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Abstract

A numerical scheme to simulate three-phase fluid flows with phase change is proposed. By combining the Cahn-
Hilliard model for water-air interface, Allen-Cahn equation for ice and fluid and Navier-Stokes equation for momen-
tum, we solve the evolution of the water-air interface and water-ice interface simultaneously, including the volume
expansion associated with solidification and due to the density difference between water and ice. Unlike existing
schemes assuming a divergence-free flow field, the proposed continuous formulation allows for density changes while
ensuring mass conservation. A Poisson equation for the pressure field is derived from mass conservation with constant
coefficients, which can efficiently be solved without any pre-conditioning. The results demonstrate that the volume
expansion during the ice formation and the subsequent motion of the water-air interface are successfully captured. A
parametric study is carried out to examine the dependence of the icing on different physical and numerical parameters.
Computations with flow disturbance of different amplitudes demonstrate the robustness of the computational scheme
and the uniqueness of the solution over the parameters considered.

1. Introduction

The phase-field method [1, 2] has been widely used for the multiphase flow simulations. Compared with the
volume-of-fluid method [3, 4], the level-set method [5, 6] and the front-tracking method [7, 8], the main advantage
of the phase-field method is that the interface can be resolved without introducing dedicated boundary conditions.
In addition, the approach is thermodynamically motivated and the system is characterized by a free energy which
allows different physical effects to be accounted for by suitable modifications of the free energy. By combining
with the Navier-Stokes (NS) equations to model the convection of the interface, the phase-field method has been
successfully used to model the contact-line motion problem [9, 10] and other immiscible two-phase flows without
phase change [11, 12, 13]. In these simulations, the flow field is considered as incompressible, i.e., 5 · ~U = 0, where
~U denotes the velocity vector. The phase-field method is also widely used in the simulations of phase change such
as solidification [14, 15], melting [16], boiling [17] and sublimation [18]. Among others, phase-field models for the
solidification of a pure material including convection in the liquid phase was developed in [19, 20].Except for most of
the alloys [21, 22], the phase change between solid and liquid might be accompanied by significant volume expansion
or contraction, examples being water [23, 24] and silicon in which case the two phases have a non-negligible density
difference. This leads to a flow away from or towards the liquid-solid interface when solidification or melting occurs.
Therefore, both the density change and the induced convection of the flow must be incorporated in the computations
to avoid unphysical results. It can be shown that in the case of solidification with density difference [25, 26], the
velocity field is not solenoidal (divergence-free) and thus 5 · ~U , 0. In the computational model in [26], each phase
possesses different velocity at the interface and the velocity of the mixture is a mass-averaged value of all the species.
This will result in a higher computational cost as the number of phases increases.

Besides the above-mentioned work on two-phase flows, phase-field models for incompressible, three-component
immiscible fluid flows without phase change have also been developed, see e.g. [28, 29, 30]. The existence of
gas surrounding the liquid can influence the solidification of a liquid. For example, it was shown experimentally
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that the shear from the gas flow around the water droplet can affect its freezing on a solid surface in terms of icing
speed, location and direction of the freezing front, and hence the final shape of the ice [31]. Therefore, the accurate
simulation of the solidification of a liquid requires taking the ambient gas flow into consideration. There has been a
limited number of numerical studies of solidification phenomena in three-phase flows using the phase-field method,
i.e., considering the evolution of the liquid-solid interface and liquid-gas interface simultaneously. Such a simulation
needs to accurately solve a liquid-solid density difference and possible large liquid-gas density ratio. The interface
evolution, flow convection, and the heat transfer within and between different phases need to be accurately modelled.
To the best of the authors’ knowledge, only one previous study has applied the phase-field method to three-phase icing
simulations [32]. However, in that work the convection in the solidification process is ignored, the density difference
between the water and the ice resulting in an expansion of the ice is not considered and instead the ice-water interface
is treated with an immersed boundary method.

In addition to the physical modelling, another issue with the phase-field method is the numerical scheme to solve
the incompressible NS equation to obtain the pressure and velocity of the multiphase flow field. A routinely used
numerical scheme is the projection method in which a Poisson equation is constructed and solved to obtain the
pressure of the flow field at every time step. For the two-phase flow with a large density ratio, a typical temporal
discretization of the Poisson equation is as follows:

5 ·(
1
ρn+1 5 Pn+1) =

1
∆t
5 ·~U

∗
, (1)

where ρn+1 is the density and Pn+1 is the pressure at time step n + 1; ∆t is the time step in the temporal discretization
and ~U

∗
is the approximate velocity at time step n + 1. As the density ρn+1 is a function of the phase-field parameter,

the coefficient of the Poisson equation is time- and space- dependent which prohibits the use of some fast Possion
solvers. As a result, pre-conditioning of the Poisson equation, such as the penalty formulation [33] or the velocity-
correction method [34, 35] is needed especially for large density ratio problems. By adopting the continuous equation
instead of the divergence-free condition, we can derive a Poisson equation with a constant coefficient without any
pre-conditioning to solve the three-phase flows with phase change and large density ratio.

In this paper, we report a comprehensive numerical model and discretization scheme for the solidification in the
presence of a liquid and an inert gas phase. The ice-water-air system with the icing process with the background
application in aeronautics is adopted to demonstrate this approach. We consider that the strategy is general and can
be applied to other three-phase systems. The outline of this paper is as follows: in Section 2, the phase-field model
and the governing equation system are introduced. Section 3 describes the numerical scheme and the discretizations
of the equation system. The one-dimensional test cases are presented in Section 4. In Section 5, we conduct a
parametric study on the icing problem, varying mobility, wall temperature and interface thickness. In the last section,
we summarise the properties of the proposed numerical scheme and the simulation results as well as the potential
extensions of the present work.

2. Mathematical description

2.1. Phase-field modelling

The basic idea of this work is to use a phase-field approach introducing two order parameters that vary continu-
ously over thin interface layers between liquid-solid and liquid-gas [8]. The aim is to study the solidification process
of water in the ice-water-air ternary phase system. “Water”, “ice” and “air” are used to denote the pure liquid, solid
and gas phases, respectively. We assume that ice is only formed within water (water vapor in the air is not considered)
and water and air are immiscible. In our simulation, the phase-field variable, φ, as a function of position and time,
is employed to distinguish whether the medium is water-ice mixture (the liquid phase and solid phase coexist) or air.
Here, φ = 1 means a mixture of water and ice while φ = −1 denotes pure air. The second phase-field variable, c, is
used to describe the volume fraction of ice in the water-ice mixture:

c = −
Vice

Vice + Vwater
, (2)

where Vice and Vwater denote the local volume within a very small neighbourhood. We set that −1 6 φ 6 1 and
−1 6 c 6 0. As shown in Fig. 1, φ = 1 & c = 0 represents pure water, φ = 1 & c = −1 represents pure ice and
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φ = −1 & c = 0 denotes pure air. The position of the water-air interface is φ = 0 and c = 0 stands for water-ice
interface. In the pure air phase, c is always 0. It is noted that phase change only occurs between water and ice.

!"#$%&=-1, c=0

"'($%&=1, c=-1

)!*(#$%&=1, c=0

Fig. 1: A sketch of the three phases distinguished by phase-field order parameters.

The material properties (density, viscosity and thermal conductivity coefficient) of each single phase are fixed. In
this paper, the solid phase (ice) and the liquid phase (water) are represented as Newtonian fluids. The viscosity of the
solid phase is specified to be far larger than that of the liquid phase [19] to reduce its movement. Denoting air, water
and ice as phase 1, phase 2 and phase 3, the material properties of the mixture are defined as linear functions of the
phase-field order parameters through the constitutive equations:

ρ(φ, c) =
1
2

(φ + 1) ·
[
(c + 1)ρ2 − cρ3

]
−

1
2

(φ − 1)ρ1, (3)

η(φ, c) =
1
2

(φ + 1) ·
[
(c + 1)η2 − cη3

]
−

1
2

(φ − 1)η1, (4)

k(φ, c) =
1
2

(φ + 1) · [(c + 1)k2 − ck3] −
1
2

(φ − 1)k1, (5)

where η is the viscosity and k is the thermal conductivity of the mixture.

2.2. Governing equations
The Cahn-Hilliard (CH) equation is used to model the evolution of the interface between water and air:

∂φ

∂t
+ 5 · (φ~U) = Mφ 5

2 µφ − φ 5 ·~U. (6)

Here we start from the thermodynamically consistent model introduced in [53].
−→
U is the volume averaged velocity

of the mixture, since there is no need to distinguish the velocity of each single component as adopted in [26]. As
volume expansion exists during the icing process, the source term −φ5 ·~U cannot be ignored. The phenomenological
mobility Mφ is computed as Mφ = 2

√
2ure f ξφlre f /(3σφ · Pec), where ure f is the reference velocity, σφ is the surface

tension coefficient, ξφ is the thickness of the interface between water and air, and lre f is the reference length. We
choose the mobility to be independent of φ. Pec is the Peclet number which expresses the ratio between advection
and diffusion. µφ is the chemical potential for the water-air system:

µφ = −
3

2
√

2
σφξφ 5

2 φ −
3σφ

2
√

2ξφ
(φ − φ3). (7)

It is noted that while the conservative form term is used in Eq. (6), an additional term φ 5 ·~U is added to the RHS
of the equation as a source term. Eq. (6) cannot be simplified as:

∂φ

∂t
+
−→
U · 5φ = Mφ 5

2 µφ. (8)

Considering that the liquid and gas are basically incompressible (5 · ~U = 0), we have 5 · (~Uφ) = ~U · 5φ+ φ5 ·~U =
~U · 5φ at the water-air interface. However, Eq. (11) implies that the divergence of the velocity is not necessarily zero.
This occurs at the liquid-solid interface when the solidification evolves with density difference.
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The Allen-Cahn (AC) equation is used to simulate the phase change from water to ice [36] :

∂c
∂t

+ 5 · (~Uc) = Mc[6σcξc 5
2 c −

∂ fc
∂c

]. (9)

In the AC equation, the mobility Mc is calculated as Mc = 6ξcL[1/ω+5ξcL/6k]/TM , where ω is a parameter related to
velocity and temperature at the water-ice interface; by adjusting the value of ω, the mobility of the icing process can
be modified. L is the latent heat of fusion and TM is the melting point of ice, while ξc is the thickness of the water-ice
interface. On the right hand side of the AC equation, fc is the free energy density given by [36]:

fc = 3
σc

ξc
g(c) + L

TM − T
TM

h(c). (10)

It contains two terms: a double well function g(c) and an interpolating function h(c). The double well function
describes the free energy density of the bulk of each phase and the interpolating function combines the free energies
of liquid and solid. Here we choose the two functions, g(c) = (c + 1)2c2 and h′(c) = 30g(c), respectively [36]. T is
the temperature of the flow field.

The water-ice interface is assumed isotropic in this study, but any anisotropic model can be directly adopted. The
computation of the AC equation is only carried out in water where φ > −1 while the CH equation is solved in all three
phases.

The continuity equation guarantees the total mass conservation during the simulation:

∂ρ

∂t
+ 5 · (ρ~U + J̃) = 0, (11)

where ρ is computed with Eq. (3) and J̃ = −
ρ1−ρ2

2 Mφ 5 µφ[53].
The thermodynamically consistent momentum equation is

∂(ρ~U)
∂t

+ 5 · [(ρ~U + J̃) ⊗ ~U] = − 5 P · I + 5 · τ + ~Fb + SFwater−air + SFwater−ice, (12)

I is the unit diagonal tensor, ~Fb is body force (e.g., the acceleration of gravity) and τ is the stress tensor defined as

τ = −2/3η 5 ·~UI + η[5~U + (5~U)T ], where (·)T is the transpose of a matrix. The surface tension is SFwater−air = µφ 5 φ
at the water-air interface and SFwater−ice = ξc 5 c at the water-ice interface.

The temperature of the flow field is computed using the energy equation. The total energy of the control volume
includes the kinetic energy and the free energy. The change of total energy in time is due to the work of surface forces,
heat diffusion and phase change. The change of the free energy due to the movement of the water-ice interface is the
latent heat. The effect of the movement of the water-air interface on the temperature change can be ignored in this
study. The energy equation is as follows:

∂(ρCpT )
∂t

+ 5 · (ρCpT ~U) =
∂V3

∂t
ρ3L + 5 · (k 5 T ) + Φ + ~U · ~Fb, (13)

where V3 is the volume fraction of ice in the mixture, ∂V3
∂t ρ3L is the latent heat released during the icing process and

Φ is the viscous dissipation Φ = (−2/3η 5 ·~UI + η[5~U + (5~U)T ]) : 5 ~U. η and k are computed with Eq. (4).
In summary, the governing equations for the aforementioned three-phase fluid flows with phase change are com-

posed of mass conservation (11), momentum equations (12), the Cahn-Hilliard equation (6), the Allen-Cahn equation
9 and an energy equation (13). This leads to a closed system with 7 equations and 7 variables (~U, φ, c, P and T ) for
three-dimensional simulations.

It is worth mentioning that there are various models to calculate the surface tension and chemical potentials in CH
and AC equations [30]. As the main target of this work is to build a general numerical frame to model three-phase
flows with phase change and the corresponding algorithm, only the common models are considered in the description
below.
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2.3. Procedure of the computation
Here, we first present the algorithm and then proceed to explain the different steps of it, focusing in particular on

the novelty of the method. Throughout the paper, all flow field variables (density, velocity, pressure and temperature)
are dimensional. The numerical algorithm to compute the solution of the governing equations at time step n + 1 is
summarized as follows:

1. Calculate the value of φ and c of time step n + 1 with Eq. (6) and Eq. (9)
2. Obtain the density, thermal conductivity coefficient and viscosity at time step n + 1 using Eq. (3)-(5)
3. Advance the momentum equations to obtain the approximate velocity ~U

∗
at time step n + 1

4. Compute Pn+1 by solving the Poisson equation introduced below
5. Compute Un+1 using Pn+1 and ~U

∗

6. Calculate T n+1 using the second-order Crank-Nicolson scheme for the energy equation
7. Correct the velocity of ice and proceed to the next time step

In the first step, φ and c are computed explicitly. The density, viscosity and thermal conductivity obtained in the
second step are used in the following calculations.

2.3.1. Projection method and the Poisson equation in Step 4
In this section, we derive a Poisson equation to compute the pressure imposing mass conservation. We start with

the discretized form of the continuity equation at time step n + 1:

(
∂ρ

∂t
)n+1 + ρn+1 5 ·~U

n+1
+ (~U

n+1
· 5)ρn+1 + 5 · J̃n+1 = 0. (14)

We define RUn as:

RUn = − 5 ·[(ρn+1~U
n

+ J̃n+1) ⊗ ~U
n
] + 5 · τ

n
+ ~Fb

n
+ SFn

water−air + SFn
water−ice, (15)

which is the right hand side of Eq. (12) without the pressure gradient. The calculation of τ
n

and surface tension relies
on ~U

n
, ρn+1 and ηn+1 which are already available.

Eq. (12) is split into two equations:
ρn+1~U

∗
− ρn~U

n

∆t
= RUn (16)

and
~U

n+1
− ~U

∗

∆t
= −

1
ρn+1 5 Pn+1. (17)

Rearranging Eq. (17) gives:

~U
n+1

= ~U
∗
−

∆t
ρn+1 5 Pn+1. (18)

Classically, the approximate velocity ~U
∗

is computed with Eq. (16) and the velocity field at time step n + 1 is
advanced with the correction of the pressure in Eq. (17). This is obtained by taking the divergence of Eq. (18)

5 ·~U
n+1

= 5 · ~U
∗
− ∆t 5 ·(

1
ρn+1 5 Pn+1) (19)

and substituting 5 · ~U
n+1

and ~U
n+1

in Eq. (14) with Eq. (19) and Eq. (18):

(
∂ρ

∂t
)n+1 + ρn+1(5 · U∗ +

∆t
(ρn+1)2 5 ρ

n+1 · 5Pn+1 −
∆t
ρn+1 5

2 P) + (U∗ −
∆t
ρn+1 5 Pn+1) · 5ρn+1 + 5 · J̃n+1 = 0. (20)

Rearrange this equation yields the Poisson equation:

52 Pn+1 =
( ∂ρ
∂t )n+1 + ~U

∗
· 5ρn+1 + ρn+1 5 ·~U

∗
+ 5 · J̃n+1

∆t
=

( ∂ρ
∂t )n+1 + 5 · (ρn+1~U

∗
) + 5 · J̃n+1

∆t
. (21)

Unlike the conventional Poisson equation for an incompressible multiphase flow [35], 52Pn+1 in Eq. (21) has a
constant coefficient and there is no need to compute the variable coefficient matrices at each time step. This Poisson
equation can be solved with a fast Poisson solver or direct methods. ~U

n+1
is then computed by solving Eq. (18).
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2.3.2. Energy equation in Step 6
Generally, an energy equation is not essential for some multiphase flow simulations without phase change (e.g,

wetting simulations) as the temperature variations are negligible. For the simulations with phase change, however,
the energy equation is indispensable to determine the temperature field and the associated heat and mass fluxes. The
energy equation (13) contains the product of material properties that are functions of the phase-field order parameters,
such as the product of density and heat capacity ρCp. We realised during this study that these products must be
carefully determined. It has been already mentioned that each material property of the mixture is obtained through a
linear interpolation of the phase-field order parameters (see Eq. (3) - (5)). In the same way, the heat capacity of the
mixture is calculated as:

cp(φ, c) =
1
2

(φ + 1) ·
[
(c + 1)cp2 − cp3

]
−

1
2

(φ − 1)cp1. (22)

In previous studies [17, 38], the product ρCp in the energy equation is often computed as ρ̄C̄p = ρ(φ, c)cp(φ, c). In
this paper, we calculate it as ρCp =

∑m
n=1 ρnCpnVn, where m is the number of the phases and Vn is the volume fraction

of each single phase. For three-phase flows we thus have:

ρCp = ρ1Cp1V1 + ρ2Cp2V2 + ρ3Cp3V3, (23)

where V1, V2 and V3 are given as:

V1 =
1 − φ

2
,

V2 =
1 + φ

2
(1 + c),

V3 =
1 + φ

2
(−c).

(24)

The use of Eq. (23) turned out to be more accurate than the direct multiplication of the density and heat capacity
ρ̄C̄p. We denote Eq. (23) as “average of products” and ρ̄C̄p as “product of averages”. To demonstrate the difference
between the two, here we provide a simple example: consider a volume of 1 m3 with φ = 0.4 and c = 0 filled with a
mixture of water and air. The heat required to increase the mixture by 1◦C is 2.93 × 106 J when computed with Eq.
(23) and 2.06 × 106 J with ρ̄C̄p. Hence, there is a large discrepancy between these two calculation methods, which
will be further discussed in Section 4.2.

The algorithm used for the energy equation is the second-order implicit Crank-Nicolson scheme:

∂(ρCpT )
∂t

=
1
2

(En+1 + En) +
∂V3

∂t
ρ3L, (25)

where
E = − 5 ·(ρCpT ~U) + 5 · (k 5 T ) + Φ + ρ

−→
U · g. (26)

2.3.3. Correction of the ice velocity
We now consider Step 7 of the algorithm. While in the simulation the ice is formally treated as following the

fluid governing equations, it is assumed here a solid phase and its numerical velocity should be reduced as much
as possible. To achieve this goal, two procedures are followed during the computation: 1) a very large viscosity is
specified for the ice (eg., 105 times of the viscosity of water); 2) at the end of every time step, the velocity of the ice
is forced to be zero through the following correction

~U
n+1
cor = ~U

n+1
(masswater + massair)/(massice + masswater + massair). (27)

The mass of the different phases can be computed by multiplying the volume fraction in Eq. (24) and the correspond-
ing densities (e.g., masswater = ρ2V2). In this equation, the velocity of ice in the mixture is set to zero while the
velocity of air and water remains unchanged. Therefore, the momentum of the mixture is not conserved, however the
loss is very small. The corrected mixture velocity, Un+1

cor , will be used in the next time step. This correction is similar
to the volume penalization method used in [39]. Note that for some specific problems, it might be enough to consider
the ice as high-viscosity fluid [40] or a visco-plastic fluid [41, 42].
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2.4. Discretization
2.4.1. Temporal discretization

A second-order explicit temporal discretization is used for the CH equation (Eq. (6)), AC equation (Eq. (9)) and
NS equations (Eq. (12)). A generic expression for the time evolution of a variable ϕ is given by:

∂ϕ

∂t
= f (ϕ), (28)

where the function f incorporates any spatial discretization. The second-order temporal discretization is written as:

3ϕn+1 − 4ϕn + ϕn−1

2∆t
= 2f (ϕn) − f (ϕn−1). (29)

Eq. (16) and (17) are discretized as:

3ρn+1~U
∗
− 4ρn~U

n
+ ρn−1~U

n−1

2∆t
= 2RUn − RUn−1 (30)

and

3~U
n+1
− 3~U

∗

2∆t
= −

1
ρn+1 5 Pn+1. (31)

The Poisson equation to solve the pressure is:

52 Pn+1 =
3 3ρn+1−4ρn+ρn−1

2∆t + 3 5 ·(ρn+1U∗) + 3 5 ·J̃n+1

2∆t
. (32)

To ensure the numerical stability, the time step ∆t are restricted as follows [6, 43, 35]:

∆t =
1
2

min(∆tv, ∆ts, ∆tc),

∆tv ∼ min[
1
4

(∆x)2

|η1|
],

∆ts ∼
1
2

√
ρ2

σφ
(∆x)3,

∆tc ∼ min[
∆x∣∣∣∣~U∣∣∣∣ ],

(33)

where ∆tv, ∆ts and ∆tc represents the estimation of time step constraint accounting for the stability condition on
viscosity, surface tension and convection, respectively. For the three-phase simulations in Section 3, we have ∆tc >
∆tv > ∆ts and thus the restriction is mainly imposed by the surface tension term in the CH equation. The main
advantage of the explicit scheme is that it requires less memory and programming efforts. However, as high spatial
resolution is essential to resolve the interface between different phases, a small ∆t has to be used to ensure numerical
stability [35, 44]. To enable a larger time step size, one can treat the surface tension term implicitly as in the method
outlined in [45] and a semi-implicit method where the viscous terms are treated implicitly [46].

With the implicit Crank-Nicolson scheme, the energy equation is discretized as:

∂(ρCpT )
∂t

=
(ρCp)n+1T n+1 − (ρCp)nT n

∆t
, (34)

where ρCp =
∑m

n=1 ρnCpnVn. Eq. (29) is used for ∂c/∂t in the energy equation:

∂c
∂t

=
3cn+1 − 4cn + cn−1

2∆t
. (35)

For a one-dimensional problem, the spatial discretization of the energy equation will generate a tridiagonal matrix
and the Thomas algorithm is adopted to obtain the solution. The alternating-direction implicit (ADI) method can be
used for two- and three-dimensional simulations.
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2.4.2. Spatial discretization
In this section, the spatial discretizations are presented in detail. In the present work, all the discrete operators

defined are second-order on a Cartesian staggered grid using the central difference scheme. The velocity is defined
at the cell surface and all the other scalar parameters are located in the cell centre. Without loss of generality, a
two-dimensional formulation is presented for simplicity; this can be extended to three dimensions or degraded to
one dimension straightforwardly. For a two-dimensional problem, the cell centre is denoted as (xi, y j) and the cell
face as (xi+ 1

2
, y j) or (xi, y j+ 1

2
). We use F,G and H to denote the vector parameters at the cell surface while the scalar

parameters are denoted as F ,G and H at the cell centre. Therefore, a vector F defined at the cell surface (xi+ 1
2
, y j) is

written as Fx
i+ 1

2 , j
and x component as F x

i+ 1
2 , j

. For example, the x-component of the velocity ~U at the surface (xi+ 1
2
, y j)

is U x
i+ 1

2 , j
. Similarly, a scalar parameter at the cell centre is marked as Fi, j, and ∆x and ∆y stand for the cell size along

the x and y directions. i and j are the standard unit vectors for the x- and y-axes. The discrete operations implemented
are central-difference interpolation, gradient terms, divergence terms and Laplace terms.

i) Central-difference interpolation
The x component of a vector at the cell surface is interpolated to the cell centre using the following central interpola-
tion:

Fx
i, j =

Fx
i+ 1

2 , j
+ Fx

i− 1
2 , j

2
. (36)

Similarly, a scalar defined at the cell centre is interpolated to the cell surface (xi, y j+ 1
2
) as follows:

F
y

i, j+ 1
2

=
Fi, j+1 + Fi, j

2
. (37)

The interpolation of the parameters along the other axis is computed in the same manner.
ii) Discrete gradient

The discrete gradient of a scalar at the cell centre is defined as:

5 Fi, j =
Fi+1, j − Fi−1, j

2∆x
i +
Fi, j+1 − Fi, j−1

2∆y
j. (38)

The convection term in Eq. (6), evaluated at the cell centre, is thus computed as:

[F · 5F ]i, j =

(F x
i+ 1

2 , j
+ F x

i− 1
2 , j

)(Fi+1, j − Fi−1, j)

4∆x
+

(Fy
i, j+ 1

2
+ Fy

i, j− 1
2
)(Fi, j+1 − Fi, j−1)

4∆y
. (39)

iii) Discrete divergence
The divergence appears in the equations in two different forms, both evaluated at the cell centre. The first

[5 · (FF )]i, j =

F x
i+ 1

2 , j
(Fi+1, j + Fi, j) − F x

i− 1
2 , j

(Fi−1, j + Fi, j)

2∆x
+

Fy
i, j+ 1

2
(Fi, j+1 + Fi, j) − Fy

i, j− 1
2
(Fi, j−1 + Fi, j)

2∆y
, (40)

is used for the convection term in Eq. (9). The second expression,

[5 · (F 5 G)]i, j =
(Fi+1, j + Fi, j)

Gi+1, j−Gi, j

∆x − (Fi−1, j + Fi, j)
Gi, j−Gi−1, j

∆x

2∆x
+

(Fi, j+1 + Fi, j)
Gi, j+1−Gi, j

∆y − (Fi, j−1 + Fi, j)
Gi, j−Gi, j−1

∆y

2∆y
,

(41)

is used for the diffusion term in the energy equation. These discrete formulations also apply when multiple scalars
appear in the equation.
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The divergence at the cell surface (xi+ 1
2
, y j) used in the NS equation is defined as:

[5 · (FF ⊗ F)]x
i+ 1

2 , j
=

1
∆x

[Fi+1, j
1
2

(Fx
i+ 3

2 , j
+ Fx

i+ 1
2 , j

) ·
1
2

(Fy
i+1, j+ 1

2
+ Fy

i+1, j− 1
2
)

− Fi, j
1
2

(Fx
i− 1

2 , j
+ Fx

i+ 1
2 , j

) ·
1
2

(Fy
i, j+ 1

2
+ Fy

i, j− 1
2
)]

+
1

∆y
[
1
4

(Fi, j + Fi, j+1 + Fi+1, j+1 + Fi+1, j)
1
2

(Fx
i+ 1

2 , j
+ Fx

i+ 1
2 , j+1

) ·
1
2

(Fy
i, j+ 1

2
+ Fy

i+1, j+ 1
2
)

−
1
4

(Fi, j + Fi, j + Fi, j−1 + Fi+1, j−1)
1
2

(Fx
i+ 1

2 , j
+ Fx

i+ 1
2 , j−1

) ·
1
2

(Fy
i, j− 1

2
+ Fy

i+1, j− 1
2
)].

(42)

The divergence at the cell surface (xi+ 1
2
, y j) used in the viscous terms is instead defined as:

[5 · (F (5F)T )]x
i+ 1

2 , j
=

1
∆x

[Fi+1, j

F x
i+ 3

2 , j
− F x

i+ 1
2 , j

∆x
− Fi, j

F x
i+ 1

2 , j
− F x

i− 1
2 , j

∆x
]

+
1

4∆y
[(Fi, j + Fi+1, j + Fi, j+1 + Fi+1, j+1)

Fy
i+1, j+ 1

2
− Fy

i, j+ 1
2

∆x
−

(Fi, j + Fi+1, j + Fi, j−1 + Fi+1, j−1) ·
Fy

i+1, j− 1
2
− Fy

i, j− 1
2

∆x
].

(43)

iv) Discrete Laplace operator
The discrete Laplace operator at the cell centre is here defined as:

52 Fi, j =
Fi+1, j + Fi−1, j − 2Fi, j

(∆x)2 +
Fi, j+1 + Fi, j−1 − 2Fi, j

(∆y)2 . (44)

3. Description of the test case

To validate the proposed scheme, a one-dimensional test case using staggered grid (Fig. 2) is presented. The
one-dimensional simulation is capable to represent the essential phenomena concerned including volume expansion
of ice and movement of the water-air interface. The two- and three-dimensional simulations will be shown in future
work. The phase-field order parameter φ, c, density ρ, material properties (e.g., Cp, k, η) and pressure P are stored
at the cell centre. The velocity is set normal to the cell face between two consecutive cells. The total length of the
domain is l = 4mm and the domain is equally split into N cells (i = 1 ∼ N).

x direction

Ф, c, ρ, P, Cp, k, T
u

ice nucleus

i i+1 i+2 N N+1i-10 1

i-1/2 i+1/2 i+3/2 N+1/21/2 3/2 N+3/2

∆x

Fig. 2: One-dimensional schematic of the staggered grid arrangement.

Two boundary cells (i = 0, i = N + 1) are added to the computational domain. The left boundary is assumed to be
a cold solid wall where the icing process is initiated. The right boundary is set as a vent with constant pressure which
permits the flow to enter or leave the computational domain. At the left boundary cell (i = 0) a Neumann boundary
condition is used for pressure and a Dirichlet boundary condition is used for velocity, which gives:

P0 = P1, u 1
2

= 0 m/s. (45)
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At the right boundary, a Dirichlet boundary condition is used for pressure and a Neumann boundary condition for
velocity, thus at N + 1, we have

PN+1 = 0 Pa, uN+ 3
2

= uN+ 1
2
. (46)

At the right boundary, φ = 1 and the gradient of φ equals zero at the left boundary. The initial condition of the
phase-field order parameter φ is given by the following hyperbolic tangent function,

φ = −tanh(
x − l

2
√

2ξφ
), (47)

with x the axial distance from the wall. At the left boundary, c = −1 is the ice nuclear while c = 0 in all the other
cells. During the computation, ∂c

∂t will be forced to be zero where the temperature is above 0◦C. By this, it can be
guaranteed that no ice will form above the melting point. The temperature of the left boundary is fixed whereas the
right boundary is adiabatic. The value of ~U∗ at the left boundary is fixed to 0 and the zero gradient condition is used
at the right boundary.

The values of the physical parameters used in the simulations are listed as follows: Mφ = 5.2 × 10−10N · s · m−1,
g = 9.8 m/s2, σφ = 0.0727 N/m, ξφ = 8.0× 10−5 m, Mc = 2.0× 10−5N · s ·m−1, σc = 0.0317 N/m, ξc = 2.64× 10−4 m,
L = 334000 J/Kg, TM = 273.15 K, ure f = 1m/s, lre f = l/5. The value of the surface tension coefficient between the
water and ice is obtained from an experimental study [47]. The accurate value of the mobility varies with the material
and can be determined experimentally or through molecular dynamics simulations. The magnitude of the mobility is
10−9 in the dynamic wetting model for water in [48] while the magnitude varies from 10−5 to 10−11 in [49]. The other
material properties of air, water and ice are summarised in Table 1. Regarding the viscosity of ice, it is proved that
105 times of the water viscosity is sufficient to suppress the motion inside the ice during the computation.

Table 1: Material properties of air, water and ice.

Phase Density
(kg/m3)

Viscosity
(Pa · s)

Thermal conductivity
(W/(m · K))

Heat capacity
J/(K · kg)

air 1.2 1.6e-5 0.0209 1.0
water 998 1.0e-3 0.5918 4200

ice 898 100 2.25 2018

Table 2 report the x position of the water-air interface for different spatial resolutions at time t = 20s. ∆t =

1.0 × 10−7s is adopted. The results converges to 4 significant figures at N = 400. N = 400 is used in the temporal
resolution test and when ∆t is halved from 8.0 × 10−7s to 5.0 × 10−8s, there is no change in the first four significant
figures. Based on these observations, N = 400 and ∆t = 1.0 × 10−7s are selected for the following simulations.

Table 2: Position of the water-air interface.

Grid Water-air interface
80 1.630mm

160 1.644mm
240 1.649mm
320 1.651mm
400 1.653mm
480 1.653mm

The convergence of the simulation is evaluated by the residual of the continuity equation, which is not directly
solved. This is computed as:

Residual =

√√√ N∑
i=1

[
∂ρi

∂t
+ 5 · (ρ ~U + J̃)i]2/N. (48)

During the computation, the magnitude of the residual is in the range 10−15 ∼ 10−13.
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4. Convergence and validation

In this section, two test cases are presented to validate the proposed scheme. The first one adopts the artificial
solutions which is infinitely differentiable to validate the discretization is second-order accurate in space. The second
test simulates the icing of supercooled water and it is compared against the analytical solution, where the modelling
of the three-phase flow is justified.

4.1. Convergence rates

We demonstrate the spatial convergence rate of the numerical scheme in Section 2.3 using manufactured analytical
solutions. The simulation domain Ω = (x, t) : 0 6 x 6 2π, 0 6 t 6 1 and the manufactured solutions are:

u = sin(x)cos(t),
φ = cos(x)sin(t),
c = sin(x)cos(t),
P = cos(x)sin(t),
T = sin(x)sin(t).

(49)

A source term is added to each equation ((6), (9), (11)-(13)) to make the solutions satisfy the governing equations.
For example, the source term in the continuity equation (11) is computed by substituting the analytical solutions into:

S mass =
∂ρ

∂t
+ 5 · (ρ ~U + J̃). (50)

Density, viscosity and thermal conductivity are computed using Eq. (3)-(5) with the analytical solutions Eq. (49). The
other source terms are computed in the same way. Dirichlet conditions for the phase-field order parameters, velocity
and pressure are computed based on the analytical solutions. We employ the following values for the parameters in
the spatial convergence rate tests: Mφ = 1×10−3, g = 1, σφ = 2

√
2/3, ξφ = 1, Mc = 1×10−2, σc = 1, ξc = 1, L = 0.2,

TM = 1, ure f = 1, lre f = 1, ρ1 = 1, ρ2 = 2, ρ3 = 3, Cp1 = 1, Cp2 = 1/2, Cp3 = 1/3, k1 = 1, k2 = 2, k3 = 3.
The scheme in Section 2.4 is employed to discretize the equation system. To test the spatial convergence rate,

a sufficiently small fixed time step size ∆t = 10−6 is used to guarantee that the overall error is dominated by the
spatial discretization. The initial solutions are set according to the analytical solution at t = 0 and t = −10−6. We
systematically refine the size of ∆x, for each resolution, integrate the result from t = 0 to t = 1. The L2 error of a
variable is defined as the root mean square of the difference between the computed value ψ and the analytical value Ψ

in the domain Ω:

L2 =

√√
1
n

n∑
i=1

(ψi − Ψi)2. (51)

The L∞ error is the maximum of the pointwise difference |ψi − Ψi|. The L2 and L∞ error for different flow parameters
as a function of ∆x are displayed in Fig. 3 to confirm the second-order spatial convergence rate of our numerical
scheme.

4.2. Solidification of supercooled water

Another test case was designed to validate the proposed numerical scheme: the solidification process of super-
cooled water on a one-dimensional grid. The domain is initially filled with supercooled water of constant temperature.
The icing process starts from the left boundary and the water-ice interface moves towards the right boundary. In this
case, the left and right boundary are adiabatic to guarantee that the total internal energy is conserved. As latent heat
is released by water during the solidification, the temperature of the water-ice mixture increases. The icing process
will cease when the temperature of the mixture reaches 0◦C. Under this circumstance, the whole flow field reaches
thermal equilibrium and the temperature is uniform everywhere. It is expected that a lower supercooling temperature
leads to the formation of more ice in the final state. An exact relation between the supercooling temperature and the
mass of ice can be obtained for the equilibrium state. As the mass and the heat capacity of air is very small compared
with that of ice and water, the influence of air on the ice mass is ignored. The conservation of the internal energy leads
to:
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Fig. 3: Spatial convergence rate: L2 (left) and L∞ errors (right) of different flow parameters.

Mwater · Tc ·Cp2 = mice · L, (52)

where, Mwater is the total mass of the supercooled water at the initial state; Tc is the supercooling temperature defined
as the temperature difference between the supercooled water and the melting point. The ratio between the ice mass
and ther supercooled water mice/Mwater is therefore proportional to the supercooling temperature of the water.

The comparison between the analytical solution above (black line) and the results of our simulations (red dots) is
displayed in Fig. 4. The results obtained using the “product of averages”, ρ̄C̄p (Eq. (23)), in the energy equation are
also shown in this figure. Clearly, adopting Eq. (23) the data accurately matches the analytical solution, while using
ρ̄C̄p leads to a discrepancy between the simulation and the analytical solution. This error increases as the supercooling
temperature becomes larger.
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Fig. 4: Mass ratio for different supercooling conditions: — analytical solution; – – present results; – – results with ρ̄C̄p.
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5. Parametric study

As validation, we have considered only the final equilibrium state in Section 4.2. Here, we consider the complete
one-dimensional icing process for the values of the physical parameters listed in Section 3. Fig. 5 displays the
evolution of the water-ice and the water-air interfaces in the (x-t) plane with time as ordinate (t = 0 ∼ 100s) and
the index of the grid points in abscissa. The red region in the figure represents the liquid water and the blue region
denotes the air. The icing is indicated by the growth of the green region (c = −1), which starts from the left boundary.
In this case, the temperature at the left boundary is Twall = −5◦C and the initial temperature of the water and air is
To = 0.2◦C. Most of the water has become ice after t = 70s. The curvature of the water-ice interface in Fig. 5
indicates that the icing speed gradually decreases as the solidification front moves forward. As the solidification of
water is accompanied by volume expansion, the interface between water and air is pushed towards the right boundary
and the air is squashed out of the simulation domain across the right boundary.

Fig. 5: Time evolution of the water-air and water-ice interfaces during ice formation driven by a cold wall, here the left boundary.

In Fig. 6 we show the evolution of the temperature in the (x-t) plane with time as ordinate (t = 0 ∼ 100s) and the
index of the grid points in abscissa. The water-ice and the water-air interfaces are marked with dashed lines. Initially
(0 ∼ 20s) the ice layer is thin and the released latent heat from icing is transferred to the cold wall. Consequently
the temperature of the whole domain keeps decreasing. However, as the icing front moves away from the wall, the
thicker ice layer obstructs the removal of the released heat and the temperature near the icing front is higher than its
neighbouring region. At around t = 70s, most of the water has turned into ice. In absence of the heating effect of the
icing process, the temperature of the air drops very fast due to its low heat capacity and the temperature of the whole
domain becomes almost uniform after t = 80s.

We display in Fig. 7 the initial profiles and the final solutions at t = 500s of the order parameters φ, c and
temperature. The shape of φ is unchanged during the motion and the water-ice interface, c = 0, locates exactly at the
boundary of pure air (φ = −1). The initial volume of water occupies 160 cells and the final volume of ice is about
177.8 cells (indicated by φ = 0). The volume change from water to ice is in line with the water-ice density ratio,
which proves that the volume expansion of the icing process is accurately captured during the computation.

A parametric study is then carried out to investigate the influence of the physical parameters (solidification mo-
bility Mc, wall temperature T0 and thickness of the water-ice interface ξc). Firstly, different values of the mobility Mc

are tested while all the other parameters remain constant as presented in Section 3. The values of c and temperature
at t = 5s are displayed in Fig. 8. The evolution of c is significantly affected by the mobility, which is used to describe
the atomic diffusion: a larger mobility speeds up the icing process. The temperature of the flow field is mainly deter-
mined by two factors: the heat conduction to the the cold wall, which lowers the temperature of the flow field, and the
release of latent heat during solidification, which, conversely, locally increases the temperature. As the icing process
is faster with larger mobility, the heating from the latent heat overcomes the cooling from the heat conduction and,
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Fig. 7: Initial and final solution of the phase-field parameters and temperature from the simulation of ice formation driven by a cold wall.

consequently, the overall temperature of the flow field becomes higher. It is also noted that the speed of the ice front is
approximately proportional to the mobility. It is considered that the accurate value of the mobility can be determined
by tuning the icing speed against measured experimental values.

The wall temperature affects the icing speed in two ways: 1) a lower wall temperature can promote the heat
removal and hence reduce the temperature of the water below melting point faster as no icing can form above 0◦C; 2)
once the water drops below 0◦C, the water supercooling can accelerate the ice formation according to Eq. (10). To
examine these effects, results obtained with different wall temperature at time t = 20s are depicted in Fig. 9. Here,
we observe that the temperature is slightly higher at the solidification front than in the neighbouring region due to the
release of latent heat. This occurs when the icing speed is fast and the heat conduction to diffuse the heat released
during the phase change is slow .

In the simulations using the phase-field method, the thickness of the interface is inevitably set to values larger than
those known for the system modelled [1, 50], so that the spatial resolution needed to resolve the interface is reduced.

14



−1

−0.8

−0.6

−0.4

−0.2

 0

 0.2

 0  40  80  120  160  200  240  280  320  360  400

P
h

as
e−

fi
el

d
 o

rd
er

 p
ar

am
et

er
 c

x/grid

−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

 0

 0.5

 0  40  80  120  160  200  240  280  320  360  400

T
em

p
er

at
u

re
 /

°C

x/grid

Mc=1.0×10
−4

Mc=2.0×10
−5

Mc=4.0×10
−6

Fig. 8: Influence of mobility on the profiles of phase field order parameter (left) and temperature (right) extracted at t = 5s.

−1

−0.8

−0.6

−0.4

−0.2

 0

 0.2

 0  40  80  120  160  200  240  280  320  360  400

P
h

as
e−

fi
el

d
 o

rd
er

 p
ar

am
et

er
 c

x/grid

−14

−12.5

−11

−9.5

−8

−6.5

−5

−3.5

−2

−0.5

 0  40  80  120  160  200  240  280  320  360  400

T
em

p
er

at
u

re
 /

°C

x/grid

Twall=−5°C

Twall=−10°C

Twall=−15°C

Fig. 9: Influence of wall temperature on the profiles of phase field order parameter (left) and temperature (right) extracted at t = 20s.

−1

−0.8

−0.6

−0.4

−0.2

 0

 0.2

 0  40  80  120  160  200  240  280  320  360  400

P
h

as
e−

fi
el

d
 o

rd
er

 p
ar

am
et

er
 c

x/grid

−5

−3.5

−2

−0.5

 0  40  80  120  160  200  240  280  320  360  400

T
em

p
er

at
u

re
 /

°C

x/grid

0.5ξc
1.0ξc
2.0ξc

Fig. 10: Influence of water-ice interface thickness on the profiles of phase field order parameter (left) and temperature (right) extracted at t = 20s.

Taking the icing as an example, the measured thickness of the ice-water interface is around 1 nm and it varies with the
level of supercooling [51, 52, 18]. Here, we test three different thicknesses of the water-ice interface and display the
numerical solutions at time t = 20s in Fig. 10. The data indicate that a wider interface reduces the solidification speed
and hence the release of the latent heat. Hence, the temperature of the flow field is lower for thicker interfaces. As a
result, the icing speed will be under-predicted when the spatial resolution of the interface is low, because the interface
is smoothed. As the interface thickness used in any simulation is doomed to deviate from the true value, this must be
carefully adjusted to accurately model the ice formation over time.

Another important issue remains unproved is the uniqueness of the solution for the equation system. The compu-
tations with disturbances of different amplitudes in the velocity U and temperature T are conducted. The initial flow
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Fig. 11: Profiles of phase field order parameter (left) and temperature (right) extracted at t = 80s with disturbances.

field with disturbance is defined as:

T = To + A · sin(
5x
2πl

), (53)

U = Uo + B · sin(
5x
2πl

), (54)

where A and B denote the amplitude of the disturbance in temperature and velocity, respectively. The mobility,
interface thickness and the temperature To = 0.2◦C of the initial flow field are exactly the same as the case in Fig.
5. Different values of A up to 0.02◦C and B up to 1.0 × 10−6m/s are tested, where the largest velocity in the flow
field during icing is around 1.0 × 10−5m/s. It is found that the final solutions are exactly the same in presence of the
disturbances, as shown in 11 at t = 80s. This demonstrates numerically the robustness of the computational scheme
and the uniqueness of the solution over the parameters considered.

6. Conclusions and discussion

In this paper, we propose a numerical model and its implementation to solve a three-phase flows with phase
change. The Cahn-Hillard equation, Allen-Cahn equation, Navier-Stokes equation and energy equation are combined
to simulate the icing of water in an inert gas. The main features of the method can be summarised as follows:

1) By introducing two different phase-field order parameters, we can track the motion of the interfaces between
water-ice and water-air simultaneously. We assume solidification occurs in the liquid region, and this drives also the
motion of the water-air interface owing to the density difference between water and ice. At the same time, we neglect
in this model evaporation of the liquid into the gas. We consider this work as the first study where solidification with
density change is modelled in three-phase flows.

2) A Poisson equation with a constant coefficient is derived by combining the momentum and continuity equa-
tions, which requires no pre-conditioning. This enables us to use fast Poisson solvers of reduced computational cost.
We prove that the projection method can be successfully applied in the simulation of icing, where the solenoidal
(divergence-free) condition is no longer valid.

3) Regarding the energy equation for the ternary flow, it is pointed out and proved in the numerical tests that a
significant error is generated when an inappropriate averaging of the material properties at the interface is adopted.
The linear constitutive equation based on the phase-field order parameters commonly used for the fluid material
properties is not a proper choice in our problem.

4) The second-order spatial accuracy of the discretization is validated against ad hoc analytical solutions. A one-
dimensional test case of the supercooled water solidification is employed to demonstrate the accuracy of the method.
The simulations successfully capture the motion of the water-air interface due to the volume expansion caused by the
icing.

5) The parametric study conducted shows how the physical parameters influence the icing process, which indi-
cates essential tuning is indispensable for the accurate modeling of the physical phenomena. Simulations with flow
disturbance are carried out to demonstrate the robustness of the proposed numerical scheme.
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In future work, the thermodynamically consistent scheme [53] will be adopted, and the implementation will be
extended to two- and three-dimensions, following the proposed numerical strategy. As the icing process of a water
droplet involves dynamic wetting on a solid surface, a suitable wall boundary condition will be needed to account for
contact line motion in the presence of phase change. Other extensions of our model, incorporating additional physical
features, are the modelling of vapor in the gas phase and the influence of air flow on the ice formation and on the final
shape of the solid region.
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7. Appendix

7.1. Derivation of the Poisson equation

In this section, we present this derivation of the Poisson equation in Cartesian coordinate. The continuity equation
in Cartesian coordinate is

∂ρn+1

∂t
+
∂ρn+1

∂x
un+1 +

∂ρn+1

∂y
vn+1 +

∂ρn+1

∂z
wn+1 + ρn+1

[
∂un+1

∂x
+
∂vn+1

∂y
+
∂wn+1

∂z

]
+ J̃n+1 = 0 (55)

and Eq. (18) is:

un+1 = u∗ −
∆t
ρn+1

∂Pn+1

∂x
,

vn+1 = v∗ −
∆t
ρn+1

∂Pn+1

∂y
,

wn+1 = w∗ −
∆t
ρn+1

∂Pn+1

∂z
,

(56)

and Eq. (19) can be written as:

∂un+1

∂x
+
∂vn+1

∂y
+
∂wn+1

∂z
=
∂u∗

∂x
+
∂v∗

∂y
+
∂w∗

∂z
+

∆t
(ρn+1)2 ·

∂ρn+1

∂x
·
∂Pn+1

∂x
+

∆t
(ρn+1)2 ·

∂ρn+1

∂y
·
∂Pn+1

∂y
+

∆t
(ρn+1)2 ·

∂ρn+1

∂z
·
∂Pn+1

∂z
−

∆t
ρn+1 · (

∂
2
Pn+1

∂x2 +
∂

2
Pn+1

∂y2 +
∂

2
Pn+1

∂z2 ).
(57)

In Eq. (19), ∆t 5 ·( 1
ρn+1 5 Pn+1) is denoted in Cartesian coordinate:

∆t 5 ·(
1
ρn+1 5 Pn+1) = ∆t ·

[
5

1
ρn+1 · 5ρ

n+1 +
1
ρn+1 5

2 Pn+1
]

=

∆t
[
∂

∂x
(

1
ρn+1 ) ·

∂Pn+1

∂x
+
∂

∂y
(

1
ρn+1 ) ·

∂Pn+1

∂y
+
∂

∂z
(

1
ρn+1 ) ·

∂Pn+1

∂z
+

1
ρn+1 · (

∂2Pn+1

∂x2 +
∂2Pn+1

∂y2 +
∂2Pn+1

∂z2 )
]

= −
∆t

(ρn+1)2

∂ρn+1

∂x
·
∂Pn+1

∂x
−

∆t
(ρn+1)2

∂ρn+1

∂y
·
∂Pn+1

∂y
−

∆t
(ρn+1)2

∂ρn+1

∂z
·
∂Pn+1

∂z
+

∆t
ρn+1 · (
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∂x2 +
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∂y2 +
∂2Pn+1

∂z2 )

= −
∆t

(ρn+1)2 ·
∂ρn+1

∂x
·
∂Pn+1
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−

∆t
(ρn+1)2 ·
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·
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−

∆t
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·
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∂z

+
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∂
2
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∂x2 +
∂

2
Pn+1

∂y2 +
∂

2
Pn+1

∂z2 ),

(58)
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substitute Eq. (57) and (56) into Eq. (55), we will finally get the Cartesian form of the Eq. (21):

∂2Pn+1

∂x2 +
∂2Pn+1

∂y2 +
∂2Pn+1

∂z2 =
1
∆t

[
∂ρn+1

∂t
+
∂(ρn+1u∗)

∂x
+
∂(ρn+1v∗)

∂y
+
∂(ρn+1w∗)

∂z

]
=

1
∆t

[
∂ρn+1

∂t
+
∂ρn+1

∂x
· u∗ +

∂ρn+1

∂y
· v∗ +

∂ρn+1

∂z
· w∗ + ρn+1(

∂u∗

∂x
+
∂v∗

∂y
+
∂w∗

∂z
) + 5 · J̃n+1

]
.

(59)

7.2. Preliminary Two-dimensional tests

We have performed a few preliminary two-dimensional tests and a wetting simulation is briefly introduced here.
It is found that when the density ratio between the liquid and the gas is large (for water and air, it is around 1000:1),
the interface is less stable and the velocity across the interface is significantly larger than the real physical process. To
stabilise the water-air interface, the Poisson equation is slightly modified to damp the interface velocity:

52 Pn+1 =
( ∂ρ
∂t )n+1 + |ϕ| · ~U

∗
· 5ρn+1 + ρn+1 5 ·~U

∗
+ 5 · J̃n+1

∆t
. (60)

while all the other procedures of the computation remain the same.
Fig. 12 shows the two-dimensional tests of the wetting process of a water droplet on a hydrophilic surface. In the

test, a water droplet which is initially stationary and in contact with the surface, starts to wet the surface driven by
gravity and the surface tension. The computational domain is 4mm × 4mm and is discretized by 400 × 400 cells. The
left boundary and right boundary is set as no-slip wall. The top boundary is set as outlet/inlet where the gradient of
velocity is zero. Dirichlet boundary condition is used for the static pressure. is The generalized Navier slip boundary
condition for moving contact lines is adopted at the bottom wall [54]. The contact angle between the water and the
surface is 45 degrees. The physical parameters (e.g., density, viscosity, and heat capacity) are in accordance with the
one-dimensional tests.

(a) t = 0.015s (b) t = 0.03s (c) t = 0.05s

Fig. 12: Wetting process of a water droplet on a hydrophilic surface.
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