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Abstract

The material in this paper has been divided into two main parts. In the
first part we describe two optimization problems—one maximization and
one minimization—related to a sharp trace inequality that was recently ob-
tained by G. Auchmuty. In both problems the admissible set is the one
comprising characteristic functions whose supports have a fixed measure.
We prove the maximization to be solvable, whilst the minimization will turn
out not to be solvable in general. We will also discuss the case of radial do-
mains. In the second part of the paper, we study approximation and stability
results regarding rearrangement optimization problems. First, we show that
if a sequence of the generators of rearrangement classes converges, then the
corresponding sequence of the optimal solutions will also converge. Second,
a stability result regarding the Hausdorff distance between the weak closures
of two rearrangement classes is presented.
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1 Introduction

In [2], Auchmuty describes some sharp trace inequalities, amongst which one
finds

f plul dH" ™' < k, f lul dx + |[Vu, |2 Vull,, VYue H'(D), (1.1)
oD D

under the following regime:

(1) D is a finite union of smooth surfaces in R (N > 2)[]

(2) The weight function p belongs to L*(dD), in which
oo>s2sC:2(1—#) ifN>3
0o >g5>1 if N =2.

3) k= & fppdHY".

(4) The trace weight function u,, is the solution of the following boundary value
problem:

Au=— dHM ' in D,
DI Jon”
ou
—=p on 0D, (12)
ov
fudx =0,
D

where % denotes the outward normal derivative to the boundary.

Notation 1.1. Henceforth, dH"~! denotes the N — 1-dimensional Hausdorff mea-
sure on 0D, and D, p, s, u, is described as above.

A number of trace estimates can be derived by inserting different weight func-
tions in (1.1). In particular, the following cases have been mentioned in [2]]:

'The actual condition in [2] is slightly less restrictive.



e By choosing p = 1, one can derive estimates for the norms of the trace
operator I : W'"(D) — LP(0D).

e If p is taken to be the characteristic function of proper subsets of the bound-
ary, then inequality (I.T)) will provide restricted trace estimates.

In the first part of the paper we will develop the discussion of the inequality
(1.1]) further for the case where p ranges over a particular class S of characteristic
functions

S = {pELS(ﬁD)lp(p—l):O,f pdHN! :ﬁ}, (1.3)
oD

with further assumptions of 8 > 0 and H"~!(D) > 0. We explore the possibility
of improving the inequality in the following sense: Is it possible to find a
weight function p € S for which ||Vu,|l, is minimal? We shall prove that when D
is a ball, the answer is negative.

We will also address the question of whether there is a p € S for which ||V, ||,
is maximal. In contrast to the previous case, the answer to this question is affir-
mative in any type of domain. However, in case D is a ball, we will see that it is
possible to find an optimal solution which is spherically symmetric.

Let us set a(p) = IIVupllg. We are interested in the following optimization
problems:
sup a(p), (1.4)
peS
and
inf a(p). (1.5)
peS

If we consider a specific subset E of 8D such that HN"Y(E) = B, then S would
be the rearrangement classE] generated by the characteristic function

() = 1, xeE
XEWX) = 0, x¢E.

It is common to write S = R(yz). For instance, the minimization problem (|1.5)
can be written as

inf i 1.6
pelq?%) a(p) (1.6)

In the second part of the paper we look at a more general rearrangement prob-
lem than (I.6) and describe an approximation scheme. Let us elaborate this as
follows. Recently, by using the well established rearrangement theory attributed

2See Definition [2.4{on page




to G. R. Burton, a significant amount of research (e.g. [7, [10] and references
therein) has been focused on the following type of rearrangement optimization
problem (ROP):
inf ®(f), 1.7
ot 2] (1.7)
in which @ is a nonlinear functional related to a partial differential equation, fj is
a non-negative function in an appropriate L” space, and R(fp) is the rearrangement
class generated by f;.
Let us present two examples of (1.7 from [12] and [16]. Henceforth, D will
denote a smooth bounded domain in R".

Example 1.1. Consider the boundary value problem

{ ~Apu=f inD (08

u=~0 on 0D,

where:

e A, is the classical p-Laplace operator, i.e. A,u = V - (|Vul’"Vu), with
1 <p<oo.

L
I’4

e f € L7 (D) in which p’ is the conjugate exponent of p, i.e. ]l) + - =1

Denoting the unique solution of |j by u; € Wé’p (D), we are interested in the
following rearrangement optimization problem:

Jnf @i() = fD fuydx, (1.9)

for some non-negative generator f; € L” (D).

Example 1.2. Assume that g, : D — R satisfies go(x) € [0, 1] a.e. in D, and let
g € R(go). Consider the boundary value problem

{ —Au+gu=f inD (1.10)

u=0 on 0D,

where f is a non-negative function in L*(D). Denoting the unique solution of
(1.10) by u, € H)(D), we are interested in the following rearrangement optimiza-
tion problem:

inf q)z(g)szugdx. (1.11)
D

8€R(g0)



The existence and uniqueness of solutions of (1.9) and (I.11) in their desig-
nated rearrangement classes have already been established in [12]] and [16], re-
spectively.

Consider the problem and for a generator f;, let f, be the unique mini-
mizer of @. In this paper we will answer the following question:

Question 1.1. If a sequence of generators (f,) converges to f in an appropriate L?
space, does the sequence of minimizers (f,,) also converge to f in the same space?

Aside from its theoretical implications, this question has practical relevance
too. In practice, it is not always possible to find an explicit exact solution of the
rearrangement optimization problem (I.7)), in which case, one would apply numer-
ical simulations. If the generator of the rearrangement class is a simple function, it
will simplify the computations accordingly. As every measurable function can be
approximated by simple functions, an answer to Question will be significant
in approximating the real solution.

Another reason adding to the importance of the above question is that during
the process of proving the existence of minimizers for (1.7), the zero level set of
the generator, i.e. {x € D | fy(x) = 0}, is a tricky one to deal with. Thus, it would
be helpful if we could approximate the generator by positive functions.

The weak closure of a rearrangement class is of great importance in rearrange-
ment theoryE] Motivated by Question it is interesting to address the following
stability question as well:

Question 1.2. If f, converges to f in an appropriate L” space, does the Hausdorft
distanc between the weak closures R( fn)N and R(f )N also tend to zero?

Structure of the paper: The paper is organized as follows. In Section [2| we
collect some well-known results mostly from the theory of rearrangements of
functions. Section [3 contains the main results where answers to the two afore-
mentioned questions will be presented.

2 Preliminaries

Let us introduce the space

H! (D) = {u e H(D) | fudx = o}.
D
3See item (i) of Lemma page

4See Definition on page




which is a closed subspace of H!(D). As aresult, it is a Hilbert space. By using the
Poincaré inequality specialized to functions with zero mean, we infer that H' (D)
remains a Hilbert space with respect to the norm |[u|| := [|Vu]l,.

Definition 2.1. We say that u € H! (D) is a solution of (1.2) provided that the
following integral equation holds:

fVu-Vvdx—f pvdH ' =0, VYveH (D). (2.1)
D oD

The energy functional & : H. (D) — R associated with (1.2)) is:

1
Ew) = - f |Vul* dx — f pudHN".
2 D oD

The trace embedding H) (D) — L* (8D) guarantees that Yu € H' (D) : E(u) € R,

m
The following result is a basic one:

Theorem 2.1. The following statements hold:

(i) The minimization problem
inf  &E(u) (2.2)

ueH),(D)

has a unique solution.

(ii) The function u € H'(D) is a solution of if and only if it is a solution of
(2.2). In particular, has a unique solution.

Proof. (i) By trace embedding [[1]] we have H'(D) — L*(0D), where s’ is the
conjugate exponent of s. Thus:

Ew)

f IVul* dx — f pudH !
D oD

2
f IVl dx = loll o Wl
D

\%

(Holder’s inequality)

—_— N = N =

(trace embedding and Poincaré) > §C1 ||u||§1](D) = Ca ol op N1ty -

This shows that &(+) is coercive. As aresult, if (#,) is a minimizing sequence
of (2.2)), we infer the existence of a subsequence—still denoted (u,)—and a
function u € H'(D) such that u, — u in H'(D) and u, — u in L* (D). It
should be clear that u € H! (D) and E(u) < liminf,_,. E(u,) = inf, 1y EO).
As &(¢) is strictly convex, then # must be the unique solution of (2.2).



(i) Let u be the solution of (2.2). Then (&'(u),v) = 0, for every v € H} (D).
Hence, by definition, u is a solution of (1.2)).

Conversely, let u be a solution of (1.2). Then, for all v € H} (D) we have:

0 =(&W),v—u
. Su+tlv—u)—Ewu)
= lip :
(as &is convex) < &) — E(u). (2.3)

From (2.3), we deduce that &(u) < E(v), for every v € H,ln(D). So, uis a
solution of (2.2)). O

The admissible set S, as it is, is not particularly convenient to deal with in the
context of optimization. The common trick is to enlarge S to a superset A:

SCA:= {peLS(aD)WSpsl,f pd?-{N_lzﬁ}. (2.4)
oD

The following connections between S and A are widely known, see Lemmata
2.2 and 2.3 in [5]] for details:

(1) A= §w, 1. €. the weak closure of S in L*(dD).
(1) Ais weakly compact and convex.
(i) S = ext(A), the set of extreme points of A.
(iv) A =co S, the closed convex hull of S.
The next result is crucial.

Theorem 2.2. Let ® : L°*(0D) — R be strictly convex and weakly sequentially
continuous. Then the maximization problem

sup @(f) (2.5)
feS

is solvable, i. e. there exists f € S such that ®(f) = sup res P(f).

Proof. We begin by relaxing the maximization problem (2.5) and then we con-
sider the problem:

sup @(f) (2.6)
feA



Since @ is weakly continuous, and A is weakly compact, (2.6)) is solvable. Let
f € Abe asolution. As @ is convex and continuous, it is subdifferentiable at f,
see Proposition 4.6 in [6]. Hence, 0®(f) # 0, in which:

o0(f) = {g € L*(0D) | ©(f) > O(f) + fa g(f = fHdH "', Vfe L“'(aD)}
D

Let g € 6@(?). It is known (e. g. Theorem 4 in [4]) that the linear functional
L(h) := faD ghdH""! has a maximizer h relative to S. Since L is weakly contin-

uous, it fo_llows that h maximizes L relative to A as well. Whence, in particular,
L(f) < L(h). By subdifferentiability we have:

D(h) = O(f) + fa gh— )ydHY™" = O(f) + L(h) - L(f)
D

> O(f) > O(h).
Thus, q)(]_”) = ®(h) and h € S is a solution of , as desired. O

Since the solution of (1.2)) is unique we can define the operator K : L°(0D) —
H, (D) by K(p) = u,.

Lemma 2.3. The following statements are true.
(i) K is linear.

(ii) K is symmetric in the sense that:
f p1Kpy dHN " = f p2Kpr dHY', Y py,p, € L(OD). (2.7)
oD oD

Proof. Assertion (i) follows from the linear nature of the boundary value problem
(T.2). For assertion (ii), we choose u = Ko = u,, and v = Kp; = u,, in 2.1)) to
obtain:

fDV(Kpl) - V(Kp>) dx — fﬁDlepz dH"™" = 0.
from which follows. o
Lemma 2.4. Remember that we defined a(p) = IIVupllg:
(i) « is weakly sequentially continuous in L°(0D).

(ii) « is strictly convex.

(iii) « is Gateaux differentiable, moreover, @' (p) can be identified with 2K p.

8



Proof.
(i) Let {p,} € L*(0D) such that p, — p in L*(0D). By using (2.1), Holder’s

(i)

(111)

inequality, and trace embedding theory, we infer that:

f |Vl<pn|2 dx = f PnKpn dHY!
D oD
lloalls op 1 Kpnlly p

Clionlls.op 1Kl ) -

IAN A

Since p, — p in L*(0D) and Kp, € H,L(D), it follows from Poincaré in-
equality that {Kp,} is bounded. Therefore, we infer the existence of a subse-
quence, still denoted {Kp,}, such that Kp, — w in H'(D) and Kp, — w in
L* (D). So, by invoking , we deduce that

wa-Vvdx—f pvdH ' =0, VYveH (D),
D oD

which means that w is a critical point of the energy functional &(-). By strict
convexity of &, we must have w = Kp. By applying (2.1)) again, we have

a(pn) = f IVKpl dx = f pnKpn dHN!
D oD

which implies that:

lim a(p,) = f powdHN = f pKpdHN' = a(p).
oD oD

n—oo

By using Lemma [2.3| (), the strict convexity of & follows from its equivalent
form a(p) = [VKpll3.

Let us fix p and p in L*(dD). By applying (2.1) and Lemma [2.3] we have:
a(p + tp) = f D+ tp)KP + tp) dHN !
oD

f PKpdHN " + 21 f pKpdHN ' + 1 f pKp dHN!
oD oD oD

a(p) + 2t f pKpdHN " + Pa(p).
oD

This implies that:

oD

t—0+ t

which is the desired result. O



Henceforth, for a measurable set E, |E| denotes the N-dimensional Lebesgue
measure of E. Moreover, for a Lebesgue measurable function f : D — [0, 00), its
distribution function A, : R — R is defined as:

Ap(@) =|{x e D: f(x) > a}|.

Definition 2.2. Let f, fy : D — [0, c0) be Lebesgue measurable. We say that f is
a rearrangement of f; if and only if Ya € [0, 00) : A4 (@) = A¢(@).

Definition 2.3. For a Lebesgue measurable f : D — [0, o), the essentially unique
decreasing rearrangement f2 is defined on (0, |D|) by f2(s) = sup {a s Ap(a) 2 s}.
The essentially unique increasing rearrangement f) of f is defined by fa(s) =
fA1DI = 5).
Definition 2.4. The rearrangement class R(f) generated by f is defined as:

R(f) :={g: D — [0,) | g is a rearrangement of f}.

The following are two basic results regarding rearrangement classes and es-
sentially unique decreasing rearrangements.

Lemma 2.5. Let 1 < p < oo, f € LP(D), and R = R(f) be the rearrangement
class generated by f. Then:

(i) R € LP(D), and ||f|l, = llgll, for all g € R. Here || - ||, denotes the usual
LP-norm.

(ii) The weak closure R" of Ri in LP(D) is convex and weakly (sequentially) com-
pact in LP (D) Moreover, R" is the closed convex hull of R in LP(D), which
we write as R = = co(R).

(iii) The relative weak and strong topologies on R coincide.
Proof. See Lemma 2.1, Lemma 2.2 and Lemma 2.6 in [3]]. O
Lemma 2.6. Let p, f and R be as in Lemma Then:
(i) There is a measure preserving map p : D — (0,|D|) such that f = 2 o p.
(i) ||g* = n*, < llg = hll, for all g and hin LP(D).

(iii) The weak closure of R has the following characterization:

ﬁwz{geLl(angdx:ffdx
D D

and Vs € (0,|D]) : f ghdi < f fAdt}.
0 0

10



Proof. For (i), see Lemma 2.4 in [5] or Proposition 3 in [18]. For (ii), see
Lemma 2.7 in [5] or Corollary 1 in [§]]. For (iii), see Lemma 2.3 in [3]. O

The concept of Hausdorff distance will also be refered to later:

Definition 2.5. Let (X, d) be a metric space. Suppose that L and K are two non-
empty subsets of X. Then, the Hausdorff distance between L and K is defined
by

dy(L, K) = max {sup (inf d(x, y)) , sup (inf d(x, y))} .

xeK yEL yEL xekK

Finally, let us recall the Radon-Riesz Theorem.

Theorem 2.7. Let 1 < p < oo, f € LP(D) and {f,} € LP(D). If f, — f in L*(D)
and im0 | full, = IIf1l,, then f, — fin LP(D).

Proof. See section 37 in [17]]. O

3 Maximization and minimization problems

3.1 Maximization problem (1.4)

In this subsection, we focus on the maximization problem (1.4) and the first main
result is the following:

Theorem 3.1. The maximization problem is solvable, i.e. there exists a
weight function p € S for which:

a(p) = sup a(p).

pES

Proof. Since a : L*(0D) — R is strictly convex and weakly sequentially continu-
ous, the assertion follows immediately from Theorem 2.2} O

Remark 3.1. As « is strictly convex, one can argue as in Theorem 7 of [4] to
show that if p is any solution of (1.4)), then there exists a non-decreasing function
¢:R —{0,1} such thatp = ¢ ou, H" ' a.e. on dD.

Before stating the second main result of this section, we need to recall the
spherical symmetrization. For detailed treatment of this topic, we refer the reader
to [3), [L1), (14} 19]E] Given a measurable set K € R", we fix a direction & with
|e] = 1. Then, the spherical symmetrization of K with respect to direction &,

Note that, in Section 3 of [3] the author presents a variety of properties of a general class of
rearrangements. Spherical symmetrization belongs to this class.

11



denoted by K*, is characterized by the following property: for every r € (0, o),
the set K* N dB(0, r) is a spherical cap centered at r satisfying:

HN Y (K* N dB0,r)) = HN "' (K NIB,r)), YO0<r< oo,

where B(0,r) is an open ball centered at the origin with radius r. For a non-
negative measurable function u, the spherical symmetrization u* is constructed
such that:

w>ty={u>t}", Vt>0.

Theorem 3.2. Let D be a ball centered at origin with radius a. Then, for any
direction &, the maximization problem has a solution p € S which is spheri-
cally symmetrized with respect to it.

Before proving the theorem, we need the following known results about spher-
ical symmetrization.

Lemma 3.3. Let D be as in Theorem 3.2] and u be a non-negative function in
H'(D). Then, we have:

(i) u* € H(D).
(ii) For any non-negative v € L* (OD), we have fﬁD uvdHN ! < faD wv dHN!,
(iii) [, |VuPdx < [ [Vul* dx.

(iv) For any v € L*(dD), we have f&D Vv — uw " dHN! < faD v —ul® dHN!.

We also need the following regularity result of the solution of the Neumann
boundary value problem (I.2)).

Lemma 3.4. If p € C*(0D), then Kp € C*(D).

Proof. Since p € C®(0D) € H*(AD) for all k > 0, by Proposition 7.1 in [20], we
have Kp € H**?(D) for all k > 0. Then, by applying Sobolev embedding theorem
(Theorem 4.12 in []]), we infer that Kp € C®(D). m|

Proof of Theorem Let p be any maximizer of (1.4)) in S, whose existence
is guaranteed by Theorem [3.1] Then, there exists a sequence {p,} € C*(dD) such
that p, — p in L*(dD) (by mollifiers). Observing that, from Theorem [2.1] and

(2.1), we have

alp) =2 f pKpdHN™' - f IVKp|* dx
oD D

= sup {2 f pvdHN ! — f |Vv|2dx}.
veH),(D) oD D

12
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Then, let us fix any direction € and we will perform the spherical symmetrization
with respect to this direction. From (3.1)) and Lemma (3.4, we infer that

a(pn) = 2f anpndwN_l _f|VKpn|2dx
oD D
= zf on(Kpn + |Kpulleo p) dH"!
oD

—f IV(Kp, + IKpalleo p)I* dx =2 IIKpnlloo,Df pndH!
D o)

D

IA

2 f Pi((Kpa) + 1K pallos p) dH!
oD

- f V(Kpa)' + IKpull ) dx = 21Kpallc 5 f pudHY!
D oD

_ ) f o (Kpw)' dHY1 — f V(Kp,)'F dx
oD D

IA

2 [ pikoyar - [ 19KpEdx = ate), (32)
oD D

where we have used Lemma [3.3] in the first inequality. On the other hand, by
Lemma (iv), we have p; — p* in L°(OD). So, due to the continuity of a, it
follows from that a(p) < a(p*). Recalling that p is a maximizer of (I.4), p*
must be a maximizer as well. As the direction € was chosen arbitrarily, the proof
of the theorem is complete. O

3.2 Minimization problem (1.5)

The following is the first main result of this subsection:
Theorem 3.5. The minimization problem (I.5) has a unique solution p € A.

Proof. As in the proof of Theorem we have A = R(yz) with H¥-1(E) = 8,
where the weak closure is taken in L*(dD). Then, by Lemma[2.5] (ii), A is convex
and weakly sequentially compact. As by Lemma [2.4] the function « is strictly
convex and weakly sequentially continuous, there must exist a unique solution

p € A which solves (|1.5)). O

As opposed to the case of maximization, in general the solution of (I.5) is not
in S. In particular, we have the following:

Theorem 3.6. Let D be a ball centered at origin with radius a. Then, the min-
imization problem has a unique solution p € A\ S. In fact, this unique
solution is the constant function:

B

Vx € oD : ﬁ(.X) = m

13



For the proof of Theorem [3.6] we need the following result:

Lemma 3.7. Let D be as in Theorem and assume that p € L*(0D). For any
rotation map R about the origin, we have K(p o R) = (Kp) o R almost everywhere
in B.

Proof. By Theorem 2.1} equation (2.1)), and also Theorem 3.22 in [1], it suffices
to show that

f V((Kp) o R)(x) - Vv(x) dx — f (o 0 R)(x) v(x) dH ' (x) = 0,
D oD
Vv e H (D) N C®(D).

Let us fix an arbitrary v € H! (D). Since V((Kp) o R)(x) = R 'V(Kp)(Rx) and
R™! = R, the transpose of R, we deduce that:

3= f V((Kp) o R)(x) - Vv(x)dx — | (oo R)(x)v(x)dH""(x)
D oD

- [ ®VEaRD - T dx= [ oo R )
D oD

= f V(Kp)(Rx) - RVv(x) dx — f (o o R)(x) v(x) dH ' (x).
D oD

Similarly, we also have RVv(x) = V(voR™!)(Rx). By a change of variables y = Rx,
the equation above leads to

5= f V(Kp)(Rx) - V(v o R™)(Rx) dx — f (0 o R)(x) v(x) dH" ' (x)
D oD
= | w0 V0o R0y - fa PO o RH)dH ().
b D

Now, because V(v o R"1)(x) = RVw(R 'x) and [V(v o R"N)(x)| = [Vv(R 'x)|, we
infer that vo R™! € H! (D) N C*(D). By (2.1), we must have I = 0 as desired. O

Proof of Theorem Fix any rotation R and let p € S. Then, by (2.1)) and
Lemma 3.7l we have:

a(poR) = f (0o RK(poRYdHY" = [ (po RX(Kp) o R) dH"!
oD oD (33)

:f pKp dHY ™' = a(p).
aD

14



Let p € A be the unique solution of (I.5) (see Theorem [3.5). Then, we fix an
arbitrary axis ¢ (through origin), and consider the rotation map R, with which p
can be rotated to p o Ry by the angle —6 with respect to the axis €.

Now consider the constant function € : 0D — R defined by:

1 27
VYxedD: (S(x):z—f poRydo
T Jo

It should be clear that € € A. Now, as « is strictly convex, by (3.3) and Jensen’s
inequality (see e. g. [13]) we deduce that:

27
a (@) < if a(p o Ry)do = a(p). (3.4)
2 0

Since (3.4) is true for rotations with respect to any axis through origin, then p
must be radially symmetric. As p € A, we must have p = B/H""1(dD) which is
obviously not in S. O

Remark 3.2. Theorem implies that is not solvable in radial domains.
However, it might still be possible for to be solvable in non-radial domains.
Let us elaborate this matter. Let p € A be the unique solution of (1.5). Then, p
satisfies the optimality condition

0 € 0a(p) + Na(p), (3.5)

where N 4(p) denotes the normal cone to A at 5. Since A is convex, N4(p) =
0€4(D), where €4(p) is the indicator function

0 ifpeA

fﬂ(ﬁ)={oo ifpea

supported on A. So,

0EA(P) = {g € L' (AD) | €alp) = Ealp) + fa glo=p)dH"™!, Vp e LS((?‘D)} :
D

Recall that da(p) = {2it}, where & = u;. So, (3.5) implies that
dg e déA(p): 2ii+g=0, H"'ae. ondD, (3.6)

Clearly, for any p € A, [, g(p — p)dH"™' > 0. Whence, (3.6) yields

f pitdHN' > f pidH ', VpeA. (3.7)
oD oD

15



That is, p minimizes the linear functional /(p) = fBD pit dHN!, relative to p € A.
A well established result in rearrangement theory [4} 5] ensures that p € ext(A).
This means that p € S, provided that the level sets of the trace of & on dD are
insignificant in the following sense:

YVeeR: HN'(xedD|ix)=c}) =0, (3.8)

Therefore, (3.8) provides an accessible criterion to verify whether (1.5)) is solvable
or not. This can also be very useful for numerical simulations, if applicable.

4 Approximation scheme

The following result provides an affirmative answer to Question|1.1

Theorem 4.1. Assume that 1 < p < oo, fy € LP(D), {fu},en € LP(D), and let O be
a functional on LP (D), all satisfying the following conditions:

(i) fo = Join LP(D).
(ii) @ is strictly convex and weakly continuous on co (U;‘;OR( f,,)).
(iii) There exists a unique f, € R(f,) such that

YneN: O(f,) = inf ®(f)= inf O(f).
(fn) inf @) o @)

Then, f, — f in LP(D).
Remark 4.1. From Lemma [2.5] (i), we know that:

JRG E(O Tf)) - %(O R(fn)) . (4.1)
n=0 n=0

n=0

In many cases, one can prove that @ is strictly convex and weakly continuous on
a larger set F 2 E(U:’:OR(fn)) (see e.g. [12, Lemma 3.3] and [[16, Lemma 3.1]).
For condition in Theorem [4.1] the uniqueness of the minimizer is ensured as
a consequence of ® being strictly convex and each R( fn)w being a convex set.

The common method of proving the existence and uniqueness of is to
first relax the problem by extending the rearrangement class to its weak closure.
In these cases the second equality in holds (see [12, [16] for details).

Finally, if the existence and uniqueness of solution are ensured for the cor-
responding maximization problemﬁ then one can also replace ‘inf” by ‘sup’ in
condition (f11)).

Swhich is often the case for radial domains, e. g. [9, Theorem 3.5].
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We break the proof of Theorem . T]into several lemmas.

Lemma 4.2. Let E be a bounded subset of LP(D), and CD be a weakly continuous
functional on E". Then, @ is uniformly continuous on E'

Proof We argue by contradiction. Suppose that @ is not uniformly continuous on
" and that there exists an € > 0 such that

—w 1
VneN, dx,y, € E :|lxy = yall, < = and [®(x,) — D(y,)| > €. (4.2)
n

So, we have x, —y, — 0 in L?(D). Since E is bounded, E" is also bounded in
LP(D). Hence, there exist subsequences {x,,} and {y, } such that x,, — % and
Yu, — 9, and it should be clear that £, € E". By using the weak continuity of ®
and (4.2)), we have

|D(X) — D) = € > 0. 4.3)

But then x, — y, — 0 implies that # = $, which contradicts (.3). ]

Lemma 4.3. Let f,g € L?(D) and f € R(f). Then, there exists a g € R(g) which
satisfies:

1z =71, = llg* = 7*M, < g = 11, (4.4)

Proof. By using Lemma [2.6] (i) we can prove the existence of a measure preserv-
ing map p : D — (0,]D]) such that f = 2 o p. Then we define g := g o p, and we

will have g € R(g) and ||g f||p ||g fA”p. By applying Lemma. , the
assertion follows. O

Lemma 4.4. Let fy and @ be as in Theorem For @ > 0 and h € LP(D), we
define:
Ala, h) ={g € R(fo) : llg — hll, = a},

and
infocpon @) — ©h) if A(a,h) #0
Sy = | s ©() = Oh) if A, ) ws)
00 if A(a,h) =0
If A(a, fo) is not empty then y(a, fo) is positive.
Proof. Let{g,} C A(a, fo) be a minimizing sequence such that
1
®(g,) < inf D(g) +
geA(a.fo)
By Lemma@ ' we have [|g,ll, = [Ifoll, for every n € N. Hence, there exists

a subsequence still denoted {g,}, such that g, — g in L?(D). Observe that g €
R( fo) By weak continuity of @, we deduce:

() < inf D(g).
gEA(a. o)
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Then, we claim g # f,, which we prove by contradiction. So, let us assume that
z=fo By condition in Theorem we have fy € R(fy). We can now apply
Theorem to deduce that g, — f() in L”(D), which contradicts the definition of
A(a, fo).

As aresult, again by condition it follows that

O(fp) < D(g) < inf D(g).

8€A(a, fo)
This completes the proof of the lemma. O

In fact, we can use rearrangement theory instead of Theorem to prove
Lemma The following alternative proof is presented to showcase the power
of rearrangement theory.

Alternative proof of Lemma [4.4: We begin the proof with two observations.
First, from condition in Theorem fo is the unique minimizer of @ relative
to mw. Second, y(a, fp) is already non-negative, so to finish the proof of the
lemma we only need to rule out the possibility of y(«, fy) being zero.

For simplicity, we set A = A(a, fo). Then, note that A¢, the complement of A
relative to R(fp), is equal to the set {g € R(fo) : |lg — f()”p < a}; which is a strongly
open subset of R(fp). By Lemma [2.5] (iii)), there exists a weakly open set W such
that fy € W C A°. Without loss of generality, we can choose W = {g € R(fy) :
|€(g) — f(fo)l < €}, for some € > 0 and € € (L?)" = L”. Since A C W¢, clearly
inf, ®(g) > infy. ®(g). Hence, it suffices to show that infy. B(g) > O(fy).

To seek a contradiction we assume that infy. ®(g) = d( fo), and let {g,} € W¢
be a minimizing sequence. After passing to a subsequence, if necessary, and still
denoted {g,}, we infer g, — g, for some g € Tfo)w. Since €(g,) — {(g), we
have g € E = {g € 7€(f0)w :1e(g) — €(f0)| > €}. On the other hand, by the weak
continuity of @, we get O(g,) — D(g).

So we must have ®(g) = ®(f,). Since ® is strictly convex, then g = f.
Whence, fo € E, which is a contradiction. O

Proof of Theorem [d.1: In order to derive a contradiction, we assume that there
exists an € > 0 and a subsequence of {f,}, still denoted {f,}, such that || f, — f0||p >
e forall n € N. Then, by Lemma4.3] for all n there exist g, € R(fy) and h, € R(f,,)
such that

Fo=eall, = 152 = 22, < 15 = foll, we)
o= Joll, = |5 = £, < W6 = Aol -
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Since f, — fy in LP(D), there exists Ny € N such that ||f, — g, , S $ for all
n > N;. As we have assumed f,, - f()”p > €, we have
N A g N €
g = foll, 2 \f = Soll, = |fu = all, 2 5. ¥z, 4.7

Let us now refer back to Lemma As {ga} € R(fo), we have A(5, fo) # (0, which
implies that 0 < (5, fo) < oo. Then, from condition , 1| and Lemma we
infer the existence of N, > N; such that

D(f) = (gn)| < 57 (5

Vn > N, : 26 i (s fo) (4.8)
|@(ha) — D(fo)| < 3y (5. ).

Therefore, by using (.7), (4.8)) and Lemma4.4] we get

N 1 € A N 1 € A
O > Bg - 57 (5. 50) 2 @G + 57 (5. 4] > @), Yz N,
which is a contradiction as &, € R(f,). This completes the proof. |

Remark 4.2. By analyzing the proof, it can be seen that the condition (i) of The-
orem may be relaxed to f* — fOA in L7(0, |D)).

Question [I.2]is answered in the following theorem:
Theorem 4.5. Let p € (1, ) and assume that f, — f in LP(D). Then:
lim dy(R, ,R ) = 0.

Here, R_nw and R" are the weak closures of R, = R(f,) and R = R(f) in L (D),
respectively.

Proof. Leté, € R,. By Lemma , &, = & o p,, for some measure preserving
map p, : D — (0,|D]). Thus:

1€2 © pn = £2 0 pallp = 163 = Rllp = 1Sy = 211y < Ufa = flps (4.9)

where the inequality in (#.9)) follows from Lemma [2.6] ().
Let us now fix an € > 0. Since f, — f in L’(D), we infer the existence of
N € N such that:

1€, = 2 o pally < lIfs = fll, <€ V¥n=N, (4.10)
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where we have used and the fact that &, = €2 o p,. Note that f2 0 p, € R.

Hence, from @ we deduce that &, € R + B.(0), in which B.(0) = {h € L’(D) |

||h||p <€} In partlcular we obtain &, € R +B <(0) for all n > N. Thus, R, C
+B(O)f0ralln>N '

Let us now fix n > N, and consider n € Ew. Then, there exists a sequence
{n;} € R, such that ; — n in LP(D). Note that n; € R + B.(0) for all i € N.
Therefore there exists g; € R" such that lm; — gill, < €. Since {g;} is bounded
in L”(D), we can pass to a subsequence if necessary, still denoted {g;}, such that
g — g in LP(D). This in turn implies that g € R

Furthermore, we have n; — g; — n — g in L?(D). Thus, from the weak lower
semicontinuity of the LP-norm we obtain || — g|l, < liminf,_. |[7; — gill, < 2e.

Whence, n € g + B,.(0) C R+ B,.(0). This shows that:
R, R+ By(0), Vn>N. (4.11)

Similarly, one can prove that

R CR, +By(0), Ynx=N, (4.12)
From 1) li and Definition we find that dH(R_,,W,ﬁW) < 2e for all
n > N. This completes the proof of the theorem. |

5 A note on the computational aspects

The results of this paper, though presented in a theoretical framework, have impli-
cations for the study of computational aspects of the rearrangement optimization
problems in general, and the two problems (I.4) and (I.5)) in particular.

Whether one chooses to study rearrangement optimization problems in a more
theoretical setting such as Type-2 Theory of Effectivity (TTE) [21]], or the more
practical framework of numerical analysis, the results of Section |4| guarantee the
soundness of any appropriate discretization scheme.

We have provided enough ingredients for implementing an algorithm for the
maximization problem (I.4). This is mainly as a result of Theorem [3.1] which
guarantees that an answer can be found in the rearrangement class S defined in
(I.3). As the generator is a characteristic function, the search space is more man-
ageable. In fact, in a discretized setting, every element of S can (essentially) be
represented as a simple array of zeros and ones.

This is not the case with minimization. As Theorem @] shows, in general
the unique solution may fall outside S. Of course one could always devise a
numerical method to search the larger function space A as defined in (2.4), but
the efficiency may not be as good as the one on the smaller set S. On the other
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hand, by Remark [3.2]in the special cases where condition (3.8) is satisfied on the
level sets of the trace of it on D, the minimizer also falls inside S.

A numerical implementation of the gradient method for the optimization prob-
lems and can be written using the formula for Giteaux derivative as
provided by Lemma 2.4 (iii). Of course we have not ruled out the possibility
of local (non-global) optima. This means that a simple gradient search may get
stuck in a local optimum. One way of dealing with this problem is to inject some
randomness into the algorithm so that it gets a chance to escape local optima in
order to reach a global optimum. Simulated annealing [15] is an example of such
a randomized method.
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