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1 Introduction

The purpose of this paper is to propose a new formula for the same helicity one-loop Yang-
Mills amplitudes. A general formula for such amplitudes is known from [1, 2], where it was
conjectured and then proven by checking that it satisfies the required collinear properties.
An alternative derivation follows from the results of [3].
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The structure of the formula we propose is rather different from that in [2]. We show
that the same helicity one-loop YM amplitudes can be built from the same helicity Berends-
Giele (tree-level) off-shell currents connected by certain effective propagators. Importantly,
the arising propagators necessitate parametrisation in terms of region momenta.

The new expression for the one-loop amplitudes is as follows. Consider a colour ordered
diagram with n external lines. Because the diagram is colour ordered we can adopt the
use of region momenta pi so that the null momenta on the external legs are given by the
difference of the region momenta

ki = pi − pi−1, pn ≡ p0. (1.1)

This ensures momentum conservation, but introduces indeterminacy in that all region
momenta can be shifted by an arbitrary amount without changing the external momenta.

The amplitude can then be written as a sum over partitions of the set of external states
into two groups. Each group of states has a Berends-Giele (BG) [4] current associated with
it, and two such currents are glued by a certain effective propagator. Berends-Giele currents
are vectorial objects, but their vector structure is simple and universal, see (2.5) below.
Let J(1, . . . , n) be the most interesting scalar part of the current given in terms of the
momentum spinors as well as the reference spinor, see (2.6). The one-loop amplitude can
then be written pictorially as follows

A =
∑
part

pj

pi−1

i

.

.

.

j

i− 1

.

.

.

j + 1

=
∑
part

J(i, . . . , j)J(j+ 1, . . . , i− 1)〈q|pj ◦ pi−1|q〉2.

(1.2)
The large blobs in the pictorial representation of the amplitude stand for the BG currents,
with the off-shell legs pointing towards the internal line of this diagram. The other quan-
tities are as follows. The object q is the reference (auxiliary) spinor. The sum is taken
over partitions of a cyclically ordered set 1, . . . , n with the convention n + 1 = 1 into two
subgroups i, . . . , j and j + 1, . . . , i − 1. The bra-ket notation is standard and represents a
particular 2-spinor contraction. The notation p ◦ k represents a contraction of two rank
two spinors (p◦k)MN := pM

M ′
kM ′N , so that the result can be inserted between two copies

of the unprimed reference spinor qM . The momenta pj , pi−1 are the region momenta for
the two regions that are separated by the internal line that partitions the two groups of
external states. It is thus clear that the object 〈q|pj ◦pi−1|q〉2 plays the role of the effective
propagator connecting the BG currents, and that this propagator depends explicitly on
the region momenta. There is also a version of our formula that is written in terms of the
vector-valued BG currents that are connected by an effective gluon propagator. This will
be spelled out in the main text.

The formula (1.2) is proven by establishing that it has the correct collinear properties
of a one-loop same helicity amplitude. This follows quite easily from the construction of
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the amplitude if one assumes that the right-hand side of (1.2) is invariant under shifts of
all region momenta by the same amount. So, the difficulty of the proof of the formula (1.2)
shifts to the proof that it is independent of a choice of the region momenta. These ar-
guments are given in section 3. We also explicitly check that the new formula gives the
correct known expressions in the case of four and five particles.

There are several previous works that are strongly related to the context of this work.
First, Zvi Bern (unpublished) observed that in the computation of the same helicity one-
loop amplitude in Yang-Mills theory, the sum of box, triangle and bubble integrands, with
a particular choice of the loop momenta, vanishes. We reproduce this argument in the
appendix, in our notations, for completeness. This has later been explored by [5] in the
context of world-sheet formulation of YM, and by [6] in the related light-cone formalism.
There is also a very closely related discussion, again in the light-cone, in the context of chiral
higher spin theories in [7]. The upshot of these works is that the same helicity one-loop
amplitudes in YM can be obtained by performing tree-level calculations, but with insertions
of certain helicity violating “bubble” counterterms. Our new formula (1.2) is the same
observation phrased in the covariant formalism. In particular, we will see that the effective
propagator in (1.2) can be understood as the result of a “bubble” computation. Note
however, that the logic of this paper is not that (1.2) is derived by computing some Feynman
diagrams. Our “bubble” computation, which we describe in the appendix, together with
the results in [5, 6], was used to conjecture the formula (1.2). This formula is then proved
by verifying that it has all the properties that the relevant one-loop amplitude should
satisfy, and so must coincide with it.

Another relevant work is [8], which derives a new formula for the one-loop same helicity
amplitudes, see (2.6) in this paper. The structure of our formula (1.2) is very similar to
that in [8] except that in our case the reference spinor independence and the invariance
under shifts of the region momenta is not manifest and needs to be proven, while all this
is manifest in [8].

The organisation of the rest of this paper is as follows. We start by reviewing in
section 2 the covariant Feynman rules of the self-dual Yang-Mills theory (SDYM). This
theory is a truncation of the full YM, and has simpler Feynman rules. At the same time the
amplitudes that are of interest to us coincide in the full and SDYM, and so it is sufficient
to work with an easier truncation. We also review in this section the by now standard
results on the YM BG currents, and also review the previously known formulas for the
same helicity one-loop amplitude. We do checks of the new formula in section 3. We end
with a discussion. Appendix A spells out the details of the computation that shows that
the sum of integrands of the box, triangle and bubble diagrams, with a specific consistent
choice of the loop momentum, vanishes. This shows that the 4-point amplitude can be
re-written in terms of the bubble insertions. Appendix B computes the bubble diagram
and thus extracts the form of the effective propagator to be used in the construction of the
one-loop amplitude. The generalisation of these facts to an arbitrary number of external
gluons is our formula (1.2) that is proved in the main text.
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2 Review of SDYM theory

Self-dual Yang-Mills is a truncation of the full YM theory that keeps only a subset of the
Feynman diagrams of the latter. For some processes, for example those involving mostly
gluons of same helicity, only the Feynman diagrams already present in SDYM can be seen
to contribute in the full YM calculations. This means that some of the processes can be
computed in the simpler SDYM theory. In particular, the same helicity one-loop amplitudes
of the full YM are correctly captured by the SD theory. Our presentation in this section
follows [9], where we also direct the reader for more details.

2.1 Self-dual Yang-Mills

The most useful covariant formulation of SDYM is due to Chalmers and Siegel [10]. We will
state the action in 2-component spinor notations, which are used throughout this paper.
Our 2-component spinor conventions are spelled out in the appendix of [9]. The action reads

S[φ,A] =
∫

ΦaAB(∂AA
′
AaA′B + fabcAbA

A′
AcA′B). (2.1)

The field ΦaAB is a symmetric rank two spinor ΦaAB = Φa (AB) with values in the Lie
algebra of some (compact) group G, and a, b, c are the Lie algebra indices. The capital
Latin letters (unprimed and primed) at the 2-component Lorentz spinor indices. The field
ΦaAB is an auxiliary field the variation of the action with respect to which imposes the
equation that the self-dual part of the field strength of the connection AaAA′ vanishes.

The action can be expanded around any self-dual connection configuration. The sim-
plest case is to expand around the zero connection. The first term is then the kinetic term,
whose inverse, after an appropriate gauge-fixing, gives the propagator of the theory. The
second term is a simple cubic non-derivative interaction. The full YM is obtained from
this theory by appending to the action a term quadratic in ΦaAB, see e.g. [9].

The gauge-fixing of the above action is most usefully done by prolonging the auxiliary
field ΦaAB to contain also the AB anti-symmetric part. The variation with respect to this
anti-symmetric part imposes the sharp Landau-type gauge ∂AA′

AaAA′ = 0. The gauge-fixed
kinetic operator is a version of the (chiral) Dirac operator, is non-degenerate, and can be
inverted. The propagator of the theory thus connects the Φ and A legs of vertices, and
is, schematically, in momentum space 1/k. The operator in the denominator is the Dirac
operator (in the momentum space). Using the fact that Dirac operator squares to the
Laplacian, the propagator can be rewritten as k/k2, where the Dirac operator is now in
the numerator, and the denominator contains the usual factor of k2. For details on the
gauge-fixing procedure, see [9].

The variation of the (linearised) action with respect to the auxiliary field gives the
field equation ∂AA

′
AaA′B = 0. The solutions describe one of the two gluon helicity, in our

conventions negative. The corresponding polarisation vector is

εMM ′
− (k) = qMkM

′

〈kq〉
. (2.2)
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Here 〈λν〉 = λMνM is the spinor contraction of two 2-component spinors λM , νM . The
object qM is an auxiliary spinor changing which amounts to gauge-transformations. The
object kM ′ is the momentum spinor arising as the square root of a null momentum kMM ′ =
kMkM

′ . The other gluon helicity is described by the field Φ, but we will never consider
processes with this other helicity on the external lines in this paper, and so we do not need
to define it.

2.2 BG current for all negative helicity states

The sum of all (colour-ordered) tree-level Feynman diagrams with the negative helicity
states inserted on all legs except one, the later being kept off-shell, can be computed
explicitly using the Berends-Giele recursion [4]. Using the Feynman rules reviewed in the
previous subsection, the computation is very simple and is spelled out in e.g. [9]. The result
is as follows.

Let us start by writing the single particle negative helicity state in the form of a BG
current. We have

εMM ′
− (k) = J(k)qNkNM

′
qM ≡ J(k)〈q|〈q|k|, (2.3)

where kMM ′ = kMkM ′ is the (null) momentum of the particle and

J(k) = 1
〈qk〉〈kq〉

. (2.4)

The BG current is then defined to be the sum of all (colour-ordered) Feynman diagrams,
with negative helicity states of momenta k1, . . . , kn inserted (from the top), and the single
remaining off-shell leg (at the bottom). The convention is that the propagator is included
in the off-shell leg. It can then be shown by a recursion that all currents have the same form

JMM ′(k1, . . . , kn) = J(k1, . . . , kn)qN
(

n∑
i=1

kiN
M ′
)
qM ≡ J(k)〈q|〈q|

∑
i

ki|, (2.5)

where
J(k1, . . . , kn) = 1

〈q1〉〈12〉〈23〉 . . . 〈(n− 1)n〉〈nq〉 , (2.6)

and we use the convention in which k1 ≡ 1 etc.
These BG currents could be converted to tree-level scattering amplitudes, but all such

amplitudes are easily seen to vanish. This is because they need to be multiplied by the
factor of k2 for the off-shell leg, which then must be taken on-shell. Thus, all BG currents
get multiplied by the factor of zero in the process of converting them to amplitudes. Thus,
all tree-level amplitudes in SDYM vanish.

2.3 Literature representation for one-loop amplitudes

The only non-vanishing amplitudes in SDYM are the one-loop ones, with all exter-
nal lines being states of negative helicity. The all same helicity one loop amplitudes
An(1+, 2+, . . . n+) in YM are finite rational functions of the momenta involved and has
cyclical symmetry in the arguments. These amplitudes are singular in the region where
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two adjacent momenta become collinear or a momentum become soft. These amplitudes
were explicitly computed at 4 and 5 points in [1, 11], and then an expression conjectured for
them at arbitrary multiplicity. This was then proved in [2] by showing that the proposed
formula has the correct collinear properties of a one-loop amplitude, and also by [3] by an
explicit computation in a simpler theory of massless QED.

The amplitudes at 4 and 5 points are given by

A4(1+, 2+, 3+, 4+) = s12s23
〈12〉〈23〉〈34〉〈41〉 , (2.7)

A5(1+, 2+, 3+, 4+, 5+) = s12s23 + s23s34 + s34s45 + s45s51 + s51s12 + ε(1, 2, 3, 4)
〈12〉〈23〉〈34〉〈45〉〈51〉 , (2.8)

where ε(i, j,m, n) = [ij]〈jm〉[mn]〈ni〉 − 〈ij〉[jm]〈mn〉[ni]. In this paper we are not inter-
ested in the overall multiplicative factors in the amplitudes, and these are omitted.

There are many other equivalent ways to write the 5-point amplitude. For example,
the paper [1] contains the following more compact expression

A5(1+, 2+, 3+, 4+, 5+) = s12s23 + s45s51 − 〈23〉[34]〈45〉[52]
〈12〉〈23〉〈34〉〈45〉〈51〉 . (2.9)

The notation that is used everywhere is sij = 〈ij〉[ij].
The formula that is valid at an arbitrary multiplicity is [2, 3]

An(1+, 2+, . . . n+) =
∑

1≤i1<i2<i3<i4≤n

〈i1i2〉[i2i3]〈i3i4〉[i4i1]
〈12〉〈23〉 . . . 〈n1〉 . (2.10)

3 New formula

Appendices A and B provide a motivation for conjecturing that the one-loop same helicity
YM amplitudes can be written as the sum of two copies of the Berends-Giele currents (2.5)
connected by the effective propagator (B.17) where s, s̃ stand for the region momenta
separated by the propagator line. This evaluates to the right-hand-side of (1.2). A proof of
this conjecture, as well as explicit computations in the case of 4 and 5 points are collected
in this section.

3.1 Collinear limit

3.1.1 Review of the collinear limit properties

In [2], the form (2.10) of the one-loop amplitude has been fixed using the requirement that
it has the correct collinear limit behaviour. The general form of the collinear limit is, see [2]

Aloop
n;1

a‖b−−→
∑
λ=±

Splittree
−λ (aλa , bλb)Aloop

n−1;1(. . . (a+ b)λ, . . .)

+Splitloop
−λ (a−, b−)Atree

n−1(. . . , (a+ b)λ, . . .). (3.1)

In the same helicity sector the second term in (3.1) drops out because the split factor in
this case multiples the same helicity tree amplitude that vanishes. Then, for the case of
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the all same helicity one loop amplitudes, the collinear limit takes the simple form

Aone-loop
n (1−, 2−, . . . , n−) a‖b−−→ Splittree

− (a−, b−)Aone-loop
n−1 (. . . (a+ b)−, . . .), (3.2)

where the splitting amplitude in this case is given by

Splittree
− (a−, b−) = 1√

z(1− z)〈ab〉
. (3.3)

Here z is a parameter that describes how the two momenta a, b become collinear, such that
a→ zP and b→ (1− z)P , where P is a null momentum.

3.1.2 Verification of the correct collinear properties of the new formula

Our expression (1.2) has the required collinear properties by construction. Indeed, we first
note that in a colour-ordered amplitude only two adjacent momenta can contribute to the
collinear singularity. Consider a pair a, b that is colour-adjacent and goes collinear. In the
sum in (1.2) this pair belongs to two types of terms. In the first type, both a, b belong to the
same Berends-Giele current. As we shall see in a moment, Berends-Giele currents have the
correct collinear properties. So, these terms satisfy the collinear properties automatically.

The second type of terms is when a, b belong to two groups of momenta that in (1.2)
are separated by the bubble insertion. Let a = j, b = j+1. Let pj be the region momentum
between a, b. Now, by region momentum independence of the amplitude (that should be
established separately), we can set to zero any one of the region momenta. Let us choose
to set to zero pj = 0. It is easy to see that all the terms where a, b do not belong to the
same BG current get multiplied by 〈q|pj ◦pi|q〉2, where pi is some other region momentum.
Thus, with our choice pj = 0 all these terms do not contribute. All other terms have a, b
belong to the same BG current, i.e. all other terms are those of the first type. This shows
that one can always write the one-loop amplitude in a form that exhibits the a, b collinear
property manifestly.

To complete the argument we can see that

J(1, . . . , j, j + 1, . . . , n)→ 1√
z(1− z)〈ab〉

J(1, . . . , P, . . . , n), (3.4)

so that the BG currents have the collinear property manifest. This follows from the for-
mula (2.6) and the fact that the momentum spinors for a, b are given by

λa →
√
zλP , λb →

√
1− zλP . (3.5)

The only property that remains to be shown is the momentum region independence of the
formula (1.2). We do this in the following subsection.

3.2 Alternative ways of writing the formula

Using the fact that

pj = pi−1 +
j∑
l=i

kl, (3.6)

– 7 –
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we can rewrite the formula (1.2) lowering the power of the region momenta in it

A =
∑
part

J(i, . . . , j)J(j + 1, . . . , i− 1)〈q|pj ◦

 j∑
l=i

kl

 |q〉2. (3.7)

We can also rewrite the sum over partitions as a sum over cyclic permutations of the
set 1, . . . , n. Indeed, it is easy to check that

2A =
n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)〈q|pi ◦ (ki+1 + . . .+ kn)|q〉2 + cyclic, (3.8)

where we need to add all cyclic permutations of the set (1, . . . , n). This form of the formula
is particularly convenient for establishing the region momentum independence. Written in
this way the amplitude formula is very similar to the one that appears in [7] in the light-cone
gauge.

3.3 Region momentum independence

The purpose of this subsection is to argue that the amplitude is invariant under shifts of
all region momenta by the same amount. Combined with our collinear limit argument, this
gives a proof of the formula (1.2).

3.3.1 Quadratic part of the dependence

When we shift all region momenta by some value x there are both quadratic and linear in
x terms that appear. Using (3.8), the part quadratic in the shift can be written as

Ax2 =
n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)〈q|x ◦ (ki+1 + . . .+ kn)|q〉2 + cyclic. (3.9)

Because x here is an arbitrary vector, so is the primed spinor 〈q|x| := µ. This means that
we must consider

n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)[µ|(k1 + . . .+ ki)|q〉[µ|ki+1 + . . .+ kn|q〉+ cyclic, (3.10)

where we wrote the expression more symmetrically. This can be computed using the
identity
n−1∑
i=1

J(1,...,i)J(i+1,...,n)[µ|k1+...+ki|q〉[µ|ki+1+...+kn|q〉=
[µ|
∑
i<j i◦j|µ]

〈q1〉〈12〉...〈(n−1)n〉〈nq〉 ,

(3.11)
which holds for arbitrary momenta 1, . . . n. The momenta in this formula are not assumed
to add up to zero. This formula is proven analogously to how the recursive formula for the
Berends-Giele currents is established.

We will also need the identity
n−1∑
i=1

〈i(i+ 1)〉
〈iq〉〈(i+ 1)q〉 = 〈1n〉

〈1q〉〈nq〉 , (3.12)
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which is a simple consequence of Schouten identity. It can also be written as
n∑
i=1

〈i(i+ 1)〉
〈iq〉〈(i+ 1)q〉 = 0, (3.13)

with the convention that n+ 1 = 1. Using this identity we have

n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)[µ|(k1 + . . .+ ki)|q〉[µ|ki+1 + . . .+ kn|q〉+ cyclic

= 2
〈12〉 . . . 〈(n− 1)n〉〈n1〉

∑
i<j

[µ|i ◦ j|µ](ij)
〈iq〉〈jq〉

 . (3.14)

No momentum conservation has yet been used. It is then easily checked that when the
momentum conservation e.g. in the form −n = 1 + . . .+ (n− 1) is used, the coefficients in
front of independent [µ|i ◦ j|µ] factors with i, j = 1, . . . , n− 1 vanish. Thus, the quadratic
in x part of dependence of the amplitude on the region momentum vanishes.

3.3.2 Linear part of the dependence

Taking the first variation of the amplitude as all region momenta vary, and denoting 〈q|x| =
[µ| as before, we get a multiple of

n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)[µ|(k1 + . . .+ ki)|q〉〈q|pi ◦ (ki+1 + . . .+ kn)|q〉+ cyclic. (3.15)

The idea is again to compute the sum here explicitly, similar to what one does in the
check of the Berends-Giele formula for the all same helicity currents. This is an exercise in
applying Schouten identity. The result is

n−1∑
i=1

J(1, . . . , i)J(i+ 1, . . . , n)[µ|(k1 + . . .+ ki)|q〉〈q|pi ◦ (ki+1 + . . .+ kn)|q〉

= 1
〈1q〉〈12〉 . . . 〈(n− 1)n〉〈nq〉

n−1∑
i=1

∑
j>i

[µ|i ◦ j ◦ pi|q〉 −
n−2∑
i=1

[µ|i|q〉
n∑
j>i

n∑
l>j

sjl

 , (3.16)

where the last terms contain Mandelstam variables sij := 〈ij〉[ij] and arise from relating
the region momenta to each other via relations of the type pi+1 = pi + ki+1.

It remains to add the cyclic permutations, and then apply the momentum conser-
vation. Taking the cyclic permutation of the first set of terms in brackets in (3.16), and
using (3.12) gives

−
n−1∑
i=1

∑
j>i

〈ij〉
〈iq〉〈jq〉

([µ|i ◦ j ◦ pi|q〉 − [µ|j ◦ i ◦ pj |q〉), (3.17)

where from now on we omit the common pre-factor

1
〈12〉 . . . 〈(n− 1)n〉〈n1〉 . (3.18)
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We now use the momentum conservation to express the last momentum kn in terms of
all the rest. After this, we collect the terms in front of similar [µ|i ◦ j ◦ p|q〉 expressions.
Using (3.12) one more time we get for these terms

−
n−1∑
i=1

n−1∑
j=1

〈in〉
〈iq〉〈nq〉

[µ|j ◦ i ◦ (pn − pj)|q〉. (3.19)

The sum here is taken over i 6= j. This is now written in terms of differences of region
momenta, and so depends just on the external momenta pn − pj = −(k1 + . . . + kj). We
can thus rewrite the above as

n−1∑
i=1

n−1∑
j=1,j 6=i

j∑
l=1

〈in〉
〈iq〉〈nq〉

[µ|j ◦ i ◦ l|q〉. (3.20)

Let us now consider the quantity [µ|j ◦ i ◦ l|q〉 where l is one of the momenta. We can
exchange i◦l = −l◦i−silI, where sil is the Mandelstam variable. On the other hand, we have

〈in〉
〈iq〉〈nq〉

[µ|j ◦ l ◦ i|q〉 = 1
〈nq〉

[µj]〈jl〉[li]〈in〉 = 〈jn〉
〈jq〉〈nq〉

[µ|j|q〉〈j|l ◦ i|n〉
〈jn〉

. (3.21)

This is linear in i, and so the sum over i can be easily taken. Using the momentum
conservation gives

n−1∑
i=1,i 6=j

〈jn〉
〈jq〉〈nq〉

[µ|j|q〉〈j|l ◦ i|n〉
〈jn〉

= − 〈jn〉
〈jq〉〈nq〉

[µ|j|q〉〈j|l ◦ (j + n)|n〉
〈jn〉

= 〈jn〉
〈jq〉〈nq〉

[µ|j|q〉slj .

(3.22)
Using these identities (3.20) becomes

−
n−1∑
i=1

[µ|i|q〉
n−1∑
j=1

〈jn〉
〈jq〉〈nq〉

i∑
l=1

sjl (3.23)

Let us now do the same manipulations with the second set of terms in (3.16). We
add cyclic permutations, then use the momentum conservation to express [µ|n|q〉 in terms
of the other quantities of this type, use (3.12) as well as momentum conservation for the
Mandelstam variables. We get precisely the terms in (3.23) with opposite signs, so these
terms cancel each other and the linear part is zero. This finishes the proof.

3.4 4-point amplitude

The first non-trivial case is that of four gluons. For 3 gluons our formula produces an expres-
sion that can be rewritten in terms of Mandelstam variables, and these vanish at 3 points.

In the case of 4 gluons, substituting the expressions for the currents we get

A4 = 1
〈q1〉〈1q〉

1
〈q2〉〈23〉〈34〉〈4q〉〈q|p1◦p4|q〉2+ 1

〈q2〉〈2q〉
1

〈q3〉〈34〉〈41〉〈1q〉〈q|p2◦p1|q〉2 (3.24)

+ 1
〈q3〉〈3q〉

1
〈q4〉〈41〉〈12〉〈2q〉〈q|p3◦p2|q〉2+ 1

〈q4〉〈4q〉
1

〈q1〉〈12〉〈23〉〈3q〉〈q|p4◦p3|q〉2

+ 1
〈q1〉〈12〉〈2q〉

1
〈q3〉〈34〉〈4q〉〈q|p4◦p2|q〉2+ 1

〈q2〉〈23〉〈3q〉
1

〈q4〉〈41〉〈1q〉〈q|p3◦p1|q〉2.
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We know from general grounds that this expression must be region momentum and aux-
iliary spinor q independent, and should match the known 4-point amplitude. But it is
instructive to see how this happens.

We parametrise all region momenta in terms of one of them, e.g. p1 = x, and the
external momenta. We have

p1 = x, p2 = 2 + x, p3 = 3 + 2 + x, p4 = x− 1. (3.25)

We can then drop all terms containing x because these terms vanish to render the result
region momentum independent. This collapses the result to

A4 = 1
〈q3〉〈3q〉

1
〈q4〉〈41〉〈12〉〈2q〉〈q|3◦2|q〉2 + 1

〈q4〉〈4q〉
1

〈q1〉〈12〉〈23〉〈3q〉〈q|1◦4|q〉2 (3.26)

+ 1
〈q1〉〈12〉〈2q〉

1
〈q3〉〈34〉〈4q〉〈q|1◦2|q〉2 = 〈2q〉[32]2

〈4q〉〈12〉〈41〉+ 〈1q〉[14]2

〈12〉〈23〉〈3q〉+ 〈1q〉〈2q〉[12]2

〈3q〉〈12〉〈34〉〈4q〉 .

We now eliminate q dependence using the momentum conservation

[32]
〈41〉 = [12]

〈34〉 ,
[14]
〈23〉 = [12]

〈34〉 . (3.27)

This gives

A4 = [12]
〈12〉〈34〉〈3q〉〈4q〉 (〈3q〉〈2q〉[32] + 〈1q〉〈4q〉[14] + 〈1q〉〈2q〉[12]) (3.28)

= [12][43]
〈12〉〈34〉 = [12][23]

〈34〉〈41〉 = s12s23
〈12〉〈23〉〈34〉〈41〉 ,

which is the correct answer (2.7) for this amplitude.

3.5 Five point amplitude

The expression for the amplitude in terms of currents and the effective propagator is

A5 = J(1)J(2, 3, 4, 5)〈q|p1 ◦ p5|q〉2 + J(2)J(3, 4, 5, 1)〈q|p2 ◦ p1|q〉2 (3.29)
+J(3)J(4, 5, 1, 2)〈q|p3 ◦ p2|q〉2 + J(4)J(5, 1, 2, 3)〈q|p4 ◦ p3|q〉2

+J(5)J(1, 2, 3, 4)〈q|p5 ◦ p4|q〉2 + J(1, 2)J(3, 4, 5)〈q|p2 ◦ p5|q〉2

+J(2, 3)J(4, 5, 1)〈q|p3 ◦ p1|q〉2 + J(3, 4)J(5, 1, 2)〈q|p4 ◦ p2|q〉2

+J(4, 5)J(1, 2, 3)〈q|p5 ◦ p3|q〉2 + J(5, 1)J(2, 3, 4)〈q|p1 ◦ p4|q〉2.

Again, we know that it must reproduce the known answer, but would like to see explicitly
how this happens. This requires much more work as compared to the 4-point case.

3.5.1 Extracting the region momentum independent result

We again parametrise the region momenta in terms of one of them, and the external
momenta

p1 = x, p2 = 2 + x, p3 = 3 + 2 + x, p4 = 4 + 3 + 2 + x, p5 = x− 1. (3.30)
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All terms containing x must drop out by region momentum independence. This gives the
following expression

A5 = J(3)J(4, 5, 1, 2)〈q|3 ◦ 2|q〉2 + J(4)J(5, 1, 2, 3)〈q|4 ◦ (3 + 2)|q〉2 (3.31)
+J(5)J(1, 2, 3, 4)〈q|1 ◦ 5|q〉2 + J(1, 2)J(3, 4, 5)〈q|2 ◦ 1|q〉2

+J(3, 4)J(5, 1, 2)〈q|(4 + 3) ◦ 2|q〉2 + J(4, 5)J(1, 2, 3)〈q|(4 + 5) ◦ 1|q〉2.

Substituting the expressions for the currents we get

A5 = [23]2〈2q〉
〈4q〉〈45〉〈51〉〈12〉 + ([41]〈1q〉+ [45]〈5q〉)2

〈5q〉〈51〉〈12〉〈23〉〈3q〉 + [15]2〈1q〉
〈12〉〈23〉〈34〉〈4q〉 (3.32)

+ [12]2〈1q〉〈2q〉
〈3q〉〈12〉〈34〉〈45〉〈5q〉 + ([21]〈1q〉+ [25]〈5q〉)2〈2q〉

〈3q〉〈4q〉〈5q〉〈34〉〈51〉〈12〉 + ([14]〈4q〉+ [15]〈5q〉)2〈1q〉
〈3q〉〈4q〉〈5q〉〈45〉〈12〉〈23〉 .

Let us start by bringing it all to the common denominator

A5 = 1
〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉

×
(
[23]2〈2q〉〈3q〉〈5q〉〈23〉〈34〉+ [15]2〈1q〉〈3q〉〈5q〉〈45〉〈51〉+ [12]2〈1q〉〈2q〉〈4q〉〈23〉〈51〉

+([41]〈1q〉+ [45]〈5q〉)2〈4q〉〈34〉〈45〉+ ([23]〈3q〉+ [24]〈4q〉)2〈2q〉〈23〉〈45〉

+([14]〈4q〉+ [15]〈5q〉)2〈1q〉〈34〉〈51〉
)
.

We then expand the squares and collect the terms next to common square bracket factors.
One then notices that such terms can be rewritten more compactly using Schouten identity

[15]2〈1q〉〈3q〉〈5q〉〈45〉〈51〉+ [15]2〈5q〉2〈1q〉〈34〉〈51〉 = [15]2〈1q〉〈4q〉〈5q〉〈51〉〈35〉 (3.33)
[23]2〈2q〉〈3q〉〈5q〉〈23〉〈34〉+ [23]2〈3q〉2〈2q〉〈23〉〈45〉 = [23]2〈2q〉〈3q〉〈4q〉〈23〉〈35〉

[14]2〈1q〉2〈4q〉〈34〉〈45〉+ [14]2〈4q〉2〈1q〉〈34〉〈51〉 = [14]2〈1q〉〈4q〉〈5q〉〈34〉〈41〉.

This gives for the amplitude

A5 = 1
〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉 (3.34)

×
(
s23[23]〈2q〉〈3q〉〈4q〉〈35〉+ s15[15]〈1q〉〈4q〉〈5q〉〈53〉+ [12]2〈1q〉〈2q〉〈4q〉〈23〉〈51〉

+s45[45]〈5q〉2〈4q〉〈34〉+ [24]2〈4q〉2〈2q〉〈23〉〈45〉+ s14[14]〈1q〉〈4q〉〈5q〉〈43〉

+2s45[41]〈1q〉〈5q〉〈4q〉〈34〉+ 2s23〈3q〉[24]〈4q〉〈2q〉〈45〉+ 2s15[14]〈4q〉〈5q〉〈1q〉〈43〉
)
,

where we used the notation sij := 〈ij〉[ij].
To understand the steps that follow we start by writing the amplitude that we want

to reproduce. Our starting point is the form (2.9) of the amplitude. It is clear that in this
expression there are terms that can be written in terms of Mandelstam variables, but there
is always a remainder that cannot be written in this way. In the formula (2.9) this is the
last term. This term, however, can be written in many different ways. Let us first massage
it into the form that will be useful later.
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We use the momentum conservation in the form −〈23〉[34] = 〈21〉[14] + 〈25〉[54] to
rewrite

〈12〉〈23〉〈34〉〈45〉〈51〉A5 = s12s23 + s45s51 + s25s45 + 〈21〉[14]〈45〉[52]. (3.35)

Finally, we use Schouten identity in the last term to rewrite the amplitude as

〈12〉〈23〉〈34〉〈45〉〈51〉A5 = s12s23 + s45s51 + s25s45 + s25s14 + 〈24〉[14]〈15〉[52]. (3.36)

The idea now is to see which of the terms in the amplitude (3.34) can reproduce the last
term in (3.36). Most of the terms in (3.34) already contain factors of Mandelstam variables,
and so cannot be responsible for this term. The only terms that can be responsible are the
ones containing [12]2 and [24]2. To massage these terms into the desired form we use

− [21]〈1q〉 = [23]〈3q〉+ [24]〈4q〉+ [25]〈5q〉. (3.37)

This gives, using the momentum conservation in terms proportional to [24]

[12]2〈1q〉〈2q〉〈4q〉〈23〉〈51〉+ [24]2〈4q〉2〈2q〉〈23〉〈45〉 (3.38)
= s23[21]〈2q〉〈3q〉〈4q〉〈15〉+ [21][25]〈2q〉〈4q〉〈5q〉〈23〉〈15〉 − s23[24]〈4q〉2〈2q〉〈35〉.

We then use for the middle term

[21]〈23〉 = [14]〈43〉+ [15]〈53〉,

to get

[12]2〈1q〉〈2q〉〈4q〉〈23〉〈51〉+ [24]2〈4q〉2〈2q〉〈23〉〈45〉
= s23[21]〈2q〉〈3q〉〈4q〉〈15〉 − s23[24]〈4q〉2〈2q〉〈35〉+ [25][14]〈43〉〈2q〉〈4q〉〈5q〉〈15〉

+s15[25]〈53〉〈2q〉〈4q〉〈5q〉.

As the last step, we extract the q-independent part of the third term using Schouten
identity.

[12]2〈1q〉〈2q〉〈4q〉〈23〉〈51〉+ [24]2〈4q〉2〈2q〉〈23〉〈45〉 = [52][14]〈24〉〈15〉〈3q〉〈4q〉〈5q〉 (3.39)
+s23[21]〈2q〉〈3q〉〈4q〉〈15〉 − s23[24]〈4q〉2〈2q〉〈35〉+ s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+[25][14]〈23〉〈4q〉2〈5q〉〈15〉.

The term on the right-hand side of the first line (after dividing by the q-dependent terms
in the denominator) is precisely the last term in (3.36) that can not be written in terms of
Mandelstam variables. The term on the last line can be written in terms of Mandelstam
variables. Indeed, we first use Schouten identity 〈15〉〈4q〉 = 〈14〉〈5q〉 − 〈1q〉〈54〉 to write

[25][14]〈23〉〈4q〉2〈5q〉〈15〉 = s14[25]〈23〉〈4q〉〈5q〉2 − [25][14]〈23〉〈1q〉〈4q〉〈5q〉〈54〉. (3.40)

We then use −[25]〈54〉 = [21]〈14〉+ [23]〈34〉 to finally get

[25][14]〈23〉〈4q〉2〈5q〉〈15〉 = s14[25]〈23〉〈4q〉〈5q〉2 + s14[21]〈23〉〈1q〉〈4q〉〈5q〉
+s23[14]〈34〉〈1q〉〈4q〉〈5q〉. (3.41)
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It thus remains to reproduce the other s-containing terms in the formula (3.36) for
the amplitude. We substitute the terms in the second and third line of (3.39) into (3.34)
instead of the [12]2, [24]2 terms. This gives a part of the amplitude that is supposed to
contain all terms with Mandelstam variables

〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉A′5 = s23[23]〈35〉〈2q〉〈3q〉〈4q〉+ s15[15]〈53〉〈1q〉〈4q〉〈5q〉
+s45[45]〈34〉〈4q〉〈5q〉2 + s14[14]〈43〉〈1q〉〈4q〉〈5q〉 (3.42)
+2s45[14]〈43〉〈1q〉〈4q〉〈5q〉+ 2s23[24]〈45〉〈2q〉〈3q〉〈4q〉+ 2s15[14]〈43〉〈1q〉〈4q〉〈5q〉
+s23[21]〈15〉〈2q〉〈3q〉〈4q〉 − s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈23〉〈4q〉〈5q〉2 + s14[21]〈23〉〈1q〉〈4q〉〈5q〉 − s23[14]〈43〉〈1q〉〈4q〉〈5q〉.

There are some immediate simplifications. The terms containing s23〈2q〉〈3q〉〈4q〉 simplify
using [23]〈35〉 + [21]〈15〉 = −[24]〈45〉. The terms containing [14]〈43〉〈1q〉〈4q〉〈5q〉 simplify
using s14 + 2s45 + 2s15 − s23 = s23 − s14, and so

〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉A′5 = s23[24]〈45〉〈2q〉〈3q〉〈4q〉 (3.43)
+s15[15]〈53〉〈1q〉〈4q〉〈5q〉+ s45[45]〈34〉〈4q〉〈5q〉2

−s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈23〉〈4q〉〈5q〉2 + s14[21]〈23〉〈1q〉〈4q〉〈5q〉+ (s23 − s14)[14]〈43〉〈1q〉〈4q〉〈5q〉.

The two terms in the last line containing s14〈1q〉〈4q〉〈5q〉 simplify using −[12]〈23〉 −
[14]〈43〉 = [15]〈53〉, and so

〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉A′5 = s23[24]〈45〉〈2q〉〈3q〉〈4q〉 (3.44)
+(s15 + s14)[15]〈53〉〈1q〉〈4q〉〈5q〉+ s45[45]〈34〉〈4q〉〈5q〉2

−s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈23〉〈4q〉〈5q〉2 + s23[14]〈43〉〈1q〉〈4q〉〈5q〉.

We then again use the same momentum conservation formula on the very last term to get

〈3q〉〈4q〉〈5q〉〈12〉〈23〉〈34〉〈45〉〈51〉A′5 = s23[24]〈45〉〈2q〉〈3q〉〈4q〉 (3.45)
−s45[15]〈53〉〈1q〉〈4q〉〈5q〉+ s45[45]〈34〉〈4q〉〈5q〉2

−s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈23〉〈4q〉〈5q〉2 − s23[12]〈23〉〈1q〉〈4q〉〈5q〉.

We can now use Schouten identity to extract the q-independent pieces, and match these
to those in (3.36). We have

−s23[12]〈23〉〈1q〉〈4q〉〈5q〉 = s23s12〈3q〉〈4q〉〈5q〉+ s23[12]〈31〉〈2q〉〈4q〉〈5q〉, (3.46)
−s45[15]〈53〉〈1q〉〈4q〉〈5q〉 = s45s51〈3q〉〈4q〉〈5q〉+ s45[15]〈31〉〈4q〉〈5q〉2,

s14[25]〈23〉〈4q〉〈5q〉2 = s14s25〈3q〉〈4q〉〈5q〉+ s14[25]〈53〉〈2q〉〈4q〉〈5q〉.
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These gives three of the four Mandelstam variable containing terms in (3.36). The remain-
der, which is supposed to give the last s25s45 term is

s23[24]〈45〉〈2q〉〈3q〉〈4q〉+ s45[15]〈31〉〈4q〉〈5q〉2 + s45[45]〈34〉〈4q〉〈5q〉2 (3.47)
−s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈53〉〈2q〉〈4q〉〈5q〉+ s23[12]〈31〉〈2q〉〈4q〉〈5q〉.

The second and third terms here, using the momentum conservation, give

s45[25]〈23〉〈4q〉〈5q〉2 = s45s25〈3q〉〈4q〉〈5q〉+ s45[25]〈53〉〈2q〉〈4q〉〈5q〉. (3.48)

The first term gives the last term in (3.36). Thus, we have the remainder which is

s23[24]〈45〉〈2q〉〈3q〉〈4q〉+ s45[25]〈53〉〈2q〉〈4q〉〈5q〉 (3.49)
−s23[24]〈35〉〈2q〉〈4q〉2 + s15[25]〈53〉〈2q〉〈4q〉〈5q〉
+s14[25]〈53〉〈2q〉〈4q〉〈5q〉+ s23[12]〈31〉〈2q〉〈4q〉〈5q〉.

Applying Schouten identity once more on the first term in the first and second lines

s23[24]〈45〉〈2q〉〈3q〉〈4q〉 − s23[24]〈35〉〈2q〉〈4q〉2 = s23[24]〈43〉〈2q〉〈4q〉〈5q〉, (3.50)

we get a set of terms all proportional to 〈2q〉〈4q〉〈5q〉

s23[24]〈43〉+ s23[21]〈13〉+ s45[25]〈53〉+ s15[25]〈53〉+ s14[25]〈53〉
= [25]〈53〉(s45 + s15 + s14 − s23) = 0,

where we applied momentum conservation to the first two terms. Thus, the correct expres-
sion (3.36) for the 5-point amplitude is reproduced.

4 Discussion

This paper establishes a new way of understanding the same helicity one-loop Yang-Mills
amplitudes as arising from tree-level Berends-Giele currents connected by an effective prop-
agator. This is similar to the results in [5, 6], with the main novelty being that our for-
mula (1.2) is spacetime covariant.

This new interpretation is important for several reasons. The so-called CSW [12] tree-
level formalism gives a prescription for how to compute tree-level YM amplitudes with
effective Feynman rules that use MHV amplitudes as vertices. An attempt to extend
this to loop amplitudes was made in [13], where it was in particular suggested that one-
loop same helicity amplitudes that are the subject of this paper can be added as new
interaction vertices, in addition to the tree level MHV vertices. A successful derivation
of some other (MHV) one-loop amplitudes using the CSW rules was given in [14], and in
the non-supersymmetric case in [15]. A different approach to the same helicity one-loop
amplitudes was developed in [16], and used dimensional regularisation.

The interpretation of these one-loop amplitudes that emerges from our work (as well
as [6]) is that they are build from more elementary tree-level blocks. It thus seems unnatural
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to try to build more involved amplitudes from the amplitudes that are already composed.
Our results show that these amplitudes are made from simpler tree-level amplitudes con-
nected by an effective propagator. Thus, it appears that it is the region momenta-dependent
effective propagator that should be added into the set of CSW rules if one is to reproduce
the (same helicity) one-loop amplitudes.

Our new interpretation is also relevant for the problem of UV divergence of quantum
gravity. In papers [17, 18] this divergence was linked to the non-vanishing of the same
helicity one-loop amplitude in GR. Given that the story with GR is likely mirroring that in
YM, see more on this below, the interpretation of this paper shows that the non-vanishing
of the same helicity one-loop amplitudes can in turn be linked to the non-vanishing of the
one-loop bubble. It would thus be very interesting to better understand the significance
and interpretation of the non-vanishing of the bubbles.

This leads to the question of interpretation of such a simple construction as our for-
mula (1.2). This formula cries for an interpretation other than just an observation that
the formula works. The fact that region momentum variables play such a prominent role
points to both the world-sheet interpretation as in [5], as well as the (momentum) twistor
space interpretation as in [19]. In any case, it would be very interesting to understand a
deeper origin of the formula (1.2).

It is possible1 that the non-vanishing of the bubble diagram, together with its depen-
dence on the region momenta, can be understood as the effect of a regularisation. This is
indeed what is happening in the light-cone approach [5, 6], where an exponential region-
momentum dependent cut-off is introduced to regularise the divergent bubble integral.
The regularisation breaks Lorentz invariance, and, after the regulator is removed at the
end of the computation, produces an answer that violates Lorentz invariance. Indeed, the
non-zero value of the bubble diagram assigns a non-zero amplitude to a helicity-flipping
process, which is not compatible with Lorentz invariance.

In this paper, we have assigned a value to the bubble diagram by considering how the
integral depends on the loop momentum, and observing that the value of this divergent
integral changes when the loop momentum is shifted. The shift is readily computable using
the standard textbook technique. We then identified the shift with the region momentum.
Our only justification of this procedure is that it leads to the formula (1.2) that works.
This is how the formula (1.2) was conjectured. It would be very interesting to understand
the appearance of the region momenta as the effect of a regularisation, similar to [5, 6],
but in a covariant setting. But at the moment it is not clear to the authors what is the
right calculation that can achieve this, and we leave this to future work.

Another natural question is how much of what was described here can be generalised
to the case of gravity. As in the case of YM, there exists a truncation of the full theory of
General Relativity that keeps only its self-dual sector. In its version that most parallels the
story of SDYM, this has been described in [9]. The corresponding “flat” version relevant
for GR with zero scalar curvature has been recently described in [20]. The “flat” version
that is most relevant for computing flat space amplitudes has properties very similar to

1We thank an anonymous referee for this suggestion
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that of SDYM. There is a single kinetic term, and then a single cubic interaction, which
however in the gravity case contains two derivatives. The Feynman rules for this SDGR
theory are immediate, and can be used for computing amplitudes. In particular, the all-
negative BG currents can be computed by a recursion, see e.g. [9] and references therein
for the description of the result and the procedure. The integrand of the one-loop 4 point
amplitude can also be written down without any difficulty.

What can also be studied without difficulty is the “bubble” self-energy diagram. Anal-
ogous to the SDYM case, this amplitude can be argued to be zero, while at the same
time shift dependent. The shift can be computed, with the result being the most natural
generalisation of the effective propagator (B.17) from spin one to spin two case. What is
far from clear, however, is how to interpret the shift parameters in the gravity case. In the
case of YM we could associate these with the region momenta. There is no cyclic ordering
in the case of gravity, and so the use of region momenta does not seem justified any longer.
Thus, while there is strong evidence that there must exist a gravitational analog of the
formula (1.2), it is not clear how to give meaning to the momentum variables appearing
in the gravitational effective propagator, and so it is not clear what form the GR analog
of (1.2) should take. We hope to return to all these questions in a future publication.

Acknowledgments

We are grateful to Eugene Skvortsov for pointing out the “sum over bubbles” interpretation
of the one-loop amplitudes, and in particular for the reference [5].

A Sum of box, triangle and bubble diagrams

The purpose of this appendix is to spell out, in our notations, the argument that the sum
of the box, triangle and bubble one-loop integrands, with a specific choice of the loop
momentum, equivalent to the parametrisation in terms of the region momenta, vanishes.
This means that the 4-point one-loop amplitude can be reduced to “bubble” insertions.
Our formula (1.2) is then the generalisation of this statement to an arbitrary number of
external states.

A.1 Box diagram

The box diagram

2+ 3+

1+ 4+

l + 1

l + 1 + 2

l − 4

l

has already been studied by us in [21]. It is given by

iM =
∫

d4l

(2π)4
〈q|l|4]〈q|l + 1|1]〈q|l + 1 + 2|2]〈q|l − 4|3]
l2(l + 1)2(l + 1 + 2)2(l − 4)2∏4

j=1〈qj〉
. (A.1)
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We use manipulations described in [21] to reduce it to a sum of triangle-like and then
bubble-like diagrams, using various identities to cancel the scalar propagator factors of the
type l2 from the denominator. The first stage of reduction is described by

2iM = 2iM1 + 2iM2 + 2iM3 (A.2)

with

2iM1 =
∫

d4l

(2π)4
〈q|3 ◦ (l − 4)|q〉〈q|l + 1|1]〈q|l + 1 + 2|2]

(l + 1)2(l + 1 + 2)2(l − 4)2∏4
j=1〈qj〉〈43〉

2iM2 =
∫

d4l

(2π)4
〈q|l ◦ (l − 4)|q〉〈q|l + 1|1]〈q|l + 1 + 2|2]

l2(l + 1)2(l − 4)2∏4
j=1〈qj〉〈43〉

2iM3 =
∫

d4l

(2π)4
〈q|l ◦ (l − 3− 4)|q〉〈q|l + 1|1]〈q|l + 1 + 2|2]

l2(l + 1)2(l + 1 + 2)2∏4
j=1〈qj〉〈43〉

.

In the second stage of reduction one gets, see section 3 of [21] for derivation

4iM1 =
∫

d4l

(2π)4
〈q|l + 1|1]〈q|(l − 4) ◦ (1 + 4)|q〉

(l + 1)2(l − 4)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉 (A.3)

+
∫

d4l

(2π)4
〈q|l + 1|1]〈q|(l + 1 + 2) ◦ 3|q〉

(l + 1 + 2)2(l − 4)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉

+
∫

d4l

(2π)4
〈q|l + 1|1]〈q|(l + 1 + 2) ◦ 2|q〉

(l + 1)2(l + 1 + 2)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉

4iM2 =
∫

d4l

(2π)4
〈q|l + 1|2]〈q|l ◦ 1|q〉

l2(l + 1)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉 (A.4)

+
∫

d4l

(2π)4
〈q|l + 1|2]〈q|(l − 4) ◦ (2 + 3)|q〉

(l + 1)2(l − 4)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉

+
∫

d4l

(2π)4
〈q|l + 1|2]〈q|l ◦ 4|q〉

l2(l − 4)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉

4iM3 =
∫

d4l

(2π)4
〈q|l ◦ (3 + 4)|q〉〈q|(1 + 2) ◦ l|q〉

l2(l + 1 + 2)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉 (A.5)

+
∫

d4l

(2π)4
〈q|l ◦ (3 + 4)|q〉〈q|(l + 1) ◦ 1|q〉

l2(l + 1)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉

+
∫

d4l

(2π)4
〈q|l ◦ (3 + 4)|q〉〈q|(l + 1) ◦ 2|q〉

(l + 1)2(l + 1 + 2)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉

We now implement the use of region momenta pi, which we assign as follows

k1 = p1 − p4, k2 = p2 − p1, k3 = p3 − p2, k4 = p4 − p3. (A.6)

We also assign the region momentum for the interior of the loop and re-express the loop
momentum in terms of region momenta. Since the loop momentum has to be integrated,
there is an arbitrariness in its assignment. Indeed, we can add any momenta q to the loop.
We thus make a specific choice l = x−p4, where x is the region momentum inside the loop
and p4 is one of the external region momenta. The momentum x is now to be integrated
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over. We then re-write the quadratically divergent integrals in terms of the dual momentum
variables and usual momenta, given this particular choice of the loop momentum. This gives

4iM1 = 4iM11 + 4iM12 + 4iM13, (A.7)

where

4iM11 =
∫

d4x

(2π)4
〈q|p1 − x|1]〈q|(p2 − x) ◦ 2|q〉

(p2 − x)2(p1 − x)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉

4iM12 =
∫

d4x

(2π)4
〈q|p1 − x|1]〈q|(p3 − x) ◦ (1 + 4)|q〉

(p1 − x)2(p3 − x)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉

4iM13 =
∫

d4x

(2π)4
〈q|p1 − x|1]〈q|(p2 − x) ◦ 3|q〉

(p3 − x)2(p2 − x)2〈23〉〈43〉〈q1〉〈q2〉〈q4〉 ,

4iM2 = 4iM21 + 4iM22 + 4iM23, (A.8)

where

4iM21 =
∫

d4x

(2π)4
〈q|p1 − x|2]〈q|(p4 − x) ◦ 1|q〉

(p4 − x)2(p1 − x)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉

4iM22 =
∫

d4x

(2π)4
〈q|p1 − x|2]〈q|(p3 − x) ◦ (3 + 2)|q〉

(p1 − x)2(p3 − x)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉

4iM23 =
∫

d4x

(2π)4
〈q|p1 − x|2]〈q|(p4 − x) ◦ 4|q〉

(p4 − x)2(p3 − x)2〈41〉〈43〉〈q1〉〈q2〉〈q3〉 ,

and finally
4iM3 = 4iM31 + 4iM32 + 4iM33, (A.9)

where

4iM31 =
∫

d4x

(2π)4
〈q|(p4 − x) ◦ (3 + 4)|q〉〈q|(p2 − x) ◦ (3 + 4)|q〉
(p4 − x)2(p2 − x)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉

4iM32 =
∫

d4x

(2π)4
〈q|(p4 − x) ◦ (3 + 4)|q〉〈q|(p1 − x) ◦ 1|q〉

(p4 − x)2(p1 − x)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉

4iM33 =
∫

d4x

(2π)4
〈q|(p4 − x) ◦ (3 + 4)|q〉〈q|(p2 − x) ◦ 2|q〉

(p1 − x)2(p2 − x)2〈12〉〈43〉〈q1〉〈q2〉〈q3〉〈q4〉

(A.10)

A.2 Triangle diagrams

There are four in-equivalent triangle diagrams to consider. We start by considering the
one where the legs 3 and 4 are attached to two of the vertices.

l l − 4

l + 1 + 2

2+ 3+

1+ 4+
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2iT 12 = 1
〈12〉

∫
d4l

(2π)4
〈q|l|4]〈q|l − 4|3]〈q|(l + 1 + 2) ◦ (1 + 2)|q〉

l2(l − 4)2(l + 1 + 2)2∏4
j=1〈qj〉

(A.11)

Let us start by multiplying the numerator and denominator by 〈34〉. This allows to write
the integral as

2iT 12 = − 1
〈12〉〈34〉

∫
d4l

(2π)4
〈q|l ◦ 4 ◦ 3 ◦ (l − 4)|q〉〈q|l ◦ (1 + 2)|q〉

l2(l − 4)2(l + 1 + 2)2∏4
j=1〈qj〉

, (A.12)

where we used 〈q|(1 + 2) ◦ (1 + 2)|q〉 = 0 to get rid of (1 + 2) from the last factor in the
numerator. We now replace 4 = l − (l − 4) and use the identity l ◦ l = 1

2 l
21 to write the

integral as

2iT 12 = − 1
〈12〉〈34〉

[
− 1

2

∫
d4l

(2π)4
〈q|(l − 4) ◦ 3|q〉〈q|l ◦ (1 + 2)|q〉
(l − 4)2(l + 1 + 2)2∏4

j=1〈qj〉
(A.13)

−
∫

d4l

(2π)4
〈q|l ◦ (l − 4) ◦ 3 ◦ (l − 4)|q〉〈q|l ◦ (1 + 2)|q〉

l2(l − 4)2(l + 1 + 2)2∏4
j=1〈qj〉

]

Next we use the spinor identity

A ◦B = −B ◦A+ (A.B)1 (A.14)

where (A.B) is the metric pairing. This identity holds for any two arbitrary rank two
mixed spinors A and B. Using this, we have

(l−4)◦3◦ (l−4) = −(l−4)◦ (l−4)◦3 + (l−4)((l−4).3) = −1
2(l−4)23 + (l−4)((l−4).3)

The second term in the last line of (A.2) can be written as

(l − 4).3 = 1
2((l − 4)2 − (l − 4− 3)2) (A.15)

Therefore, this gives us

(l − 4) ◦ 3 ◦ (l − 4) = 1
2(l − 4)2(l − 4− 3)− 1

2(l − 4− 3)2(l − 4) (A.16)

We now replace l − 3− 4 = l + 1 + 2 and cancel denominators to get

2iT 12 = 1
〈12〉〈34〉

[
1
2

∫
d4l

(2π)4
〈q|(l − 4) ◦ 3|q〉〈q|l ◦ (1 + 2)|q〉
(l − 4)2(l + 1 + 2)2∏4

j=1〈qj〉

+ 1
2

∫
d4l

(2π)4
〈q|l ◦ (l + 1 + 2)|q〉〈q|l ◦ (1 + 2)|q〉

l2(l + 1 + 2)2∏4
j=1〈qj〉

− 1
2

∫
d4l

(2π)4
〈q|l ◦ (l − 4)|q〉〈q|l ◦ (1 + 2)|q〉

l2(l − 4)2∏4
j=1〈qj〉

]
(A.17)
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One of the factors of l in the second and third integrals can be immediately eliminated
owing to the identity 〈q|l ◦ l|q〉 = 0. We then choose to rewrite it as

iT 12 = 1
4〈12〉〈34〉

[ ∫
d4l

(2π)4
〈q|(l − 4) ◦ 3|q〉〈q|(l + 1 + 2) ◦ (1 + 2)|q〉

(l − 4)2(l + 1 + 2)2∏4
j=1〈qj〉

+
∫

d4l

(2π)4
〈q|l ◦ (1 + 2)|q〉〈q|(l + 1 + 2) ◦ (1 + 2)|q〉

l2(l + 1 + 2)2∏4
j=1〈qj〉

+
∫

d4l

(2π)4
〈q|l ◦ 4|q〉〈q|(l + 1 + 2) ◦ (1 + 2)|q〉

l2(l − 4)2∏4
j=1〈qj〉

]
(A.18)

Let us then rewrite this in the dual momentum variables. As before, we choose the loop
momentum variable l = p4 − x. We have

4iT 12 = 4iT 12
1 + 4iT 12

2 + 4iT 12
3 (A.19)

where

4iT 12
1 =

∫
d4l

(2π)4
〈q|(p3 − x) ◦ 3|q〉〈q|(p2 − x) ◦ (1 + 2)|q〉

(p3 − x)2(p2 − x)2〈12〉〈34〉
∏4
j=1〈qj〉

4iT 12
2 =

∫
d4l

(2π)4
〈q|(p4 − x) ◦ (1 + 2)|q〉〈q|(p2 − x) ◦ (1 + 2)|q〉

(p4 − x)2(p2 − x)2〈12〉〈34〉
∏4
j=1〈qj〉

4iT 12
3 =

∫
d4l

(2π)4
〈q|(p4 − x) ◦ 4|q〉〈q|(p2 − x) ◦ (1 + 2)|q〉

(p4 − x)2(p3 − x)2〈12〉〈34〉
∏4
j=1〈qj〉

(A.20)

The diagram with legs 1 and 2 inserted to two of the vertices is

l l − 2

l + 3 + 4

4+ 1+

3+ 2+

It can be obtained from (A.20) by substitutions

1→ 3, 2→ 4, 3→ 1, 4→ 2. (A.21)

The loop momentum in terms of region momenta is l = p2 − x. We have

4iT 34 = 4iT 34
1 + 4iT 34

2 + 4iT 34
3 , (A.22)

where

4iT 34
1 =

∫
d4x

(2π)4
〈q|(p1 − x) ◦ 1|q〉〈q|(p4 − x) ◦ (3 + 4)|q〉

(p1 − x)2(p4 − x)2〈12〉〈34〉〈q1〉〈q2〉〈q3〉〈q4〉

4iT 34
2 =

∫
d4x

(2π)4
〈q|(p2 − x) ◦ (3 + 4)|q〉〈q|(p4 − x) ◦ (3 + 4)|q〉
(p2 − x)2(p4 − x)2〈12〉〈34〉〈q1〉〈q2〉〈q3〉〈q4〉

4iT 34
3 =

∫
d4x

(2π)4
〈q|(p2 − x) ◦ 2|q〉〈q|(p4 − x) ◦ (3 + 4)|q〉

(p2 − x)2(p1 − x)2〈12〉〈34〉〈q1〉〈q2〉〈q3〉〈q4〉

(A.23)
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We note that the terms arising here cancel precisely the terms in M3.
The diagram with legs 2 and 3 inserted to two of the vertices is

l l − 3

l + 1 + 4

1+ 2+

4+ 3+

It can be obtained from (A.20) by substitutions

1→ 4, 4→ 3, 3→ 2, 2→ 1. (A.24)

The loop momentum in terms of region momenta is l = p3 − x. We get

4iT 41 = 4iT 41
1 + 4iT 41

2 + 4iT 41
3 , (A.25)

where

4iT 41
1 =

∫
d4x

(2π)4
〈q|(p2 − x) ◦ 2|q〉〈q|(p1 − x) ◦ (1 + 4)|q〉

(p2 − x)2(p1 − x)2〈41〉〈23〉
∏4
j=1〈qj〉

4iT 41
2 =

∫
d4x

(2π)4
〈q|(p3 − x) ◦ (1 + 4)|q〉〈q|(p1 − x) ◦ (1 + 4)|q〉

(p3 − x)2(p1 − x)2〈41〉〈23〉
∏4
j=1〈qj〉

4iT 41
3 =

∫
d4x

(2π)4
〈q|(p3 − x) ◦ 3|q〉〈q|(p1 − x) ◦ (1 + 4)|q〉

(p2 − x)2(p3 − x)2〈41〉〈23〉
∏4
j=1〈qj〉

(A.26)

The diagram with legs 1 and 4 inserted to two of the vertices is

l l − 1

l + 2 + 3

3+ 4+

2+ 1+

It can be obtained from (A.20) by substitutions

1→ 2, 2→ 3, 3→ 4, 4→ 1. (A.27)

The loop momentum in terms of region momenta is l = p1 − x. This gives

4iT 23 = 4iT 23
1 + 4iT 23

2 + 4iT 23
3 , (A.28)
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where

4iT 23
1 =

∫
d4x

(2π)4
〈q|(p4 − x) ◦ 4|q〉〈q|(p3 − x) ◦ (2 + 3)|q〉

(p4 − x)2(p3 − x)2〈23〉〈41〉
∏4
j=1〈qj〉

4iT 23
2 =

∫
d4x

(2π)4
〈q|(p1 − x) ◦ (2 + 3)|q〉〈q|(p3 − x) ◦ (2 + 3)|q〉

(p1 − x)2(p3 − x)2〈23〉〈41〉
∏4
j=1〈qj〉

4iT 23
3 =

∫
d4x

(2π)4
〈q|(p1 − x) ◦ 1|q〉〈q|(p3 − x) ◦ (2 + 3)|q〉

(p1 − x)2(p4 − x)2〈23〉〈41〉
∏4
j=1〈qj〉

.

(A.29)

A.3 Bubble diagrams

A.3.1 Internal bubbles

There are two inequivalent permutations of the bubbles on internal lines. In one diagram,
the legs 1 and 2 join on one side of the internal line while 3 and 4 on the other side. This
is given by

1+
l

4+

2+

l+1+2
3+

4iB12 = 1
〈12〉〈34〉

∫
d4l

(2π)4
〈q|l ◦ (1 + 2)|q〉〈q|(l + 1 + 2) ◦ (3 + 4)|q〉

l2(l + 1 + 2)2∏4
j=1〈qj〉

(A.30)

Writing it in the dual momentum variables with l = p4 − x we get

4iB12 = 1
〈12〉〈34〉

∫
d4x

(2π)4
〈q|(p4 − x) ◦ (1 + 2)|q〉〈q|(p2 − x) ◦ (3 + 4)|q〉

(p4 − x)2(p2 − x)2∏4
j=1〈qj〉

. (A.31)

The other internal bubble diagram is

4+
l

3+

1+

l+1+4
2+

It can be obtained from the above by permutations, with l = p3 − x and the result being

4iB23 = 1
〈41〉〈23〉

∫
d4x

(2π)4
〈q|(p3 − x) ◦ (1 + 4)|q〉〈q|(p1 − x) ◦ (3 + 2)|q〉

(p3 − x)2(p1 − x)2∏4
j=1〈qj〉

. (A.32)

A.3.2 Bubbles on external lines

There are four distinct diagrams here, corresponding to the different ways of insertion of
bubbles to four external lines. One can write each contribution as an insertion of a current
to one of the legs of the bubble. For example, we have for the insertion of the bubble
between the particle 1 and the J(2, 3, 4) current

1+

l+1

l
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4iB1 = 〈q3〉
〈23〉〈34〉

∫
d4l

(2π)4
〈q|(l + 1) ◦ 1|q〉〈q|l|1]
l2(l + 1)2∏4

j=1〈qj〉
(A.33)

Rewriting this in terms of the dual momentum variables with l = p4 − x we get

4iB1 = 〈q3〉
〈23〉〈34〉

∫
d4x

(2π)4
〈q|(p1 − x) ◦ 1|q〉〈q|p4 − x|1]
(p4 − x)2(p1 − x)2∏4

j=1〈qj〉
. (A.34)

The other similar contributions are obtained by cyclic permutations. We have

4iB2 = 〈q4〉
〈34〉〈41〉

∫
d4x

(2π)4
〈q|(p2 − x) ◦ 2|q〉〈q|p1 − x|2]
(p2 − x)2(p1 − x)2∏4

j=1〈qj〉
, (A.35)

4iB3 = 〈q1〉
〈41〉〈12〉

∫
d4x

(2π)4
〈q|(p3 − x) ◦ 3|q〉〈q|p2 − x|3]
(p2 − x)2(p3 − x)2∏4

j=1〈qj〉
, (A.36)

4iB4 = 〈q2〉
〈12〉〈23〉

∫
d4x

(2π)4
〈q|(p4 − x) ◦ 4|q〉〈q|p3 − x|4]
(p4 − x)2(p3 − x)2∏4

j=1〈qj〉
(A.37)

A.4 Sum of integrands

As we previously noticed, the terms in M3 get cancelled by one of the triangle diagrams
T 34. Our aim is now to show that all other terms get cancelled agains each other as
well. To this end, we will group the terms according to their denominators of the form
(pi − x)2(pj − x)2 for some i, j.

We start with the denominator factor (p1 − x)2(p2 − x)2. The contributions to this
come from M11, T 41

1 as well as one of the bubbles B2. The sum of the corresponding
numerators is given by

〈q|(p2 − x) ◦ 2|q〉
〈23〉〈43〉〈14〉

(
〈q|(p1 − x) ◦ (1 + 4)|4〉〈q3〉 − 〈q|(p1 − x) ◦ (1 + 4)|q〉〈43〉

+ 〈q|(p1 − x) ◦ 2|3〉〈q4〉
)
,

(A.38)

where we rewrote the first term in a suggestive way. We now use the momentum conserva-
tion 2 = −(1+3+4) in the last term, and then Schouten identity |4〉〈q3〉 = |q〉〈43〉+ |3〉〈q4〉
to see that the sum in brackets is zero.

Next consider the denominator factor (p1−x)2(p3−x)2. The contributions come from
M12,M22, T 41

2 , T 23
2 and the bubble B23. The triangle contributions double each other, and

the sum of these numerators is
〈q|(p3 − x) ◦ (1 + 4)|q〉

〈23〉〈43〉〈14〉
(
〈q|(p1 − x) ◦ (1 + 4)|4〉〈q3〉+ 〈q|(p1 − x) ◦ (2 + 3)|3〉〈q4〉 (A.39)

− 2〈q|(p1 − x) ◦ (1 + 4)|q〉〈43〉+ 〈q|(p1 − x) ◦ (1 + 4)|q〉〈43〉
)
,

where again we rewrote the first terms in a suggestive way. Replacing 2 + 3 = −(1 + 4) in
the second term and using the same Schouten identity as above we see the cancellation.

Next consider the denominator factor (p1−x)2(p4−x)2. The contributions come from
M21, T 23

3 and B1. The sum of these numerators is given by
〈q|(p4 − x) ◦ 1|q〉
〈23〉〈43〉〈41〉

(
〈q|(p1 − x) ◦ 2|3〉〈q4〉+ 〈q|(p3 − 1) ◦ (2 + 3)|q〉〈43〉

+ 〈q|(p4 − x) ◦ 1|4〉〈q3〉
)
.

(A.40)
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We now use the fact that p3 = p1 + 2 + 3, and so p3 can be replaced by p1 in the second
term. Similarly, p4 = p1 − 1, and so we can replace p4 with p1 in the last term. We then
similarly replace 2 by (2 + 3) in the first term, and 1 by (1 + 4) in the last. Then again the
same Schouten identity implies the cancellation.

Let us now consider the denominator factor (p2− x)2(p3− x)2. The situation is some-
what more interesting here. There are 4 integrands that contribute, namelyM13, T 12

1 , T 41
3

and the bubble B3. Let us start by considering the sum of T 41
3 and B3. This can be

written as

〈q|(p3 − x) ◦ 3|q〉
〈41〉〈12〉〈23〉 (〈q|(p1 − x) ◦ (1 + 4)|q〉〈12〉 − 〈q|(p2 − x) ◦ 3|2〉〈q1〉) . (A.41)

Using p3− p1 = 3 + 2 in the first term, as well as 1 + 4 = −(2 + 3), we can replace p1 there
by p3. Similarly, in the second term we can use p3 − p2 = 3 to replace p2 with p3. The
expression in brackets is then

−〈q|(p3−x)◦(2+3)|q〉〈12〉−〈q|(p3−x)◦(2+3)|2〉〈q1〉 = −〈q|(p3−x)◦(2+3)|1〉〈q2〉 (A.42)

by Schouten identity. This can be written as

−〈q|(p3−x)◦(2+3)|1〉〈q2〉 = −〈q|(p3−x)◦(1+2+3)|1〉〈q2〉 = 〈q|(p3−x)|4]〈41〉〈q2〉. (A.43)

On the other hand, the sum ofM13 and T 12
1 is given by

〈q|(p3 − x) ◦ 3|q〉
〈43〉〈12〉〈23〉 (〈q|(p1 − x) ◦ 1|2〉〈q3〉 − 〈q|(p2 − x) ◦ (1 + 2)|q〉〈23〉) . (A.44)

We can replace p1 by p4 and 1 by (1 +2) in the first term, and p2 by p4 in the second term.
This gives for the expression in the brackets

〈q|(p4−x)◦ (1+2)|2〉〈q3〉−〈q|(p4−x)◦ (1+2)|q〉〈23〉 = 〈q|(p4−x)◦ (1+2)|3〉〈q2〉. (A.45)

This can be written as

〈q|(p4−x)◦(1+2)|3〉〈q2〉 = 〈q|(p4−x)◦(1+2+3)|3〉〈q2〉 = −〈q|(p4−x)|4]〈43〉〈q2〉. (A.46)

Given that we can replace here p4 by p3, it is clear that the termsM13, T 12
1 , T 41

3 ,B3 cancel
each other.

For the denominator (p2−x)2(p4−x)2 there are only two contributing terms T 12
2 and

B12, which directly cancel each other. For the denominator (p3 − x)2(p4 − x)2 we have
the terms M23, T 12

3 , T 23
1 ,B4 contributing, and the cancelation here is similar to the one

encountered in the case (p2 − x)2(p3 − x)2.
Therefore the total integrand, as a sum of box, four triangles, two internal bubbles

and eight external bubbles vanishes. Pictorially, this can be represented as

+ 4× + 2× + 4× = 0
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B Bubble computation and effective propagator

The purpose of this section is to spell out the computation of the one-loop “bubble” correc-
tion to the self-energy diagram. We will see that this diagram can be argued to vanish, but
is also divergent and undefined. If the loop momentum is shifted, the difference between
the unshifted and shifted value of this diagram is non-zero and can be computed. Thus,
this diagram must in general be assigned a non-zero value. In our formula for the one-loop
amplitudes it is this diagram, with a specific prescription for the value of the shifted mo-
mentum, that is inserted between the two BG currents. The technique we use to compute
the bubble is the standard textbook one, see e.g. [22], section 75.

B.1 Shift computation

-k k

l+k

l

Consider the self-energy diagram as pictured above, where the external lines are projected
to two negative helicity states and the convention being all external momenta incoming.
Using the Feynman rules reviewed in the previous section, and the bra-ket spinor notation,
the amplitude can be written as

iΠ−− =
∫

d4l

(2π)4
〈q|l|k]〈q|l + k|k]
l2(l + k)2〈qk〉2

. (B.1)

In the form it is written this integral can be argued to vanish. Indeed, there is no linear in l
part of the integrand as it is proportional to 〈q|k|k] = 〈qk〉[kk] = 0. The only non-vanishing
contribution thus comes from ∫

d4l

(2π)4
lµlν

l2(l + k)2 (B.2)

Any Lorentz invariant regularisation of this will yield xµxν to be proportional to k2ηµν
which is zero because k is null or to kµkν , which gives the numerator factor 〈q|k|k] = 0 by
using [kk] = 0. Thus, the self-energy diagram (B.1) can be argued to be zero.

However, (B.1) is a quadratically divergent integral, and so one must be careful in
reaching the conclusion that this object is zero. Let us consider shifting the loop momentum
as in l = x + s̃, where s̃ is some momentum and x is the new integration variable. The
argument above depends on the specific form of the integrand and is no longer applicable
to the shifted integrand. In fact, below we shall compute the effect of the shift by s̃ and see
that the shift is non-vanishing. What this means is that the self-energy diagram projected
onto two negative helicity states cannot in general be assumed to vanish. Instead, it is
given by a finite quantity, depending on the shift parameter.
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Let us compute the shift dependence of the self-energy diagram. We will use the region
momenta so that k = s− s̃, and

l = x+ s̃

l + k = x+ s.
(B.3)

We then have
iΠ−− =

∫
d4x

(2π)4
〈q|x+ s̃|k]〈q|x+ s|k]
(x+ s̃)2(x+ s)2〈qk〉2

(B.4)

We have already seen that this integral vanishes after the shift x→ x− s̃. We then compute
the result of the shift. This is done using the standard techniques, which are reviewed in
the appendix of [21]. The linear part of the shift is given by

− i lim
x→∞

∫
dΩ

(2π)4 s̃µx
µ 〈q|x+ s̃|k]〈q|x+ s|k]

x2

(
1− 2x.(s̃+ s)

x2

)
(B.5)

The non-zero contribution can only come from the quadratic and quartic in x terms. The
quadratic term is

s̃µx
µ
(
〈q|x|k]〈q|s|k] + 〈q|x|k]〈q|s̃|k]

)
(B.6)

Integrating over the directions of xµ produces

− i

32π2

(
〈q|s̃|k]〈q|s|k] + 〈q|s̃|k]〈q|s̃|k]

)
(B.7)

The quartic in x part is given by

2i lim
x→∞

∫
dΩ

(2π)4 s̃µx
µ(s̃+ s)νxν

〈q|x|k]〈q|x|k]
x4 (B.8)

The integral is computed using∫
dΩ

(2π)4
xµxνxρxσ

x4 = 1
32.6π2 (ηµνηρσ + ηµρηνσ + ηµσηρν) (B.9)

This results in the following two contributions

i

32.3π2

(
〈q|s̃|k]〈q|s̃+ s|k] + 〈q|s̃+ s|k]〈q|s̃|k]

)
= i

16.3π2

(
〈q|s̃|k]〈q|s̃|k] + 〈q|s̃|k]〈q|s|k]

)
(B.10)

For the quadratic part of the shift, the integral is given by

i

2 lim
x→∞

∫
dΩ

(2π)4 s̃µs̃νx
µx2 ∂

∂xν

〈q|x+ s̃|k]〈q|x+ s|k]
(x+ s̃)2(x+ s)2 (B.11)

When the derivative hits the denominator, it produces a factor proportional to

i

2(−4) lim
x→∞

∫
dΩ

(2π)4 s̃µs̃νx
µxν
〈q|x+ s̃|k]〈q|x+ s|k]

x4 (B.12)
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The quartic in x part of the numerator is the only which contributes. Using (B.9) we find
one of the contractions vanish and the other two contractions are equal, giving

− 2i
32.3π2 〈q|s̃|k]〈q|s̃|k] (B.13)

When the derivative in (B.11) hits the numerator, in the large x limit, we get

i

2 lim
x→∞

∫
dΩ

(2π)4 s̃µx
µ 〈q|x+ s̃|k]〈q|s̃|k] + 〈q|x+ s|k]〈q|s̃|k]

x2 (B.14)

Using the relevant contraction, this gives

i

32π2 〈q|s̃|k]2 (B.15)

Adding all the contributions, we have for this amplitude

Π−− = − i

32.3π2
〈q|s̃|k]〈q|s|k]
〈qk〉2

. (B.16)

Using the fact that k = s − s̃ we could write this result in terms of only s or s̃, but the
form we chose will be most convenient below.

B.2 Bubble as an effective propagator

As we have just seen, a direct computation of the shift gives the result (B.16) for the self-
energy diagram. This result can be given the following interpretation. We represent it as
the effective propagator

MM ′ NN ′ := s M
N ′ s̃ M ′

N , (B.17)

into which the polarisation state

ε−MM ′(k) = qMkM ′

〈qk〉
(B.18)

is inserted on both sides. This results in (B.16).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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