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Abstract

We explore the generation of classes of solutions of the matrix second Painlevé hierarchy. This involves
the consideration of the application of compositions of auto-Bécklund transformations to different initial
solutions, with the number of distinct solutions obtained for each value of the parameter appearing in
the hierarchy depending on the symmetry properties of the chosen initial solution. This paper not only
extends our previous results for the matrix second Painlevé equation itself, given in a recent paper, to the
matrix second Painlevé hierarchy, but also provides a more detailed account of the underlying process.
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1 Introduction

The discovery of a link between completely integrable partial differential equations (PDEs) and ordinary differ-
ential equations (ODEs) having the Painlevé property [1] led almost immediately to the derivation of the second
Painlevé (Pry) hierarchy [1, 2] along with its auto-Béacklund transformations (auto-BTs) [2]. This hierarchy,
derived by similarity reduction using the Korteweg-de Vries (KdV) and modified Korteweg-de Vries (mKdV)
hierarchies, consists of a sequence of ODEs of orders 2n, n = 1,2,3,..., having as first member the second
Painlevé equation [3, 4, 5, 6]. We refer to this hierarchy as the standard Painlevé hierarchy, in contrast to the
generalised Py hierarchy which includes terms corresponding to lower order mKdV flows [7] (see also [8], where
in addition a generalised first Painlevé (P; ) hierarchy was given).

However, despite the initial results of Airault, and despite both classical and contemporary interest in
higher order equations with the Painlevé property [9]—[15], it was to take some twenty years before interest
in Painlevé hierarchies was to take off. In [16], Kudryashov rediscovered the standard Pj; hierarchy, and also
obtained the standard first Painlevé (P;) hierarchy. In addition, an alternative form of the auto-BTs of the Py
hierarchy was given in [17]. Over the last quarter-century or so, a great many papers have been published on
Painlevé hierarchies and their properties. This has included using and extending the ideas in [18] in order to
use nonisospectral scattering problems to derive Painlevé hierarchies and their underlying linear problems [19],
which has led to the derivation of differential, discrete and differential-delay Painlevé hierarchies [19]—[24]; see
also [25]—[29] and the discussion in [30]. Auto-BTs for differential Painlevé hierarchies have been derived in [31]
and, with the advent of a new more general approach given in [32], for discrete and differential-delay Painlevé
equations and hierarchies [32, 33, 34], as well as for further examples of differential Painlevé hierarchies [35].
We refer also to [36]—[44] for higher order Painlevé equations and Painlevé hierarchies, and their properties.

The technique developed in [32] was also used in [45] (see also [46]) to obtain the auto-BTs of a matrix Pr;
equation. The derivation of matrix Painlevé hierachies using matrix PDE hierachies was, in fact, somewhat
less straightforward than for the case of scalar dependent variables. The matrix P;; equation was introduced in
[47, 48], and was known to pass the Painlevé test and to have an underlying linear problem [47]. However, as
observed in [47], it was not known how to derive this equation from the matrix analogues of the mKdV equation;
neither was it understood, as remarked in [48], how to obtain a second order matrix ODE from the third order
matrix ODEs obtained as similarity reductions of the matrix mKdV equations. These problems were overcome
in [49], where a matrix Py hierarchy was obtained, along with properties thereof such as special integrals and
auto-BTs, using a matrix mKdV hierarchy. In a more recent paper, the approach developed in [49] was used to
derive matrix fourth Painlevé (Pry ) hierarchies, again along with related results such as special integrals and
auto-BTs [50]. In both [49] and [50], alternative matrix Py hierarchies were also discussed. It is also worth
remarking that, to the best of our knowledge, the matrix dispersive water wave hierarchy constructed in [50],
even in the isospectral case, is also new.

The matrix Py; hierarchy presented in [49] has led to a variety of related results. These include the derivation
of Painlevé-style auto-BTs for a matrix PDE along with the derivation and study of related non-autonomous
matrix lattice equations [51, 52, 53]. In particular, in [52], we considered the use of auto-BTs in order to derive
solutions of the new matrix Pr; equation derived in [49]. It was also foreseen that, in a subsequent paper, we
would extend these results to the entire matrix Pj; hierarchy, and it is that task to which we turn here.

The outline of the paper is as follows. In Section 2, we recall the definition of the matrix Py hierarchy and
its auto-BTs. We also give some preliminary results on the composition of auto-BTs in function of properties
of the initial solution used. In Section 3, we further discuss the composition of auto-BTs, in the context of
transforming to an equivalent equation in order to simplify the matrix coefficient appearing in our hierarchy. In
addition, we give some results on upper-triangular solutions of our matrix hierarchy, as well as on extending the
classes of initial solutions discussed in [52] for the matrix Pr; equation to the case of the higher order equations
of the Py hierarchy. In Section 4 we present examples, with the aim of illustrating various points in the process
of constructing sequences of solutions. We dedicate our final section to a discussion and conclusions.



2 The matrix second Painlevé hierarchy

2.1 Formulation of the matrix second Painlevé hierarchy

The matrix Py; hierarchy was derived in [49] using the matrix KdV and mKdV hierarchies, for the properties of
which we refer to [54, 55, 56, 48, 57, 58, 59]. It consists of a sequence of ODEs in the m x m matrix dependent
variable v and independent variable x, which can be written

n—1
P[u] <7€"1[u]ux + Z ck’/ikl[u]ux> + cou + uE + Eu+ 2gp,_12u — oI =0, n=123,..., (2.1)
k=1

where g,—1 (#0), co,¢1,-..,¢n—1 and «, are scalar constants, E is a constant m x m matrix, I is the m x m
identity matrix, ¥[u] and ¢[u] are defined as

Ylu] = (9 + Au)a;l(ax —Ay) =0y — Au(?;lAu, (2.2)
Slu] = 0, —C,0;'Cy, (2.3)

wherein
Aw = Lw + Rw> Cw = Lw - Rwa (24)

and the left and right multiplication operators L,, and R,, are given by
Ly(z) = wz, Ry(2) = zw, (2.5)

and ~
Rlu] = plulp[u] (2.6)

is the recursion operator of the matrix mKdV hierarchy. We note that in [49], although we also allowed the
autonomous case g,_1 = 0, it was the nonautonomous case g,_1 # 0 under consideration here that we defined
as a matrix Pr; hierarchy. In this case g,—1 # 0 we may assume without loss of generality that ¢g,—; = —1/2
and, shifting = via * — x + ¢, that ¢g = 0. This then leads us to the choice of coefficients in the matrix Py
hierarchy (2.1) that we will be using in the present paper:

n—1
lu] (7~€”_l[u]u$ + Z ckﬁk_l[u]um) +uE + Fu—2u— a,I =0. (2.7)
k=1
Corresponding results for (2.1) with ¢g,—1 = —1/2 are readily obtained from the results derived herein by using

the inverse of the shift on 2 used to arrive at (2.7), i.e., by shifting x — x —¢p. The first two nontrivial members
of the matrix Pry hierarchy (2.7) are

Upy — 2% + uE + Bu — 2u — a1l =0, (2.8)
Upprs — 4umu2 — 4u2um — 2UU gt — 2uiu — 2uui — buzuu, + 6u’
+c1(tgy — 20%) +uE + Bu — zu — al = 0. (2.9)

The matrix Py hierarchy (2.7) can also be written as follows [49]. First of all we define

n—1
1
Klw, E] = M, + ]; exMy + B — sal, (2.10)



where the quantities M}, are the variational derivatives of the Hamiltonian densities (M) = §Hy;) of the matrix
KdV hierarchy, defined recursively via

1
M(): 5[, Bo[w]Mj+1 :Bl[w]MJ j:0,172,..., (211)

Bo[w] and By[w] being the two Hamiltonian operators of the matrix KdV hierarchy,
Bolw] =0,  Bifw] = 02 + AypOy + 0p Ay + Coy0; ' Cly. (2.12)
Thus for example
My = w, My = wyy + 302, M3 = Wyppe + DWWz + DWew + 5wi + 10w, (2.13)

(In the current paper we will not need explicit expressions for the Hamiltonian densities #H,,.) The matrix Py
hierarchy (2.7) can then be written

(0 + Au)K[M]u), E] — (an - ) =0, (2.14)

where

Mu) = u, —u?. (2.15)
Here w = M[u] = u, — u? is just the well-known Miura map which relates the matrix KdV and matrix mKdV
hierarchies (in dependent variables w and u, respectively). The equivalence of the two formulations of the matrix
Py hierarchy (2.7) and (2.14), and its relationship to the matrix KdV and matrix modified KdV hierarchies,
can be found in [49].

Let us also remark that since the operators ¢[u] and 1[u] depend on u quadratically, then they and also R[u]
are invariant under u — —u. It is then clear that (u, ) — (—u, —ay,) is a discrete symmetry of the matrix Pry
hierarchy (2.7), and using this discrete symmetry in (2.14) then leads us to a third formulation of the matrix
P;; hierarchy as

(0, — A K[M[—ul, E] + <an + ;) I—o0. (2.16)

This discrete symmetry is one of the auto-BT's of the matrix Py hierarchy. Let us now consider these auto-BTs.

2.2 Auto-Backlund transformations of the matrix second Painlevé hierarchy

In order that our paper be self-contained, let us recall in the following two propositions some facts (see [49, 52])
about the auto-BTs of the matrix P;; hierarchy.

Proposition 2.1

The matrix P;; hierarchy has the following three auto-BTs, which map from solutions of the matrix P;; hierarchy
in (v,ap, F), ie.,

1
(0x + Ay)K[M[v], F| — (dn — 2) 1=0, (2.17)
to solutions of the matrix Py hierarchy in (u, a,, F), i.e., (2.14):
1
f: u=uv-+ 5(% — Gy K[M[v], F]7, Qn = —ay, + 1, E=F, (2.18)
g: u=—u, a, = —Qp, E=F, (2.19)
k- u=nv", Q= G, E=FT, (2.20)



The first of these auto-BTs requires that K[M[v], F] be nonsingular.
Proof
To see that f is an auto-BT, we begin by observing that M [u] = M [v]:

Uy —u? = vy — v — %(an — G K[M[v], F]™* {(890 + A,) K[Mv], F] + %(an — dn)l} K[M], F]!
= v, —0v?— i(an —an)(ap + a, — 1)K[M], F] 2
= v, —v? (2.21)

Since we also have F = F, it follows that

0c+ ) KM B) =~ (a0~ 1)1 = (004 4 KM Pl + (00— )1 = (a0 = 3 ) 1
— (@ + Ay) K[M[v], F] — (an - ;) I=o, (2.22)

and so we see that (2.18) maps from solutions of (2.17) to solutions of (2.14).

The auto-BT g is the auto-BT corresponding to the discrete symmetry (u, ) — (—u, —a,) of the matrix
Prr hierarchy (2.14), or equivalently (2.7), as discussed at the end of Section 2.1.

To see that k is an auto-BT, let us begin by observing that if Z[u] satisfies Z[vT] = (Z[v])T, then
YT ZwT] = (Y] Z[v])T and 7] Z[vT] = (¢[v]Z[v])7; it then also follows that R[vT|Z[vT] = (R[v]Z[v])”.
Noting the identity

n—1

K[M[u), E] = (I — 07 A,) [R"ulug + 3 b REulug | + B — %xl, (2.23)
k=1
we thus see, since (v7), = (v,)7T, that
K[M[pT), FT] = K[M[v], F]T. (2.24)

It then follows that

(0p + Ay) K[M[u), E] — (an — ) I (0 + Ayr) K[M[vT], FT] — (&n — ) I

1
(02 + Ayr) (K[M[v], F))" — <an - 2) I
T
= {(81 + A,) K[M[v], F] — (dn - ) I} =0, (2.25)
and so we see that (2.20) maps from solutions of (2.17) to solutions of (2.14).
O

Proposition 2.2

The auto-BTs f, g and k satisfy the following:
(a) each is an involution, i.e., f2 =1, g> =1 and k? = 1;
(b) k commutes with both f and g, i.e., kf = fk and kg = gk.



Proof

(a) In order to see that f is an involution, we consider a second iteration from (2.14) to a solution of the matrix
Py hierarchy in (w, &y, G), i.e.,

(0, + Ay)K[M[u)], G] - (an - 1) I=o, (2.26)

given by
1
w:qui(anfOzn)K[M[u],E]*l7 ap, = —ap + 1, G=EF. (2.27)

We then express (w, &, G) in terms of (v, &y, F'): since we have u given by (2.18), and since M [u] = M [v] and
E = F, we obtain

w = u+ %(an — an) K[M[ul, E] " = v + %(an &) KM, F 7 + %(an — an)K[M], F]~!
= v+ %(an — G K[M[v], F]7L. (2.28)
But
G = —an 41 = —(—an+1)+1=an (2.29)

and so w = v. Also, G = E' = F. Thus we have w = v, @, = &, and G = F, i.e., f is an involution.

As for the auto-BTs g and k, these are clearly also involutions.
(b) To see that k commutes with f, we consider first of all mapping from (2.17) to (2.14) via f (2.18), and then
from (2.14) to (2.26) via k, i.e., via w = v, @,, = a,,, G = ET. We thus obtain:

w = vl =0T+ %(1 — 2a,) (K[M[v], F]7) " =T + %(1 — 2a,) (K[M[v], F]T) ", (2.30)
On = p=—ay+1, (2.31)
G = ET=FT. (2.32)

On the other hand, mapping from (2.17) to (2.14) via k (2.20), and then from (2.14) to (2.26) via f (2.27) gives:

w o= u+ %(1 —20,)K[M[u], B] 7' = o7 + %(1 — 2a,) (K[M[v"], FT]) ", (2.33)
Un = —an+1=—a,+1, (2.34)
G = E=F", (2.35)

Given that equation (2.24) holds, we see that the above expressions for w, &, and G in terms of v, &,, and F’
coincide, i.e., k and f commute, kf = fk.

The auto-BTs k and g also clearly commute, kg = gk.
O

The group of auto-BTs of the matrix Pr; hierarchy has generators f, g and k as given in Proposition 2.1.
These generators are subject to the relations given in Proposition 2.2, ie. f2=1,¢>=1,k> =1, kf = fk
and kg = gk. Given the first three relations, we see that the last two can also be written as (fk)? = 1 and
(gk)? = 1, respectively. Thus the group of auto-BTs of the matrix Pj; hierarchy has the presentation

G=(f,g9.k; f*=g°=k>=(fk)* = (gh)* = 1), (2.36)

and is isomorphic to the direct product of the affine Weyl group of type Agl) with the cyclic group Zo, i.e.,
G= Agl) X Zy [49, 52]. For the special case where all matrices (i.e., the dependent variable and the coefficient



matrix) are symmetric, k is just the identity transformation and so the group of auto-BTs for this restricted
case is, as it is for the scalar case, Agl). (From (2.24) we see that, if v and F' are symmetric, so is the result of
applying f and g; thus, for symmetric v and F', the result of applying any combination of f and g is symmetric.)

In order to discuss the iteration of the above three auto-BT's, let us consider the two composite auto-BT's
r=gf and s = fg:

1

r=gf: u:—v+§(an+&n)K[M[v],F]*1, Qp = Gy — 1, E=F, (2.37)
1

s=fg: u:—v+§(an+dn)K[M[—v],F}’1, = Gy + 1, E=F (2.38)

We note in passing that these transformations are inverse to each other: rs = (gf)(fg) = gf%g = g*> = 1. From
the defining relations of the group G, it is clear that any composition of f, g and k can be written in one of the
following forms:

k fe(gf)d =k ferrd, €1,e2 € {0,1},¢ € {0,1,2...}; (2.39)

kﬁlgﬁz(f‘g)q = k619628q7 €1,€2 € {07 1}7q € {Oa 172 < } (240)

(which coincide when each has e; = ¢ = 0 and the same €1). We note that the first of these compositions maps a
solution of (2.17) for initial parameter value &, = f to a solution of (2.17) for parameter value either &,, = 8—¢q
(ifeg =0) or &, = —B+q+1 (if e2 = 1), and the second maps a solution of (2.17) for initial parameter value
Gy, = B to a solution of (2.17) for parameter value either &, = 8+ ¢ (if e =0) or &, = —8 — ¢q (if 2 = 1).
Let us now consider the iteration of solutions of (2.17), beginning with seed solutions for initial parameter
values &, = =0 and &, = = % The motivation for this lies in the corresponding possible classes of initial
solutions discussed in Section 3.2 for initial parameter values &, = f§ = 0 and &, = = %7 and which are
extensions to our matrix case of the initial solutions of scalar P;; for these same parameter values. First, we

consider the case 8 = 0, and second, the case f = %

We consider the iteration of solutions of (2.17), beginning with a seed solution vg for initial parameter value
an = 8 = 0. The composition (2.39) with e; = 1 and ¢ = t — 1 > 0 yields solutions v; = fri—lvy and kuv;
of (2.17) for integer parameter value &, =t > 1. The composition (2.40) with e = 0 and ¢ = ¢t > 0 yields
solutions vy = stvg and kvs of (2.17) for integer parameter value &, =t > 0.

Lemma 2.1

The solutions vy, ve, kv; and kvy obtained as described above for each positive integer parameter value
an =t > 1 satisfy:

(a) v1 = vy <= vy = 0;

(b) v, = kv <= vg = kvy < vy = kvg;

(¢) vg =kvy <= v; = kvy <= vy = gkvg.

(The solutions ve = vg and kvy = kuvg, for parameter value &,, = 0, are included in Lemma 2.2 below.)

Proof

(a) v1 = vy <= fri-tvg =slvy < (f9) 1 fvo = (fg)lve = vo=gvy == v9= —vg < 19 =0
(b) v1 = kvy <= fri7tvy = kfri vy <= fri-tvy = fri-tkvy <= vy = kvo, and
vy = kvg <= slvy = stkyy <= sty = kstvy <= vy = ks
(c) vg = kv; <= v; = kvy since k% = 1, and
v1 = kvy = fri7tuy = kstvg <= (f9)""' fvo = k(fg)'vo < (fg9)"'fvo= (fg9)""' fakvo
< vy = gkvg
O



We consider again the iteration of solutions of (2.17), beginning with a seed solution v for initial parameter
value &, = 3 = 0. The composition (2.39) with e = 0 and ¢ = ¢ > 0 yields solutions v3 = r'vg and kvs of
(2.17) for integer parameter value &, = —t < 0. The composition (2.40) with e = 1 and ¢ = ¢ > 0 yields
solutions v4 = gs'vy and kvy of (2.17) for integer parameter value &, = —t < 0.

Lemma 2.2

The solutions v3, v4 kvs and kvs obtained as described above for each non-positive integer parameter value
a, = —t < 0 satisfy:

(a) v3 =v4 <= vy =0;

(b) v3 = kvy <= vy = kvg <= v4 = kvg;

(c) vg = kvy <= v3 = kvy < vy = gkvy.

Proof

(a) v3 = vy <= rlvg = gstvg = (gf)tvo = (9f)igvo = vo=gvy < v9 = —1vy < v9=10
(b) v3 = kvy <= rtvg = krtvy <= rlvg = rtkvy < v = kvg, and

vo = kvg <= gstvg = gstkvy <= gstvg = kgslvy <= v4 = kuy
(c) vy = kvz <= wv3 = kvy since k? = 1, and

v3 = kvy <= rlvg = kgstvg <= (9f)'vo = k(gf)'gvo <= (9f)'v0 = (9f)'gkvo <= vo = gkuo
O

Remark 2.1

In the compositions (2.39) and (2.40), when acting with k (i.e., when e¢; = 1), the solutions obtained are in
fact solutions of (2.17) for coefficient matrix F. Thus, if we assume F = FT| then the solutions obtained are
all solutions of the same equation, since in (2.17) we always have the same coefficient matrix F.

Taking Remark 2.1 into account, Lemmas 2.1 and 2.2 lead us to the following;:
Proposition 2.3

Given a seed solution vy for initial parameter value &, = = 0O:

(1) for each integer parameter value «, the auto-BTs f and g yield either: exactly one solution of (2.17), when
vg = 0; or two distinct solutions of (2.17), when vy # 0.

(2) when F' = FT, then for each integer parameter value o, the auto-BTs f, g and k yield: exactly one solution
of (2.17), when vy = 0; two distinct solutions of (2.17), when vy is nonzero symmetric or nonzero antisymmetric;
or four distinct solutions of (2.17), when vy is neither symmetric nor antisymmetric.

We now consider the iteration of solutions of (2.17), beginning with a seed solution vy for initial parameter
value &,, = 8 = % The composition (2.39) with ez = 1 and ¢ = ¢t > 0 yields solutions v; = frfvy and kv; of
(2.17) for half-odd-integer parameter value &,, = t+ % The composition (2.40) with e = 0 and ¢ =t > 0 yields
solutions vg = s'vg and kvy of (2.17) for half-odd-integer parameter value &, =t + %

Lemma 2.3

The solutions vy, va, kvy and kvy obtained as described above for each positive half-odd-integer parameter value
an =1+ %, t > 0, satisfy:

(a) v1 = vg;
(b) v1 = kvy <= v = kvyg.
Proof

(a) v1 = vy <= frivg =slvgy <= (fg)'fvo = (fg9)lvo <= fuvg = vy, which is satisfied since if in (2.18)
&y, = %, then oy, = § and u = v (even if K[M[v], F] in (2.18) is singular, if &, = £ we may define u = v)



(b) v1 = kvy <= frivg = kfrtvg < frivg = frikvy <= vo = kvg
O

We now consider again the iteration of solutions of (2.17), beginning with a seed solution vy for initial

parameter value &, = 8 = % The composition (2.39) with e = 0 and ¢ = t+1 > 1 yields solutions v3 = r*ty,
and kvs of (2.17) for half-odd-integer parameter value d,, = —t — 3. The composition (2.40) with eo = 1 and
q =t > 0 yields solutions vy = gs‘vy and kvy of (2.17) for half-odd-integer parameter value &, = —t — %

Lemma 2.4

The solutions vz, v4, kvs and kvs obtained as described above for each negative half-odd-integer parameter
value &, = —t — %, t > 0, satisfy:

(a) v3 = vy

(b) vy = kvy <= vy = kvg.

(The solutions vs = vg and kvz = kuvg, for parameter value &,, = %, are included in Lemma 2.3 above.)

Proof

(a) v3 = vy <= riTlyy = gstvgy <= (9f)tg9fvo = (9f)tgvo <= fvo = vy, which is satisfied since if in (2.18)
&y, = %, then oy, = 2 and u = v (even if K[M[v], F] in (2.18) is singular, if &, = 1 we may define u = v)

(b) v3 = kvz <= riTlyy = krttlyy <= ritlyy = r'tlkuy <= vg = kv

O

Taking Remark 2.1 into account, Lemmas 2.3 and 2.4 lead us to the following:
Proposition 2.4

Given a seed solution vy for initial parameter value &, = 8 = % (and recalling that we may define fvg = wvp):
(1) for each half-odd-integer parameter value «,, the auto-BTs f and g yield exactly one solution of (2.17).

(2) when F = FT, then for each half-odd-integer parameter value o, the auto-BTs f, g and k yield either:
exactly one solution of (2.17), when vg is symmetric; or two distinct solutions of (2.17), when vg is not symmetric.

Remark 2.2

With respect to Propositions 2.3 and 2.4, we note that when F' is symmetric:

(1) the assumption that v is symmetric gives a consistent reduction of equation (2.17), from equations for m
scalar variables to equations for %m(m + 1) scalar variables.

(2) the assumption that v is antisymmetric gives, for &, = 0, a consistent reduction of equation (2.17), from

equations for m? scalar variables to equations for %m(m — 1) scalar variables.

2

3 Classes of solutions of the matrix second Painlevé hierarchy

3.1 On the iteration of auto-BTs
3.1.1 Mappings of the coefficient matrix

We now turn to the question of the iteration of auto-BTs in order to generate solutions of the matrix Pry
hierarchy,
n—1
Y[0] (ﬁ"‘l[ﬁ]ﬁx +> ckﬁk_l[ﬁ]ﬁm) +0F + Fio — 20 — @I = 0. (3.1)
k=1



This equation is polynomial in F, o and derivatives of ¢, with an additive terms a multiple of I, so the
substitution

p: b= PoP™ 1, F=PFP1, (3.2)
where P is a nonsingular constant matrix, yields
P[v] <’R"1[v]vm + Z ckRkl[v]vz) +oF + Fv—av—a,I =0. (3.3)
k=1

We will refer (3.2) as the mapping p. This is a mapping ¥ = pv from solutions of (3.3) to solutions of (3.1).

The above means that we can always make a transformation from (3.1) to an equation (3.3) with coefficient
matrix F similar to £ and the same parameter d,. The most obvious choice is to take F in Jordan canonical
form. In particular, if F is a normal matrix (i.e., F*F=F F* where F™* is the conjugate transpose of F) then
we may take I’ to be diagonal. Normal matrlces include Hermltlan and real symmetric matrices (where for such
F' the diagonal matrix F' is real), and skew-Hermitian and real skew-symmetric matrices (where for such F the
diagonal matrix F' is pure imaginary). However, F' may in fact be taken to be any matrix similar to F e.g., we
may always assume F' to be upper-triangular, or symmetric. Here we prefer to think of p as a transformation
which allows us to fix a form of the coefficient matrix, rather than as an auto-BT; see also Appendix A.

It is straightforward to show that the transformation p commutes with the auto-BTs f (2.18) and g (2.19),
and so also with the auto-BTs r = gf (2.37) and s = fg (2.38). Thus the result of acting with any composition
of the four auto-BTs f, g, r and s can be calculated either at the level of equation (3.1) or at the level of equation
(3.3). However, the transformation p does not commute with the auto-BT k (2.20) unless PT P commutes with
both F and v, which requires, in the general case, that PT P = ~I for some constant v # 0. (If, for real
symmetric F we map onto a diagonal F' using an orthogonal P, this condition is satisfied since then PT P = I.)

3.1.2 Compositions of auto-BTs

From the above we see that we may undertake the generation of solutions of equation (3.1) using the iteration
of auto-BTs as follows. Given an initial solution ¢ of (3.1), we obtain a corresponding solution vy = p~149g of
(3.3), for some F similar to F.. Alternatively, in the absence of a solution of (3.1), we may transform to (3.3) in
order to simplify the search for an initial solution using an ansatz: if we take F' to be in Jordan canonical form,
or simply upper-triangular, then we may use as an ansatz that the initial solution vg of (3.3) is upper-triangular;
if we take F' to be symmetric, then we may use as an ansatz that vy is symmetric or, for &,, = 0, antisymmetric
(see Remark 2.2). In either case, whether 9 is given in advance or not, we begin with initial solutions vy (for
some F similar to F ) and 09 = pvg. We undertake the iteration at the level of equation (3.3), and then return
o (3.1), rather than iterating at the level of (3.1) itself, noting that for the compositions (2.39) and (2.40),

kS ferivg = k9 f2ripug = K pfrivg and Kk g©sitg = k' g2sIpvy = k' pgsuy. (3.4)

Here we act with & (when e¢; = 1) at the level of equation (3.1). We expect this scheme to simplify the process
of generating solutions, as well as the use of an ansatz to obtain an initial solution, as we expect F' in (3.3) to
have been chosen to be simpler than F' in (3.1). (We note that the case where F is already of a suitable form
is included here as P = I, for which choice 6 = vg, F' = F, and (3.1) and (3.3) coincide.)

3.1.3 Upper-triangular matrices

As indicated above, the case of upper-triangular matrices is of particular interest, and will be of great use in our
discussion of the iteration of solutions. Since we may always take F' in (3.3) to be in Jordan canonical form or
even just upper-triangular, if using an ansatz to obtain a corresponding initial solution vy of (3.3), we may then
ask that this initial solution also be upper-triangular. For upper-triangular vg and F', since xI is also upper
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triangular, the auto-BTs f, g, r and s yield upper-triangular matrices: any solution v of (3.3) generated from
such an initial solution vy using these auto-BTs will also be upper-triangular.

Let us denote the components of v and F' by v;; and F;; respectively. We note that if v and F' in (3.3) are
upper-triangular, then the equations for the %m(m + 1) elements v;; of v are nonlinear if j = ¢ and linear if
j > 1. Let us now consider these nonlinear equations for vii, as this will prove useful later. ~ ~

Given a scalar function @ of z, and a scalar constant F', we define the scalar quantities G[v, F] and H[7, F]
via

Glv, F|I = K[M[v1], F1], Hv, F]I = K[M[-vI], FI. (3.5)
In the case where both v and F are upper-triangular, the diagonal elements of K[M|v], F] and K[M[—v], F]

are then given by G[v;;, Fi;] and H [vy;, Fy;] respectively, and the diagonal elements of the matrix Py hierarchy
(3.3) by

1
(8r + 2’[1”)G[’U”,Fn} - (dn - 2) = 0, 1= ]., 2, e,y (36)
or alternatively
1

(see the formulations (2.14)) and (2.16)) of the matrix Py hierarchy.)
The actions of the auto-BTs f, g, r = gf and s = fg on (3.3) induce mappings of these diagonal elements
given by

1
Uy = Uy + §(an — &) G, Fi] 7, Oy = —Cp + 1, (3.8)
Uiy = Vi, ap = —Qn, (3~9)
1
Usyg = —Vi+ §(Ozn + ) Glvis, Fii) 1, O = Gp — 1, (3.10)
1
Uy = —Uj + §(an + ) Hvig, Fii) 71, = Qp + 1, (3.11)

respectively. Equation (3.6) is just the scalar generalized Py hierarchy, and (3.8)—(3.11) are its well-known
auto-BTs: see [40, 42], as well of course as [2] for the standard case with ¢, =0,k =1,2,...,n—1, and F;; =0
(an alternative formulation being given in [17]). These auto-BTs map from solutions v;; of (3.6) for parameter
value &, to solutions u;; of the same equation for parameter value a,, i.e.,

(Or + 2u4;) G, Fi] — <an - 1) =0. (3.12)

Taking into account the above considerations, we obtain:
Lemma 3.1

Let v be an upper-triangular solution of (3.3) for upper-triangular F'. Then, if the matrix K[M[v], F] is singular,
we must have &, = 1/2. Similarly, if the matrix K[M[—v], F] is singular, then we must have &, = —1/2.

Proof

If v and F are upper-triangular, then det (K[M[v], F]) =[]\, Glvi;, Fyi], and if for some ¢ = 1,2,...m we have
Gvii, Fi;] = 0 then, since v;; satisfies (3.6), we must have &, = 1/2. Similarly, if v and F are upper triangular,
then det (K [M[—v|, F]) = [[\~, Hvi;, F], and if for some i = 1,2,...m we have H|[v;;, F};;] = 0 then, since v;;
satisfies (3.7), we must have &, = —1/2.

O
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Remark 3.1

There is a further simplification that we may make in equations (3.1) and (3.3). We recall that in Section 2.1
we used a shift in x to set ¢y = 0 in our matrix Pyy hierarchy. We may further shift  in (3.1) via © — x + 2\,
where )\, is any one of the eigenvalues of F': absorbing this shift in the coefficient matrix F, we see that the
result is to replace ' in (3.1) by F — AiI. This then means replacing F in (3.3) by F — ArI. Thus, when F
is upper triangular, we can always use a shift on x to set at least one of its diagonal elements equal to zero
(perhaps making others nonzero): see the examples in Section 4.

3.2 Classes of initial solutions

Let us now turn to the iterative generation of solutions of equation (3.1) by means of the auto-BTs f, g and
k. We thus consider the problem of finding initial solutions of equation (3.3), or equivalently (2.17), including
through the use of an ansatz, where F' is similar to some original F' appearing in (3.1). This represents the
extension foreseen in [52] of our results therein for the matrix Pr; equation to the matrix Py hierarchy. We
discuss here four classes of initial solution of (3.3). The first two classes of initial solution that we consider
are direct analogs of the initial solutions used in the scalar P;; case. We assume throughout this section, and
without loss of generality, that F in equation (3.3) has been taken to be (in Jordan canonical form or) upper
triangular.

3.2.1 Initial solution A
As our first class of initial solution of the matrix hierarchy (3.3) we take:
v =0 for parameter value an=0=0. (3.13)

Since vg = 0, F and xI are upper-triangular, then so are the solutions v; = frt=lvg and vy = slvg of (3.3)

obtained as in Lemma 2.1 for each positive integer parameter value a,, =t =1,2,3,..., as well as the solutions
vz = rlvg and vy = gslvy of (3.3) obtained as in Lemma 2.2 for each non-positive integer parameter value
G, = —t=0,—1,—2,-3,.... Since in the construction of these solutions the auto-BTs f, r and s are applied to

solutions of (3.3) corresponding to integer values of the parameter &, we see from Lemma 3.1 that the matrices
K[M]|v], F] and K[M|[—v], F] appearing in these auto-BTs are always non-singular.

The first part of Proposition 2.3 applied to equation (3.3) then tells us that v1 = vy and v3 = vy, i.e., using
the auto-BTs f and g, we obtain exactly one solution of equation (3.3) for each integer value of the parameter
Qi -

Proceeding as described in Section 3.1.2, the transformation p then yields exactly one solution pv; = pusg
of (3.1) for each positive integer value of the parameter &, as well as exactly one solution pvs = puvy of (3.1)
for each non-positive integer value of the parameter &,: these solutions, exactly one for each integer value of
the parameter &,, correspond to the action of compositions of the auto-BTs f and g on the initial solution
0o = pvo = 0 of (3.1).

We now assume that E is symmetric and apply the second part of Proposition 2.3 to equation (3.1): since
09 = 0, the auto-BT k does not yield additional solutions of (3.1). Compositions of the auto-BTs f, g and k
yield, for each integer value of the parameter &, exactly one solution of (3.1) with F symmetric.

The solutions of (3.1) described here are matrix analogues of the rational solutions of the scalar Pr; hierarchy
(the iterative construction of rational solutions of members of the scalar P;; hierarchy has been considered in
[60, 61, 62, 40]). In the special case F =0, they reduce to the form (rational solution of scalar hierarchy)xI.
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3.2.2 Initial solution B

As our second class of initial solution of the matrix hierarchy (3.3) we take:
1
vo general solution of K[M[v],F] =0 for parameter value an =0 = 3 (3.14)

i.e., the general solution of the basic special integral K[M[v],F] = 0 of the matrix Py hierarchy (3.3) (see
(2.17)). This equation can be written as the system

K[w, F] =0, w = Mv] = v, — v (3.15)

from where, linearizing the second of these equations, we see that the general solution of (3.14) can be obtained
from that of the system

Klw,F] = 0, (3.16)

as v = —y,y!. Recall that F is upper-triangular.

The equation
n—1

1
Klw,F] = M, + ]; exMy + F — Sxl =0, (3.18)

for n > 2, is just the matrix Py hierarchy [49]. Our initial solution vy is to be obtained by solving the equation
Yze + wy = 0, where w is the general solution of (3.18), and then setting v = —y,y~!. Of course, we do not
expect explicit solutions of (3.18): even the simplest case n = 2 with w and F scalar, equivalent to the first
Painlevé equation, does not have any solutions expressible in terms of classical functions. For n = 1, equation
(3.18) reads w + F — %xl =0, and so y is to be obtained as the solution of the matrix Airy equation

1

This case n = 1 was discussed in [52].

Beginning with the initial solution defined by (3.14), we obtain, as in Lemma 2.3, the solutions v; = frtvg
and vy = s'vg of (3.3) for each positive half-odd-integer parameter value &, =t + % = %, %, g, ..., and also, as
in Lemma 2.4, the solutions v = r'*1vg and vy = gstvg of (3.3) for each negative half-odd-integer parameter
value &, = —t — 1 = —32 -3 5 Here we define fuy = vy, which implies rv9 = —uvp, even though
K[M|vo], F] = 0.

In the construction of these solutions, we require that the matrices K[M[v], F] and K[M[—v], F] appearing
in the auto-BTs f, r and s are non-singular. In order to show that this is indeed so, let us consider the special
case of upper-triangular matrices. That is, instead of the general solution of K[M[v], F] = 0, we ask that vy be
the general upper-triangular matrix solution of this equation. This solution can be obtained as v = —y,y !,
where y is the general upper-triangular matrix solution of (3.17) and w the general upper-triangular matrix
solution of (3.18) (we recall that F' has been taken to be upper-triangular). For this special choice of vg, all
solutions constructed as described above are also upper-triangular (since z/ is also upper-triangular). In the
construction of vy, for ¢ = 0 we obtain v; = vy, and for ¢ > 0 the first application of r yields —vg, solution for
parameter value &, = —%. Similarly, in the construction of vs, for all ¢ > 0, the first application of r again
yields —vyg, solution for parameter value &, = f%. These results are by definition, and are the only applications
of f and r in v; and v to a solution of (3.3) for parameter value &, = % Furthermore, the auto-BT s used in

the construction of v, and vy is never applied to a solution of (3.3) for parameter value &, = —%. From Lemma
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3.1 it then follows that, in the construction of these upper-triangular solutions, the matrices K[M[v], F| and
K[M[—v], F] appearing in the auto-BTs f, r and s are always non-singular (except for three special instances,
where the result of the application of f and r on vy has been defined). Since taking vy to be the general
upper-triangular matrix solution of K[M|v], F] = 0 represents making a choice of particular solution of this
equation, it follows that the matrices K[M|[v], F| and K[M[—v], F] appearing in the auto-BTs f, r and s are
always non-singular where our initial solution is instead defined as in (3.14) (again, except for three special
instances, where the result of the application of f and r on vy has been defined).

The first part of Proposition 2.4 applied to equation (3.3) then tells us that, with our initial solution defined
as in (3.14), v1 = vy and vs = vy, i.e., using the auto-BTs f and g we obtain exactly one solution of equation
(3.3) for each half-odd-integer value of the parameter &, .

Proceeding as described in Section 3.1.2, the transformation p then yields exactly one solution pv; = pvsy
of (3.1) for each positive half-odd-integer value of the parameter &,, as well as exactly one solution pvs = puy
of (3.1) for each negative half-odd-integer value of the parameter &,: these solutions, exactly one for each
half-odd-integer value of the parameter &, correspond to the action of compositions of the auto-BTs f and g
on the initial solution vy = pvy of (3.1).

We now assume that F is symmetric and apply the second part of Proposition 2.4 to equation (3.1): the
auto-BT k yields an additional solution of (3.1) if and only if 9y is non-symmetric. That is, compositions of the
auto-BTs f, g and k yield, for each half-odd-integer value of the parameter &,,, exactly one or two solutions of
(3.1) with F symmetric, depending on whether ¥y is symmetric or non-symmetric, respectively.

The solutions of (3.1) described here are matrix analogues of the iterated special integral solutions of the
scalar Pry hierarchy (we note that for n > 2 the explicit generation of such sequences of solutions in the scalar
case has not in fact been much considered, as in order to start this process a solution of a member of the P
hierarchy is required; a remark on the structure of such iterated solutions for n = 2 if a generic solution of P; is
assumed, with a comparison being made to the iterated Airy case for n = 1, can, however, be found in [2] (some
brief comments can also be found in [61] for n = 2, as well as in [62])). For n = 1, they are matrix analogues of
the iterated special integral solutions of scalar Pry, these last being expressible in terms of Airy functions.

Finally we remark that choosing as initial solution vy of (3.3) the general solution of K[M[—v], F] =0 for
parameter value &, = 8 = —1 yields the same results as choosing (3.14) (since g maps between these two initial
solutions).

3.2.3 Initial solution C

Let us now consider upper triangular solutions of (3.3) (recall that F is upper-triangular). If v is upper-triangular
then its diagonal elements v;; satisfy the equations (3.6), and its non-diagonal elements v;;, j > ¢, satisfy linear
equations.

We may then take the diagonal elements of an upper-triangular initial solution vy to be v;; = 0 for parameter
value o, = B = 0, and the non-diagonal elements v;;, j > 4, to be the general solutions of the resulting linear
equations. These linear equations may be solved recursively along diagonals parallel to the leading diagonal,
with the last linear equation to be solved being that for the upper-right-hand corner element vy,,.

Employing the same reasoning as in Section 3.2.1, and using Lemma 3.1, we see that in the subsequent
construction of the upper-triangular solutions v; = frt=lvg and vy = stvg of (3.3), as in Lemma 2.1, for each
positive integer parameter value &, =t = 1,2,3,..., and also of the upper-triangular solutions v3 = r‘vy and
v4 = gstvg of (3.3), as in Lemma 2.2, for each non-positive integer parameter value &, = —t =0,—1,-2,-3,...,
the matrices K[M|v], F] and K[M[—v], F] appearing in the auto-BTs f, r and s are always non-singular.

Since we now have vg # 0, the first part of Proposition 2.3 applied to equation (3.3) tells us that v; # vy and
v3 # vy, 1.e., using the auto-BTs f and g, we obtain two distinct solutions of equation (3.3) for each integer value
of the parameter &,,. The diagonal elements of these solutions, which give rational solutions of the members
of the scalar Painlevé hierarchies (3.6), coincide, and are identical to the diagonal elements of the solutions
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obtained in Section 3.2.1.

Proceeding as described in Section 3.1.2, the transformation p then yields two solutions pv; and pvs of
(3.1) for each positive integer value of the parameter &,,, as well as two solutions pvs and puvy of (3.1) for each
non-positive integer value of the parameter &,: these pairs of distinct solutions for each integer value of the
parameter &, correspond to the action of compositions of the auto-BTs f and g on the initial solution 9y = pvgy
of (3.1).

We now assume that F' is symmetric and apply the second part of Proposition 2.3 to equation (3.1): if our
nonzero ¥p is either symmetric or antisymmetric, the auto-BT k does not yield additional solutions of (3.1);
otherwise, it provides a further two distinct solutions of (3.1). Compositions of the auto-BTs f, g and k thus
yield, for each integer value of the parameter a,,, either two or four distinct solutions of (3.1) with F symmetric.

The solutions of (3.1) described here are generalizations of those obtained in Section 3.2.1, i.e., they are
generalizations of our matrix analogues of the rational solutions of the scalar Pr; hierarchy.

3.2.4 Initial solution D

Once again we consider upper triangular solutions of (3.3) (F' is upper-triangular): the diagonal elements v;;
of an upper-triangular solution v of (3.3) satisfy the equations (3.6), and its non-diagonal elements v;;, j > 1,
satisfy linear equations.

We may then take the diagonal elements v;; of an upper-triangular initial solution vg to be given as

v; general solution of Glv, Fy;] =0 for parameter value a, == %, (3.20)
i.e., the general solution of the basic special integral G|v;;, F;] = 0 of the scalar generalized Py; hierarchy (3.6)
(see [40, 43], as well as [16, 37, 44] for the case of the standard Py hierarchy), and the non-diagonal elements
vij, j > i, to be the general solutions of the resulting linear equations. Again, these linear equations may be
solved recursively along diagonals parallel to the leading diagonal, with the last linear equation to be solved
being that for the upper-right-hand corner element vy,,. In Section 3.2.2 we discussed taking as initial solution
the general upper-triangular matrix solution of K[M[v], F] = 0 for o, = 8 = %, itself a particular case of the
choice of initial solution (3.14). The choice of initial solution proposed here is a generalization of this particular
case.

We define fvg = wvg, which implies rvg = —wp, even though K[M]uvg)], F] is singular (note that in Section
3.2.2 we had K[Mv], F] = 0, but now we have that K[Mvo], F] is strictly upper-triangular). Using the same
arguments as used with regard to the upper-triangular matrices discussed in Section 3.2.2, as well as Lemma
3.1, we then see that in the subsequent construction of the upper-triangular solutions v; = frtvy and vy = sty
of (3.3), as in Lemma 2.3, for each positive half-odd-integer parameter value &, = t + % =135 and

202720
also of the upper-triangular solutions v = r*tyy and vy = gstvg of (3.3), as in Lemma 2.4, for each negative
half-odd-integer parameter value &, = —t — 3 = —%,—3 -3 the matrices K[M[v], F] and K[M[—v], F]

appearing in the auto-BTs f, r and s are always non-singular (except for the same three special instances as
discussed in Section 3.2.2, where the result of the application of f and r on vy is as has been defined above).

The first part of Proposition 2.4 applied to equation (3.3) then tells us that, with our initial solution defined
as above, v1 = vy and vz = vy, i.e., using the auto-BTs f and g we obtain exactly one solution of equation
(3.3) for each half-odd-integer value of the parameter &,,. The diagonal elements of these solutions are identical
to the diagonal elements of the solutions obtained in Section 3.2.2 in the above-mentioned particular case with
initial solution the general upper-triangular matrix solution of K[M[v], F] =0 for o, = 3 = 1.

Proceeding as described in Section 3.1.2, the transformation p then yields exactly one solution pv; = pvsy
of (3.1) for each positive half-odd-integer value of the parameter &,, as well as exactly one solution pvs = puy
of (3.1) for each negative half-odd-integer value of the parameter &,: these solutions, exactly one for each
half-odd-integer value of the parameter &,,, correspond to the action of compositions of the auto-BTs f and ¢
on the initial solution 9y = pvg of (3.1).
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We now assume that F is symmetric and apply the second part of Proposition 2.4 to equation (3.1): the
auto-BT k yields an additional solution of (3.1) if and only if 9y is non-symmetric. That is, compositions of the
auto-BTs f, g and k yield, for each half-odd-integer value of the parameter &,, exactly one or two solutions of
(3.1) with a symmetric, depending on whether 9y is symmetric or non-symmetric, respectively.

The solutions of (3.1) described here are generalizations of the matrix analogues of iterated special integral
solutions of the scalar P;; hierarchy obtained in Section 3.2.2 in the above-mentioned particular case where the
initial solution vy of (3.3) is taken to be the general upper-triangular matrix solution of K[M|v], F] = 0 for
a, =0 = %

We also remark that, in the same way as in Section 3.2.2, choosing as initial solution of (3.3) an upper-
triangular vy with v;; the general solution of H[v;;, Fy;] = 0 and with non-diagonal elements vij, § > 1, the
general solutions of the resulting linear equations, for parameter value &,, = 8 = —%, yields the same results as
those obtained from the choice of initial solution made here (since g maps between these two initial solutions).

Remark 3.2

With respect to the application of auto-BTs discussed above, for the classes of initial solutions B, C and D, we
note that when F' is symmetric, a condition that an initial solution 9y # 0 of (3.1) be symmetric or (for &, = 0)
antisymmetric will in general mean imposing restrictions on this initial solution: see Section 4 for examples.

4 Examples
4.1 Example One

As a first example, we consider the construction of solutions of (3.1) by transforming to (3.3) and then seeking
initial solutions of this last equation of class C. We assume that the matrix F in (3.3) is upper-triangular with
nonzero elements appearing only on the leading diagonal and the adjacent upper diagonal. This class of matrices
then includes the Jordan canonical form of . We may, moreover, use a shift on z as described in Remark 3.1
in order to set at least one of the diagonal elements of F' equal to zero (perhaps making others nonzero). The
elements of the leading diagonal we label as a;, j = 1,2, ..., m, and the elements of the adjacent upper diagonal
as bj, j =1,2,...,m — 1. We seek an initial solution v = vy of (3.3) as an upper-triangular matrix, where the
diagonal elements are taken to be v;; = 0 and the parameter value to be &, = 8 = 0, and the non-diagonal
elements v;;, 7 > 7, are taken to be the general solutions of the resulting linear equations. These linear equations
may be solved recursively along diagonals parallel to the leading diagonal.

It is clear from the form of ¢[u] (2.2) and ¢[u] (2.3), and so also of the recursion operator (2.6), that all
nonlinearities in (3.3) are of odd order, and so in particular are of order greater than or equal to three. Thus,
since we are assuming as initial solution vy a strictly upper-triangular matrix, we see that for m < 3 the
nonlinear terms in (3.3) make no contribution to the linear equations for v;;, j > i. For m > 4, the nonlinear
terms in (3.3) lead to inhomogeneous terms in these equations, involving the solutions of equations arising along
lower diagonals. The terms vF + Fv provide linear terms, as well as such inhomogeneous terms.

Let us consider the cases m = 2,3,4. We label the elements of our upper-triangular initial solutions vg as
Vieoo s Vi—1, Wi,...,W_o and Z. That is, for m = 2 we take

_ ay b1 _ 0 V1
re () (90, m

form=3
ar b 0 0 1 W
F = 0 a9 b2 y Vo = 0 0 ‘/2 s (42)
0 0 a3 0 0 0
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and for m =4

a; b 0 0 0o Vi Wy Z

_ 0 as b2 0 o 0 0 ‘/2 W2
F=1"0 0 ag bs |7 =0 0o 0 W (4.3)

0 0 0 ay 00 0 0

For n = 1in (3.3) and m = 2,3, 4, we obtain that the above elements of our initial solutions v = v, for parameter
value a; = 8 = 0 of the second order member of our matrix Pr; hierarchy, i.e.,

Vpz — 20° + 0F + Fv —zv — aq I = 0, (4.4)
satisfy the linear equations
Vi, aa — Vi + (ag + ar4+1)Vi =0, k=1,...,m—1, (4.5)
Wiz — Wi + (ar + ary2) Wi + b1 Vie + i Vg1 =0, E=1,...,m~—2, (4.6)
Dgw — L + (CLl + a4)Z + bsWi + b Wo — 2V Vo V3 = 0. (47)

Forn = 2in (3.3) and m = 2, 3,4, we obtain that the above elements of our initial solutions v = v for parameter
value ag = 8 = 0 of the fourth order member of the matrix Py hierarchy, i.e.,

Vpmpe — A0pr 02 — 40200 — 200550 — 21)%1) — 21111926 — 6V, 005 +60° 4 ¢4 (Vgw — 21)3) +vF+Fv—azv—aol =0, (4.8)
satisfy the linear equations

Vi azezr + €1 Vi ge — Vi + (ak + ar41)Vie = 0, E=1,....m—1, (4.9
Wi zzaw + C1Wg g — Wi + (ak + ak+2)Wk 4+ b1 Vi + bk Vier1 = 0, k=1,...,m—2, (4.10)

Zpzzw + C1Zoe —xZ + (a1 + a4)Z + b3 W1 + b1 Wy — 4V) 5, Vo Vs — 2ViV5 40 V3
—4AViVoVs po — 2V 2 Vo o V3 — 6V o VoV o — 2V Vo o V3 & — 2¢, V1 Vo V3 = 0. (4.11)

Solving the above systems of linear equations, and similar such systems arising for greater values of m and n,
then provides us with our initial solutions vg. As described in Section 3.2.3, we may then use our auto-BTs to
obtain, for each integer value of the parameter &, solutions of our matrix Pj; hierarchy (3.1) (reversing also
any shift in x, of the kind discussed in Remark 3.1, that we may have used).

As a concrete example let us consider the case m = 3 and

. d—0bi—c+ 2a b+di—cit+at b—rci+ai
F=| b+di—ci—ei+2ai bi—d+c+e—a bi+c—a |, (4.12)
di+ei—ci c—e—d c

where a,b,c,d, e are constant. This matrix has eigenvalues A = a,c,e. A shift + — z + 2a leads us to the
consideration of the system (3.1) but now with F' — F' — al, i.e., with

A d—bi—f b+di—fi  b—fi
F=| b+di—fi—gi bi—d+f+g f+bi |, (4.13)
di+ gi — fi f—g—d f

where f =c—a and g = e — a. We now take

1 —i 0
p=|(i 1 -1}, (4.14)
0 1 1



and thus transform from (3.1) with (4.13) to (3.3) with

F

o O O

b 0
fod|. (4.15)
0 g

This is of the form considered in (4.2). Our shift on z has resulted in setting the first element on the leading
diagonal of F' equal to zero. For n = 1 and n = 2 the systems of linear equations satisfied by the elements V7,
Vo and W = Wy of the initial solution vy as given in (4.2) are

View —aVi+ fVi = 0, (4.16)
W — aW + gW +dVi +bVa = 0, (4.18)
and
Vl,mzzx + Clvl,:tm -V + fvi = 03 (419)
VQ,x;caca: + Cl‘/2,xx —aVo + (f + g)V2 = 0, (420)
Weaze + AWae — aW 4+ gW +dVy + bV = 0, (4.21)

respectively. Solving the above systems of linear equations in order to obtain a nonzero initial solution vy, our
auto-BTs f and g and the transformation p then allow us to obtain, for each integer value of the parameter &,
two distinct solutions of our second and fourth order matrix Pr; equations given by (3.1) for n =1 and n = 2,
in this case m = 3 and with F' given by (4.13). Reversing the shift made on z then yields two distinct solutions
of these equations with a given by (4.12).

Let us briefly consider the process of recursively solving such linear equations. As illustrative examples, we
discuss first of all the system (4.16)—(4.18), and secondly the system (4.19)—(4.21) where, in order to shorten
the discussion, we take ¢; = 0. Equations (4.16) and (4.17) are Airy equations, and have general solutions

Vi =1nAi(z — f) +1eBi(x — f) and Vo =w3Ai(z — f —g) +wBi(z— f—g) (4.22)

respectively, where all v; are arbitrary constants and Ai(z) and Bi(z) are the usual Airy functions (linearly
independent solutions of the Airy equation )., = z)). The general solution of equation (4.18) can be obtained
using variation of parameters. The corresponding homogeneous equation W, —aW + gW = 0 is again an Airy
equation, with general solution W; given by

Wy = vsAi(x — g) + vsBi(z — g) (4.23)

where v and vg are arbitrary constants, and variation of parameters thus leads to the particular solution W5
of (4.18) given by

W, = 4ifa — g) / (dVi + bv;)VBi(x 9 o Bife g)/ (dVy + bv;\)}Ai(x -9, (820

where V; and V3 are as given by (4.22) and W is the Wronskian of Ai(x —g) and Bi(xz —g). The general solution
of the system (4.16)—(4.18) then consists of V; and V5 as given by (4.22) along with W = W + Ws.

We recall that the general solution of the Airy equation )., = z) can be obtained via everywhere-convergent
series solutions about the ordinary point z = 0:

= T = ()
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where o and py are arbitrary constants. (see, e.g., [63]). The two linearly independent solutions Yy and )4
form a basis of solutions of the Airy equation. In particular, making in (4.25) the choices po = 373/ I'(2) and
= —3_%/F(§), and po = 3_é/F(%) and p; = 3_%/F(§), yields Ai(z) and Bi(z) respectively. We now turn to
the system (4.19)—(4.21) with ¢; = 0. Each equation in this system is either a homogeneous or inhomogeneous
fourth order Airy equation. The general solution of the fourth order Airy equation ),.., = z) can, just as
for the Airy equation itself, be expressed using everywhere-convergent series solutions about the ordinary point
z = 0. Indeed, such series solutions for the fourth order Airy equation have been constructed in [64, 65], about
the ordinary point 7 = 0 for the fourth order Airy equation in the form YV,,, + 7)Y = 0 (i.e., with z = —7).
The resulting series solutions are found to be of the form

3 [e]
Y= Z,ukyk, YV, =1F Z ak,n75", where all apo =1, (4.26)

where all p are arbitrary constants. Similarly to the case of the Airy equation itself, the linearly independent
solutions Vg, k = 0,1,2,3, form a basis of solutions of the fourth order Airy equation, and appropriate linear
combinations allow the construction of further (equivalent) sets of four linearly independent solutions. One such
set [64, 65] of four linearly independent solutions of YV, .- + 7Y = 0 consists of the fourth order Airy function
of the first kind Ais(7) — this function is an analogue of the usual Airy function Ai(z) and is obtained from
(4.26) by making a specific choice of the constants uy — along with three other functions, denoted by Xi4(7‘),
G3(7) and G4(7), which may also be defined via appropriate choices of the constants py in (4.26). Using this
set of four functions, we may, for our case ¢; = 0, write the general solutions of (4.19) and (4.20) as

Vi = v dig(—(x — f)) + voAia(—(z — f)) + v3G3(—(x — f)) + vaGa(~(z — f)) (4.27)

and

Vi = vs Aig(—(z — f — g)) + v5Aia(—(z — f — g)) + v1Gs(—(x — f — 9)) + vsGa(—(z — f —g))  (4.28)

respectively, where all v; are arbitrary constants. The general solution of equation (4.21) with ¢; = 0 can be
obtained using variation of parameters: the corresponding homogeneous equation Wy, — W 4+ gW = 0 is
again a fourth order Airy equation, with general solution Wj given by

Wi = v Aia(—(z — g)) + vioAis(—(x = 9)) + v11Ga(—(2 — 9)) + v12Ga(~(z — g)) (4.29)

where once again all v; are arbitrary constants; variation of parameters then leads to the particular solution Ws
of the inhomogeneous equation given by

Wy = Aig(—(x —g /—dw—&—Au (x—yg /—dx—i—Gg (x—yg /—d;v+G4 —(x—g)) %dm

(4.30)
where W is the Wronskian of the four functions Aiy(—(z—g)), :47'4(—(:5—9)), G3(—(z—g)) and G4(—(x—g)), and
where each W, is this same Wronskian but with the k-th column (i.e., the column with entries defined in terms
of the k-th of the four functions Ais(—(x —g)), ;17‘4(—@ —9g)), Gs(—(x —g)) and G4(—(z — g))) replaced by the
column (0,0,0, —dV; — bV,)T, with Vi and V, being as in (4.27) and (4.28). The general solution of the system
(4.19)—(4.21) for ¢; = 0 then consists of V; and V4 as given by (4.27) and (4.28), along with W = W, + Wh.
[The steps described here can also be followed for ¢; # 0: the general solution of the homogeneous equation
Virrr +c1Vrr + 7Y = 0 can be expressed using everywhere-convergent series solutions; linear combinations of
the series obtained can be used to define four linearly independent solutions; using any four such functions, we
can give expressions for the general solutions of (4.19) and (4.20), as well as of (4.21) by variation of parameters.|
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Let us now consider the case where F' in (4.13) is symmetric. This requires g = 0 and b = di, i.e., F = F
where
2d—f 2di— fi di— fi
Fo=| 2di—fi —2d+f f—d |. (4.31)
di — fi f—d f
In particular, we note that V; and V5 must then satisfy the same homogeneous linear equations. We also note
that, corresponding to vg as given in (4.2), we have the initial solution 9 of (3.1) for n = 1 and n = 2, with
F=F,, given by
—Vi+Vo+ W Vi+iVo—-W Wi
tg = PyoP~ ! = Vi+iVa—W Vi —Va—iW iVp |. (4.32)
iVa Vs 0

In the case where 0 is neither symmetric nor antisymmetric, our auto-BTs f, g and k allow us to obtain,
for each integer value of the parameter &,,, four distinct solutions of our second and fourth order matrix Pry
equations given by (3.1) for n = 1 and n = 2, in this case m = 3 and with F = F,. For nonzero o, either
symmetric or antisymmetric, the auto-BTs f, g and k yield, for each integer value of the parameter &, two
distinct solutions of these equations. Reversing the shift made on x then provides respectively four or two
distinct solutions of these equations with F=F,+al.

We see that in order that the initial solution 9y as given by (4.32) be symmetric, we must impose the
restiction V3 = iV5: we recall that V7 and V5 satisfy the same homogeneous linear equations. In order that the

initial solution 99 as given by (4.32) be antisymmetric, we must impose the restictions V; = —iV, and W = 0:
we note again that V; and V5 satisfy the same homogeneous linear equations, and also that for b = di and
V3 = —iVj; the linear equations satisfied by W are homogeneous, so we may take W = 0 as a solution.

4.2 Example Two

As a second example, we consider, for the case m = 2, the construction of solutions of (3.1) with

F—( 3a—bi—2c 2ai+b—2ci >’ (4.33)

3ai+b—3ci —2a+ bi+ 3¢

where we seek initial solutions of corresponding equations (3.3) of class D. The matrix (4.33) has eigenvalues
A =a,c. A shift x — = + 2a leads us to consider the system (3.1) but now with ' — F — al, i.e., with

~ <—2d—bz —2dz-|—b)7 (4.34)

F=\ _sdi+b 3d+bi

where d = ¢ — a. Let us take

P= < 1 _3% > (4.35)

thus transforming from (3.1) with (4.34) to (3.3) with

’ ) . (4.36)

(U Vv
Vo = ( 0 U2 > 5 (437)

For an initial solution
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Ui, Uy and V must satisfy, in the case n = 1 of a second order matrix Pr; equation (4.4), the system

Ul gw —2U7 —2U; —a; = 0, (4.38)
Uzwo — 2U; — Uz +2dU; — ;= 0, (4.39)
Ve = 20U + U Us + UV — 2V +dV +b(U; +Us) = 0, (4.40)

and in the case n = 2 of a fourth order matrix Pr; equation (4.8), the system

Utzoas — 10UTUL zp — 10ULUT , + 6U7 + ¢1(Urga — 2U7) —aUp —a2 = 0,(4.41)
Uz,zzze — 10U3Us g0 — 100U, + 6U3 + 1 (Us gz — 2U3) — 2Uz 4+ 2dUs — oy = 0,(4.42)
Viazz — 22U7 + UrUsz + 2U3 )Vae — 2(2U% + UrUs + 2U3 ) Vi = 2(U7 , + 3U1 2 Us,e + U3 )V
—2(8U1Un 30 + 2U2U1 wg + 2U1Us g + 3UsUs 20)V + 6(UY + U Uz + UTUS + U U3 + U )V
+c1[Viw — 2(UR + U1 Uy + USV] — 2V +dV +b(U; +Uy) = 0.(4.43)

For our initial solution vy of class D, we assume that U; satisfies the basic special integral G[Uy,0] = 0, and
that Us satisfies the basic special integral G[Us, d] = 0, for parameter value a,, = 8 = %, i.e., in the case n =1,

Uie =Uf =5z = 0, (4.44)
Use — U3 +d— - 0, (4.45)

for a; = 8 =1, and in the case n = 2,
Uswse — 21 Us gy + U2, — 6U2U , + 3U2 + 4 (U o — U?) - %1’ _— (4.46)

1
Uz,zoe — 202Uz 40 + U3, — 6U3Us 5 + 3U3 + ¢1(Us,e — U3) +d — 37 0, (4.47)

for ap = B = 1. Solutions U; and U, of the basic special integrals (4.44) and (4.45) then give solutions of
(4.38) and (4.39); equations (4.44) and (4.45) are linearisable and their solutions can be expressed using Airy
functions. Likewise, solutions Uy and U, of the basic special integrals (4.46) and (4.47) give solutions of (4.41)
and (4.42); equations (4.46) and (4.47) correspond to the k = 3 case of the Chazy XI equation, and may be
solved using the first Painlevé transcendent as follows [9]. Equation (4.47) may be written

1

(and similarly for equation (4.46)). The first of these is just the first Painlevé equation; the second can be
linearised via Uz = —1), /1 onto 1., + W = 0. (For n > 3, the equations G[v;;, F;;] = 0 can be solved similarly
using the solutions W of higher order members of the first Painlevé hierarchy and this linear equation.) Obtaining
as above the solutions U; and Us of equations (4.44) and (4.45), or (4.46) and (4.47), the third element V' of
our initial solution vy is then obtained by solving the corresponding linear equations, i.e., (4.40) or (4.43),
respectively. It is in this way that we construct our initial solution of class D. Our auto-BTs f and g and the
transformation p then yield, for each half-odd-integer value of the parameter &,,, exactly one solution of our
second and fourth order matrix Py equations given by (3.1) for n = 1 and n = 2, in this case m = 2 and with
a given by (4.34). Reversing the shift made on z then yields exactly one solution of these equations with F
given by (4.33).
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Let us now consider the case where F' in (4.34) is symmetric. This requires d = 0, i.e., F' = F, where

E, = ( _bbi :Z ) (4.49)

In particular, we note that U; and Us must then satisfy the same first or third order equations. We also note
that, corresponding to vg as given in (4.37), we have the initial solution 9o of (3.1) for n = 1 and n = 2, with
F = F, given by

(4.50)

ﬁoszoP_lz( 3U; — 20Uy =3V 20U; — 21U +V )

3U; —3iU, + V' =2U; + 33Uz +4V

In the case where 9y is non-symmetric, our auto-BTs f, g and k allow us to obtain, for each half-odd-integer
value of the parameter &,,, two distinct solutions of our second and fourth order matrix Pr; equations given by
(3.1) for n = 1 and n = 2, in this case m = 2 and with F = F,. For symmetric 9o, the auto-BTs f, g and k
yield, for each half-odd-integer value of the parameter a,,, exactly one solution of these equations. Reversing
the shift made on x then provides respectively two distinct solutions or exactly one solution of these equations
with £ = F, + al. We see that in order that the initial solution 9y as given by (4.50) be symmetric, we must
impose the restriction U; = Us: we recall that U; and Us satisfy the same first or third order equations.

5 Discussion and conclusions

In this paper we have described how the auto-BTs of our matrix P;; hierarchy (2.14) can be used to obtain
sequences of solutions, starting with one of four classes of initial solution, for parameter values a,, = 8 = 0 or
an = f = 1/2. This is an extension of our previous results, presented in [52], where we discussed the use of
auto-BTs to generate sequences of solutions, with four classes of initial solution, for our matrix P;; equation
(2.8).

As explicit examples, we have considered initial solutions of class C, for a,, = f = 0, and of class D, for
ay, = = 1/2: we seek upper triangular initial solutions, and as solutions v;; of members of the scalar generalised
Py hierarchy on the leading diagonal we take respectively v;; = 0 or v;; the general solution of a basic special
integral of the scalar hierarchy, with non-diagonal elements v;;, 7 > ¢ of our initial solutions being obtained, for
both classes, as the general solutions of recursively-solved linear equations. We note that solving basic special
integrals of the scalar generalised second Painlevé hierarchy requires use of the solutions of the scalar generalised
first Painlevé hierarchy, which seems natural in the context of a study of our matrix P;; hierarchy. It would
also seem natural to allow the use of the solutions of the scalar generalised second Painlevé hierarchy, which
would then permit us to further generalize the classes of upper-triangular initial solutions for o, = 8 = 0 and
an, = 8 =1/2 (or more generally) by allowing us to assume the diagonal elements v;; to be solutions of this
scalar hierarchy other than v;; = 0 or the general solution of a basic special integral. Within this context, we
believe the linear equations for non-diagonal elements thus derived to be worthy of further study (see examples
in Section 4.2); we will return to this topic in future papers.

The application of auto-BT's to an initial solution is not, of course, the only way of obtaining solutions of our
matrix Py hierarchy (2.14). One alternative, for example, is that used in [66] for the “fully noncommutative”
Pr; hierarchy presented therein: it is shown that each member of this hierarchy has a solution, connected to
the Fredholm determinant of the n-th Airy matrix Hankel operator, which has a certain asymptotic behaviour.

In order to understand the relationship between solutions of the hierarchy presented in [66] and our matrix
Py hierarchy (2.14), let us rewrite the latter in the form

(0r + A K[M[u]] + uE + Eu — zu — o, I = 0, (5.1)
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where K[M][u]] is given by

n—1

Kw) =M, + > cxMy, (5.2)
k=1
w = M[u] = u, — u?, and the quantities M}, are defined recursively as described in Section 2.1. This is to be
compared to the hierarchy given in [66], for the matrix function W of the variables s1, sa, ..., Sim, defined as
d + A M, [MW]]+ (-4)"(WS+ SW) =0 h d ia (5.3)
— n — =0, where — = s, .
as " ds — &=
and S is the diagonal matrix S = diag(s1, Sa, ..., Sm). We now observe that, contrary to the claim made in [66],

the hierarchy (5.3) corresponds in fact to a special case of our matrix Py hierarchy (5.1). In order to see this,
in (5.3) we make the change of variables' s; = 37" | a;jz;, where the nonsingular matrix A = (a;;) is such that
ap =1,i=1,2,...,m. It then follows that 9,, = > .~ 95, and S = 1] + G, where G is the diagonal matrix
G = diag (%1, &2, ..., Tm) with &; = Z;’;Q a;jxj, t =1,2,...,m. Thus we obtain the nonautonomous ordinary
differential equation hierarchy

(0, + Aw) Mp[M[W]] +2(—D)" "t W + (—-4)"(WG + GW) = 0, (5.4)

for W = W(x1), wherein the variables xo, 3, ..., z,, appear as constant parameters in the matrix G. Finally,
the rescaling W(z1) = 2(—1)""u(y), 21 = (—1)"T'y, allows us to set the coefficient of the nonautonomous
term to —1. The resulting equation is then precisely of the form (5.1), but with independent variable y, in the
special case where ¢,=0, k =1,2,...,n—1, a,, =0, and F is diagonal: E = (—1)"G with G as above.

Alternatively, let us consider (5.1) in the special case where ¢, = 0, k = 1,2,...,n— 1, a, = 0 and FE is
diagonalisable onto a matrix diag(oy, 09, ..., 0y, ) for parameters oy, k = 1,2, ..., m, which means that we may
always assume E = (—1)"diag(t1,ta,...,tm) for parameters t, = (—1)"0, k = 1,2,...,m. In (5.1) we make

the change of variables u(z) = 1(=1)" "W (z1), & = 2(—1)" "y — 2(=1)""¢1, which gives
(O, + Aw) M, [M[W]] + (—4)"(WH + HW) = 0, (5.5)

where H = diag(z1, 21 + 2,21 + 3,...,21 + Tp) and xp = ¢, — t1, k = 2,3,...,m. Setting sy = x; and
sk = x1 +a, k = 2,3,...,m, and noting that 9,, = Y .=, ds, and H = S, we then obtain (5.3). We
note that asymptotic results are given in [66] in the regime s — +oo where s = %ZT:I 5. Under the
above transformation from (5.1), with £ = (—1)"diag(t1,t2,...,tm), to (5.3), we have the correspondence
s= 1oy Ly g

The fact that the hierarchy (5.3) corresponds to a special case of the matrix Pry hierarchy (5.1) then means
that the result given in [66] provides a solution also of this special case of (5.1), or equivalently of (3.3), i.e.,
the special case a,, = 0, all ¢y, = 0, k = 1,2,...,m, and FE diagonal as discussed above. This then provides
a further choice of initial solution vy of (3.3) for &, = 8 = 0, to which we can apply our auto-BTs and thus
obtain solutions for integer values of &,, other &,, = 0. We note here that our proposed initial solutions of class
C, whose construction is discussed in Section 3.2.3, whilst lower triangular, are in the general case solutions
of a broader class of equations than the subcase of (5.1) equivalent to (5.3), i.e., are solutions of equations to
which the results in [66], unless further restrictions are made, do not apply. The reason for this (apart from
not assuming that all ¢, =0, k =1,2,...,m) is that we do not assume that F, taken to be upper-triangular in
Section 3.2.3, corresponds to a diagonalisable matrix Fin (3.1). This is the case, for example, for the concrete
example discussed in Section 4.1 where the matrix 2 given by (4.12) is not assumed to be diagonalisable: it is
non-diagonalisable, for example, when f = 0 and bd # 0, or in the symmetric case (4.31) when d # 0.

!Compare with deriving d’Alembert’s solution of the wave equation (9 + 0z)(0; — 8z)z = 0 by transforming to 9:0¢z = 0
where t = {4+ &, x = ¢ — &, but here with only one combination of derivatives Y 7", 9s,, e.g., when solving w; + we = we = 0.
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Finally, we remark that a matrix Pr; hierarchy with non-commuting “independent” variable x, i.e., similar
to the noncommutative second Painlevé equation presented in [67] in a more general algebraic setting, can be
obtained by assuming such non-commutativity in the derivation of the matrix Py hierarchy (2.1) given in [49],
replacing «I with the non-commuting z (¢’ = 1) and not expanding B;[w]x, with the result that 2¢,_1zu in
(2.1) is replaced by g1 (uz+zu) (and «,I by a scalar central parameter «,,). We will return to such examples
in later papers. We will also continue our study of matrix hierarchies with scalar independent variable.
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A Solutions of classes of equations

In Section 3.1.1 we used the transformation p to permit a choice of the coeeficient matrix in the equations of
our matrix Pj; hierarchy. We prefer to think of the transformation p as one which allows us to fix a form of
this coeflicient matrix, rather than as an auto-BT. We could, however, in addition to the auto-BTs f, g and k,
consider also the actions of a finite number of transformations of a similar form to p,

g : 0=Q0Q;", E=QFQ*, (A1)

with each @); a nonsingular constant matrix: these transformations map from solutions o of (3.1) with coefficient
matrix F' to solutions @ of

n—1
Yl (ﬁ"—l[a]agc +> ckfzk—l[a]az) +0F + B — zi — anI = 0, (A.2)
k=1

i.e., of the same equation but with coefficient matrix E (and the same parameter value a,,).

Since compositions of such transformations give transformations of the same form (¢;q;0 = Q9 Q™! with
Q = Q;Q;), and since the mappings ¢; and k commute with f and g, we have that any composition of
transformations ¢;, k, f and g acting on 9y can be written as

K [@ko  or qy[[(ka)o,  ve{0,1},5€{0,1,2,.. }, (A:3)

i1 i=1
where in each case
0= f2ripg or 0 = g®s%0 (A.4)

is a solution of (3.1) obtained as described in Sections 3.1.1 and 3.1.2. (In the above expressions the product
with j = 0 is taken to be the identity ‘Eransformation.) Similarly, the result of acting with the same composition
of transformations ¢;, k, f and g on F'is

j j
K [(@kF o g [J(ka)F,  ve{0,1},j€{0,1,2,...}, (A.5)
i=1 i=1
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since f and g leave F unchanged. It thus remains to consider the result of the above compositions of mappings
g; and k on a solution o of (3.1) and its corresponding coefficient matrix F , 0 having been obtained from vy
using the auto-BTs f and g and so in general being a solution of (3.1) for some new parameter value @,,.

It is, however, straightforward to show that the results of the above compositions on v and F can always be
written either in the form

QiQ™" and QFQ7, (A.6)
for some nonsingular constant matrix @ (for v = j =0 in (A.3) and (A.5), @ = I), or in the form
QTQ™Y  amd  QFTQ (A7)

again for some nonsingular constant matrix @ (for ¥ =1 and j = 0 in the first expressions in (A.3) and (A.5),
i.e., for kv and kF as considered in Sections 3.1.1 and 3.1.2,Q=1).

Thus, when considering the result of a composition of transformations ¢;, k, f and g on 9y, F and @,
having obtained the solution % of (3.1) as given in (A.4), for the same coefficient matrix F' but in general for
some new parameter value &,, we then obtain either a solution similar to v for a coefficient matrix similar
to F or a solution similar to ko for a coefficient matrix similar to kF. The inclusion of transformations qi
thus leads us to the derivation of solutions of equivalence classes of equations, where we define two equations
as equivalent if their coefficient matrices are similar. In the particular case where F' is symmetric, we obtain
solutions similar to @ and ko for coefficient matrices similar to F', i.e., solutions of equations equivalent to (3.1)
for the above-mentioned new parameter value é,.
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