MAPPING TORIC VARIETIES INTO
LOW DIMENSIONAL SPACES

EMILIE DUFRESNE AND JACK JEFFRIES

ABSTRACT. A smooth d-dimensional projective variety X can always be em-
bedded into 2d + 1-dimensional space. In contrast, a singular variety may
require an arbitrary large ambient space. If we relax our requirement and
ask only that the map is injective, then any d-dimensional projective variety
can be mapped injectively to 2d + 1-dimensional projective space. A natural
question then arises: what is the minimal m such that a projective variety
can be mapped injectively to m-dimensional projective space? In this paper
we investigate this question for normal toric varieties, with our most complete
results being for Segre-Veronese varieties.

1. INTRODUCTION

It is well known that a smooth d-dimensional projective or affine variety can
always be embedded into P2¢+!. This story is different for singular varieties, in-
cluding affine cones over smooth projective varieties. For example, the affine cone
over the nth Veronese embedding of P! cannot be embedded in A™ for m < n + 1.
In some situations, one may be willing to lose some information and be satisfied
with an injective morphism X — P™ or X — A™.

Question 1.1. What is the minimal m such that a projective (affine) variety
X can be mapped injectively into projective space (respectively, affine space) of
dimension m?

The bound 2d + 1 holds in general in this setting by the same linear projection
argument that yields an embedding of a smooth projective variety into P24+1.

Namely, if X € P¥ and p is a point in P\ X that does not lie on any secant to X,
that is on any line that intersects X in at least two points, then the projection from
p to a hyperplane will be injective on X. One can then repeat this argument until
the set of points on secant lines fills the ambient space. The bound 2d + 1 is simply
the expected dimension of the secant variety, which is the Zariski closure of the set
of points on secant lines. In the affine case, one simply uses the same argument on
a projectivization; see [I1, Section 5.1] for a similar argument in a special case and
[15, Theorem 5.3] for a different argument in a more general context.

Naturally, an absolute lower bound is given by the dimension of X. This ab-
solute lower bound is sometimes attained even when X is not itself P? or A?, at
least in positive characteristic [§8, Example 3.1]. But this is a rare occurence. In
characteristic zero, for normal varieties, it does not happen unless X is isomorphic
to P™ or A™, see [10}, Corollary 4.6].
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In this paper we focus on toric varieties and the affine cones over them. Our most
complete results are for Segre-Veronese varieties, a construction simultaneously
generalizing Veronese varieties (r = 1) and Segre varieties (each a; = 1). For the
affine cone over a Segre-Veronese variety we obtain:

Theorem 1.2. Let Y be the affine cone over the Segre-Veronese variety X that
is the tmage of the closed embedding H;l Pl — PN given by the line bundle
O(a1,...,a.). If s is minimal such that' Y can be mapped injectively to A®, then
(1) s=2n1 —1, ifr =1 and a1 is not 1 or a power of chark;
(2) s=2(n1 +n2) —4, if r =2 and ay, as are either 1 or a power of chark;
(3) s <230 ni—2r+2, in general;
(4) s >2>_ni—2r+1, if at least one a; is not 1 or a power of chark;
(5) s >2>"_,n;—2r+4, if every a; is either 1 or a power of chark.

Lower bounds are obtained via techniques better suited to the affine case. If Y’
is an affine algebraic variety, having an injective morphism Y — A™ corresponds
to having a separating set E = {f1,..., fm} C k[Y]. The notion of separating set
is usually defined relatively to a larger ring of functions R D k[Y] and in a much
more general context, for ring of functions on a set, see [I7, Definition 1.1]. This
variant comes up in many different contexts under different names (see for example
the introduction of [22]).

For the affine cone Y over a Segre-Veronese variety, we have a surjective map
A? — Y where d = > i_,n;, dual to the inclusion map of the ring of regular
functions on Y into a polynomial ring in d variables. A consequence is that the
morphism Y — A™ is injective if and only if the natural inclusion of the reduced
fiber products

A% xy AT C A% xym A?
is an isomorphism. As A? xam A% is the zero set in A%? of
(fiel—-1® f;li=1,...,m)

it follows that the arithmetic rank of the defining ideal of A% xy A?, that is the
minimal number of generators up to radical, is a lower bound for the minimal m
such that Y can be mapped injectively to A™ (cf [, Section 3]). Our arguments
exploit the fact that the affine cone over a Segre-Veronese variety is isomorphic to
V)G := Spec(k[V]%), where V is a representation of an algebraic group G and
k[V]E := {f € k[V] | f(u) = f(o-u), for all u € V, ¢ € G}. Accordingly, most of
this paper will be written from that point of view.

If we assume G is reductive (and so the quotient morphism V — V//G is surjec-
tive), then having an injective morphism Spec(k[V]%) =: V/G — A™ corresponds
to having a separating set in the sense of [B Section 2.3.2], that is, a set E of
invariants such that whenever two points of V' can be separated by some invariant,
they can be separated by an element of E.

In this setting, the fibre product V xy /g V is called the separating variety
and denoted by Sv.g. The key observation of [9, Section 3] is that the minimal
cardinality of a separating set is bounded below by the arithmetic rank of the
defining ideal of Sy, . For representations of finite groups the arithmetic rank of
the defining ideal of the separating variety ends up being meaningful in terms of the
geometry of the representation (see [9]). As in [9], we use the nonvanishing of local
cohomology modules to find lower bounds for the arithmetic rank of the defining
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ideal of the separating variety. For Segre varieties with two factors, this is not
conclusive in positive characteristic, and so instead we must use étale cohomology.
Following [9], the general strategy is to decompose the separating variety as a union
of simpler objects. The difficulty is, unlike for representations of finite groups, the
separating variety is not simply an arrangement of linear subspaces.

Linear projections are often sufficient to reach the minimal m such that a pro-
jective variety can be mapped injectively to P™. In the case of toric varieties, the
image will often no longer be toric. A natural question is the following:

Question 1.3. What is the minimal m such that a projective toric variety is
mapped injectively to P so that the image is also a toric variety? Equivalently,
what is the minimal cardinality of a monomial separating set for the affine cone
over a toric variety?

In this paper we address this question for normal affine toric varieties. These
include the affine cones over Segre-Veronese varieties. The normality assumption
ensures that the ring can be identified with the ring of invariants of a representation
of an algebraic torus, which provides extra structure. Indeed, the rings of invariants
for representations of tori are determined by the combinatorics and convex geometry
of the weights. In Proposition [6.9] we determine the answer to Question [I.3] for
Segre-Veronese varieties; as a consequence, in Corollary we give a bound on
the sparsity of a separating set for the associated torus action.

In general, the minimal size of a monomial separating set is much larger than
the minimal size of a separating set, but it is often still smaller than the size of
a minimal generating set for the ring of invariants. Inspired by [7], we show the
following.

Theorem [6.7} Let V be an dimensional representation of a torus T of rank r < n.
The invariants involving at most 2r + 1 variables form a separating set.

The remainder of the paper is organized as follows. In Section [2[ we describe
the combinatorial set-up and notation we need in order to discuss linear repre-
sentations of tori, including giving an explicit link between representations of tori
and Segre-Veronese varieties. In Section [3] we first give some general results about
the decomposition of the separating variety for representation of tori, before giving
more explicit results in the case of Segre-Veronese varieties. Section [ focuses on
upper bounds on the size of separatating sets and Section [5| on the lower bounds.
Finally, in Section [6] we consider monomial separating sets. As well as the results
mentioned above, we give a combinatorial characterization of monomial separating
sets for representations of tori.

2. SET UP AND NOTATION

We work over an algebraically closed field k of arbitrary characteristic. The
characteristic will sometimes make a difference. We consider a n-dimensional rep-
resentation V of a torus T of rank r. Without loss of generality we can assume
this is given by the weights my,...,m, € Z". That is, with respect to the basis
{b1,...,b,} of V, the action of T on V is given by ¢ — diag(¢~"™*,...,t~™n), where ¢t
denotes the element (¢1,...,t,) of T, and =™ denotes the element ¢, """ ---t, """
of k. Let A be the matrix whose columns are the m;’s. We will assume throughout
that A has full rank » < n. We will use {ej,...,e,} to denote the standard basis
of Z".
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We will write k[z] to denote k[z1, ..., z,] = k[V], where {z1,...,z,} is the basis
of the 1-forms of k[V] dual to the basis {by,...,b,} of V. In terms of the basis
{z1,...,2,}, the representation of T takes the form ¢t — diag(¢t™,...,t™n).

The ring of invariants ]k[V]T is the monomial algebra given by the semigroup
L :=kery ANN", that is

k[V]" = span, {2 | a € L£}.
The field of rational invariants is similarly given by kery A:
k(V)" = span, {z” | B € kerz, A}.

For a natural number a € N, we write [a] to denote the set {1,...,a}. For I C [n],
we set Vi = span {b; | i € I},

kery A; = {,BEkeI'ZA|6j :OfOI‘j¢I},

and Ly =kerz A;N L.

For u = Y wb; € V, we define supp(u) := {i € [n] | u; # 0} and similarly
for 8 € Z™, supp(B) :={i € [n] | B; #0}. For I C {1,...,n}, we define the weight
set of I to be wt(I):={m; | i € I}, and for u € V and a € Z", we write wt(u) :=
wt(supp(u)) and wt(«) := wt(supp(«)). Further, we will write conv([), respectively
conv®(I), to denote the convex hull of wt(I), respectively the relative interior of
the convex hull of wt([), which is the interior of wt(I) with respect to the usual
metric topology on the linear span of wt(I) C R™.

2.1. Segre-Veronese varieties. We will pay particular attention to the affine
cones over Segre-Veronese varieties.
A Segre-Veronese variety is the image of the closed embedding

- T (nit+ai—1
[[em —pY forN=1+H<” T )
. : a;
=1 i=1
given by the line bundle O(ay,...,a,) for some tuple (aq,...,a,) € N". Its ring of
homogeneous coordinates is

S =k[ My--- M, | M; is a monomial of degree a; in the variables @;1, ..., %, ] -

This construction simultaneously generalizes Veronese varieties (r = 1) and Segre
varieties (every a; = 1).

If every a; is coprime to the characteristic of k, the homogeneous coordinate ring
S of the Segre-Veronese is the ring of invariants of the polynomial ring

R=Kklziy | 1<i<r1<l<ny,

under the linear action of a diagonalizable group, given as the product of a torus
T of rank r — 1 acting with weights

e; i=1,...,r—1
My = _

i —Si e = '
and a product of cyclotomic groups pig, X - - X pa, =: H, where the i-th factor acts on
x;¢ by scalar multiplication. That is, setting W to be the (22:1 n;)-dimensional k-
vector space dual to the space of 1-forms of R, the ring of homogeneous coordinates
of the nonmodular Segre-Veronese variety S can be identified with the ring of

invariants R® = k[W]%, where G = T' x H acts as described above.
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The ring S can also be obtained over any field, up to isomorphism, as the ring
of invariants of a representation of a torus. Precisely, set

S = lk[ oMy - M, f M; is a monomial of degree a; in the variables z;1,. .., xm] ,

and R’ =Kk[zo, i | 1 <i<r, 1 <Ll < n;] =k[W'] where W’ is the (1+ >, n;)-
dimensional k-vector space dual to the space of 1-forms of R’. Then S’ is the
ring of invariants of R’ = k[W’] under the action of a rank r torus with weights
my = — 22:1 a;e; and my = e;. As both groups are reductive, the isomorphism
S =2 S’ ensures that finding separating sets in S and S’ is exactly the same, and so
any bound established for one holds for the other. This follows from the following
key fact: if G is reductive, E C k[V]% is a separating set if and only if the morphism
V)G — Spec(k[E]) induced by the inclusion k[E] C k[V]Y is injective (cf [8]
Theorem 2.2]).

In the following lemma, we set s(aq,...,a,) to be the smallest cardinality of a
separating set for a representation of a torus with ring of invariants isomorphic
to the homogeneous coordinate ring of the Segre-Veronese variety X, where X is
the image of the closed embedding []}_, P~ < PN given by the line bundle
(’)(al, ey ar).

Lemma 2.1. Let k be a field of positive characteristic p, and fix a1, ..., a,. Write
each a; = aip® so that ged(a;,p) = 1. Then s(ay,...,a,) =s(a},...,a.).

T

Proof. We will show that s(a,...,a;) =s(a1,...,ai—1,pas), and the claim follows.

Let Ry be the ring of functions on the affine cone over the Segre-Veronese variety
given by the line bundle O(ay, ..., a:), Rz be the ring of functions on the affine cone
over the Segre-Veronese variety given by the line bundle O(ay, ..., a;—1,pa;), and
R3 be the image of Ry under the map that sends the set of variables (x¢ 1,. .., %t n,)
to their pth powers. Note that Rs is isomorphic to R;.

Suppose that {g1,...,gs} C Ry form a separating set in R;. Then their images
{g{,...,¢”} under the map giving the isomorphism R; = Rj3 form a separating set
for Ry. Indeed, it will be a separating set for R3 (applying the isomorphism), and
the morphism Spec(Rz) — Spec(R3) induced by the inclusion R3 C Ry is injective.
It follows that an upper bound on the minimal size of separating sets for R; is also
an upper bound for R.

Since (R2)? C Rj, taking a separating set for R and taking pth powers produces
a separating set for Rz of the same cardinality. Then, applying the isomorphism
R1 = R3, we get a separating set for Ry of the same size. Therefore, the minimal
size of a separating set in R; is a lower bound for the minimal size of a separating
set in Ry, completing the proof of the claim. O

3. THE SEPARATING VARIETY

In this section we describe the separating variety for representations of tori. The
separating variety Sy g is a closed subvariety of V' x V that encodes which points
can be separated by invariants. Namely,

Svia = {(u,v) €V x V| f(u) = f(v), Vf € k[V]9}.

It deserves its name because it characterizes separating sets. Indeed, E C k[V]% is
a separating set if and only if

Vwxv(f@l=-1® f| f€E)=Sva
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(see [16, Section 2]). In particular, the defining ideal for the separating variety is
the radical of the separating ideal

Tvg=(f®1-1® f|f€kV]%).
Of course, the separating variety always contains the graph of the action
I'vg:={(u,0-u)|ueV,oeG},

and its Zariski closure 'y .

Let V be a linear representation of an algebraic group G. Let m: V — VG be
the morphism corresponding to the inclusion k[V]¢ C k[V]. The nullcone Ny is
defined as Ny := m~1(7(0)). It coincides with the set Vi (f | f € k[V]f) of common
zeroes in V' of all nonconstant homogeneous invariants. Naturally, the product
NV,G X NV7G is always contained in the separating variety. For a representation of
a torus, the nullcone can be described in terms of the geometry of the weights of
the action:

Lemma 3.1 (see for example [26, Proposition 4.4]). Let V be a representation of a
torus T'. The nullcone is an arrangement of linear subspaces and its decomposition
as irreducibles is as follows:

Ny = U Vr.
I mazimal s. t.
0 ¢ conv(wt([l))
We obtain a first coarse decomposition of the separating variety:

Proposition 3.2. Let V be a representation of a torus of rank r and suppose the
matriz of weights has rank r. Then the separating variety can be written as

Svr=Ivr U Nyt x Ny.r) U Tyer@®(VixVy),
K,I,J
where the second union ranges over all K with 0 € conv®(wt(K)) and all I,J C
{1,...,n}\ K such that 0 ¢ conv®(wt(K UI)) and 0 ¢ conv®(wt(K U J)).

Proof. We first show the inclusion “2”. By the discussion above, m and Ny 1 X
Ny, are both contained in the separating variety. It remains to show that for each
choice of K, I,.J, the set I'v,, 7 @ (Vi x V) is contained in the separating variety.
Let (u1,u2) be an arbitrary point of 'y, 7 & (V7 x V). By definition we can
write (u1,u2) = (v1,v2) + (w1, ws), where (v1,v2) € Ty, 7 and (wq,w2) € Vi x V.
Take o € kerz ANN". As 0 is not in the interior of the convex hull of wt(K U I)
and wt(K U J), it follows that either supp(a) C K or supp(a) € K U I and
supp(a) € K U J. If supp(a) C K, then

z%(u1) = 2% (v1) = 2% (v2) = 2% (u2)
and if supp(a) € K U I and supp(a) € K U J, then
x%(uy) =0 =a%(us).
In both cases (uy,us) € Sy,r as desired.
We now prove the reverse inclusion “C”. Take (u1,u2) € Syr. As T is a
reductive group, this is equivalent to Tu; N Tus # () (follows from [I9, Corollary

3.5.2]). Without loss of generality we have z € Tu; N Tusy, where Tz = Tz is the
unique closed orbit in T'u; and Tus. If Tu; = Tz, we have

(ur,u2) € Tug X {ua} CTy 1.
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Similarly, if Tus = Tz, then (u1,us) € T'y,7. We now suppose that Tz # Tuq, Tus.
If z = 0, then (u,v) € Nyr X Ny, so we suppose z # 0. Then, since the
orbit of z is closed, 0 is in the interior of the convex hull of wt(z) (see Lemma
below). By the extended Hilbert-Mumford criterion [20, Theorem C], there exist 1-
dimensional subtori S, So C T such that the intersections Siui1 NTz and Saus NT'z
are nonempty; that is, there exist t1,to € T such that t;-z € Sjuy and to-z € Syus.
If t1 -2z € Sju1, then Tuy = Tz, and this case is done. Similarly, ¢5 -z € Sous is also
done. So we now suppose that t; - z ¢ Sjuy and ts - 2 ¢ Soug. The 1-dimensional
subtori S, Sy correspond to a choice of 1,05 € Z". We then have

Siup = {(551'm1ul,1, ey 351'm“’u17n) | S € k*)},

and
Soug = {(552"”1u2,1, A 352'7”"1@7”) | s e k™)}.

Without loss of generality, our assumption that ¢ - z ¢ Sjuy and to - 2 € Saus
implies that t; - z and t5 - z are seen to belong to the orbit closures by letting s
tends to zero in the above. It then follows that

51 - my; > 07V7’ S Supp(ul \Supp(z) )

)
) \ supp(z),

01 -m; = 02 -my; = 0,Vi € supp(2),

da - my; > 0,Vi € supp(us

and so we have u; =t - z + w1 and uy =ty - 2 + wo, where wy, wy € NV,T and the
intersection of their support with the support of z is empty. Our assumptions that
Tz is the unique closed orbit in Tu; and Tus and it is not equal to Tu; or Tus
implies that the orbits Tu; and Tus are not closed. As a consequence, 0 is not in
the interior of the convex hull of wt(uy) or wt(uz). Writing

vy =112, g :=ty-2, and K :=suppz, I :=supp(u;)\ K, J :=supp(usz) \ K,

we have 0 € conv®(wt(K)), 0 ¢ conv®(wt(KUIT)), conv®(wt(K UJ)), and (u1,uz) =
(v1,v2) + (w1, ws) with (vi,v2) € Ty r and (w1, w2) € V; x V;. This completes
the proof. ([l

The following is stated without proof in the characteristic zero case in [21], 6.15].
We expect that it is already known, but include a proof for lack of an appropriate
reference.

Lemma 3.3 (cf. [21] 6.15]). The orbit of z is closed if and only if 0 € conv®(wt(2)).

Proof. By the extended Hilbert-Mumford criterion [20, Theorem C], it suffices to
verify that any for any one parameter subgroup A of T', the limit of Az is contained
in Tz. Thus, Tz is closed if and only if there does not exist § € Z" such that for
all i € suppd, we have d - m; > 0. By the hyperplane separation theorem applied
to the convex sets U = int(conv{m;}) and V = {0}, it follows that a real vector &
satisfying the above exists if and only if 0 € conv®(wt(z)). If a real such § exists,
it may be perturbed slightly in any direction except one parallel to a subspace
generated by a set of m; that contain 0 in its convex hull. However, the coordinates
in such a subspace are necessarily rational. ([

Corollary 3.4. Let V' be a representation of a torus of rank r and suppose the ma-
triz of weights has rank r. Suppose that 0 € conv®(wt(I)) implies that spangwt(l) =
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R". Then the separating variety can be written as
Svor=Tvr U Nv,p x Ny p.

Proof. Suppose 0 € conv®(wt(K)), where K is as in Proposition The assump-
tion that wt(K) spans R” implies that 0 is in the interior of the convex hull of wt(I)
for any set containing K. Hence the third possible contribution in the statement
of Proposition does not occur. [

The following lemma gives a step towards establishing which irreducible compo-
nents of Ny, x Ny are contained in I'y 7.

Lemma 3.5. Let V; x V; be an irreducible component of Nv.r X Ny.r.

(1) IfIﬂJ: @, then Vi x Vj € ]-—‘V,T'
(2) Let (u,v) € Vi x Vy have full support. If kery Arny # {0}, then (u,v) ¢

FV,T'

Proof. (1): As I and J are disjoint, the maximality of I implies that for each j € J
there is an invariant with exponent vector o € N with j € supp(a) C TU{;j}. Hence
ajmj+ Y . aym; = 0. Using the Hilbert-Mumford criteria [20, Theorem C], one
can see that supposing V7 is a component of the null cone implies that I is maximal
among subsets K of {1,...,n} such that there exist § € Z" satisfying ¢ - m; > 0 for
all i € I. Tt follows that

o my; = —1/ocj ZO[Z((; . ml) < 0.
icl
The r-tuple § corresponds to a 1-parameter subgroup of T', where the induced action

of t € k* and on a vector w € V is given by ¢ - w = (t>™wy,...,t> ™ w,). For
each t € k* and (u,v) € V; x Vy,

(1) (u+t™ v t-(ut+t™tv) =+t v t-utv)

belongs to the graph. Note that ¢ -m; > 0 for ¢ € I and 6 - m; <0 for j € J imply
that (1) is also well defined for ¢ = 0. It follows that (u+t~1-v,t-u+v)|;—0 = (u,v)
must belong to the Zariski closure of the graph T'y.r.

(2): If kerz Ajny # {0}, then there is a rational invariant with support con-
tained in supp(u) N supp(v), with exponent vector 3 € Z". Define 8T € Z" by

(BT); = max{p;,0}, B~ € Z" by (87); = max{—p;,0}, and fix ig € supp(B).
Without loss of generality we may assume that ig € supp(87). Note that since A
does not have zero columns, § € kerz Ajny implies that | supp(3)| > 2. Define

w = { 1 i€ supp(p)

0 otherwise

vi:{ 1 i €supp(B)\ {io}

0 otherwise
Then (u,v) € Vi x V; and
(:105+ @zf — P ®$B+)(u7v) = m6+(u)m57(v) - xﬂf(u)a:/ﬁ(v) =1#£0.

That is (’U,,U) ¢ FV,T and so VI X VJ g FV,T- (Il



MAPPING TORIC VARIETIES INTO LOW DIMENSIONAL SPACES 9

3.1. The separating variety for the affine cone over Segre-Veronese vari-
eties. In this subsection we consider the case of nonmodular Segre-Veronese vari-
eties, that is such that a; € k* for each i = 1,...,r, which suffices to determine the
minimal size of separating sets in general by Lemma [2.1] .

Proposition 3.6 (Nonmodular Segre-Veronese). Consider the nonmodular Segre-
Veronese variety that is the image of the closed embedding [;_, P~ — PN given
by the line bundle O(ay, ..., a,) and whose ring of homogeneous coordinates is iden-
tified with the ring of invariants kK{W|% as described in Section .

(1) The separating variety Sw,c decomposes as follows:
Swe=J 1L o)(Swr).
oceH

(2) For o,7 € H, if (1,0)(Sw.r) and (1,7)(Sw,r) are distinct, then their in-
tersection is Ny,r X Nw,r.

(8) Forr=1, Swr=W x W.

(4) For r =2, the decomposition of the separating variety Swr as a union of
irreducibles is

Swr =TwrUW; x Wi UWs x W,
where Wi = span{w; ; | i # k} in terms of the diagonal basis {w1 ., w2}
of W. Furthermore, I'y 1 is cut out by the ideal of 2 x 2 minors
I .T1’1®1 x17n1®1 1®5L‘2,1 1®{L‘2’n2
2 1®m1}1 1®$1)n1 T21 ®1 .- T2 ny ®1 ’

(5) For r > 3, the decomposition of the separating variety as a union of irre-
ducibles is

T
Swr = T'wrU U ch X WZ'
ke f=1

Proof. As G is abelian, T < G with G/T = H and k[W]¢ = (k[W]T)#. That is,
the quotient mg: W — W//G factors through the quotients wr: W — W//T and
7L W)T — (W)/T)JH = W//G. By definition of the separating variety, we have

Swa ={(u,v) e W x W | 1g(u) = ma(v)}
= {(u,v) e W x W | wfy(np(u)) = 7y (m7(v))} -
As H is a finite group, it follows that
Sw.a={(u,v) e WxW |3oeH, mp(uv)=0-mp(v) =rr(c-v)}
={(u,v) e WxW |3o € H, (u,0-v) €Swr}
={(u,v) e W xW | Jo € H, (u,v) € (1,06 (Swr)}
= J @ o) (Swar).
ocH
Lemma implies that (1,0)(Sw.r) = (1,7)(Sw.r) if and only if o1 acts
trivially on W//T, since
(1,0)(Swr) = (1, 7)(Swr) ifand onlyif (1,1)(Swr)= (1,0 7)(Swr)-

So, if (1,0)(Sw,r) and (1,7)(Sw,r) are distinct, then o~!'7 acts nontrivially on
W /T. The H-action on W//T extends naturally to the representation p: H — GL(V),
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where V' has basis {e;,,...j, | 7i € [ni]}, 7r(0) coincides with the origin in V' and
p(Y)(€jy,....5,) = iy ¢ejy,... 5, for each v = (¢",..., (") € H. Hence o'
acts nontrivially on W /T if and only if it acts nontrivially on V', but then yeo'T
is simply the origin. It then follows that (W//T)"_lT = 77(0).

An element of this intersection (1, 0)(Sw.r) N (1, 7)(Sw,r) will be of the form
(u,0-v) = (u,7-v) for some (u,v),(uw,v") € Swr. We will have u = v and
v=o0c"tr-v, and so

(V) = mp(u) = 1 (u) = 7p(v) = Tp(o V) = o (V)

that is,
mr(u) = mr(v) = 7r(v') € (W)T)7 7 = {mr(0)} .
As
mr(o-v) =0 -7mp(v) =0 -7 (0) =7p(0),
we conclude that (1,0)(Sw,r) N (1, 7)(Sw,r) = Nw.r x Nw,r as desired.
Statement [3]is clear since there are no nonconstant invariants. So suppose r > 2.

Observe that 0 is not in any proper subset of the weights. In particular, the
conditions of Corollary [3.4] are met and so

Swr =Twr U Nw,r x Nw,r.

Furthermore, by Lemma [3.1] we have
.

Nwr =W,

k=1

It remains to establish which products W;, x W; are in Ty, 7. We first consider the
case r = 2. In this case the intersection of the two components is the origin. Hence,
by Lemma the decomposition of the separating variety is as in Statement .
The ideal given in Statement is exactly the toric ideal of the Lawrence lifting

of the matrix of weights A,
A 0
= (49)

where I denotes the (N + 1) x (N + 1) identity matrix. Thus it is prime and has
height N (see [23] Chapter 7, page 55]). It is easy to see that this ideal vanishes
on the graph, and so its zero set in W x W contains the closure of the graph. As
T is connected and A has rank 1, the closure of the graph is itself an irreducible
variety of dimension N + 2. Tt follows that the toric ideal associated to A(A) is the
defining ideal of Ty 7.

Let us now consider the case r > 3. First note that in this case, the intersection
of two irreducible components of the nullcone will contain the weight space of at
least one weight. Let K be the support of this intersection. As the weight space
of each weight has dimension at least 2, it follows that ker Ax # {0}, and so by
Lemma the product W; x W} is never contained in I'y, 7, and the decomposition
is as stated.

O

Lemma 3.7. We have Nyw,r = J,_, W}, where W;, = spanf{w; ; | i # k}.
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Proof. Follows directly from Lemma[3.1]since in this case zero is not in the convex
hull of any proper subset of wt([n]). Indeed, any proper subset of the r + 1 distinct
weights are linearly independent. O

Lemma 3.8. (1,1)(Sw.r) = (1,0)(Swr) if and only if o acts trivially on W)T.
Proof. Suppose (1,1)(Sw,r) = (1,0)(Sw.r). Then for any (u,v) € Sw,r there
exists (u',v") € Sw,r such that (u,v) = (v/,0 - v'). It follows that

mr(u) = mr(v) = np(o-v) =0 -71r(V) =0 -7p(u’) =0 - 7r(u),
and so mr(u) = omp(u). As we can choose u arbitrarily and 7 is surjective (since
T is a reductive group, see for example [5, Lemma 2.3.1]), it follows that o acts
trivially on W)/T.

On the other hand, suppose o acts trivially on W//T, then of course so does o~ .
For any (u,v) € Sw.r, we will have (u,v) = (u,0- (67! -v)) € (1,0)(Sw,r), since
mr(u) = 1p(v) =0t wp(v) = wp(ot - w).

O

4. UPPER BOUNDS ON THE SIZE OF SEPARATING SETS

One can find an upper bound on the size of separating sets, given some knowledge
of the secant variety of the embedding. In this section, for a projective variety
X C P, we define the secant set of X to be

o(X) = U (x,z") C P,

z,x' e X, xH#x’

where () denotes linear span. The secant variety of X is the closure Sec(X) = o(X)
of the secant set of X.
If p € P, we write 7, for projection from p onto a hyperplane.

Lemma 4.1. Let A be a graded k-algebra generated in a single degree, and let
X =projA. Ifp ¢ o(X), then m, induces a bijective map of Spec A onto its image.

Proof. We choose coordinates so that p = [0 : --- : 0 : 1]. We lift the map =,
to Tp.aff : A"l 5 A" as (z1,...,%n, Tpy1) = (21,...,27,). Now, the fiber over
Wp,ag\s_;ecA(O) is just O since otherwise [0 : --- : 0 : 1]) would have to be in X,

a contradiction. Suppose there are two points in Spec A that are mapped to the
same point. The only possibility for this is if they are of the form (aq,...,a,,b)
and (ai,...,an,b") € Spec A. But this forces [0 : --- : 0 : 1] € o(X), again a
contradiction. ([l

Corollary 4.2. Let R be a subalgebra of a standard graded polynomial ring. Sup-
pose that there is a separating set for R consisting of homogeneous polynomials of
the same degree and let A C R be the subalgebra it generates. Let X = proj A. Any
set of dim Sec(X) + 1 generic linear combinations of the original separating set will
be a separating set.

Proof. Without loss of generality, we may assume that R = A, and that the given
separating set consists of s linearly independent elements {f,..., fs}. There is
a surjection k[yi,...,ys] = A given by sending y; to f;; this is degree-preserving
if each y; is assigned the (same) degree of each f;. This map corresponds to the
inclusion of X into a projective space P51,
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Suppose that there exists a point p ¢ o(X). Then m, : P~! — P*=2 descends
to a map from X to its image m,(X) C P*~2. By Lemma an affine lift of this
map to the homogeneous coordinate rings is a bijection. Since m,(X) C P52 its
homogeneous coordinate ring A’ is generated by s — 1 homogeneous elements (that,
by definition of projection, are linear combinations of the f;’s), and since A" — A
is bijective on Spec, the generators of A’ are a separating set for A.

Now, suppose that s > dimSec(X) + 1. We claim that s — 1 generic linear
combinations of {fi,..., fs} form a separating set for A, and that, if they generate
the algebra A’, dim Sec(proj(A4’)) < Sec(X). Indeed, in this case a generic point
of P~ lies outside of Sec(X). By the paragraph above, it follows that projection
from a generic point of P*~! yields a separating set of size s — 1 as the generators
of the homogeneous coordinate ring of the image; the generators of a (generic) pro-
jection are simply a (generic) linear combination of the f;’s. Then, since projection
preserves linear incidence, Sec(X) surjects onto Sec(m,(X)).

The first claim of the corollary follows, since, given {f1,..., fs}, one may repeat-
edly pick a generic point and project until the cardinality of the separating set is
no larger than the dimension of the secant variety of X. O

Remark 4.3. The corollary above does not require R to be the invariant ring of a
representation of a torus.

Corollary 4.4. LetV be a n-dimensional representation of a torus of rank r. Then
there exists a separating set of size at most 2n — 2r.

Proof. In this situation, it may not be possible to choose monomials of the same
degree as generators for the ring of invariants. Let fi,..., f; be a set of monomial
generators for k[V]T of degree dy,...,d,. Let zy be an additional variable. Set
d:=max{d; | i=1,...t} and F; := 3% so that each F; has degree d. Note that
A :=Kk[F,...,F}] is isomorphic to lk[V]T. In particular, it has the same dimension
n —r, and so X := proj A has dimension n — r — 1 and its secant variety has
dimension at most 2n — 2r — 1. Applying Corollary it follows that there exists
an injective morphism Spec(4) — A2"2" As A = k[V]”, it follows that there
exist an injective morphism VT — A?"72"  that is, there exists a separating set
of size 2n — 2r. O

Remark 4.5. The statement of Corollary [£.2) may also be justified as follows. Recall
that the analytic spread of an ideal I, ¢(I), in a graded ring (R, m, k) is the smallest
size of a generating set for a minimal reduction of an ideal; if the residue field of
the ring is infinite then ¢(I) generic linear combinations of the minimal generators
generates a minimal reduction. This number also coincides with the dimension of
the special fiber ring R[It]®k. If I is generated in a single degree d, the special fiber
ring is a subalgebra of R generated by minimal generators of I. See [24, Chapter 5]
for a thorough treatment of analytic spread.

We claim that the special fiber ring of Zy.  is the coordinate ring of Sec(proj(R%)).
Indeed, this secant variety is the projectivization of the set of points of the form

(afiw)+d fi(0), .., afiv) +a' filt)))
= (filv/¥a) = L' /V=d), ..., filv/Va) = fulo! [/ =a"))

where a,a’ € k,v,v' € V, and fi,..., f; are minimal generators for R, and hence
its coordinate ring is isomorphic to k[f1 ® 1 —1® f1,..., i ® 1 —1® f].
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Consequently, the analytic spread of Iy, is s = dim Sec(proj(R%)) + 1. For a
generic s X t matrix of scalars A, we have that [[1®1-1® f1,..., i®1—-1® f;]- A
generates a minimal reduction J of Zy, ¢, and hence agrees with Zy ¢ up to radical.
But then, setting [f1,..., ft] - A = [g1,- .., gs], we have that

J=(1®1-1®g1,...,9: @1 —-1®gs).
Thus, (g1,...,9s) is a separating set for G.

Ezample 4.6 (Veronese varieties). We consider a Veronese variety that is the image
of the closed embedding P ~! < PV given by the line bundle O(a;) and we
suppose that a; is not 1 or a power of chark. By Lemma [2.I] it is enough to
consider the nonmodular case. As discussed in Section [2.1] its ring of homogeneous
coordinates is equal to the ring of invariants of the cyclotomic group p,, acting
diagonally. The secant variety of this Veronese variety has dimension 2(n — 1)
when d = 2 and 2(n — 1) + 1 otherwise (classical). Hence Corollary implies
that the minimal size of a separating set for the affine cone is at most 2n — 1
when d = 2 and 2n, otherwise. On the other hand, for all d, one can construct a
separating set of size 2n — 1 (see [LIl, Proposition 5.2.2]) and this is the minimal
size of a separating set (follows from [9, Theorem 3.4]). Note that the invariants
forming this separating set are linear combinations of monomials from the minimal
generating set given above, that is, they come from a (nongeneric) linear projection
of the Veronese variety.

Proposition 4.7. [Upper bounds on the size of separating sets for the affine cone
over Segre-Veroneses] We consider the Segre-Veronese variety which is the image
of the closed embedding [[;_, P"i~! < PV given by the line bundle O(as,...,a,).
Then the minimal size of a separating set for the affine cone is bounded above by

(1) 2n1 — 1, if r =1;

(2) 2(n1 +n2) —4, if r =2 and ay,aq are either 1 or a power of chark.

(3) 23°1_,n; —2r+2, in all other cases.

Proof. Case [l follows from the construction in [II], Proposition 5.2.2]. In case (2)),
we may assume that (a1,a2) = (1,1) by Lemma Then the secant variety
is the space of rank 3 matrices, which has the dimension indicated. In general,
and hence in case , the dimension of the secant variety is bounded above by
2033 (n; = 1))+ 1. O

Ezxample 4.8. In the case of a Segre product with two factors and n; = 3, the set

11221, £1,172,2, 12221, L1222 ny5 L1,3L2ny—1, T1,322,n0,

Uj 1= T1122,i4+1 — L1,222,4, Vi = T1,2T2; — T1,302,5—1, 1=2,...,n3—1

is a separating set. Indeed, by induction on no it suffices to show that the values
of 21,1293, 12222, and 21 3221 can be recovered from those of z1 1221, 21,1222,
T12%21,u2, and ve. If @1 1221 # 0, then one has zj2w95 = % If
11221 = 0 and z; 9z2 1 # 0, then z1; = 0, so 1 3221 = 0, from which 21,2222
and x3122,3 can be obtained. The case x; 1221 = 0 and x7,1222 # 0 is similar.
Finally, if 21,1221 = ®1,2%2,1 = Z1,122,2 = 0, then at most one of z1 1723, 1,222 2,
and x; 3721 is nonzero. If one of these is nonzero, then the two of us, v, and
T1,3T21 — T1,1%2,3 = —Ug — Uy containing that monomial are equal to it (up to
sign), while if all three monomials are zero, these three binomials are zero. Thus
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from the values of uz and vy, one can determine which of x1 172 3,21 2722, and
21,3%2,1 is nonzero, and their value. N

In case of Proposition the separating set satisfying the bound can be
obtained by taking generic linear combinations of a generating invariant monomials.
This is not true in general, as illustrated in Example above. A significant
difference between the two cases is that the union of points belonging to secant
lines is closed in case of Proposition but not in general, as for example for
general Veronese varieties. With this in mind, we determine when the set of secant
lines fills the secant variety of a Segre-Veronese variety. The following proposition
is well-known in the case of Segre varieties; it translates to the fact that closest
rank 2 approximation of a tensor is an ill-posed problem.

Proposition 4.9. Let X be the Segre-Veronese variety that is the image of the
closed embedding [[,_, P" =1 — PN given by the line bundle O(as,...,a,). If
r>2orr=2and (a1,a2) # (1,1), then the set of secant lines to X does not fill
the secant variety of X.

Proof. We will write vectors in tensor notation. Let ¢,, denote the Veronese em-
bedding of P*~! degree a;, and set e, to be the basis vector in the coordinate
corresponding to the monomial with exponent v under the Veronese map. First,
let r > 2. Set
W= ¢q,(1,0,...,0) @ @ ¢q,(1,0,...,0),
and
VA=A 0a, (1LATL0,...,0) ® ¢, (1,A71,0,...,0) @ dpay (1,A71,0,...,0) @ w
=X, (1,0,...,0) ® ¢g,(1,0,...,0) ® ¢y (1,0,...,0) @ w
for A € k, and
Voo = €q;—1,1,0,...,0 @ €45,0,0,...,0 @ €a3,0,0,...,0 ® W
+ €4,,0,0,...,0 ® €45,-1,1,0,...,0 & €43,0,0,....0 d W
+ €4,,0,0,...,0 ® €44,0,0,...,0 ® €a5-1,1,0,....0 D W .
One may write
¢a, (1, A7H0,...,0) = €41,0,0,...,0 T /\_leal_LLO,_“’O + higher order terms in A7t .

We then have that vy = vy + terms with negative powers of A. One thus sees that
{vx | A € k} U {vo} forms a locally closed subset in PV. Clearly, {vy | A € k} is
contained in the set of secant lines to X, but v is a rank 3 tensor, see e.g., [,
and hence is not contained in the secant set, but is in the secant variety. Now let
r=2. Set
vx = A 0o, (1,ATH0,...,0)® da, (1, A71,0,...,0)
— A e, (1,0,...,0) @ ¢a,(1,0,...,0)

for A € k, and

Voo = €a1—1,1,0,...,0 @ €ay,0,...,0  €a1,0,....,0 ® €ay—1,1,0,...,0 »

One again verifies that {vy | A € k} U {v} is locally closed. It remains to show
that v, does not lie on a secant line. In the case that ay = 2, a2 = 1, this condition
can be verified in Macaulay2 [12] by writing a system of equations for this vector
to be expressed as the sum of two elements in X, and seeing that the ideal it
generates is the trivial ideal. In the case of larger a;, one sees that the coordinates
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corresponding to the O(2,1) case give the same system of equations multiplied by
a uniform scalar, and hence again have no solution. ([

When the secant set of a variety X C PV is not closed, by Lemma one
may project from a point in Sec(X) \ o(X); since this projection is not accounted
for in the proof of Corollary [£.2] one may hope that the bound given there can
be harpened by one when the secant set is not closed. This is indeed the case in
Examples and This motives the following.

Conjecture 4.10. We consider the Segre-Veronese variety which is the image of
the closed embedding [];_, P"~! < PV given by the line bundle O(ay,...,a,).
Then the minimal size of a separating set for the affine cone is bounded above by
23 n; —2r+ 1.

5. LOWER BOUNDS ON THE SIZE OF SEPARATING SETS

In this section, we focus on the affine cones over Segre-Veronese varieties. We
will give lower bounds for the sizes of separating sets. In most cases, these lower
bounds agree with the upper bounds in the previous section, thus giving the precise
cardinality of a minimal separating set. Our technique is based on the following
observation and relies on the use of local cohomology ([14] provides a good refer-
ence).

Lemma 5.1. [9, Section 3] Let G act linearly on V. Then the minimal size of a
separating set for G is bounded below by the mazimum i such that HE[(sV,G)(k[Vz])
18 MONZero.

We will require two elementary lemmas on local cohomology. The second Lemma
below, while well-known to experts, is proved here for lack of an appropriate refer-
ence.

Lemma 5.2. (see, e.g., [14, Theorem 9.6]) Let I and J be ideals in a noetherian
ring A. Then

cd(I,A) 2 cd(I(A/J),A)T),
where cd denotes the cohomological dimension, that is, the greatest nonvanishing
index of the local cohomology.

Lemma 5.3. Let A and B be k-algebras, wherek is a field. Leta C A andb C B be
ideals. Set C = A@y B and ¢ = aC'+bC. Then H{(C) = @, ;_, H(A) @ H} (B).
In particular, the cohomological dimension of ¢ is the sum of the cohomological
dimensions of a and of b.

Proof. Let a=(f1,...,fs) and b = (¢1,...,9:). One computes H’f(C’) via the Cech
complex {f1,..., fs,91,...,9:} on C, which we denote Cv({i,g}, ). One verifies
that we have an isomorphism of complexes

C({f.9},C) = Tot(C({f},4) @ C({g}. B)) -

As this is a tensor product of free modules (over k), the Kunneth formula yields an
isomorphism

H*(C({f.g},C)) = Tot(H*C({f},A) @ H*C({g}. B)) -

As the Cech complexes C({f}, A) and C({g}, B) compute H(A) and H{)(B), the
Lemma is established. O



16 EMILIE DUFRESNE AND JACK JEFFRIES

‘We obtain the first main result of the section.

Theorem 5.4. Let X be the Segre-Veronese variety corresponding to the bundle
O(a1,...,an). If at least one a; is not 1 or p®, where p = char(k), then the minimal
size of a separating set for the affine cone over X is at least 2y . _, n; — 2r + 1.

Proof. By Lemma we may assume that a; € k* for all i = 1,...,r and at least
one a; is not 1. We will show that the cohomological dimension of Z(Sw,¢) is equal
tos=2 22:1 n; — 2r + 1. By Proposition we can decompose Syy,¢ as a union
of components isomorphic (via an automorphism of W) to Sw,r. By Lemma
and the assumption on the the a;’s, there are at least two such components, and
again by Proposition the intersection of any pair of distinct components is
Nw,r x Ny, r; note that this implies that the intersection of any union of compo-
nents with another component is Ny, x Ny, r. Label the ideals of the distinct
components as ay,...,a;, N = Z(Nw.r X Nwr), and b; = a; N--- N a;, so that
Sw.c = b;. There is a Mayer-Vietoris long exact sequence:

o Hiy (k[V2) — Hy (k[V]) & Hy | (K[V?) — Hy | (K[V?])

aj+1 bj+1
— HF (K[V2) — B (K[V2) @ B (K[V2) — -

By Proposition [£.7] there exists a separating set of size s for the T-invariants.
Hence by Lemma the cohomological dimension of a; is bounded above by s.
By induction on i, using that the cohomological dimension of A is s + 1 from
Lemma it follows that Hz (s, ) (k[V?]) is nonzero. a

Lemma 5.5. Let Y be the affine cone over the nonmodular Segre-Veronese vari-
ety [[._, P! — PN given by the line bundle O(a1,...,a,;). The cohomological
dimension of ZNw,c X Nw,g) is 2y i, ni — 2r + 2.

Proof. By Lemma [5.3] it is equivalent to compute the cohomological dimension of
Z(Nw,c). We have that

INw,q) =

( M --- M, ‘ M; is a monomial of degree a; in the variables z;1, ..., xm) ,

whose radical is
T
Ji= (21 2y, | Ji € [ni]) = H(xu s Tim,) -
i=1
Note that this coincides with the defining ideal for the nullcone of the action of the
torus T' (see Proposition .

Set a; = (x41,...,%in;). We apply the Mayer-Vietoris spectral sequence of [I].
Since each A C {1,...,r} yields a distinct ideal a4 = >, 4 a;, the intersection
poset of the subspace arrangement defined by J is the full Boolean poset. Thus,
the associated simplicial complex of each interval in the poset is a homology sphere
of dimension #A — 2, where, by convention, the (—1)-sphere is the empty set. Set
na = Y ;cani = ht(aa). By [I, Corollary 1.3], there is a filtration of the local
cohomology with support in J such that the associated graded module satisfies

er(HIKIV]) = €D Hi (KIV]) @k Hoymgr(S*472K)
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Thus, the cohomological dimension of I(Ny ) is
max{ns —#A+1|0#ACr]} :merJrl,
i=1

and hence the cohomological dimension of Z (Nv,g X J\/'Vg) is twice this number, as
claimed. m

For Segre varieties with at least three factors, we obtain a lower bound, but we
do not expect this bound to be sharp in general.

Proposition 5.6. Let X be the Segre variety that is the image of the closed embed-
ding [T;—, P~ — PV given by the line bundle O(1,...,1), with r > 2. Suppose,
without loss of generality that nqy < ng < --- < n,.. The size of a separating set for
the affine cone over X is at least 2( S, nz) —2r+4.

Proof. As X is nonmodular and the a;’s are all 1, its ring of homogeneous coordi-
nates coincides with the ring of invariants of an action of a torus of rank r — 1 as
discussed in Section The following ideal cuts out the corresponding separating
variety:

I::(M1~~~MT®1—1®M1~~~MT | M; is one of the variables x;1, ..., Zin, )

By Lemma [5.2] the cohomological dimension of I is bounded below by the
cohomological dimension of the ideal we obtain via the linear specialization to
21,1®1=212®1=1®x;; =1and 1 ®z1; = 0. This ideal is

(M2-~-MT®1,1®M2---MT ‘ M, is one of the variables x;1, ..., Zin, )

This ideal coincides with Z(N; 7 X N7 7) for the action of the torus T of rank r—2

W, T T
on W := spany{wo,w; ;, | i > 2} defining the Segre embedding of [];_,P"i~! <
PV. Applying Lemma we obtain the bound in the statement. (]

The proof above works for general Segre-Veronese varieties. We have restricted
the statement in the proposition above, because in all other cases we can obtain a
more precise result. The only remaining case is that of Segre products with two
factors. In this case, local cohomology groups fail to provide a sufficient obstruc-
tion in positive characteristic, but we may argue along similar lines using étale
cohomology. We refer the reader to [18] for the facts from étale cohomology used
below.

Fix A = Z/qZ, where q # chark is a prime.

Proposition 5.7. IfY is a d-dimensional variety that is covered by k affines, then
HY (Y,A) = 0 for all i > d + k. In particular, if Z is a closed subset of A% and
ngkfl(Ad \ Z,A) #0, then Z cannot be defined by fewer than k equations.

We will use the following result.

Proposition 5.8 (Bruns-Schwanzl [2]). Let M be a 2 x s matriz of indeterminates
in the polynomial ring A. Set Z =V (Io(M)) C A%, Then He (A% \ Z,A) = A,
and the higher étale cohomology groups vanish.

Theorem 5.9. For the affine cone over the Segre embedding of P™~1 x P™2~1 any
separating set has size at least 2n1 + 2ny — 4.
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Proof. By the long exact sequence
S H (A% A) = HE (A% \ Z,A) — Hl 7 (A% A) = HEF (A%, A) = -

it follows that H;}S’_Z3(A2S,A) =~ A and the higher such groups vanish. Then, the

Gysin isomorphism yields H*~!(Z,A) = A, with the higher ones vanishing. An-
other application of the Gysin isomorphism yields Hgﬁ}it{_g’} (A% x AL A) = A,
where 0 is the origin in A*. Applying the sequence above, we obtain

He 7274 ((A% x AT\ (Z x {0}),A) = A

and the higher groups vanish.
By Proposition 3.6 part [4] the separating variety decomposes as

Swor =Twr UW; x W3 UWy x W,

Write D, X,Y to denote Ty r, W3, Ws, respectively, A = A2(m+1) “and S for the
separating variety WUXUY . For all sequences below, we consider étale cohomology
with coefficients in A.

We obtain one Mayer-Vietoris sequence:

-+ = Hg (A\{0}) = Hg (A\X)@Hg, (A\Y) — Hi, (A\(XUY)) — Hi ' (A\{0}) — ---
from which we conclude that
Hy (A X) @ Hg (A\Y) = H (A\ (X UY))

by the natural inclusion maps for ¢ < 4ny + 4ny — 1.
From the Mayer-Vietoris sequence:

S = Hey (A {0}) = Hy, (A\ (DN X)) @ H (A\ (DNY))
= Hy (A\ (DN (X UY))) = Hg (AN {0}) = -+
we conclude
He (AN (DN X)) ® Hy (A\ (DNY)) = He(A\ (DN (X UY)))

for i < 4nq + 4ny — 1.
We consider one more Mayer-Vietoris sequence:

o= Hy (AN (DN (XUY))) = Hy (A\ D) @ H (A (X UY))
— Hgy(A\ ) = H A\ (DN (X UY)) = -+

which, assuming n; > 3, applying the consequences of the long exact sequences
above also reads

= He(A\ (DN X)) @ Hy (A\ (DNY)) = Hy (A\ D)
— H (A\ S) = H (AN (DN X)) @ H (AN (DNY)) = -
for 4ny < i < 4ng + 4no — 1. In particular, for ¢ = 4ny + 4ny — 3,
= Hg (A S) = Hy (A\ (DN X)) @ H (A\ (DNY)) = H (A\ D) — -
which computes as
s HENANS) 2 AXA S A
Thus, Hg?1+4n274(14 \ S) # 0. The theorem then follows from Proposition |
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Proof of Theorem[I.3 Recall that we can reduce to the case of nonmodular Segre-
Veronese varieties by Lemma [2.1} The upper bounds are given by Proposition [4.7
and the lower bounds are given by [9, Main Theorem]| for Case 7 Theorem
for Case (4]), Proposition for Case , and Theorem for Case (2). In
Cases and , the upper and lower bounds coincide. O

6. MONOMIAL SEPARATING SETS

The focus of this section is on the invariants of representations of tori and their
monomial separating sets. We include as a special case those representations whose
ring of invariants is isomorphic to the ring of homogeneous coordinates on Segre-
Veronese varieties.

6.1. Combinatorial characterization of monomial separating subalgebras.
A monomial subalgebra of the invariant ring will be given by a subsemigroup S C L.
For I C{1,...,n},set S;=L;NS.

Proposition 6.1. Suppose k has positive characteristic p. The subsemigroup
S C L gives a separating algebra if and only if there exist m > 1 such thatp™ L C S.

Proof. Suppose there exist m > 1 such that p™ £ C S. Take u,v € V and suppose
they are separated by some invariant. Without loss of generality we may assume
they are separated by z® with « € £. By our assumption, p"a =~ € §. Then z?
separates u and v. Indeed, otherwise we have

(@ ()" =a"(u) =27 (v) = (a* ()",
and so z%(u) = x*(v), a contradiction.

Now suppose S gives a separating algebra A. As this algebra is a graded sub-
algebra, it follows that the extension A C k[z] is finite and k[z]T is the purely
inseparable closure of A in k[z] (see [6, Remark 1.3] or [13, Theorem 4]). Hence,
for any z® € k[z]”, there exist m, € N such that (z*)?"" € A. The finiteness of
the extension ensures that there exists a natural number m such that (z*)?” € A
for all o € L. It follows that p™ L C S. O

Lemma 6.2. Suppose that for all I C [n], L1 C ZS;, and for all o € L, a; # 0
implies that there exist v € S such that i € supp(y) and supp(y) C supp(«a). Then
S gives a separating algebra.

Proof. Take u,v € V and suppose they are separated by some invariant, without
loss of generality, suppose they are separated by ¢ with a € £. Suppose first that
z%(u) = 0 # 2%(v). As z%(u) = 0, there exists ¢ € supp(«) such that u; = 0. By
our assumption, there exist v € § such that ¢ € supp(y) and supp(vy) C supp(«).
Then as v; # 0 for all j € supp(«), we have z7(u) = 0 # 27 (v).

Suppose now that both z*(u) and *(v) are nonzero. Then u; and v; are nonzero
for all 7 € supp(«). By our assumption, there exist v,7" € S such that « = v —+'.
Then one of 27 or 27" must separate v and v. Indeed, otherwise we have

w0 @)
€z (U) - w“/'(u) - {I?’Y/(U) - ( )7

a contradiction. O

Proposition 6.3. Suppose k has characteristic zero. Then the following are equiv-
alent:



20 EMILIE DUFRESNE AND JACK JEFFRIES

(1) S gives a separating algebra.

(2) For all I C [n], L; C ZS;, and for all « € L, o; # 0 implies that there
exist v € S such that i € supp(y) and supp(vy) C supp(«).

(3) For any prime number p there exist m > 1 such that p™L C S.

(4) There exist prime numbers p,q and an m > 1 such that p™L C S and
q"LCS.

Proof. :> : Suppose that S gives a separating algebra. As T is reductive, the
restriction of any separating set to a T-stable subspace gives a separating set [5l,
Theorem 2.3.16]. Hence for any subset I C [n], S; must give a separating algebra
in k[V7]T. As we assume k has characteristic zero, the field of fractions of the
separating algebra given by S; coincides with the field of fractions of the invariant
ring [5, Proposition 2.3.10], that is ZS; = ZL O L. Now take a € £ and suppose
1o € supp(«). Consider the points u,v € V defined as

w — 1 i€ supp(a)
"1 0 otherwise

0 otherwise.

= ) LS\ i)

Then u,v € Vyypp(a) and 2%(u) = 1 # 0 = 2%(v). As Sgupp(a) gives a separating
algebra, there exist v € Sgupp(a) such that z7(u) # z7(v). It follows that ip €
supp(7), since otherwise 27 (u) = 1 = 7 (v), a contradiction.

:> : The integer matrix A gives a representation of the torus of rank r over
any field. Condition does not involve the base field at all. Thus, if holds,
we can think of it as holding over a field of any characteristic p. Then by Lemma
S gives a separating algebra over any field, and by Proposition it follows
that for any prime p there exists m € N such that p™ L C S.

(B)= ): Immediate.

:> (1): Take u,v € V and suppose they are separated by some invariant,
without loss of generality we may assume they are separated by z® with a € L.
By our assumption, p™a =7 € S and ¢"a =y € S. If %(u) = 0 # z%(v), then
2 (u) = (x%(u)?” =0 # (x*(v))9" = 272(v). So we may suppose both 2% (u)
and z%(v) are nonzero. One of 27 or 72 must separate v and v. Indeed, otherwise
x%(u)/z%*(v) is both a p™-th and a ¢™-th root of unity, that is, z%(u)/x*(v) = 1,
a contradiction.

O

6.2. Invariants with small support separate. We apply the results of the pre-
vious section to give a bound, for a torus action 7', on the number r such that there
exists a separating set consisting of elements that each involve at most r variables.
In [7], Domokos and Szabé define invariants of algebraic groups to bound this num-
ber for actions of algebraic groups on product varieties; in fact, one may ask this
question for any subring of a polynomial ring, so that one has a well-defined notion
of the number of variables an element involves.

We do not believe that the following two results are new, but we have not seen
the exact statement of Theorem [6.5] in the literature.

Lemma 6.4. Let k be a field, n > m and set T, = {I C [n] | |I| = m}. Let
U={vr | I €Ty} bea collection of nonzero vectors in k™ such that the projection
of vr onto the coordinate subspace k! is zero. Then dim(span(U)) = m + 1.
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Proof. We proceed by induction on m. For the case m = 0, Tp = {0} and vy is a
nonzero vector by hypothesis; the projection onto k? 2 k° is zero for all vectors. For
the inductive step, assume without loss of generality that the first coordinate of vy,
is nonzero. By the inductive hypothesis, there are n linearly independent vectors

{wi,...,wy} in {v; | I C [n],|I| = m,1 € I}, since omitting the first coordinate
produces a set of vectors satisfying the statement of the lemma. As the vectors
{w1,...,wy} all have first coordinate zero, the set of vectors {w1, ..., wp, vy} is
linearly independent. O

Theorem 6.5. Let A be a surjective r X n matrix with n > r. Then the lattice
kerz(A) C Z™ is generated by elements with at most r + 1 nonzero entries.

Proof. For a subset I C [n],|I| =7+ 1, let A; be the matrix obtained from A by
taking only the columns whose indices lie in I. Let K C 71 C 7™ be the kernel
of Ay, and K be the kernel of A. By definition, Z(K;) C K; we will show that
these lattices agree upon tensoring with Q and F,, for each prime p. Note that for
each such I, K; contains a nonzero vector. Moreover, K contains a vector that is
nonzero mod p for each prime p: if pv; € Ky, then vy € K; as well. Thus, for any
k=Q,F,, we have Z(K;) ® k C K ® k, and Z({K) ® k satisfies the hypotheses of
Lemma with m = n — (r + 1), so that its dimension is at least n — r. As the
sequence

0K 72" A7 50

is split, the dimension of K ® k is n — r. Thus, Z(K;) @ k = K ® k for all such k,
so Z{K1) = K as required. O

Corollary 6.6. Let V be a n-dimensional representation of a torusT of rankr < n.
The rational invariants k(V)T are generated by rational invariants each involving
at most r + 1 variables.

Theorem 6.7. Let V be a n-dimensional representation of a torus T of rank r < n.
The invariants involving at most 2r + 1 variables form a separating set.

Proof. Let S C L be the subsemigroup generated by all elements with support of
size at most 2r + 1. We will show that S satisfies the conditions of Lemma

First we show that for all a € £ with a; # 0, there exist v € S such that
i € supp(y) and supp(y) C supp(w). Take a € L, and suppose oy, # 0. If
|supp(e)| < 2r+ 1, then a € S, so there is nothing to do. So we suppose that
|supp(a)| > 2r + 1. We can rewrite the equation 0 = Y_"" |, aym; as

- Q;

> | mi
i€supp(a)\{io} (Ziesupp(a)\{io} 0‘1>

and S0 (=%i0/S; cuppian ig) @1)Mio 18 in the convex hull of {m; | i € supp(a) \ {io}}.
By Carathéodory’s Theorem [3] there is a subset K C supp(a) \ {io} of size | K| <
7+ 1 such that (=%i0/5;couppan (i) @i )Mo 18 in the convex hull of {my, | k € K}.
Hence, we have an equation

0

my;

D icsupp(a)\ fio} Y

-
5 oMo = > dkm,
i€supp(a)\{io} ~? keK
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where 0 > 0 and ), , 0x = 1. Multiplying by a sufficiently large natural number,
we find ZieKU{io} v:m; = 0 with 7; € N. Define v € N™ as follows:

Yig if 1 = io
v = v, ifie K
0 otherwise
Then 7;, # 0 and « has support K U {ip} C supp(«) of size at most r+2 < 2r + 1
so that v € § as required.

Now we show that for all T C [n] we have L7 C ZS;. Fix I C [n]. If L; =0, we
are done, so suppose L; # 0. Take a € £;. Set I’ = supp(«). By Corollary [6.6] we
can write « as a Z-linear combination of elements of kerz Ay, with support of size
at most 7 + 1. It will suffice to show that any 8 € kery Ay with |supp | < r+1
can be written 8 = v — ' with 7,7’ € L having support of size at most 2r + 1.

Take 8 = Bt — B~ € kerz Ap with 87,3~ € N" with disjoint support and
|supp(8)] < r+ 1. Set J* = supp(B*) and J~ = supp(8~). Note that we have
|JT| + |J~| <7+ 1 and without loss of generality, both J™ and J~ are nonempty,
and so max {|J*"|,|J 7|} < r. As a has full support I’, 0 is an interior point of the
convex hull of the weight vectors {m; |7 € I'}, that is, there exists an equation of
the form

(2) Z )\zmz + Z /\jmj = 0,

ieJ- j¢J-
with A; > 0and > ., A\ = 1.

Set

iel’

1 1
= [ ami | amd M= [ —1 )
(Za‘w AJ‘) (; ) (EW AJ’)

Then Equation can be rewritten as
m' = Z Nim; .
igJ-
Note that A} > 0 and dig- X, = 1, so that m’ is an interior point of the convex hull
of {m;|i ¢ J~}. As J* is nonempty and disjoint from J~, there exist jo € J*\J .
By Watson’s Carathéodory Theorem [25], there exists a subset K C I’ with |K| < r

and K NJ~ = @ such that m/ is in the convex hull of {m;,} U{my |k € K}, that is,
there are nonnegative rational numbers i, , st such that ), -y Lo} Mk = 1 and

(3) m' = HijoMjo + Z MM -
keK

Substituting m’ for its value and reorganizing, we then get an equation

Z (2:)\’)\> My + oM, + Z prmg = 0.
ieJ- JgI= keK

It follows that there is v € £; with support J~ U {jo} C supp(y) C J~ U{jo} UK.

Note that |supp(y)] < |[J7 |+ 1+ |K| < r+r+1=2r+ 1. We may assume

v — B~ € N", multiplying v by a large natural number if needed, and so 3 + 7 has

support

supp (8 + ) C supp(8) Usupp(y) C JU(J- U{jo}UK)=JUK .



MAPPING TORIC VARIETIES INTO LOW DIMENSIONAL SPACES 23

It follows that |supp(8 + )| < |J] + |K| <7+ 1+ 7 =2r + 1. Thus, we can write
B8 = (B+7) —~ as a difference of elements of £y, with support of size at most
2r + 1. (]

Ezample 6.8 (The bound given by Theorem [6.7]is sharp). We consider the (2r+1)-
dimensional representation of the torus of rank r given by the matrix of weights:

5
A= 1| @ | -6I
5

As A is already in reduced echelon form,
kery A — <’U() _ (—52%1,0),% — (6¢,,0,¢;) | i € [r]>7
j=1

as a Z-module and so £ = kery A N N" is generated as a semigroup by
fne 0= (TenX0). 063 = (LennoXe).
j=1 j=1 j=1 j=1 j

6 +53 vy = (0,6,5Zej) Jvi = (6e4,0,¢;) ‘ i€ [7“]}.
j=1 j=1

Indeed, an arbitrary element of £ will be of the form

I T s T
a= ao( — 52@, 1,0) + Zai(Gei,O,ei) = (Z(—Sao + 6a;)e;, ao, Zajej) ,
j=1 i=1 j=1

j=1
where a; > 0 for each ¢ =0,...,7 and —5ap+6a; > 0 for each j =1,...,r since all
entries of @ must be nonnegative. In particular, for each ¢ = 1,...,r, we will have

a; —6[ag/6] + |ao/6] =0, if 6/(ap — 1), and
a; —4[ap/6] — |a,/6] = 0, otherwise.

Then we can write
o= L%J 61)0—|—52r;vj + ( [%—‘ - {%J) 7U0+6§;vj
j= i=
Lol 5

if 6|(a, — 1), and otherwise

proving our claim.
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Let S C £ be the subsemigroup generated by all elements of £ with support of
size strictly less than 2r 4+ 1. Our next claim is that this subsemigroup is generated

by
{6v0+52vj, v; | i€ [r]}
j=1

Suppose v € L has support of size strictly less than 27 + 1, that is, it has at least
one zero entry. As it belongs to £ we can write

K T T T
Y= gl(vo + Z’Uj) +92<7’U0 +6lej) +93(6U0 + 5Z’Uj) + Za,;v,;,
j=1 j=1 j=1 i=1
where g;, a; are nonnegative integers. Hence, as v is equal to

(91+92+6a1, ..., 91+g2+6a,, g1+792+6g3, g1+692+5g3+ar, . .., g1+6g2+593+a,) ,

we must have g; = go = 0 since otherwise « has full support.

Our final claim is that S does not give a separating algebra. Indeed, the first
r + 1 entries of any element of S are divisible by 6, so for any prime p and positive
integer m,

T
pm(’Uo + Z'Q]) = (pm7 .. 7pmapmapma cee ’pTﬂ)
j=1

does not belong to . Hence by Proposition [6.3] S does not give a separating
subalgebra. N

6.3. Minimal Size of monomial separating sets for Segre-Veroneses. In
this section, we study the minimal size of a monomial separating set for the affine
cone over a Segre-Veronese variety. We consider the representation of a torus of rank
r whose ring of invariants is isomorphic to the ring of homogeneous coordinates on
Segre-Veronese variety that is the image of the closed embedding H:Zl Pri—l — PN
given by the line bundle O(ay,...,a,) as described in Section Set I := {i |
a; =1 or a pure power of chark}. As in Section the ring of invariants is given
by:

S = ]k[ oMy -+ M, | M, is a monomial of degree a; in the variables z; 1, ... ,:cm] .

Proposition 6.9. (1) The monomial invariants with support of size at most
r =+ 2 form a separating set.
(2) The minimal size of a monomial separating set is

(Enh><l+;i¢zj<m_l>>.

Proof. As the torus is a reductive group by [5l Theorem 2.3.16], the restriction
of any separating set to a subrepresentation must yield a separating set. As the
restriction of an invariant monomial will be either zero or the same monomial, a
monomial separating set must contain separating sets for any subrepresentation.
Let V be a (r 4+ 1)-dimensional subrepresentation of the action specified in the
paragraph above. As any proper subset of the set of weights is linearly independent,
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a (r + 1)-dimensional subrepresentation has no nonconstant invariants unless its
matrix of weights is of the form

—ay
A= I
—a,

where [ is the r x r identity matrix. As A is in row reduced echelon form over Z,
kerz A is generated by « := (ay,...,a,,1) as a Z-module. As « has positive entries,
it must also generate kerz A N N""1 as a semigroup. That is, the ring of invariants
is generated by exactly 1 monomial, and we get one such monomial for each of the
(r + 1)-dimensional subrepresentations with nonconstant invariants, of which there
are [[\_; n;.

Let U be a (r 4+ 2)-dimensional subrepresentation of W’. By the same argument
as before, its set of weights is the full set of weights, but one weight is repeated.
For simplicity we suppose the repeated weight is e; so that the matrix of weights is

—aq 1
—as 0
B = 1
—a, 0
As B is in reduced echelon form, its Z-kernel is generated by oy := (ay,...,a,,1,0)

and 8 :=(-1,0,...,0,0,1) as a Z-module. It follows that «;,
ag :=ay +a18=(0,az,...,ar,1,a1),

and
ag:=a1+ (a1 — 1) =1,a9,...,a,,1,a1 — 1)
also generate kery B as a Z-module.

We will use Lemma to show that the {ay,as, a3} give a separating set. To
establish the first condition it suffices to note that a; and as give a generator for
the ring of invariants of the (r 4+ 1)-dimensional subrepresentation with support
{1,...,7+1} and {2,...,r+2}, respectively. To establish the second condition, we
remark that o’ € kerz B N N"*2 will have support {1,...,7+ 1}, {2,...,7+ 2} or
[r + 2], and so we can take v equal to a1, as, as, respectively. Note that if aq =1,
then as = a; and so our (r + 2)-dimensional representation does not require any
new invariants beyond those needed for the (r+ 1)-dimensional subrepresentations.
If a; = p*, where p = chark, then

pk(l,ag...,a,.,l,al - =ai1(l,as...,ar,1,a1 — 1)
=(a1,...,ar,1,0) + (a1 — 1)(0,aq,...,a,,1,a1)

belongs to the semigroup generated by (a1, ...,ar,1,0) and (0, as, ..., ar,1,a1), and
so by Proposition [6.1] it follows that (ai,...,a,,1,0) and (0,as,...,a,,1,a;) give
a separating set. Again, our (r 4+ 2)-dimensional representation does not require
any new invariants. But if a; is not 1 or a pure power of chark, a; and as do
not give a separating set. Indeed, let ¢ be a primitive m-th root of unity with
a1/m a pure power of chark and set u; = (1,1,...,1) and uz = ((,1,...,1). Then
ar(ur) = ag(u2) = ag(uy) = as(u1) = 1 but ag(u;) =1 # ¢ = az(uz). Therefore
we will require an extra monomial. Although this monomial need not be ag, it
will have full support. Therefore each r + 2-dimensional subrepresentation with
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nonconstant invariants and repeated weight ig ¢ I will necessitate at least one
extra distinct monomial invariant. There are >, o/ (") IL 4io i different such
subrepresentations. It follows the minimal size of a separating set will be at least
[Ticimi +2er ("s') TT;i, mi» which simplifies to the formula in Statement .

We will use Lemma to show Statement . Denote by S the semigroup
corresponding to the monomial algebra generated by all monomial invariants de-
pending on at most r + 2 variables and set £ to be the semigroup giving all mono-
mial invariants. The first step is to show that for any subrepresentation V. C W,
Lsuppvy € ZLgupp(vy- If [supp(V)| < 7+ 2, then the statement is trivially true.
Suppose | supp(V)| > r+2. By Corollary [6.6] it follows that the rational invariants
on V are generated by the rational invariants with support of size at most r + 1,
and so in particular by the rational invariants with support of size at most r + 2.
Our argument of the previous paragraph shows that for any (r + 2)-dimensional
subrepresentation, the invariant monomials generate the field of rational invariants,
therefore, the invariants monomials with support of size at most r + 2 generated
the rational invariants on V as desired.

Now take @ = (@0, @115+, W nyy---s U 1,- .., Qrp,.) to be the exponent vector
of a nonconstant invariant in k[W’ ]T/. As any proper subset of the set of distinct
weights is linearly independent, wt(a) = {mq,m1,...,m,}. Hence, if a, j, # 0,
we know that ag # 0 and for all ¢ € [r] \ {i,}, there is j; € [n;] such that «; ;, # 0.
Define v € NH*Xi=17 as vg = 1, Vioji = Gig» Vij; = a; for all other ¢ € [n], with
the remaining entries zero. Then

T g T T
Yoo + E E Vi Mg, = — E ae; + E aje; =0,
i=1 =1

i=1 j;=1

2Jig

and so v gives an invariant. By construction 7;, j, 7# 0 and ~y has support of size
r + 2 contained in the support of a. We have now established that S satisfies the
two conditions of Lemma and so the monomial invariants with support of size
at most 7 + 2 form a separating set, proving Statement .

A consequence of Statement is that to have a monomial separating set for
the full representation is suffices to have a set of monomials that restricts to a
separating set for each (r + 2)-dimensional subrepresentation. Our argument in
the first two paragraphs of the proof gives a construction for such a separating set
which has size equal to the formula in Statement 7 completing the proof. (]

Corollary 6.10. The elements in a separating set must contain at least

(H) <1+;i¢zl<m_1>>

monomzials between them altogether.

Proof. As the ring of invariants is generated by monomials, the set of monomials
contained in the elements of any separating set must form a monomial separating
set. The previous proposition applies to this set. (I
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