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We introduce and study the task of assisted coherence distillation. This task arises naturally in bipartite sys-
tems where both parties work together to generate the maximal possible coherence on one of the subsystems.
Only incoherent operations are allowed on the target systemwhile general local quantum operations are per-
mitted on the other, an operational paradigm that we call local quantum-incoherent operations and classical
communication (LQICC). We show that the asymptotic rate of assisted coherence distillation for pure states is
equal to the coherence of assistance, an analog of the entanglement of assistance, whose properties we character-
ize. Our findings imply a novel interpretation of the von Neumann entropy: it quantifies the maximum amount
of extra quantum coherence a system can gain when receiving assistance from a collaborative party. Our results
are generalized to coherence localization in a multipartite setting and possible applications are discussed.

PACS numbers: 03.65.Aa, 03.67.Mn

Introduction. Quantum coherence represents a basic fea-
ture of quantum systems that is not present in the classi-
cal world. Recently, researchers have begun developing a
resource-theoretic framework for understanding quantum co-
herence [1–9]. In this setting, coherence is regarded as a
precious resource that cannot be generated or increased un-
der a restricted class of operations known as incoherent op-
erations [2, 3]. A resource-theoretic treatment of coherence
is physically motivated, in part, by certain processes in biol-
ogy [10–12], transport theory [2, 13, 14], and thermodynam-
ics [7, 15, 16], for which the presence of quantum coherence
plays an important role.

In this paper, we consider the task ofassisted coherence dis-
tillation. It involves (at least) two parties, Alice (A) and Bob
(B), who share one or many copies of some bipartite stateρAB.
Their goal is to maximize the quantum coherence of Bob’s
system by Alice performing arbitrary quantum operations on
her subsystem, while Bob is restricted to just incoherent oper-
ations on his. The duo is further allowed to communicate clas-
sically with one another. Overall, we refer to the allowed set
of operations in this protocol asLocal Quantum-Incoherent
operations andClassical Communication (LQICC). As we
will show, the operational LQICC setting reveals fundamental
properties about the quantum coherence accessible to Bob. In
particular, the von Neumann entropy of his state,S(ρB), quan-
tifies precisely how much extra coherence can be generated in
Bob’s subsystem using LQICC than when no communication
is allowed between him and any correlated party.

Alice and Bob’s objective here is analogous to the task of
assistedentanglementdistillation. In the latter, entanglement
is shared between three parties,A, B,C, and the goal is forB
andC to obtain maximal bipartite entanglement when all par-
ties use (unrestricted) Local Operations and Classical Com-
munication (LOCC). The corresponding maximal entangle-
ment that can be generated betweenB and C is known as
“entanglement of collaboration” [17]. Henceforth, here we

define the “coherence of collaboration” as the maximum co-
herence that can be generated on subsystemB by LQICC op-
erations. In general, both LOCC and LQICC protocols can
be very complicated, involving many multiple rounds of mea-
surement and communication [18]. A simplified scenario con-
siders one-way protocols in which Alice holds a purifying sys-
tem, and only she is allowed to broadcast measurement data.
The maximum entanglement forB andC (resp. maximum co-
herence forB) that can be generated in this manner is called
the “entanglement of assistance” [19] (resp. will be called the
“coherence of assistance”). In the asymptotic setting the en-
tanglement of assistance is known to be equal to the entangle-
ment of collaboration if the overall state is pure [20]. We show
an analogous result for coherence: for pure states the coher-
ence of assistance is equal to the coherence of collaboration
in the asymptotic setting, and a closed expression for these
quantities is also provided. Moreover, when Bob’s system isa
qubit and the overall state is pure, the coherence of assistance
and the coherence of collaboration are equivalent even in the
single-copy case. Finally, we also present a generalization to
a multipartite setting where many assisting players collabo-
rate to localize coherence onto a target system, and discuss
possible applications to quantum technologies.

Resource theory of coherence. The starting point of our work
is the resource theory of coherence, introduced recently in[2–
4, 8]. In particular, a quantum stateρ is said to be incoherent
in a given reference basis{|i〉}, if the state is diagonal in this
basis, i.e., ifρ =

∑

i pi |i〉 〈i| with some probabilitiespi . For a
bipartite system, the reference basis is assumed to be a tensor
product of local bases [4, 5, 8].

A quantum operation is said to be incoherent, if each of its
Kraus operatorsKα is incoherent, i.e., ifKαIK†α ⊆ I, where
I is the set of incoherent states. In this theory, a general com-
pletely positive trace-preserving (CPTP) mapΛ is said to be
incoherent if it can be represented by at least one set of in-
coherent Kraus operators. Completely dephasing any state
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ρ in the incoherent basis will generate the incoherent state
∆(ρ) :=

∑

i qi |i〉〈i| with qi = 〈i|ρ|i〉. Note this is entire motiva-
tion for defining incoherent states as being diagonal in some
particular basis: they are the density matrices obtained by
erasing all off-diagonal terms through the decoherence map
∆. If d is the dimension of the Hilbert space of the system,
the maximally coherent state is|Φd〉 =

√
1/d
∑

i |i〉, and we let
|Φ〉 := |Φ2〉 denote the “unit” coherence resource state [3].

Similar to the framework of entanglement distillation [21,
22], general quantum states can be used for asymptotic distil-
lation of maximally coherent states via incoherent operations.
Formally, the distillable coherenceCd of a stateρ is defined
as Cd(ρ) = sup

{

R : limn→∞
(

infΛ
∥

∥

∥Λ
[

ρ⊗n] −Φ⊗⌊Rn⌋
∥

∥

∥

)

= 0
}

,

where ‖M‖ = Tr
√

M†M is the trace norm, and the infi-
mum is taken over all incoherent operationsΛ. Even more,
a closed expression for the optimal distillation rate was found
recently by Winter and Yang [8], and turns out to be equal to
the relative entropy of coherence introduced in [1, 3]. Re-
call the relative entropy ofρ to σ is defined asS(ρ||σ) =
−Tr(ρ logσ) − S(ρ), with S(ρ) = −Tr(ρ logρ) being the von
Neumann entropy ofρ.

Lemma 1. The distillable coherence ofρ is [8]

Cd(ρ) = Cr (ρ) = S(∆(ρ)) − S(ρ), (1)

where Cr (ρ) is the relative entropy of coherence, defined as
Cr (ρ) = minσ∈I S(ρ||σ).

Note thatCd(ρ) > 0 if and only ifρ is not incoherent.

Coherence of collaboration. We now move to the main topic
of this work, namely the assisted distillation of coherence. As
mentioned earlier, in this setting two parties Alice and Bob
share many copies of a joint stateρ = ρAB and aim to maxi-
mize coherence on Bob’s system by LQICC operations.

In order to make a quantitative analysis, we define thedistil-
lable coherence of collaborationas the optimal rate, i.e., the
optimal number of maximally coherent states on Bob’s side
per copy of the shared resource stateρ, in the assisted setting:

CA|B
d (ρ) = sup

{

R : lim
n→∞

(

inf
Λ

∥

∥

∥

∥

Λ
[

ρ⊗n
]

−Φ⊗⌊Rn⌋
∥

∥

∥

∥

)

= 0
}

, (2)

where the infimum is taken over all LQICC operationsΛ.
When Alice is uncorrelated from Bob, i.e.ρAB = ρA⊗ρB, then
CA|B

d (ρAB) reduces to the distillable coherenceCd(ρB) which
can be evaluated exactly using Lemma1 [8]. In the following,
we are interested in understanding how the assistance of Alice
can improve Bob’s distillation rate, i.e., how largerCA|B

d (ρAB)
can be in comparison toCd(ρB). For answering this question,
we first note that the set of bipartite states which can be cre-
ated via LQICC operations, that will be referred to as the set
QI of quantum-incoherent(QI) states, admits a simple char-
acterization. Namely, all such states have the following form:

χAB =
∑

i

piσ
A
i ⊗ |i〉 〈i|B . (3)

Here,σA
i are arbitrary quantum states onA, and the states|i〉B

belong to the local incoherent basis ofB. Note that QI states
have the same form as general quantum-classical states [23]
(i.e., states with vanishing quantum discord [24]), except the
“classical” part must be diagonal in the fixed incoherent basis.

It is obvious that any QI state hasCA|B
d (ρAB) = 0, and the

following theorem shows that the converse is true as well.

Theorem 2. A stateρAB has CA|B
d (ρAB) > 0 if and only if the

stateρAB is not quantum-incoherent.

This theorem shows that any state which cannot be created for
free via LQICC operations constitutes a resource for extract-
ing coherence on Bob’s side. For the proof of the theorem we
refer to the Supplemental Material [25].

In the next step, we will provide an upper bound on the
distillable coherence of collaboration. For this, we introduce
the QI relative entropy:

CA|B
r (ρAB) = min

χAB∈QI
S(ρAB||χAB) (4)

with the minimization taken over the set of QI states. It is in
order to note thatCA|B

r is different from the relative entropy
of discord introduced in [28, 29], as the latter involves a min-
imization over all bases ofB, while Eq. (4) is defined for a
fixed incoherent basis{|i〉B}. Using the same reasoning as in
[29, see Theorem 2 there], it is straightforward to see thatCA|B

r

can also be written as

CA|B
r (ρAB) = S

(

∆B(ρAB)
)

− S(ρAB) (5)

with ∆B(ρAB) :=
∑

i(I⊗|i〉〈i|)ρAB(I⊗|i〉〈i|). Moreover, since the
relative entropy does not increase under general quantum op-
erations,CA|B

r is monotonically nonincreasing under LQICC
operations. The following theorem shows that the QI relative
entropy is an upper bound onCA|B

d .

Theorem 3. Given a stateρAB shared by Alice and Bob, the
distillable coherence of collaboration is bounded above ac-
cording to

CA|B
d (ρAB) ≤ CA|B

r (ρAB). (6)

The proof can be found in [25]. This result shows that in the
task considered here the relative entropy plays similar role
as in the task of entanglement distillation [30], bounding the
distillation rate from above. Note that for standard coherence
distillation the relative entropy of coherence is in fact equal
to the optimal distillation rate [8], see also Lemma1. It is an
open question if this is also true for the task considered here,
i.e., if the inequality (6) is an equality for all quantum states
ρAB. As we will see in Theorem4 below, at least for pure
states the answer is affirmative.

Coherence of assistance. We now introduce thecoherence of
assistance(CoA) for a stateρ as the maximal average coher-
ence of the state:

Ca(ρ) = max
∑

i

qiCr (ψi) = max
∑

i

qiS(∆(ψi)), (7)
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where the maximization is taken over all pure-state decompo-
sitions ofρ =

∑

i qi |ψi〉〈ψi |, andψi is denoting|ψi〉〈ψi |.
To provide CoA with an operational interpretation it is

instrumental to compare it with entanglement of assistance
(EoA) originally proposed by DiVincenzoet al. [19]. For a
bipartite stateρBC, one identifies a decomposition of maximal
average entanglement:

Ea(ρBC) = max
∑

i

qiE(ψBC
i ) = max

∑

i

qiS(trBψ
BC), (8)

for ρBC =
∑

i qi |ψi〉〈ψi |BC. The interpretation of EoA is that
by using local measurement and one-way classical commu-
nication, Alice can help Bob and Charlie obtain an average
entanglement of at mostEa(ρBC) when they all share|Ψ〉ABC,
a purification ofρBC. In this case, any possible pure-state de-
composition ofρBC can be realized when Alice performs a
suitable measurement and announces the result [31]. If all
the parties have access to arbitrary number of copies of the
total state|Ψ〉ABC, the figure of merit is the regularized EoA
E∞a (ρ) = limn→∞

1
nEa(ρ⊗n). For an arbitrary density matrix

ρBC, the regularized EoA is simply given by [20]

E∞a (ρBC) = min{S(ρB),S(ρC)}. (9)

The CoA defined in Eq. (7) has an analogous operational
meaning if we assume that the stateρ = ρB belongs to Bob,
who is assisted by another party (Alice) holding a purification
of ρB. Through local measurement, Alice can prepare any en-
semble for Bob that is compatible withρB, which is why we
take the maximization in Eq. (7). Together with Lemma1
then,Ca(ρB) quantifies a one-way coherence distillation rate
for Bob when Alice applies the same procedure for each copy
of the state. In the many-copy setting, higher one-way distil-
lation rates can typically be obtained when Alice performs a
joint measurement across her many copies. Thus, we consider
the regularized CoA defined asC∞a (ρ) := limn→∞

1
nCa(ρ⊗n).

As we prove in [25], the CoA of a stateρ =
∑

i, j ρi j |i〉 〈 j| is
equal to the EoA of the corresponding maximally correlated
state [32] ρmc =

∑

i, j ρi j |ii 〉 〈 j j |:

Ca(ρ) = Ea(ρmc). (10)

Clearly, Eq. (10) implies that this equality is also true for the
regularized quantities:C∞a (ρ) = E∞a (ρmc). Using Eq. (9), the
regularized CoA thus acquires the simple expression:

C∞a (ρ) = S (∆(ρ)) . (11)

Equipped with these tools we are now in position to provide
a closed expression forCA|B

d for all pure states.

Theorem 4. For a pure state|Ψ〉AB shared by Alice and Bob,
the following equality holds:

CA|B
d (|Ψ〉AB) = C∞a (ρB) = CA|B

r (|Ψ〉AB) = S(∆(ρB)). (12)

The proof of the theorem can be found in [25]. With Theo-
rem4 in hand, we give the von Neumann entropy an alterna-
tive operational interpretation. Namely, letδCd(ρB) denote the
maximal increase in distillable coherence that Bob can obtain
when exchanging classical communication with a correlated
party; i.e. δCd(ρB) = maxρAB[CA|B

d (ρAB) − Cd(ρB)], where the
maximization is taken over all extensionsρAB of ρB. Notic-
ing that the maximum is attained ifρAB is pure, Lemma1 and
Theorem4 imply that

δCd(ρB) = S(ρB). (13)

Interestingly, this result does not depend on the particular
choice of the reference incoherent basis.

Let us turn to the obvious inequalityCa(ρB) ≤ C∞a (ρB) and
ask whetherCa is additive, in which case the inequality be-
comes tight. This question is especially interesting when one
considers Ref. [8] where thecoherence of formation, defined
with a minimization rather than a maximization in Eq. (7),
and thus a dual quantity to the CoA, is shown to be additive.
Below, we will show that in contrast, CoA fails to exhibit ad-
ditivity in general. Nevertheless, when restricting attention to
n copies of an arbitrary single-qubit stateρ, additivity of CoA
can be proven. The latter finding is quite noteworthy since no
analogous result is known for EoA in two-qubit systems.

Theorem 5. CoA is n-copy additive for qubit statesρ:

Ca(ρ) = C∞a (ρ) = S(∆(ρ)). (14)

However, in general the CoA is not additive.

We refer to [25] for the proof. It is interesting to note that
we prove non-additivity for systems with dimension 4 and
above. Thus, it remains open ifCa is additive for qutrits.
Note that by Theorem4, this result implies that optimal
coherence distillation for single-qubit systems involvesjust
one-way communication and single-copy measurements from
a purifying auxiliary system.

Multipartite scenario. We now extend our results to the mul-
tipartite setting. When more than one party is providing assis-
tance, the process of collaboratively generating coherence for
Bob’s system will be calledcoherence localization, in analogy
to the task ofentanglement localization[33].

We consider (N + 1)-partite statesρA1···ANB, where the par-
ties A1, · · · ,AN are allowed to perform arbitrary local quan-
tum operations, and the partyB is restricted to incoherent
operations only. Additionally, classical communication is al-
lowed between all the parties. The aim of all the parties is
to localize as much coherence as possible on the subsystem
of B. The corresponding asymptotic coherence localization
rate can be defined just as in Eq. (2) and will be denoted by
CA1,··· ,AN |B

d (ρA1···ANB). For total pure states withB being a qubit
we find that, quite remarkably, individual measurements on
the auxiliary systems can generate the same maximal coher-
ence for the target systemB as when a global measurement is
performed across all the auxiliary systemsA1, · · · ,AN.
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Theorem 6. Let |Ψ〉A1,··· ,ANB be an arbitrary multipartite state
with system B being a qubit. Then

CA1,··· ,AN |B
d

(

|Ψ〉A1,··· ,ANB
)

= CAtot|B
d

(

|Ψ〉AtotB
)

= S
(

∆(ρB)
)

,

(15)
where Atot = A1, · · · ,AN is viewed as one party with the lo-
cality constraint removed among the Ai .

The proof is deferred to [25]. This theorem implies that
for asymptotic coherence localization the assisting parties
A1, · · · ,AN do not need access to a quantum channel: local
quantum operations on their subsystems together with classi-
cal communication are enough to ensure maximal coherence
localization. This is true if the total state is pure, and if
coherence is localized on a qubit.

LQICC versus SLOCC protocols. The proof of Theorem4 re-
lied on relating the tasks of assisted coherence distillation and
assisted entanglement distillation. This further supports a con-
jecture put forth in Ref. [8] that the resource theory of coher-
ence is equivalent to the resource theory of entanglement for
maximally correlated states [32]. We can prove a more gen-
eral connection between LQICC operations in the coherence
setting and LOCC operations in the entanglement setting.

For a given bipartite stateρAB we define the association

ρAB =
∑

i j

MA
i j ⊗ |i〉〈 j|B⇒ ρ̃ABC =

∑

i j

MA
i j ⊗ |ii 〉〈 j j |BC, (16)

whereMi j are operators acting on Alice’s space and{|i〉} is
the fixed incoherent basis. As we show in [25], if two states
ρAB and σAB are related via a bipartite LQICC map, i.e.
σAB = ΛLQICC[ρAB], then the corresponding states ˜ρABC and
σ̃ABC are related via a tripartite stochastic LOCC (SLOCC)
map, i.e.σ̃ABC = ΛSLOCC[ρ̃ABC]. Thus any procedure imple-
mentable “for free” in the framework of assisted coherence
has an equivalent probabilistic “free” implementation on the
level of maximally correlated states. We find that, in fact, for
many LQICC transformationsρAB→ σAB, the corresponding
LOCC transformation ˜ρABC→ σ̃ABC can be implemented with
probability one. It is an interesting open question whetherthe
(tripartite) LOCC analog to every (bipartite) LQICC transfor-
mation has always a deterministic implementation.

In the case where the subsystemA is uncorrelated, Eq. (16)
reduces toρ =

∑

i j ρi j |i〉 〈 j| ⇒ ρmc =
∑

i j ρi j |ii 〉 〈 j j |. For
this situation, the above results imply that for any two
statesρ andσ = Λi [ρ] related via an incoherent operation
Λi , the corresponding maximally correlated statesρmc and
σmc are related via bipartite SLOCC:σmc = ΛSLOCC[ρmc].
Moreover, in the asymptotic setting where many copies ofρ

are available, the SLOCC procedure becomes deterministic
whenever the entanglement cost ofσmc is not larger than the
distillable entanglement ofρmc. This criterion can be easily
checked, recalling that for these states the entanglement
cost is equal to the entanglement of formation [34, 35], and
their distillable entanglement admits a simple expression[32].

Conclusions. The results presented above are mainly based
on the new set of LQICC operations which were introduced
and studied in this work. This type of operations arises natu-
rally if two parties have access to a classical channel, one of
the parties can perform arbitrary quantum operations, but the
other is limited to incoherent operations only. The resultspre-
sented here can be regarded as one application of this set of
operations. Very recently, alternative applications for LQICC
were presented in [36, 37], including creation and distillation
of entanglement [37] and implementation of quantum telepor-
tation in a fully incoherent manner [36]. LQICC operations
have also been extended to the class of local incoherent opera-
tions (for both parties) supplemented by classical communica-
tion [36, 37]. Further applications closely adhering to realistic
physical limitations are expected in the near future.

There are in fact many scenarios of practical relevance
where the task of assisted coherence distillation can play a
central role. For instance, think of a remote or unaccessible
system on which coherence is needed as a resource (e.g. a
biological system): our results give optimal prescriptions to
inject such coherence on the remote target by acting on a con-
trollable ancilla. In a multipartite setting, one can imagine to
distribute a correlated state among many parties, and imple-
ment an instance of open-destination quantum metrology, in
which one party is selected to estimate an unknown parameter
[38] and the other parties act locally on their subsystems in
order to localize as much coherence as possible on the chosen
target, so as to enhance the estimation precision. Similarly,
the task can be a useful primitive within a secure quantum
cryptographic network [39], in which the distribution of non-
orthogonal states (and thus coherence) is required [12].

The approach presented here can also be extended to other
related scenarios. As an example, we mention the resource
theory of frameness and asymmetry [40, 41]. The relation of
these concepts to the resource theory of coherence proposed
by Baumgratzet al. [3] has been studied very recently [42]. In
this context, an important set of quantum operations is known
as thermal operations [15, 16]. These operations are a subset
of general incoherent operations [42]. It will be very interest-
ing to see how the results provided here change when local
incoherent operations for one party are further restrictedto lo-
cal thermal operations. This can be of direct relevance to the
design of optimal ancilla-assisted work extraction protocols in
thermodynamical settings [7].
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SUPPLEMENTAL MATERIAL

Proof of Theorem 2

Here we will prove that any state which is not quantum-
incoherent (QI) has nonzero distillable coherence of collabo-
rationCA|B

d (ρAB) > 0. To prove this, suppose thatρAB is not
QI. We can always expand

ρAB =
∑

i, j

|ei〉 〈ej |A ⊗ NB
i j , (A.1)

where the|ei〉A form an orthonormal basis for Alice’s Hilbert
space and theNB

i j are some operators on Bob’s space. Note
that the operatorsNB

ii are nonnegative, i.e.,NB
ii ≥ 0, and

can be written asqiρ
B
i . The stateρB

i can be seen as the
post-measurement state of Bob if Alice performs a von Neu-
mann measurement in the basis|ei〉A, andqi is the correspond-
ing probability. If for some outcomei with nonzero prob-
ability qi > 0 the corresponding stateρB

i is not incoherent,
then Lemma 1 in the main text guarantees thatCA|B

d (ρAB) ≥
qiCr (ρB

i ) > 0.
In the next step, we will consider the case where all the

statesρB
i corresponding to nonzero outcome probabilityqi > 0

are incoherent (i.e. all the operatorsNii are diagonal w.r.t. the
incoherent basis). Then, the condition that the stateρAB is
not QI implies thatNkl must have off-diagonal elements for
somek , l. Using the fact thatNkl = N†lk , we see that at

least one of the operatorsNkl + N†kl or i(Nkl − N†kl) must also
contain offdiagonal elements in this case. Depending on what
is the case, Alice performs a von Neumann measurement in a
basis containing the state cosθ |ek〉A + sinθ |el〉A or in a basis
containing the state cosθ |ek〉A + i sinθ |el〉A with some angle
θ which will be determined below. In the first case the post-
measurement state of BobρB

θ
is given by

pθρ
B
θ = cos2 θNkk + sin2 θNll + cosθ sinθ(Nkl + Nlk), (A.2)

where pθ is the corresponding outcome probability. Since
cos2 θ, sin2 θ, and cosθ sinθ are linearly independent, the trace
of the right-hand side of Eq. (A.2) cannot vanish for allθ.
Hence, there are some 0< θ < π/2 for which pθ > 0. Sim-
ilarly, in the second case the post-measurement state of Bob
σB
θ

is given by

qθσ
B
θ = cos2 θNkk + sin2 θNll + i cosθ sinθ(Nkl − Nlk) (A.3)

with outcome probabilityqθ. By the same argument, there are
some 0< θ < π/2 for which qθ > 0. Moreover, in both of
the above cases the post-measurement state of Bob contains
offdiagonal elements.

Finally, we will now show how the above results imply that
CA|B

d (ρAB) > 0 is true for any state which is not QI. In par-
ticular, we proved that for any such state Alice can perform a
local von Neumann measurement in such a way that the post-
measurement state of Bob contains nonzero coherence with

nonvanishing probability. This means that by repeating this
procedure on each copy ofρAB, Bob will end up with many
copies of a state having nonzero coherence. Then, by using
Lemma 1 from the main text Bob can distill maximally coher-
ent states with nonzero rate. This completes the proof of the
theorem.

Proof of Theorem 3

In the following, we will prove that for any stateρAB the
distillable coherence of collaborationCA|B

d is bounded above

by the QI relative entropyCA|B
r :

CA|B
d (ρAB) ≤ CA|B

r (ρAB). (A.4)

To prove this statement, we first note thatCd can also be ex-
pressed as follows:

CA|B
d (ρAB) = sup

{

Cr (|φ〉) : lim
n→∞

(

inf
Λ

∥

∥

∥

∥
Λ
[

ρ⊗n
i

]

− ρ⊗n
f

∥

∥

∥

∥

)

= 0
}

,

(A.5)
with the initial stateρi = ρAB ⊗ |0〉 〈0|B̃, the final stateρ f =

|00〉 〈00|AB⊗|φ〉 〈φ|B̃, B̃ is an additional particle in Bob’s hands,
and the infimum in Eq. (A.5) is taken over all LQICC opera-
tionsΛ between Alice and Bob.

Then, by definition ofCA|B
d in Eq. (A.5), for anyε > 0 there

exists a state|φ〉, an integern, and an LQICC protocolΛn

acting onn copies of the stateρi such that

CA|B
d (ρAB) −Cr (|φ〉) ≤ ε, (A.6)
∥

∥

∥

∥
Λn

[

ρ⊗n
i

]

− ρ⊗n
f

∥

∥

∥

∥
≤ ε. (A.7)

In the next step, we will prove continuity ofCr . In partic-
ular for two statesρXY andσXY with ||ρXY − σXY|| ≤ 1 the QI
relative entropyCr is continuous in the following sense:

|CX|Y
r (ρXY) −CX|Y

r (σXY)| ≤ 2T log2 dXY + 2h(T), (A.8)

whereT = ||ρXY − σXY||/2 is the trace distance,dXY is the
dimension of the total system, and

h(x) = −x log2 x− (1− x) log2(1− x) (A.9)

is the binary entropy. It is straightforward to prove Eq. (A.8)
by using continuity of the von Neumann entropy [26].

The continuity relation in Eq. (A.8) together with Eq. (A.7)
implies that for any 0< ε ≤ 1/2 there exists an integern ≥ 1
and an LQICC protocolΛn acting onn copies of the stateρi

such that

CA|BB̃
r (Λn[ρ⊗n

i ]) ≥ CA|BB̃
r (ρ⊗n

f ) − 2nε log2 d− 2h(ε), (A.10)

whered is the dimension of the total systemABB̃. Since the
QI relative entropyCr is additive and does not increase under
LQICC operations, it follows that for any 0< ε ≤ 1/2 there
exists an integern ≥ 1 such that

CA|BB̃
r (ρi) ≥ CA|BB̃

r (ρ f ) − 2ε log2 d− 2
n

h(ε). (A.11)
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By using the relationsCA|BB̃
r (ρi) = CA|B

r (ρAB) andCA|BB̃
r (ρ f ) =

Cr (|φ〉), the latter inequality implies

CA|B
r (ρAB) ≥ Cr (|φ〉). (A.12)

On the other hand, Eq. (A.6) means thatCr (|φ〉) ≥ CA|B
d (ρAB)−

ε. Combining these results completes the proof of the theo-
rem.

Coherence of assistance and entanglement of assistance of
maximally correlated states

In the following we will prove the relation

Ca(ρ) = Ea(ρmc), (A.13)

where the stateρ =
∑

i, j ρi j |i〉 〈 j| is arbitrary, and the state
ρmc =

∑

i, j ρi j |ii 〉 〈 j j | is the maximally correlated state associ-
ated withρ.

For proving Eq. (A.13), consider an optimal decomposition
of the stateρmc =

∑

k pk |ψk〉 〈ψk| such that

Ea(ρmc) =
∑

k

pkE(|ψk〉), (A.14)

where the entanglement of a pure state|ψ〉XY is given by the
von Neumann entropy of the reduced state:E(|ψ〉XY) = S(ρX).
Note that every state|ψk〉 in the above decomposition can be
written in the form|ψk〉 =

∑

i ck
i |ii 〉 with complex coefficients

ck
i [35]. In the next step, we introduce states|φk〉 =

∑

i ck
i |i〉,

and note that together with probabilitiespk these states give
rise to a decomposition of the stateρ =

∑

k pk |φk〉 〈φk|. Note
that this decomposition ofρ is optimal for the coherence of
assistance:

Ca(ρ) =
∑

k

pkCr (|φk〉). (A.15)

The proof of Eq. (A.13) is complete by using the relation
Cr (|φk〉) = E(|ψk〉).

Proof of Theorem 4

Proof. In the following we will prove the equality

CA|B
d (|Ψ〉AB) = C∞a (ρB) = CA|B

r (|Ψ〉AB) = S(∆(ρB)). (A.16)

Clearly, the regularized CoA of a stateρB = trA|Ψ〉〈Ψ|AB can-
not be larger thanCA|B

d of its purification:

C∞a (ρB) ≤ CA|B
d (|Ψ〉AB). (A.17)

Together with Eq. (11) in the main text one obtains the lower
bound

S(∆(ρB)) ≤ CA|B
d (|Ψ〉AB). (A.18)

On the other hand, Eq. (5) in the main text implies

CA|B
r (|Ψ〉AB) = S(∆(ρB)). (A.19)

Together with Theorem 3 this completes the proof. �

Proof of Theorem 5

In the following, we will prove the equality

Ca(ρ) = C∞a (ρ) = S(∆(ρ)) (A.20)

for any single-qubit stateρ.
Let |Ψ〉AB be an arbitrary purification forρB, and expand in

the incoherent basis as

|Ψ〉AB =

1
∑

k=0

√
pk |ψk〉A |k〉B , (A.21)

where|ψk〉A are arbitrary states for Alice. In the next step we
note that there always exist orthogonal states|η±〉A which form
a mutually unbiased basis with respect to the two states|ψk〉A.
Thus, the states|ψk〉A can be written as

|ψk〉A =
1
√

2
(eiαk |η+〉A + eiβk |η−〉A) (A.22)

with some realsαk andβk.
When Alice performs a von Neumann measurement in the
|η±〉A basis, Bob will find his system in one of the post-
measurement states

|φ±〉B =
√

p0eiϑ± |0〉B + √p1eiϕ± |1〉B (A.23)

with some realsϑ± andϕ± for the+/- outcome respectively. In
both cases, the state has coherenceCr (|φ±〉B) = S(∆(ρB)). The
above reasoning shows thatCa(ρ) = S(∆(ρ)) is true for any
single-qubit stateρ. Recalling thatC∞a (ρ) = S(∆(ρ)) is true
for any quantum stateρ, the proof of Eq. (A.20) is complete.

We will now show that there exist statesρ of dimension 4
such that

Ca(ρ) < C∞a (ρ). (A.24)

This inequality also implies that the coherence of assistance
cannot be additive. For proving this, consider the 2⊗ 4 state

|Ψ〉AB =
1
2
(|00〉 + |11〉 + |+2〉 + |+̂3〉) (A.25)

with |+̂〉 = 1/
√

2(|+〉 + i |1〉). We will show that the reduced
stateρB satisfiesCa(ρB) < C∞a (ρB) = 2. We will prove this by
showing a slightly stronger statement: for any measurementof
Alice performed on the state in Eq. (A.25), the corresponding
post-measurement state of Bob will have coherence strictly
below 2.

This can be seen by contradiction: assume that for some
measurement of Alice with POVM elementMA the corre-
sponding post-measurement state of Bob has maximal coher-
ence, i.e. it corresponds to the state|Φ4〉 = 1/2

∑3
i=0 |i〉. This

condition can also be written as follows:

TrA [MA |Ψ〉 〈Ψ|AB] = p |Φ4〉 〈Φ4|B , (A.26)

whereMA ≤ 11A is a nonnegative operator on the subsystemA
andp > 0 is the probability of Alice’s outcome.
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In the next step it is crucial to note that Eq. (A.26) can only
be fulfilled if M has the same nonzero overlap with all the
states|0〉, |1〉, |+〉, and|+̂〉:

〈0|M|0〉 = 〈1|M|1〉 = 〈+|M|+〉 = 〈+̂|M|+̂〉 > 0. (A.27)

Denoting the elements ofM by Mkl = 〈k|M|l〉, the above
equality leads to

M00 = M11 =
1
2

(M00 + M11 + M01 + M10)

=
1
2

(M00 + M11 + iM01 − iM10) . (A.28)

Taking into account thatM is nonnegative, this set of equa-
tions has only one solution, namelyM00 = M11 = M01 =

M10 = 0. This completes the proof. Interestingly, from the
above consideration it is not clear ifCa(ρ) is additive for qutrit
states.

Proof of Theorem 6

Here we will prove the equality

CA1,··· ,AN |B
d

(

|Ψ〉A1,··· ,ANB
)

= CAtot|B
d

(

|Ψ〉AtotB
)

= S
(

∆(ρB)
)

,

(A.29)
whereB is a qubit, andAtot = A1 · · ·AN denotes the total sys-
tem except forB. In the following, we assume that the parties
A1, . . . ,AN can perform arbitrary local operations, the partyB
is restricted to incoherent operations, and classical communi-
cation is allowed between all parties.

For proving this statement, we will show that for some
LOCC protocol onA1, . . . ,AN all post-measurement states of
Bwill have coherenceS

(

∆(ρB)
)

. This means that by Lemma 1

of the main text the state|Ψ〉A1,··· ,ANB can be used to extract co-
herence at rateS

(

∆(ρB)
)

. This will complete the proof, since
by Theorem 3 of the main text it is not possible to achieve
more coherence onB even by joint operations onA1, . . . ,AN.

In the following, we will use similar arguments as in the
proof of Theorem 5. In the first step, we expand the state
|Ψ〉A1,··· ,ANB in Bob’s incoherent basis, arriving at

|Ψ〉A1,··· ,ANB =

1
∑

k=0

√
pk |ψk〉A1,··· ,AN |k〉B . (A.30)

Similar to the proof of Theorem 5, we note that there exist
orthogonal multipartite states|η±〉 which form a mutually un-
biased basis with respect to the states|ψk〉. In other words, the
states|ψk〉 can be written as

|ψk〉 =
1
√

2
(eiαk |η+〉 + eiβk |η−〉) (A.31)

with some realsαk andβk.
To complete the proof we will use the results of Walgateet

al. [27], showing that any two multipartite orthogonal states
|η+〉 and|η−〉 can be perfectly distinguished via LOCC. Their

results also imply the existence of a POVM{Π+,Π−} which
can be implemented via LOCC such that

Π+ |η−〉 = Π− |η+〉 = 0. (A.32)

Applying this POVM on systemsA1 · · ·AN of the state
|Ψ〉A1,··· ,ANB will generate post-measurement states for Bob of
the form

|φ±〉B =
√

p0e
iϑ± |0〉B + √p1eiϕ± |1〉B , (A.33)

which leaves him with optimal coherenceCr (|φB
±〉) =

S(∆(ρB)). This completes the proof of the theorem.

Relating LQICC and tripartite SLOCC maps

Here we will prove that for any pair of bipartite states

ρAB =
∑

i, j

MA
i j ⊗ |i〉 〈 j|B , σAB =

∑

i, j

NA
i j ⊗ |i〉 〈 j|B

related viaσAB = ΛLQICC[ρAB], with an LQICC operation
ΛLQICC, the corresponding tripartite states

ρ̃ABC =
∑

i, j

MA
i j ⊗ |ii 〉 〈 j j |BC , σ̃ABC =

∑

i, j

NA
i j ⊗ |ii 〉 〈 j j |BC

are related via SLOCC, i.e., ˜σABC = ΛSLOCC[ρ̃ABC] with some
stochastic tripartite LOCC operationΛSLOCC. We also prove
certain cases when this map can be implemented with proba-
bility one.

Consider an LQICC protocolΛLQICC that mapsρAB into
σAB. In the following, we assume that this protocol consists of
n intermediate LQICC operations. If we introduce the states
ω0 = ρ andωn = σ, then the total protocol can be written as
ωAB

0 → ωAB
1 → · · · → ωAB

n−1 → ωAB
n . We further suppose that

each stepωk → ωk+1 is either a local quantum operation on
Alice’s side followed by classical communication of the out-
come to Bob, or a local incoherent operation on Bob’s side,
followed by classical communication of the outcome to Alice.
We will now see that for any such transformationωAB

k → ωAB
k+1

there exists a tripartite SLOCC protocol transforming ˜ωABC
k to

ω̃ABC
k+1 .
First, suppose that the processωAB

k → ωAB
k+1 involves a local

measurement of Alice and classical communication to Bob.
Then, it is easy to see that the process ˜ωABC

k → ω̃ABC
k+1 can

be implemented deterministically, i.e., there exists a tripartite
LOCC operation such ˜ωABC

k → ω̃ABC
k+1 . For this, the same lo-

cal measurement has to be performed on the subsystemA of
ω̃ABC

k , and the result is communicated to both partiesB andC.
In the following we will consider the situation where the

processωAB
k → ωAB

k+1 involves a local incoherent operation on
Bob’s side, followed by classical communication to Alice. We
suppose that the stateωAB

k has the form

ωAB
k =

∑

i, j

OA
i j ⊗ |i〉 〈 j|B . (A.34)
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The incoherent operation performed by Bob can always be
described by the following incoherent Kraus operators:

KB
α =
∑

i

cα,i | fα(i)〉 〈i|B , (A.35)

wherecα,i are complex numbers, and the set of functionsfα(i)
maps the set{i} onto itself. If Bob obtains the outcomeα, the
corresponding post-measurement state is given by

νAB
α =

∑

i, j

cα,ic∗α, j
pα

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B (A.36)

with probability

pα = Tr

















∑

i, j

cα,ic
∗
α, jO

A
i j ⊗ | fα(i)〉 〈 fα( j)|B

















. (A.37)

Correspondingly, the state ˜ωABC
k has the form

ω̃ABC
k =

∑

i, j

OA
i j ⊗ |ii 〉 〈 j j |BC . (A.38)

For showing the existence of a stochastic LOCC protocol
transformingω̃ABC

k to ω̃ABC
k+1 it is enough to show that the state

ω̃ABC
k can be transformed into the state

ν̃ABC
α =

∑

i, j

cα,ic∗α, j
pα

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B ⊗ | fα(i)〉 〈 fα( j)|C .

(A.39)
via stochastic LOCC operations with nonzero probability for
all α. This protocol consists of the following steps.

1. In the first step, the incoherent measurement with Kraus
operators{KB

α } as given in Eq. (A.35) is performed on
the partyB of the total state ˜ωABC

k . If the outcomeα is
not possible in the LQICC protocol (i.e. ifpα = 0), the
protocol is aborted. Otherwise, with probability

qα = Tr[KB
α ω̃

ABC
k (KB

α )†] (A.40)

(which is in general different frompα) the outcomeα is
obtained and broadcast to the other partiesA andC. The
corresponding post-measurement state has the form

τABC
α =

∑

i, j

cα,ic∗α, j
qα

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B ⊗ |i〉 〈 j|C . (A.41)

2. In the next step, Charlie introduces an ancilla systemC̃
originally in the state|0〉C̃ so that the total state is

τABCC̃
α (A.42)

=
∑

i, j

cα,ic∗α, j
qα

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B ⊗ |i〉 〈 j|C ⊗ |0〉 〈0|C̃ .

Depending on the outcomeα Charlie then performs a
local unitary rotation such that

Uα

(

|i〉C |0〉C̃
)

= | fα(i)〉C |i〉C̃ . (A.43)

This takesτABCC̃
α to the state

µABCC̃
α (A.44)

=
∑

i, j

cα,ic∗α, j
qα

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B ⊗ | fα(i)〉 〈 fα( j)|C ⊗ |i〉 〈 j|C̃ .

3. In the final step, Charlie measuresC̃ in the generalized
Hadamard basis:{|bk〉 = 1√

dB

∑dB−1
j=0 e2πik j/dB | j〉}dB−1

k=0 .
With some probability, outcome|b0〉 is obtained,
leading to the desired the final state ˜νABC

α given in
Eq. (A.39).

In the following we will show that the above procedure can al-
ways be implemented with nonzero probability. In particular,
we will see that for anyαwith probabilitypα > 0 as described
above, the probability to obtain the state ˜νABC

α from the state
ω̃ABC

k via tripartite SLOCC is always nonzero.
To prove this, we will first show thatpα > 0 impliesqα > 0,

whereqα was given in Eq. (A.40). This can be seen by con-
tradiction, assuming thatqα = 0. This implies the following:

Tr
[

qατ
ABC
α 11AB ⊗ |b0〉 〈b0|

]

= 0, (A.45)

where the state|b0〉 is given as|b0〉 =
∑dC−1

j=0 | j〉 /
√

dC, and
the particlesB andC have the same dimension. This result
together with Eq. (A.41) leads to the equality

1
dC

Tr

















∑

i, j

cα,ic
∗
α, jO

A
i j ⊗ | fα(i)〉 〈 fα( j)|B

















= 0. (A.46)

By comparing this with Eq. (A.37) we see that the left-hand
side of this equality is equal topα/dC, and thuspα = 0. This
proves thatpα > 0 impliesqα > 0.

To complete the proof that the above procedure can always
be accomplished with nonzero probability we note that in the
measurement in the step 3 of the protocol the desired outcome
appears with nonzero probability wheneverpα > 0. This can
be seen directly, by evaluating the corresponding probability:

Tr
[

µABCC̃
α 11ABC⊗ |b0〉 〈b0|

]

= Tr

















∑

i, j

cα,ic∗α, j
qαdB

OA
i j ⊗ | fα(i)〉 〈 fα( j)|B ⊗ | fα(i)〉 〈 fα( j)|C

















.

(A.47)

By comparing this expression with Eq. (A.37), we further find
that

Tr
[

µABCC̃
α 11ABC⊗ |b0〉 〈b0|

]

=
pα

qαdB
. (A.48)

Since we assume thatpα > 0, this completes the proof that
the stochastic LOCC procedure discussed above has always
nonzero probability of success.

Finally, we note that for the certain types of incoherent
operationΛLQICC the aforementioned transformation is deter-
ministic. In particular, this is the case if the functionfα is
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reversible. Then there exists a unitary rotation for Charlie UB
α

such that

UC
α |i〉C = | fα(i)〉C . (A.49)

Performing this rotation on the state in Eq. (A.41) generates
the desired maximally correlated state ˜νABC

α , and steps 2 and 3

in the above protocol are omitted.

In summary, the transformation ˜ρABC → σ̃ABC can always
be achieved with some nonzero probability. If all the incoher-
ent operations inΛLQICC have Kraus operatorsKα with fα(i)
being reversible for everyα, then the transformation can be
accomplished with probability one.


