformly for t; <t < t5,
_ —(t—t3 d, *
T2 )y, 4 U,

Uniformly for t5 <t < 13,

(t—t3), 4, )

T—l/2¢1_(t§_t1<)¢2_ yr U(Tl )

Uniformly for 73 < 17 < 1, for y* defined in A3,

U(r) —U(r%) ap/TY? =0,
(ar VT Yy =y 1 U(r) = U(FE) ap/TV? -1,

y* ar/TY? = .

Lemma 4. Assume the same conditions as Lemma 1.

When Thy + 1 <t<tf —Thy,

t+Thy it
it Y 6 () i = 0,0

i=t—Thy

and it is also strictly positive and nondegenerate to 0 with probability 1.

When t] +Thy +1 <t <t5 —Thy,

—1 ,—2(t+Th1—1-1t3) I 1—1\ o
o) Z G Yi1 = Op(1)

. Thq
i=t—Thq

and it is also strictly positive and nondegenerate to 0 with probability 1.

When t5 +Thy +1 <t <t3 —Thy,

2ty —tr) ,—2(t—Thy—1—t3) il 1—1
Ty Mg, MR G(Th1> vi1 = 0p(1)



and it is also strictly positive and nondegenerate to 0 with probability 1.

Whent§+Th1+1<t§T—Th1,

t+Thi .
—t
(ar Vv T1/2)72T*1h1—1 Z G (ZThl > yizfl = Op(l)
i=t—Thy

and it is also strictly positive and nondegenerate to 0 with probability 1.

Lemma 5. Assume the same conditions as Lemma 1.

When Thy +1 <t < t] —Thy we have

t+Thy it
max Z G <Th1> yi1ui| = Op (\/T2h1 log(T)) . 9)

Thi+1<t<t*—Th
1 1 Ty

When tf +Thy +1 <t < t5 — Thy,

t+Thy .
~(t+Thi—1-t]) al=tY., wl=o <T1/p+1/21 2 T) 10
N ”z;h <Th1)yzlul ) og2(T)). (10)
—bt= 1

When t5+Thy +1 <t <t5—Thy ,

t+Th1

—(t=Th1—1~t3) ity o ( (5=t p1/p+1/2 1o o2 (T )
t§+Th1_glil§(<t§_Th1 s . Z G <Th1>yl—1uZ Op (¢4 og™(T)) .
i=t—Th1

(11)
When t3+Thi +1 <t <T —Thy
t+Thy it

G| = |yii1u;| = O \/ vV T1/2)2Thy log(T) ) . 12

134 Thy +1et<T—Th, Z (Thl)y’ 1 ”( (ar )*Thy log( )> (12)

i=t—Thy

Lemma 6. Under the same assumptions as Theorem 2, we have

max EZjK (") = ot)| = 0, (VT ToB(D)). (13)

1<s<N |4
K3

Proof of Theorem 1

First we give some preliminaries. It proves convenient to characterise the level of the process
at the end of the first stationary collapse segment in the form Yirz, ) = y*ar, where y* is a
random variable bounded in probability and a7 is a deterministic sequence. Since the collapse
segment is a mean-reverting stationary AR process, y;: ) will either be Op(1) or divergent;

it follows then that, without loss of generality, ar = 1 or ar — oo, respectively. The proof of
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the theorem then proceeds in three main steps. We first prove the theorem in the case where
J =1 and ar — co. Next we extend the proof to the case of J > 1, now with Ypre,1) = y*ajr,
j =1,..,J, where the /* again denote random variables bounded in probability, and where the

determinstic sequences a;r — co. Finally, we further extend the proof to the case of a7 = 1.

(i) Proof for Theorem 1 when J =1 and ar — o

Since J = 1 in this part of the proof, we suppress the dependence on j in all our notation in
this part.
Define 6%(7,) = S wr, u? and 6%(15) = S, w,,;02. We first make the following

decomposition:
§2(r) — 03 (r) = (6%(rs) — 52(r2)) + (67(7s) — 6*(r2) + (%(rs) — 0*(rs) = A+ B+ C.

For A, we make the following decomposition

A = &%rs) —%(Ts)
T
= Y we (@[] < ¢p) —uf)
i—1
Thy ti—Th ti+Thy t5—Thy 5+ Th

= [+ X + > o+ >+ Y| wea @] < vp) —ud)

i=1  =Thi+1 i=t}—Thi+1 i=t{+Thi+1 i=t5—Thi+1
t5—Thy t3+Thy T—Thy T
3 DD DD IS WIS S W KO (3 ([ RSOV
i=t5+Thi+1  i=ti—Thi+1 i=t{+Thi+1 i=T—Thi+1
Ao+ AL+ Ay + Ag + AL + A + AS + Ay + A) (14)

where we decompose the sum into nine terms. In these terms, Ay, Ay, Az, A4 correspond to the
interiors of the respective unit root, explosive, stationary and unit root segments; A}, A5, A%
correspond to the shrinking neighbourhoods around the change points between segments; while
Ap and A are the two boundaries of the sample.

We first consider A}. By construction we have E(a21(|d;| < ¢p) — u?) = O(¥%) for all i.

Using this, together with Xu and Phillips (2008)’s Lemma A (d) that maxi<i<7,0<s<1 Wry,i =
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1/(Ths), we have

tf-‘rThl
ALl = > wra(@(d] < vp) —uf)
i=t; —Thy+1
5+ Th V2 /i 1/2
< w? (@2T(|a;] < pp) — u?)?
A Z Ts 7i Z i 1 T ui )
i=t;—Thy+1 i=ti —Thy+1
5+ Thy V2 7 peirn 1/2
< | maxwr, Y we > @] < pp) —uf)?
o i=tt—Thy+1 i=tt—Thy+1

1\ /2 n 1/]4 1/2
i T 4\1/2 ) _ 1¥YT
Op ((Th2> x (Thyr) > Op (( B
tI+Th1

. . . A9 A
where we use the Cauchy-Schwarz inequality in the second step and the order of Zi:t’f Chy 1 (4 I(|a;| <
p) — u?)2 is easily implied from evaluating its expectation. Using the same argument for the

neighbourhoods of the change points and the sample boundaries, we have

/ / / / h11/14T 12
‘AO+A1+A2+A3+A4‘ :Op h . (15)
2

With the truncation mechanism, it is seen that the orders of these terms are controlled by ¥,
which is chosen by the researcher. Without the truncation mechanism, these terms could be
much larger and even prevent consistency of the variance estimator.

Next we consider A;. We have

t’f—Thl
> we (@ 1(a| < p) — )
i=Th1+1
tffThl
= > we (o = Piyic1 +uw)L(Jds] < ) — uf)
i=Thi+1
t’{—Thl tT—Thl
_ (0. — 2202 L T(li 92 (p — 5y (|40
= Z wr (P — Pi) Yo L(|U| < ) + Z wr (P — Pi)Yi—1will([Gs] < ¥p)
i=Thi+1 i=Th1+1
t*l‘—Thl
+ Y we (U] < p) — )
i=Thi+1
Al + A + Ass.
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For AH,

t;—Thy
A < Z wri(p; = Pi)*Yi
i=Th1+1
t’l‘—Thl
< max (p; — ,?)-)2 max y-2_1 Wry i
S Thyti<i<ti—Thy 0 T Thy41<i<ti—Thy O i:TZh;H et
log(T') log(T')
= O xT) =0 16
p < T2h1 p Thl ( )
using the result of Lemma 1, Lemma 3 and noting that 0 < maxg<s<i Zz;}?ﬁ_l wr,; < 1. For
A1, we have
t’{—Thl
Al < | D we e — pi)yicau
i=Thi1+1
t’{—Thl
< Y - .
< el o=l mex - lyie| T%:ku,zluz!
1= 1
log(T) log(T)
= O x T = O s 17
p T2h1 p Thl ( )
where Zfi}iﬁl wr, i|ui| = Op(1) follows from evaluating its expectation. For A3,
t;‘[*Thl
ElA| = ) we Bl > ¢r)
i=Th1+1
t’{—Th1
<D wra(Bu) PP = ¢r)'?
i=Th1+1
— 0, (18)

because when Thy +1 < i < tT —Thy, 4; = Ay; — PiYi—1 = (pz — ﬁi)yifl + u; = Op(l) for all 7
in this range by Lemma 1.

Next we consider As. Similar to A; we have

t;—T]u t;—Thl
A=Y il P <62 Y il pwo (] < )
iZt’{+Th1+1 i=tT+Th1+1
tE—Thl

+ Y wnaufl(a] <) —uf)

i=t3+Thy +1
Aoy + Agg + Aas.
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For AQl,

t5—Thy
A N\2, 9
Ay < Z wr,i(Pi = Pi) Vi
i=t1+Thi+1
t;—T}u

_9Th 2(i4+Th1—1-t}) 1 ,—2(i—1—t7) 2

< Ter? ™ > we ey T V(o= )P NIT gy Yic1
i=t¥+Thi+1

—9Th (i+Th1—1—t7) A \2

< T¢y ' ma. |</51 ' Y(pi = pi)7

t*+Th1+1<z<t2 ~Thy

t5—Thy
—2(i—1—t7) 2 Z '
P S T, yz_lli ) me
3T
= Op(¢; "M TP log!(T)), (19)

where we have used the results of Lemma 3 and Lemma 1. For Ags,

t;—Thl
Agp < Z Wryi(pi — Pi)Yi-1s
i=t{+Thi+1
t;—Thl
_Th i+Thy—1—t} R _ —(i—1—t*
< TP ST el o [T T Py
i=t7+Th1+1
t5—Thy
_ +Th —1—t¥ N _ —(i—1—t*
< T4 ma T (o, = oI 20 T ) ST il

t3 +Th +l<l<t* Thy
! i=tf+Thy+1

= Op(¢y ™M TP 10g*(T)). (20)

Using the same argument as in deriving (18), we have Aa3 = 0,(1).

For A3 we again consider the dominant terms

t§—Th1 t;—Thl
Az = Yo wrilp = p) i l(al <er)+2 0 D weilp— p)yiorud(ld] < dr)
i:t§+Th1+1 i:t§+Th1+1
t;’—Thl

+ Y wnaufl(a] <) —uf)

i=t5+Thy+1
Az1 + Az + Ass.
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As1 can be analyzed as follows

t5—Thy
Az < Z wTs,i(Pi—ﬁz')Q%Z—l
i=t34+Thi+1
* *
< ¢§Th1 2T¢f(t2 1)
t5—Thy

2(i—Thy —t3 . 1,205t —2(i—1—13
Z wTs,i%(Z 1 2)(Pi—Pi)2’T 1¢1 . 1)¢2 ¢ 2)?/1'2—1|

i=t5+Thi+1

OThy ~2p (215 17) i=Thi—t3) ~_ ~\2
% 1 ts +Th1+1<z<t* Thy ¢2 (pi = pi)

N

t§—Th1

71 —2(t5—t7)  —2(i—1—t3) 2
T ¢, 4 <Z52 2y Z Wrg i

i=t3+Thy+1
= Op(¢3 TP log!(1)) (21)

max
t34+Th1+1<i<t;—Thy

where we have used the results of Lemma 3 and Lemma 1. For Ass,

t;*Thl
> weilp = pvicrui
i=t5+Thy+1
Thyi—141/2 ,(t5—
< ¢ i/t
—Thy

—Th t ~ _ —(t5—t* —(i—1—t3
Z wr ity D gy pl T2 BT g Ty )
i:t§+Th1+1

Aszo

N

12

Thi—1p1/2 ,(t3—t7) (i=Th1—t3) 5
< 1—1p max i — Pi
S P gt t;+Th1+1<i<t§—Th1i¢2 pi = bl

t;—Thl
—1/2 —@5—t7)  —(i—1—t3
) max _ |T / ¢1(2 1)¢2( 2)%_1‘ Z Wr i Uz‘
t2+Th1+1<74<t3*Th1 i=tX+Thi+1
Thirpl 2

= 0, (T TP log?(T)). (22)

Using the same argument as in deriving (18), we have A3 = 0,(1).

Ay can be decomposed in the same way as A1 and each term will respectively have the same
order as Aj1, A2 and Aj3. Therefore, collecting the results of (16), (17), (18) (and also the
derived order for Ass and Assz), (19), (20), (21) and (22), we have

log(T log(T
o= 0, (D) o, (D) L

+O0,(To MM T2/P =1 ogh(T)) + O, (T /27 T TV/P=1/210g*(T))

+0,(43" " TP 1og"(T)) + Oy (¢ " TP log(T)).

Under Assumptions B2 and C3, A = o0,(1). Specifically, we note that because log(7") and T

are separately dominated by some polynomial rate of Thi, the above terms involving powers of
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Thi, i.e. the terms qbfZThl, qbfThl, gThl and ¢2Th1 will converge to 0 at a speed faster than any
combined polynomial diverging rate of log(7T") and T, hence the last four terms are o,(1).

For the term B = &%(7,) — 62(7s), notice that 6%(1,) — 62(1s) = Zszl wr, i(u? — o?) and
{u2—a2} isam.d.s. indexed by i. Using Burkholder’s inequality and then the Markov inequality,
it can be shown that Th ZZ K (z/Tiz“> (u? —0?) = O, ( 1/(Th2)). Also since that 0 <
T SEK (ﬁ%) < oo we find |6%(75) — 5%(7s)| = O, ( 1/(Th2)> under assumption C3.

For the term C = 2(75) — 0%(7s), we notice that

71z Simt KCIE2)(0%6/T) — (7)) |

] = T i/T—7
i Ty KT

The numerator satisfies

1 < if/T — 7y .
Tiha ;K(m)(UQ(Z/ﬂ = 02(75))‘

- L1 (“27) (0w~ ot +o1/1)

ho ho
= /:2 K(z)(02(75+h2z) —02(75))dz(1 —|—0(1))‘

K(z)z|dz(1 4 o(1))

N
h
=
=
V)
T
3

1—7g

by the Lipschitz continuity of the 0?(.) function. Notice now the integral [ E |K(z)z]|dz <
7% |K(2)z|dz < oo, by Assumption C1. The numerator thus has order O(hg)].wThe denomina-
tor clearly satisfies 0 < Th ST K(l/T ) < oo for all 1 < s < N. Thus we have C = O(hs),
which is clearly o(1) under the assumption that hgy — 0.

In summary, we have shown that max; |62(7s) — 0%(7s)| = 0,(1) and our proof is complete.

(ii) Extending to J > 1, aj1 — o0

When J > 1, later episodes will be similar to the first episode, with the only difference being
that the initial values of later episodes will be the end of the previous episode’s stationary
collapse segment. As in the single episode case, for episode j, write the level of the process at
the end of a stationary collapse segment in the form Yirs 1) = yj7*aj7T, where y/* is a random
variable bounded in probability and a;7 is a deterministic sequence. Then for any episode
j > 1, the initial value of episode j is essentially Yirr_, 4 T] = vy _1’*aj_17T. The analysis of any
episode j can then be conducted in exactly the same way as before.

Under the same condition as Lemma 1, when j > 1, if p7; > 0 and pj, <0, it can be shown

28



that

‘“ ‘ 19) 1Og(T)
max R
ti-15tThiH1SISE;  —Th Pat ~ Pit P (aj_17V T1/2)2Thy
(10 Y 2y o2
a } ’ = = O,(T"?(a;_1.7 VT log=(T
tj,1+Th14P11<§{<t;,2—Th1 951 (Pt = Pi)l o ( (aj_17 ) g“(T))
(t—Thl—l—t;fQ) . —(t5—t*) 1/ 1/2y-1 5
. s R . — O 2 1 T P . \/T 1 T )
t;f72+Th1-1¥1112§<<t;?73_Th1 ’%2 (p],t Pg,t)| (01 (aj_1,r )" log=(T))

Notice that no more conditions than those required for Lemma 1 are needed for the above
results in the general episode j case. This is because larger initial values actually make the
estimation problem easier (in the sense of a higher rate of convergence), so there is no need to

impose additional conditions.

(iii) Extending to J > 1 and a;r =1

In the above, we prove our results when ar — oo. From the proof, it can be seen that when

aj—1,7 = 1, the rate of convergence of the LLS estimator in the subsequent unit root segment

(Op <\/ (aj,l,Tlong(?/L)?Tm)) is still valid. However, aj_1r = 1 makes analysis of the rate of
convergence for the LLS estimator in the stationary collapse regimes more complicated. For
episode j > 1, when a;r = 1, the process will have already collapsed to an O,(1) level at some
time in the preceding stationary collapse segment, i.e. for some t satisfying ¢7, +1 <t < t75.
Denote this point in time as ¢7*", where the superscript signifies mean reversion. It can be
anticipated that the rate of convergence of the LLS estimator will be different before, after and
around the time of ¢t7"". When the LLS estimator uses all the observations before 7", its rate of
convergence will be the same as that derived in the previous section for the stationary collapse
segment. When the LLS estimator uses all the observations after e but before t;3, then
the same proof strategy of deriving the uniform rate can be applied and it can be shown that
MAaX¢* | 4 Thy+1<t<t} ,~Th 1Pjc—pjil = Op ( log(T)/(Thl)) and the associated residuals will still
deliver a consistent variance function estimator. When the LLS estimator uses observations from
both sides of 7", the rate of convergence of the LLS estimator will be a complicated quantity;
however, such a rate does not require an explicit derivation because the length of the interval
involved has order Thy. As in our analysis for the term A/, the effect of this interval on the final

estimator will vanish under our bandwidth and truncation parameter assumptions. Therefore,

our result also holds for the case a;7 = 1.

29



Proof of Theorem 2

As in the proof of Theorem 1, we again proceed using the same three steps. We first prove
Theorem 2 when J =1 and ar — oc.

Again in this part of the proof, we suppress the dependence on j in all our notation. In what
follows, max; without specifying the range of ¢ means the maximum is taken over 1 <t < T a
maxg without specifying the range of s means the maximum is taken over 1 < s < N. N will be
defined later in the proof. Let C denote a generic positive number, the value of which changes
with the context where it is employed. In a summation of the form Zz:TTh}iﬂrl, Thi may not
be an integer, thus the above summation is a short-hand notation for the summation over the
integers in the range [Th; + 1,7 — Thy].

First partition the interval [0,1] into N equilength subintervals Iy = [(s — 1)/N, s/N] for
s =1,...,N. Let 75 be the center of I,. Clearly the intervals cover [0,1]. We then have the

following decomposition:

sup [6%(r) — o*(7)|

T€(0,1]

_ 2

= lg}gvfgf\a (1) —o7(7)]

=  max_sup |62(7) — 62(7s) + 6%(75) — 0(7s) + 02 (7s) — (7))
1<5<NT€I

N

1gfi>§vfgp 162(1) — 6%(14)| + 1r28a<>§v 16%(15) — o%(1s)| + 1151&)5\[78_21[) lo%(15) — o (7).

First consider 6%(7) — (7). By definition

() — 6 (7s)
S Ky /T = 1) @21 < pp) S0y Kng (/T — 74) @21( || < 1)
S Ky, (i/T —7) Y Ky, (/T —74)
S (K, (/T — 1) — K, (i/T — 7)) a21(|as| < ¥7)
Sy K, (i/T = 7)

Sy (K, (i/T — 1) — K, (i/T — 7))

S K, (i/T — 1)
) K (457 et < o)
S K

S () K ()|

Sl |k (5

N
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Using the Lipschitz continuity assumption of K(.) over R, we have

22
T sup 16%(r) — 6%(75)]

CYl, ?1( | < ¢r) cyl1
’L/T T + z/T T
Nhy 2L K (=T Nhy YT, K (L7)

_ Ly L N_, (YT
= o (3m) +or (i) =2 ()

where we have used max, 62(1) = O,(1) and that (1/T) Y1y Kp,(i/T — 7) = [°°_ K (u)du +

<

62(7s)

o(1) > 0; (1/T) Zl LU2(|4;] < Pp) = Op(¥h%) follows from evaluating its expectation. Now
taking N = (Ths)?, the above becomes O,(13./(T%h4)). Then we consider the third term

maxi<s<N Sup,r, [02(7s) — 0(7)|. By the Lipschitz continuity of o(.),

1
Te) — ) < —

which is clearly o(1). Then to show the result of the theorem, it remains to show that the
second term satisfies maxi<s<n [62(75) — 02(75)| = 0,(1), which we do in the following.

Using the notations 62(75), %(7s) and A, B and C defined in the proof of Theorem 1, we
have the decomposition:

max |62(7,) — 0%(7s)| < max|A| + max |B| 4+ max |C|.
1<s<N B B s

The proof proceeds by showing that each of the three terms are o,(1). For A, we can make the
same decomposition as in (14). With reference to the derivation for the pointwise rate for A}
in the proof of Theorem 1, it is seen that the derived rate is also uniform in s. This is also true

for other boundary and break time neighbourhood terms, hence we have
max [Ag + A} + A5 + A5 + Al = 0p(1).
S

Considering the pointwise rates derived in Theorem 1 for the other sub terms of A, we note
that the rates for the terms Ay1, A13, Ao1, Ass, As1, Ass are already uniform in s. The pointwise
rates for the terms Ay, Ass and Aszy are not uniform because the order of the terms such as
max, »_ wr, ;lu;| cannot be calculated by evaluating their expectations as in Theorem 1. We

compute the order of these terms in the following.
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For Ao, we have

max ’A12’
S
tT—Thl
< max lo; — pil max |yi—1| max g Wr, i |wi
Thy+1<i<t*—Th Thy+1<i<t*—Th s ®?
1+1<e<E] 1 1+H1esty 1 i=Thy+1
t5—Thy V2 /iy 1/2
. 2 2
< max C— D; max ;1| max g ws g u;
S Thy+1<i<tt—Th Pi pl’Th1+1<i<t{—Th1|yl | s , et . ’
i=Th1+1 1=Th1+1
log(T) 1 log(T)
= 0O, 7 X T x ——xT | =0,
T2h, The Thiho

which is 0,(1) under our bandwidth assumption C3.

Similarly, we can show
max | Aze| = Ol M TP log*(T)hy /%)

and

max | Aga] = Op(¢3" T/ log? (T %)

which are both 0,(1) in view of Assumption C3.
The term A4 can be analyzed in the same way as A; and we have max,|A4| = 0p(1). In
summary, we have shown maxi<s<n |A| = 0p(1).

For the term max |B|, notice that 5%(74) — 62(75) = Z;‘le wr, i(u? — 0?) and {u? — 0?} is

a m.d.s. indexed by i¢. By Lemma 6 and the fact that 0 < %@ E;‘F:l K (i/Th;TS> < oo we find

log(T) | _
Thy = op(1)

max |B| = O,
S

under assumption C3.

For the term max, |C|, we note that the pointwise rate derived in Theorem 1 is also uniform
in s. Thus we have max, |C| = O(h’g ), which is clearly o(1) under the assumption that hy — 0.

In summary, we have shown that max; |62(7s) — 02(75)| = 0,(1) and our proof is complete
for the case J =1 and ajr — oo.

The proof can be extended to the case J > 1, a; 7 — oo by exactly the same argument used
in the proof of Theorem 1. To extend the proof to the case J > 1, ajr = 1, note again that
the effect of the length Thy neighbourhood around the mean-reverting time point 7" on the

uniform behaviour of the variance estimator can also be studied in the same way as the effect
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of the A term; we have already shown above that max,|A)| = o0y(1).
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Supplementary Appendix to

“Estimation of the variance function in structural break
autoregressive models with nonstationary and explosive
segments”

David I. Harvey, Stephen J. Leybourne and Yang Zu

School of Economics, University of Nottingham

Proofs of technical lemmas

Proof of Lemma 1

First notice that since the G function is only non-zero over [—1, 1], in general for Th; +1 < t <
T — Thy we have,

-1
) d i—t\ d i—t
Py = ZGhl T Yi—1 ZGhl T Yi—1Ay;
i=1 i=1

t4+Thy it A it
= Z Gh, <T> yi271 Z Gh, <T> 91'271/%'

i=t—Thy i—=t—Th1
t+Thy it -1 t+Thy it
_ ) _
+ ' Z Gh1< T >yi—1 ' Z Gh, <T >yilui
i=t—Thq i=t—Thq

Then notice that the p(.) function is piecewise constant in each of the four regimes. For
example, when Thy +1 < t < t] — Thy, the indices in the range t — Thy <@ < t +Thy will
satisfy 1 < ¢ < ¢] and live in the first regime, where by assumption p; = 0 always holds. Thus

the above becomes
-1
t+Thy it t+Thy it
R 2
=0 | X o ()] (2 e () wew
i=t—Thy i=t—Thy

In the same way, when t] +Th; +1 < t < t5 —Thy, the above estimator will only use data from

the second (explosive) regime, where p; = pj always holds. Thus the above becomes

t+Thy it -t t+Thy it
A * - 2 J—
pr=p1+ ' Z Gh, < T > Yi—1 Z Gh, (T) Yi—1U;

i=t—Thq

S.1



and when t5 4+ Th; +1 <t <T —Thy,

t+Thy it “t eTh, it
N - 2 B
pr =0+ Z Gh, ( T ) Yi1 Z Gh, <T> Yi—1U;

i=t—Thq i=t—Thq

Using the definition of the p(.) function, the above results in the four regimes can be written

compactly as

t+Thy iy -1 t+Thy iy
Py — Py = Z Gh, ( T )Z/z 1 Z G, (T) Yi—1Ug

i=t—Thy i=t—Thy

in all the four considered “interior” ranges of this theorem. With this representation, the claimed
results of the theorem follow straightforwardly from the results for the corresponding regimes

in Lemma 4 and Lemma 5.

Proof of Lemma 2

When Thy +1 <t < t] —Thy, the claimed result can be proved by standard argument such as
that in proof of Lemma A (c¢) of Xu and Phillips (2008).
When ¢ +Thy +1 <t <t5 —Thy,

t+Thy t+Thy

1 ' i—1—t* i i~t=Thy)
a(t+Th1—1—t}) Z G( )¢1 - Z G<Th)¢1 1
¢1 i=t—Thy i=t—Thy

By the positivity of the kernel function, ¢; > 1, a > 0 the above is clearly strictly positive and

nondegenerate to 0. On the other hand, since G(.) is bounded, we have

t+Thy ; . t+Thy ( )
i—t—T a(i—t—=T
) G(Th>¢1 Yo ) 4 1

i=t—Thq i=t—Thy

= 0(1)

where Zfi;[_h%hl qb‘f(i_t_Thl) < 00 because i —t—Thy < 0 for all ¢ in the range of the summation.
When 5 + Thy +1 < t < t5 — Thy,

1 t+Thy it A t+Ths ; :
- a(i—1—t3 - i—t+Th
a(t—Thi—1—t3) Z G <Th1> 2 Y= Z G (Th ) ¢2 '

2 i—=t—Thy i=t—Th1
t+Thy
a(i—t+Th1)
C >,
i=t—Thq
= 0(1)

N

by noticing that G is bounded, ¢ —t + Thy > 0 for all ¢ in the above range of summation and
1> ¢y > 0. It is also nondegenerate to 0 by the same argument as used for the previous regime.
When t5 +Thy +1 <t < T — Thy, the claim of the lemma can be shown using the same

argument for the regime 1 < ¢ < ¢7 — Thy.
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Proof of Lemma 3

When 0 < 7 < 7}, that is when 1 <t < tf, since (1/vVT)y—1 = (1/VT) Y12y 0ici + 0p(1), the
claimed result follows easily from, e.g. Lemma 1 of Cavaliere (2005).

When t] <t < t3, by repeated backward substitution we have
t—t7—1 t—t3
Y =ut + Qrup—1+ ...+ P ugp Oty
where y;» is the last observation in the unit root regime (and also serves as the initial value for

the explosive regime). Defining

t—t]

Ay = ¢1 Yz
t—tr—1
By = wtoru—1+...+¢ T upi

and we have y; = A; + B;. For the term By, notice that it is a martingale, by Burkholder’s

inequality (cf. Shiryaev (1996, p.499)),

2 t—t7—1 2
E|Bt| = F ut+¢1ut_1+...+¢1 Uty 41

2

2t—ti—1
E(uf + ¢ui_y + .. +¢1( ' )u?f-i—l)

2(t_t>f) —1 «
< CB——==0@" ).

of -1
Thus it follows easily that ¢, t_t*)Bt O,(1) for any t] < t < t5. Furthermore, notice that by
Doob’s maximal inequality for martingales, we also easily have max;r << ¢1— (=) | By = 0,(1).
For the term A;:

T_1/2¢17(t7ty{)At = T_I/Q?/t“f 4 Uu(ri),

noticing that ¢] is in the unit root regime. In total, we have uniformly for {7 <t < 3,
_ —(t—t* - —(t—t} d
T2 Ty = 112 T (A, 4 By) S U ().

When t5 <t < t5, by repeated backward substitution we have

t5-1 t—t} F
Ut;+1> + ¢y Py = B+ Ay

Yt = (ut + doup—1+ ...+ ¢2
where B; and Aj are defined implicitly. Since 0 < ¢, < 1, we easily have B, = O,(1) for any
t5 <t < t5. Clearly Bj is a martingale, again by Doob’s maximal inequality for martingales, we
also have maxs <<t |Bj| = Op(1). Now by assumption that the process crashes into y;ar with
ar — oo at the end of this regime, the only possible term having this order is Aj. This also
implies that A} is the dominating term and y; = A}(1+0p(1)). Then using the weak convergence
result from the previous explosive regime that 7/ 2¢1_(t; -t

for t5 <t <13,

Yis 4 (77), we have uniformly

(t3—t1)

T2 B g Ty, — o126 Ty (14 0,(1)) S U (7).
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When 75 < 7 < 1, that is t; < t = [7T] < T, again by repeated backward substitution
Yt = Yx + U1 + U2 + -+ Uy

The process is a random walk process starting with a term y;; = Op(ar), while ZZ fi Wi is
a sum of m.d.s., which in total has order O,(T 1/2) Again by Doob’s inequality, this rate is
also uniform for ¢35 < ¢ <7T'. Thus the asymptotic behavior of y; in this regime depends on the
relative size of the initial value y;: and Zﬁzt% v Ifar /T2 — 1, the two parts have the

same order and

1 1
ﬁy[rT] = ﬁyt \/»

If ap/TY? — 0, then Zzzt;;ﬂ u; dominates and

(w11 +ugr2+ - Fupr) =y + U(T) = U(r3)).

1 1 ”
ﬁy[rT} = ﬁyt \/><ut 1t ug o+ upr) = (U(1) = U(73)).

If ar/ TY2 —5 o, then the initial value part dominates and

1 1 1 .
o YT = v E(Ut§+1 +ug e+ up) = YT

The proof for the lemma is thus finished.

Proof of Lemma 4

When Thy +1 <t <t] —Thy, we have

N

t+Thy i + t+Thy i +
—2; -1 — 2 -2 —
Tt ) G( T >y’1 T %hy! 1%355*% »3> G( T)

i=t—Thy i=t—Thy

because maxigi<; y? | = O,(T) follows easily by applying the functional continuous mapping
theorem to the result of Lemma 3 in the corresponding regime. Also from Lemma 2 we have
ST, G (i) = O(Th).

When t] +Thy +1 <t <t; —Thy, we have

1 t+Thy i ¢
- 2
2(t-+Th1—1—t}) Z G <Th1 ) Yi

T¢>1 i=t—Thy
1 _— t+Thy i 1 )
- 1 (i—=1—t7) 2 (i—1—t3
2(t+Thi—1—t]) t*+1<l<t* 7" ¢1 Yi-1 Z G (Th1 > ¢1 :
1 i=t—Thy

By the results of Lemma 3 and Lemma 2 in the corresponding regime, using an argument similar

to the above first regime, the claimed results for the explosive regime follow easily.
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When t5 +Thy +1 <t < t5 —Thy, we have

1 t+Thy i "
— 2
2(t3—t7) ,2(t—Th1—1-t3) Z G <Th1 ) Yi

T¢1 ¢2 i=t—Thy
1 2 ) —2(i—1—t3) il 1=t 2(i-1-t3)
. L2ttt —2(i—1—t3) o — i—1—t3
< 2(—Thi—1—15) 42 1 oicys T, o Yi1l ' Z G <Th1 > ¢ :
¢2 2 3 i=t—Thy

Similarly, the claimed result for this regime follows from the result of Lemma 3 and Lemma 2
in the corresponding regime by the same argument used above.
When t3 +Thi +1 <t <T —Th,

t+Th1 it
(ar vTV3H 2T R Y G () Y
i=t—Thi Th

2 t+Th it
T—l -1 Lt=u ]
hy Z G (Thl )

i=t—Th1

< max
t5+1<i<T

1

Again, the claimed result follows from the result of Lemma 3 and Lemma 2 in the corresponding
regime by the same argument used above.
Proof of Lemma 5

The proof uses a standard argument (i.e. the truncation argument and the exponential in-
equality) as in Li et al. (2016) and Phillips et al. (2017) to derive the stated uniform rates of
convergence.

When Thy +1 <t <t] —Th; denote

t+Th1

1 —1
Byr = Z G <Th> Yi—1Uj.

i=t—Thy 1

Notice that {y;—1u;} is a m.d.s. indexed by i, with respect to the natural filtration generated
by the {u;} sequence. Define

bi = yic1wi, b = yi1wil([yi—1] < c)I(Jug] < e2)

and

Further, define

and
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where both BtT and Bt;r are martingales by construction. Also note that

t+Thy

_ N L N i—t\ -
Bir+ Bir = Z G Th (b + b;) — Z G Thy E(b; + bi|Fi—1)

i=t—Thy

where we use the fact that b; = y;—1u; is a m.d.s. indexed by 7. We have thus decomposed By r
into two terms, where each term is by definition a sum of m.d.s., with B;7 having bounded
support.

Next, we show

Th1+1<tit* Th1| Bl Op h1log(T) (S.1)

Burl = o, (VI log(T)) 2
SR, S, | B,7| 0p 1 log(T) (5.2)
which imply (9).

We first prove (S.1). Bt,T is by construction a sum of m.d.s. with bounded support. We

first compute the previsible quadratic variation,

t+Thy
V2 = E G2 b . B F 9 .
Th1+1r<nt8£t(;_Th1 T Tthgi’; Thy, tz;h ( (Th1>( E(bi| Fi—1))?|Fiza
= 1
t+Th
S G E®|F
< Th1+1<t<t1 —Thy 'Zh <Th1) E(b;|Fi-1)

t+Thy it
— i Y 6 () it < c)o?BIu < e)lFio)

Thy+1<t<t} - i Thy
t+Thy iy
s Thy 414265 ~Thy Z ¢* <Th1 ) =t
S i=t—Thy
. t+Thy .
< maxyz 102maxG< t> max Z G <Z_t>
Thy AN

— <(\/T)2) O(Thy) = Op(T2hy).

In the above, we have used the shorthand notation max;, max; and max;; when the range of
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the maximal taken is implicit in the context. Now

P max |Byr| > =
Th1+1<t<t;—Thy ’

P max |Byr| >, max Vir<yl|+P max Vi >y
Thi+1<t<t;—Thy =~ Thi+1<t<t;—Thy 7 Thi+1<t<t;—Thy 7

A 2
P |Bir| > = max V2, < + P max Vie >y
| Be.rl Crhysisteti—Thy 0T S Y Thi+1<t<t;—Thy T

P(|Bir| > 2, Vip <y)+ P max Vi >y).
(1Burl >z Vir <y) Thi+1<iets—Tn, 0T 7Y

N

N\
N

t=1

<

B

I
N

By the exponential inequality for m.d.s. in Theorem 1.2A of de la Pena (1999),

T

T 2
P(|B V2, < _
S PUBl> Vi <) < Yo (307 e )

t=1 t=1

1

—— 1
Then choosing © = (CTh}/2 log'/?(T), y = CT?hy, ¢; = (T2h1)% (T%hl) Y AT logfé(T),

1
3 oo 1
Ccy = (T%m) Pt T2®-1) then the above becomes

Z . 22 B XT: e (_ C*T?hi log(T)
P\ 2yt aer)) P\ 7 2(CT?h + CT2hy)

t=1
= TxT %5y,

if we choose C large enough. On the other hand, in view of MAaXTh, +1<t<t; —Thy VtQT = Op(T2h1)
derived above and y = CT?hy, P(maxThlJrlgt@»{_Thl V;QT > y) can be made arbitrarily small

by choosing C large enough. In total we have

121001/2(T
<Th1+1<ta<t* Thy [Bur| > CThy™log /(T )> — 0

thus (S.1) is proved.
For (S.2), notice that

~ t+Thy N ~
Bl = | 3 G< )(bz-—E<bz-|fH>>

i=t—Th1

< §G< )|b|+t§nG< 1) 1EG7)

i=t—Th1 i=t—Th1
= Bi1+ DBy

where By and Bj are defined implicitly. First consider Bj, and notice that

b = |yic1will(|yio1] > e10r|ui| > e2)

< |yicawil(lyiza| > e)| + |yic1wil(Jui] > c2)]
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so that

P (ma 1>0) < P (s vl > 0l > 0) + 2 (o el > ) > 0

1<ty < S

< P(m ]yz]>cl)+P<max \ui|>cz>

1<i<t; 1<i<t;

T
< P (o nl > ) + 3Pl > )
TE|w: P

< P(max T2y, > T2 >—|—C<M>

1<ty Cg

where in the second step, we have used the fact that the events {maX1<i<t>{ lyi—1wl(|yiz1| >
yi| > c1} and

c1)| > 0} and {maxi<;<sr [yi—1uil(Jui| > c2)| > 0} respectively imply {max;<;<

{max;cicer [ui| > co}. Using the definition of ¢;

N

T=1/2¢, = log(T') _ o0

Tl_ﬁ hi_p—l
by assumption B2. Then using the fact that max;<;<¢: | T=1/2y;| = O,(1), we have

P(max |T7Y2y| > T7Y2¢;) — 0. (S.3)

1<ty

Now using the definition of ¢ and noticing the finiteness of E|u;[P, we have

_p_
TE|u; P 1 o
TEu|? —o|[—r = o(1).
012’ T1+5h1

Thus in total we have P(maxi<i<r |b;| > 0) = o(1). It then follows that

t+Th1 i
B = G b;
Th1+1%8<bt1 Thy Bl Th1+1r<nta<}t({—Th1 , tz;h (Th1>‘ |
i=t—Th;
t+Thy
< b; G
1%2?%‘ |Th1+1r§?}§* ~Th tz;h <Th1)
= 0y(Thy) :op< T, log(T)) (S.4)

where we have used max; Zfizlh%hl G (Ei) = O(Thy).
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Now, for Bs,

t+Thy

. t+Thy
1
> G (Thl) Bl Fi)] < ), G (Th ) E(lyicaud(lyi1| > c1)||Fi-1)

i=t—Thy i=t—Thy
t+Th1

+ Z ( > E (|yi—1uwil([ui] > co)|[Fi-1)

i=t—Thy

t+Thy i
S ‘ Z G(Th >yl—1’]1(’yl 1’ >Cl) (|ul’|fz—1)
i=t—Thy
t+Th1
3 6 () el it > o))
i=t—Thy
= Bo1 + B

where Bs; and Bsyo are defined implicitly. For Bao,

t+Thy it
Th1+1<t<t —Thy |B22| Th1+1r<nti}t(;—:rh1 . ;h <Th1> i1 | E(luil(lui] > c2)[Fi1)
=t—4ih
t+Th .
1t E([usl?| Fi-1)
< G NP pehS e N bt 74
Th1+1r<nta<}t({—Th1 itz;h (Th1> |Yi—1] 012,_1
—t— 1
1 t+Thy it
< C—= - G
c” i 1|Th1+lgltz}§’{—Th1 i:ghl (Th1>
1 1
= 0, (VT) O(Th) = 0, [ - 5T%h |,
% &
Using the definition of ¢z, the above becomes
B — (T—l/Q) — 1) = ( T2h4 1 T ) _ )
Th1+1<ta%t* ’ 22| = op(1) = op h1log(T) (S.5)
For By, first notice that
P 1 I(lyica| > 1) >0) < P NS
(Thﬁf%?éf_ml Yi—1[I(lyi—1| > c1) ) (Thﬁlgi)t({—ml |yi—1l cl)

which is o(1) from (S.3). Thus

max |Bgl|
Th1+1<t<t* Thy

t+Th1

1 —t
— e | 2 G (5 e Ml > e B F)

Thi+1<t<t?—Thy |.
! 1 ! i=t—Th1

N

t+Th1 Pt

I E(|u; || Fi- E G| ——

g Wi > ) o Bl s S 6 ()
1=t—1h1

= 0p(Thi) =o0p ( T?hy log(T)> . (S.6)
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Combining results (S.4), (S.5) and (S.6), we have proved (S.2).

When t] +Thy +1 <t < t5 — Thy, during the explosive regime, we use exactly the same

strategy of proof as in the previous regime, although the constants used and the rates derived

will be different. Define

(t+Th1—1—¢*) T i—t
y _ —(+Thi—1-17 - ) )
T = P1 Z G <Th1 ) Yi—1U;-

i=t—Thq
Define
Thy—1—t*
e =01 S
Thy—1—t* (i1t i—t—
o= o Ty (1o U g < el T ] < e),
and
b, = b, — V.
Also define
- t+Thy i B
Bir= > G(pp) G- BGF-)
1=t—Thy
and
~ t+Thy i B
=2 G (Th1> (b — E(Bi|Fi-1))-
i=t—Th
Because ¢I(t+Th1—1—t;)yi71ui is a m.d.s. indexed by 7, we again have

H/ H/ /
Bt,T + Bt,T = Bt,T'

We have thus decomposed Bj - into two terms, where both terms are by construction martin-

gales, with BLT having bounded support.

Next, we show

max Birl = Op <T1/p+1/2 logQ(T)> ,
t5+Thy <t<ts—Thy

By = (Tl/p+1/21 2T )
t*+Th1<?<t* Thy Bt Op 0g™(T)

and the claimed result of the lemma follows easily.

We first prove (S.7). BLT is clearly a sum of m.d.s. with bounded support. We first compute

the previsible quadratic variation. Similar to the previous regime

max %5
tf +Thq <t<ts —Thy

) . t+Thy it
< max o (T =115) Z G? < ) yii07
t1+Thy <t<t5—Thy Miar- Thy
g t+Thy
< max |¢1 (i—1— tl) 2 |maX02 maxG < > Z ¢1 i—t— Thl)G <
i Thq t*+Th1<t<t2 Th1 i,

= Op(T)

S.10

1—1
Thy



where we use the result of Lemma 3. Now using a similar argument as before,

X+ Th1<t<t5—Th t5+Thy <t<ts—Ths

T
P ( max |B{ | > x) < ZP (IBir| > 2, V2 <y) + P ( max V2 s y) :
1
t

By Theorem 1.2A of de la Pena (1999), we have
T

22
ZP(’BQ,ﬂ >z, V2 <y Zexp ( ) .

=1 2(y + c1co7)

Then choosing = = CTY/Pt1/210g*(T),y = CT,c; = T'/? 1Og1/2(T),CQ = T/ logl/Q(T), the

above becomes

x? T C271+2/P logh(T)
Z exp < ) xp | — 3
y + cicom) 2(CT + CT+2/Plog”(T)

|
)

if we choose C large enough. On the other hand, in view of the facts that maxe: 74, <t<tz—Th, V/? =
Op(T) and y = CT', P(maxys 4 1h, <t<t3—Th, Vi* > y) can be made arbitrarily small by choosing

C large enough. In total we have

P< max |B; | > CTYPH1/210g (T)> — 0
t5+Thy <t<t5—Ths

and we have (S.7) proved.
For (S.8), notice that

t+Thy it
B = — ) (¥, — E(V,|Fi
Birl = | 2 6 () G- B@F)
i=t—Thq
t+Thy t+Th1
< Y () Y o) mEEo)
i=t—Thq i=t—Thy
= Bj+ Bj.

First look at Bj. Notice that by definition

t+Thy i
B/ — /
L= > o)

i=t—Th
i 1—1 (t+Th1—1—t%) 1-

- —(t+Thy—1—t% t*
3 G<Th> o7 TR0y g ) > )
i=t—Th1 1
t+Thy Thi—1

t ——t Th

+ D <Th,1>’¢1 Dy (68w > )|

i=t—Thq
. / /
= DBy + By

N
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For B, notice that

P max
t{ +Thq <t§t§ —Thi

]Bil|>0) <P< max |¢,

—(i-1-17)
<<t

Yie1| > 61> — 0,

by the definition of ¢;. We thus have max;7n, <t<tz—7h, |B11] = 0p(1). Bj, can be analyzed

in a similar way as B}, and notice that

max
34+ Thy <t<t3—Th;

|Bia| >0) < P max |u]>co
trH1<i<ty

t
< Z P(|u;| > ¢2)
i=tr+1
P
Elu: P
< wl o,
—
z:t1+1
using the definition of ¢o. We thus have
max_|Bly) = o,(1).

t3+Thy <t<t3—Thy

In total, we then have

max
34+ Thy <t<t3—Thy

Now, for B,

t+Thy it
> o

i=t—Thy
t+Thy

N

i=t—Thy
t+Thi

+ ) G (Th1> o7 T Dy [T B(Jual(6 ] > ) I1Fin)

i=t—Th1
! /
= By + By,.

) B Fy)]

[B| = op (T2 /P 10gX(T) ) .

S.12

11—t —(i—1—t* i—t— —(i—1—t*
> 6 () o | o ) e £



First look at Bb,,

max B
tr+Thy<t<t;—Thi |52

t+Th .
= +Z G o Dyiafof ™
t*+Th1<t<t* | _=, Th 1 -1

E(|uﬂ<|¢§"”hl wil > o) ||Fi)|
iflft’l‘)y'

- E(|u;|P|Fi-
€ max gy 01y, Bl )
trH1<i<Es cg

N

t+Thy

i — t 1 —t—Th
hmax " E G ( h ) gz 1)
ty+1 <t<ti—1 1
1 ! 2 ! i=t—Thq 1

= 0, (VT) x 0,(1) x 0y(1) = 0,(T"/*1/710g%(T)), (S.10)

where we have used the definition of ¢z. Then we look at B),. First notice that

—(i—1-tt (i1t
P< max |¢; . 1)yiflm(‘¢1 ¢ 1)yi71| >cp) > 0>
tr1<i<ts
< P< max _(i_l_t?{)yi_l‘ > Cl) — 0.
L 1<i<ts
Thus we have
max | B, |
5+ Thy<t<t;—Th
t+Thy . . *)
- G () o™ Pt (o P > )
F+Thy it Th ;h (Th ) $1 yi1|L( ¢4 Yi-1| > 1
i t—Th
T Bl |Fiy)|
—(i—1—t3) ‘ (’ (i—1—t%) ‘ )
< i— —-1| >
o 22K yi1|I(|o1 Yi-1| > a1
t+Thy i ¢ ( )
E }- G - i—t—Thq
t*—FllgiitQ (Jusl| i 1)t}‘+Th1H<1?<}§f§—Th1 A tz;h <Th1>¢1
i=t—Thy
= 0,(1)x C x O(1) = 0, (T1/2+1/P 1og2(T)) . (S.11)

Combining the results in (S.9), (S.10) and (S.11) we have (S.8) proved.
When t5 +Thy +1 <t < t5 — Thy, again define

t+Thy i
"o Vi
t7T_‘Z G<Th1>b
i=t—Thq

with

7 —(t—Thy—1— t)
b ¢ 2 Yi—1Us;.-

The claimed uniform rate of convergence can be derived in a similar fashion as in the explosive
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regime, but with the truncated m.d.s. defined as

l_)” . (bf(thhlflft’Q‘)
)

i—1—t5

yiflui]l(wg( )yi71| < en)I(@h M u;] < ep)

and its complement as
" " "
b, =b; — b

and with the following choice of constants x = CTl/QH/p(bgt;_tT)logQ(T), y = (CT(b?(t;_tT),

c] = T1/2¢§t§—t;) logl/Q(T), cy = TP logl/z(T).

When ¢35 +Thy +1 < t < T — Thy, the process is a random walk process that restarts
from y*ar. When aT/T1/2 — 0 or CLT/Tl/2 — 1, the derivation and results are exactly the
same as in the Thy +1 < t < t] — Thy case. When aT/Tl/2 — 00, the derivation is still

the same as in the first random walk regime except with the following choice of constants

o L
x = Car(Thy)Y?log*(T), y = Cad.Thy, 1 = ar(Thy)? (T%}M) e log™%(T), ¢ =

1
e 1
T %hl) P~1 72-1 . No further bandwidth assumptions are needed.
Therefore, the detailed proofs for the crash regime and the last random walk regime are

omitted to avoid repetition.

Proof of Lemma 6

First denote z; = u? — J?, and denote the object of interest as

T .
i/T —7s
ZS,T = ;K <h2> Zi—1-

Notice that {z;} is a m.d.s. indexed by ¢, with respect to the natural filtration generated by
the {u;} sequence. The proof uses a truncation technique similar to that used in the proof of
Lemma 5. Define

Zi = zzﬂ(\zz\ < C)

and

Further, define

NI

r i/T —7s\ ,_ B
ST = ;K <h2> (zi — E(Zi| Fi-1))
and
. d i/T =75\, N
Zsr = ;K <h2> (% — B(%|Fi-1)).
Because z; is a m.d.s. indexed by ¢, as in the proof of Lemma 5 we easily have
Zsr+ Zsr = Zs.

We have thus decomposed Z 7 into two terms, where both terms are by definition martingales,

with ZS7T having bounded support.
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Next, we show

max | Z,r| = op( Thglog(T)), (S.12)
max [ Z,r| = o,,( Th210g(T)). (S.13)

which will imply the result of the lemma.
We first prove (S.12). Z, 1 is clearly a sum of m.d.s. with bounded support. In the following,
we again use maxg as the shorthand notation for max;<s<ny. We first compute the previsible

quadratic variation,

max V;QT = maXZE <K2 <Z/ThQTS) (z; — E(Zi’E—l))2‘fi—1>

=1

T .
maxZK2 (Z/T_TS> E(Z|Fi1)
5 4 ha ‘

<
/T
< cmaxzz@(/hz ) ot Bl < 017
T

o (/T — 75 4

< (CmSaX;K < s > i
. T .

< Cmaxo max K M maxZK Z/T7_T8
= 1<<T ¥ 1<i<T,1<s<N ho s |z ha

Now using the same argument as in the proof of Lemma 5,
N
P(maX|Zs,T\ >:1;> < ZP(!Z&T] >z, V2 < )+P(maxV > Y)
s b
s=1
By Theorem 1.2A of de la Pefia (1999), we have for any s,

_ 1.2
P(|Zsr| > 2, Vi <y) < ).
(| 87T| x S,T y) exp< 2(y+c.’ﬂ)>

Then, choosing x = C (Th2)1/2 log?2(T),y = CThy, ¢ = (Thy)"/?log~ (T, we have

N 22
5 2
;:1 P(|Zsr| > 2, Vir<y) < Zexp ( 2(y + cx))

B Zex C2Ths log(T)
- P\ 7 2(CThy + CThy)

s=1
= NxT %0,

if we choose C large enough. On the other hand, in view of max, V2, = O,(Thy) and the
definition of y, P(max, VfT > y) can be made arbitrarily small by choose C large enough. In
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total we have
P (max |Zs 1| > (CTl/th/2 10g1/2(T)> —0

thus (S.12) is proved.
For (S.13), notice that

1Z,

< ZK(Z/T >|Z| ZK(”T )lE(zz\E 3]

= Z1+ Zs.

First consider Z;. Notice that by the definition of |Z;],

i/T —
<
<maXZK< s > |Zi| > O) < P (1%1)%|21’ > O>
= P <max |zil(]zi| > ¢)| > 0>
1<e<T

T

< ) P(zd(|z] > )] > 0)
i=1
T

< SO P(lal > 0
i=1

< CTE|Z¢|p/2 TE|u;|P

Cp/2 cp/2

where in the third inequality, we have used the fact that {|z;| > ¢} implies {|z;1(|z;| > ¢)| > 0}.

Using the definition of ¢, the above becomes

i/T — Tlogp/4(T) B log(T) o
<maXZK< >| zl > ) b (Th2)p/4_C<Tl_zh2>

which is 0,(1) under C3. We thus have max, |Z1| = 0,(1) = o, ( Ths log(T)>. Now, for Zs,

T

> K (™) IGAie iK (™) Eat=) > Oll70)
ZK (L= B 7
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Thus,

max |Z3] < max
S S 2

S (5)

=1
1 log(p_Q)/4(T)
= Op (sz—l“?) =0p (W@—w :

By Assumption C3 and straightforward algebra, we have max, |Zs| = 0p(1). Combining results

S g (L= ) Bl 7
— h cp/2-1

< C

——— Inax
CP/2—1 s

for the uniform rates of Z; and Z; we have proved (S.13).
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