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1 Introduction

A slew of observations, from supernova [1, 2] to the cosmic microwave background [3], point
to a standard model of cosmology in which the universe was dominated by radiation at early
times, then by matter, before entering the current phase of dark energy domination. The
microscopic origin of dark energy has not been established although on cosmological scales
we know that it behaves like a fluid whose equation of state is very close to ωDE = −1 [4].
This leads to a near constant energy density, consistent with a cosmological constant [5]
or a slowly rolling quintessence field [6–8].

The existence of a (meta)stable de Sitter vacuum is one of the most important open
questions in string theory. Tree-level classical supergravities yield a flat potential for a
number of moduli fields. Stabilising these fields generically requires the introduction of
perturbative and non-perturbative corrections to the tree-level action. These corrections
are fundamental to supergravity model building and all known de Sitter constructions make
use of them, such as in KKLT [9] and LVS models [10]. Obtaining a systematic under-
standing of the hierarchy of these corrections is a highly non-trivial task. A reason behind
the difficulty of the task at hand is that supergravity inherits two perturbative parameters
from string theory: the Regge slope α′ and the string coupling gs. In writing down quantum
corrections to the tree-level action, we will inevitably encounter terms of order O(α′pgqs ),
for some p, q > 0. As a result, it can sometimes become unclear which terms enter at
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which order in perturbation theory. For example, comparing terms O(α′3g2
s ) and O(α′2g3

s )
can be hard. A very important part of ongoing supergravity research is to systematically
analyse these corrections at all orders and ensure that Kähler moduli stabilisation is not
spoiled in the bulk of moduli space (see for example [11–15]). Furthermore, since we lack
a complete picture of non-perturbative supergravity, it is difficult to define frameworks
where computations can be carried out under complete control. Some proposals for de
Sitter vacua that sidestep the use of these corrections do exist [16–19], although in each
instance computational control is lacking, for example, due to small volume, strong cou-
pling or problems with stability. Defining complete control is itself a hotly debated topic
in string phenomenology. The difficulty of finding de Sitter vacua could make the idea of a
dynamical model of dark energy in the bulk of moduli space more appealing. Such models
could also offer a solution to the cosmological coincidence problem [20]. However, it should
be noted that engineering a viable quintessence model building has many difficulties [21–
25], and it is likely that quintessence could be even harder to obtain than a true de Sitter
vacuum [23, 25]. Indeed, it has been argued that traditional quintessence exacerbates the
so-called Hubble tension [26, 27], which is already at 5σ for ΛCDM [28].

The lack of a completely satisfactory answer to the challenges to de Sitter model
building within supergravity presented above led to the creation of the so-called Swampland
programme (see [29] for an in-depth review). Its core goal is to differentiate between
low energy effective field theories that have a consistent completion within a prospective
quantum gravity UV theory and those that do not. In doing so, the Swampland programme
has formed a web of conjectures that attempt to delineate the space between the consistent
and inconsistent theories. In [30], the idea that not every low-energy effective field theory
can descend from a consistent string theory compactification was put forward. Critically,
the arguments of [30] are only strictly valid on the boundary of moduli space. Another
conjecture of particular cosmological interest is the so-called de Sitter conjecture [31, 32]
(see also [33]), which claims that (meta)stable de Sitter vacua are incompatible with string
theory and further tries to constrain the type of potentials that can be derived from string
theory. If one takes the de Sitter conjecture to be true, our late time Universe would have to
be described by a dynamical model of dark energy at the boundary of moduli space. In [21–
23], it was further shown that no slow roll regime can appear in the boundary of moduli
space, implying that a quintessence regime is not viable either. This suggests a possible
disconnect between the phenomenological conjectures of the Swampland programme and
observational cosmology.

Many of the arguments we have just described rely on compactifications of string theory
on Calabi-Yau manifolds, originally chosen to preserve some supersymmetry in the external
space. Of course, to recover de Sitter space, supersymmetry must be broken completely,1

so it is worth exploring non-supersymmetric string compactifications on manifolds that are
not Calabi-Yau, at least in the rare cases where one can solve the equations and retain
some calculational control. To this end, in [39], the authors took a generic class of string

1We note that supersymmetry may be realised non-linearly on de Sitter space whenever the symmetry
is broken spontaneously, as in [34–38].
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inspired models and studied compactifications on a p-sphere with internal p-form fluxes.
They identified a parametric bound (henceforth known as the Montero-van Riet-Venken
(MvRV) bound), that needed to hold for de Sitter solutions to exist. The MvRV bound
corresponds to a remarkably simple inequality between the slope of the potential and the
derivative of a p-form gauge coupling. A number of stringy models were studied where it
could be explicitly shown that the inequality is not satisfied, ruling out de Sitter solutions
in the most realistic set-ups.

In this paper, we expand on the work of [39] by introducing higher order curvature
corrections in the form of a Gauss-Bonnet contribution to the action, as well as generalising
the set-up to contain internal or external fluxes with spherical or toroidal internal geome-
tries. As in [39], we allow for non-supersymmetric strings, thereby extending the analyses
of [40–43], where higher order corrections were also considered for the supersymmetric case.
The goal is to establish whether the curvature corrections strengthen or weaken the MvRV
bound of [39] for existence of de Sitter vacua, considering actions of the following form:

S =
∫

dDx
√
−g

[
R

2κ2
D

− 1
2(∂ϕ)2 − V (ϕ)− g(ϕ) |Hk|2 + f(ϕ)G

]
, (1.1)

and take our ansatz manifold to be the warped productM = Σn oρ Σp with line element

ds2 = gABdxAdxB = e2αρg̃µνdx̃µdx̃ν + e2βρĝabdx̂adx̂b, (1.2)

where α and β are constants, capital Latin indices refer to the D-dimensional spacetime,
Greek indices refer to the external spacetime of dimension n with metric g̃µν , lower case
Latin indices refer to the internal manifold of dimension p with metric ĝab, and ρ is a scalar
that varies over the external spacetime only. Hk is a top-form that is either purely external
(k = n = D− p) or purely internal (k = p) since there is no preference for one or the other
at the level of the effective field theory. We will consider Σn to be either de Sitter dSn or
Minkowski R1,n−1, while Σp will be either a sphere Sp or a torus T p.

We initially adopt a perturbative approach, working to leading order in the Gauss-
Bonnet coupling, f(ϕ). In this limit, we find that the MvRV bound obtained in [39]
can be marginally violated and de Sitter solutions can still exist. This is true as long
as a second parametric bound holds on the gradient of f(ϕ). Unfortunately, this second
bound does not hold for choices of f(ϕ) and g(ϕ) best motivated from string theory.
To reinforce this latter point, we extend our analysis beyond perturbation theory, this
time specialising to the string motivated choices for f(ϕ) and g(ϕ). Consistent with our
perturbative analysis, we find that the MvRV bound is still a necessary condition for the
existence of de Sitter solutions. However, it is no longer sufficient, suggesting that for string
motivated potentials, the higher curvature corrections make it parametrically harder, not
easier to find de Sitter vacua.

The structure of the paper is as follows. In section 2, we review the results of [39] and
motivate the introduction of the Gauss-Bonnet term as a higher order curvature correction
within the framework of heterotic strings. In section 3, we gain some insight into the
effects of the Gauss-Bonnet correction by performing a small coupling expansion. Then,
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in section 4, we focus on specific string-inspired potentials and discuss in detail what
conditions are necessary and sufficient for the existence of solutions. We conclude with a
discussion in section 5.

2 Review of flux compactifications of the heterotic string action & sta-
bility conditions

In [39], the authors considered the existence and stability of dSn×Sp flux compactifications.
The action of [39] can be cast as (1.1) with f(ϕ) = 0 and with k = p, so that Hk is a top-
form living in the internal space, providing the flux that aims to stabilise the potential for
the scalar ϕ, and prevent the runaway. In this particular case, the coefficients α and β

which parametrise the compactification are chosen to be

α2 = p

2(n− 2)(n+ p− 2) , β = −n− 2
p

α , (2.1)

so that the n dimensional effective action obtained after dimensional reduction can be
expressed in Einstein frame, with a canonical kinetic term for the breathing mode. The
effective potential for ϕ and ρ in the external spacetime is found to be2

Veff = −p(p− 1)
2κ2

D

e2(α−β)ρ +Q2e2(n−1)αρg(ϕ) + V (ϕ)e2αρ . (2.2)

As a result, for constant ϕ and ρ, the metric field equations in the external n dimensional
space take the form G̃µν = −Veff g̃µν ; Q is the magnetic charge associated with the internal
top-form, fixed by the equations of motion to be

Q2 = −e−2α(n−1)ρV
′

g′
, (2.3)

where the primes denote derivative with respect to ϕ. Demanding that the potential is
positive at its minimum leads to the MvRV constraint

(p− 1)
∣∣∣∣V ′V

∣∣∣∣ ≤ ∣∣∣∣g′g
∣∣∣∣ or equivalently (p− 1)

∣∣∣∣Vg
∣∣∣∣ ≥ e−2α(D−p−1)ρ 1

Q2 . (2.4)

To check the stability of such solutions, one must specify the form of the scalar potential V
and the coupling between the top-form and the potential g, while also stabilising the scalar.
In [39], the authors consider a number of string-motivated scenarios with the key takeaway
being the instability of the de Sitter minimum. For illustrative purposes, we present below
the case where V (ϕ) = V0e

−γϕ and g(ϕ) = eδϕ, for γ, δ > 0. The Hessian of the potential
along the ϕ, ρ directions is given by

H = ∂2Veff
∂φi∂φj

, φi = {ϕ, ρ} . (2.5)

2Up to an overall internal volume factor which can be reabsorbed in a Weyl redefinition of the four-
dimensional metric.
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and its corresponding determinant by

det(H) = −(n− 2)[δ + γ(n− 1)][γ(1− p) + δ]δe2δϕ+2(n−1)ρ

4γp Q4. (2.6)

Demanding that (2.4) holds at the minimum — or in other words (p− 1)γ ≤ δ — fixes the
determinant of the Hessian to be negative whenever n > 2. This means all the correspond-
ing solutions are unstable. The only loophole to the above discussion is the case where the
number of external dimensions n = 2. In this case, a specific analysis is required and one
may obtain a meta-stable de Sitter solution while satisfying (2.4).

As mentioned in the introduction, here we expand upon the above obstruction by
considering the effects of a Gauss-Bonnet term in the action (1.1). Let us now review the
origin of this term. Our starting point is the effective action presented in [44]

S =
∫

dDx
√
|g|
[
R

2κ2
D

− 1
2(∂ϕ)2 − V (ϕ)− g(ϕ) |H3|2 + f(ϕ)G

]
, (2.7)

with H3 = dB2 + ωL − ωY where B2 is the Kalb-Ramond field, ωL is the Lorentz spin
connection, ωY is the Yang-Mills gauge connection, and with

f(ϕ) = α′

16κ2
D

e−κ1ϕ , g(ϕ) = e−2κ1ϕ

κ2
D

, (2.8)

with κ1 = 2κD/
√
D − 2 and D = 10. The Gauss-Bonnet scalar is defined as

G = RABCDR
ABCD − 4RABRAB +R2. (2.9)

This is the combination of the quadratic curvature corrections that emerges in the ef-
fective theory for supersymmetric strings after super-completing the multiplet with the
Lorentz-Chern-Simons terms, guaranteeing the absence of ghosts [45–47]. For V = 0, the
action (2.7) describes the low-energy dynamics of the heterotic superstring [48]. Alterna-
tively, by orbifolding E8 × E8 strings one can obtain a non-supersymmetric theory whose
low-energy limit is given by SO(16)× SO(16) strings, where the vacuum energy generates
a potential [49],

V (ϕ) = 0.037
α′5

e5κ1ϕ . (2.10)

The effective action (2.7) is now a consistent truncation of this SO(16)× SO(16) action.
In this paper, we shall work with a slight generalisation of (2.7), as given by (1.1),

allowing arbitrary spacetime dimension, D, and a k-form that is not necessarily a 3-form.
We will also consider more general potentials, focussing on exponentials with arbitrary
coefficients and arbitrary slopes. Actually, these coefficients are not entirely arbitrary
— we will assume they have the same sign as in the known example from the heterotic
string (2.7). This means that all the cases of interest will follow the philosophy of [39],
a runaway potential to be lifted by flux contributions. Note that the relative sign of the
slopes is all that really matters in the corresponding potentials. This because one can
always perform a redefinition of the scalar ϕ −→ −ϕ. With our conventions, the runaway
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is assumed to occur in the limit ϕ −→ −∞, in contrast with the conventions of [39], but
consistent with [44].

In the remaining sections, we consider compactified solutions of the action (1.1) that
are a direct product of n-dimensional de Sitter/Minkowski times a p-sphere/torus. In terms
of the Riemann tensors associated with the external and internal metrics, this translates as

R̃µνρσ = κ (g̃µρg̃νσ − g̃µσ g̃νρ) , (2.11)
R̂abcd = λ (ĝacĝbd − ĝadĝbc) , (2.12)

where κ is the curvature scale of the physical spacetime, while λ is the curvature scale of
the internal spacetime (λ > 0 corresponds to a p-sphere and λ = 0 to a p-torus). We will
also assume that k is either n or p, ensuring that the k-forms fills either the external or
internal space with flux. We remark that in the standard heterotic case, with D = 10 and
k = 3 this requires compactification on a 3-sphere or a 3-torus, down to seven external
dimensions, requiring three more compact directions to recover a four dimensional universe.
Of course, an explicit embedding of this kind with stable moduli is a non-trivial matter
and further consistency considerations, such as tadpole cancellation [50], must be taken
into account, but this is beyond the scope of this paper.

Let us conclude by noting that the cases described in this paper do not fall into the
usual Maldacena-Nuñez no-go theorem [51] since the Gauss-Bonnet term represents higher
curvature corrections to the action that are not considered in the original paper.

3 Extending the Montero-van Riet-Venken bound in the small Gauss-
Bonnet coupling limit

The goal of this paper is to study the impact of the higher curvature corrections on the
MvRV bound for the existence of de Sitter solutions. To develop some intuition, we begin by
studying the Gauss-Bonnet correction using a perturbative expansion in the dimensionless
parameter ε ≡ κ4

D〈f(ϕ)/V (ϕ)〉 ≥ 0, where f(ϕ) and V (ϕ) are evaluated at the vev of ϕ.
As a result, we extend the MvRV bound (2.4) to account for the higher curvature terms
and show that the condition on the existence of de Sitter vacua can be recast in the form∣∣∣∣g′g

∣∣∣∣ ≥ (p− 1)
∣∣∣∣V ′V

∣∣∣∣− ε · h(ϕ, ρ) +O
(
ε2
)
, (3.1)

where the sign of h(ϕ, ρ) determines whether, at linear order, the Gauss-Bonnet correction
favours the existence of solutions or not. In particular, if h > 0, the bound is more easily
satisfied and the higher curvature corrections should make it easier to find de Sitter solu-
tions; if h < 0, the bound is harder to satisfy and de Sitter solutions are less forthcoming.

Throughout this section we consider the top form to be purely internal and we keep the
sign of the slopes for the potential and the couplings as given in (2.8), without specifying
the functional form:

sgn
(
V ′

V

)
= 1 , sgn

(
g′

g

)
= −1 , sgn

(
f ′

f

)
= −1 . (3.2)
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The Lagrangian for the n-dimensional theory, after compactifying the D-dimensional ac-
tion (1.1) in a p-dimensional internal space, is

L =
√
−g̃

{
R̃

2κ2
D

+ R̂

2κ2
D

e2(α−β)ρ − e2αρV (ϕ)− g(ϕ)Q2e2(n−1)αρ

+f(ϕ)
[
G̃e−2αρ + 2R̃R̂e−2βρ + Ĝe2(α−2β)ρ

]
+ . . .

}
, (3.3)

where we have omitted the terms involving derivatives of the scalar fields, as we are in-
terested in studying the system at the minimum in the (ϕ, ρ) directions. Extremising the
Lagrangian with respect to the metric and the two fields yields the conditions,

Q2 = e−2nαρ

g′(ϕ)
{
f ′(ϕ)

[
λ2p(p− 1) (p− 2) (p− 3) e4(α−β)ρ

+ 2λκn(n− 1)p(p− 1)e2(α−β)ρ + κ2n(n− 1)(n− 2)(n− 3)
]
− e4αρV ′ (ϕ)

}
, (3.4)

0 =λ

{
1
κ2
D

(p− 1) (p+ n− 2) e2(α−β)ρ + 2 (p− 1) f(ϕ)e−2βρ
[
2κ (n− 2)n (n− 1)

+λ (p− 2) (p− 3) (p+ 2n− 4) e2(α−β)ρ
]}
− 2Q2g(ϕ) (n− 1) e2(n−1)αρ

− 2κ2n (n− 1) (n− 2) (n− 3) f(ϕ)e−2αρ − 2V (ϕ)e2αρ , (3.5)

0 =κ

{
2(n− 1)(n− 2)f(ϕ)

[
κ(n− 3)(n− 4)e−2αρ + 2λp(p− 1)e−2βρ

]
+ 1
κ2
D

(n− 1)(n− 2)
}

+ λp(p− 1)
[
2λ(p− 2)(p− 3)f(ϕ)e2(α−2β)ρ + e2(α−β)ρ

κ2
D

]
− 2V (ϕ)e2αρ − 2g(ϕ)Q2e2(n−1)αρ , (3.6)

It is not possible to solve the above system for arbitrary potentials and dimensions. How-
ever, we can solve the system order by order in a perturbative Gauss-Bonnet coupling
expansion.3 To do so, we take the ansatz

Q2 = Q2
0 + εQ2

1 , λ = λ0 + ε λ1 , κ = κ0 + ε κ1 , (3.7)

where the zeroth order quantities solve the previous system of equations with f(φ) = 0
and are given by

Q2
0 = e−2(n−2)αρ

∣∣∣∣V ′g′
∣∣∣∣ , (3.8)

λ0 = 2κ2
DV e

2βρ

(p− 1)(n+ p− 2)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣+ (n− 1)
∣∣∣∣V ′V

∣∣∣∣] , (3.9)

κ0 = 2κ2
DV e

2αρ

(p+ n− 2)(n− 1)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)
∣∣∣∣V ′V

∣∣∣∣] . (3.10)

3Note that Gauss-Bonnet gravity, being quadratic in curvature, typically yields two distinct vacua, one
which is perturbative in the coupling, f , and one which is non-perturbative. Our analysis here does not
capture the latter, which one might have expected to be unstable anyway [52].
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Solving for the ansatz (3.7) to leading order in the Gauss-Bonnet coupling, we find the
external curvature to be

κ = 2κ2
DV e

2αρ

(p+ n− 2)(n− 1)

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)
∣∣∣∣V ′V

∣∣∣∣+ εhn,p +O
(
ε2
)]

, (3.11)

where (ϕ, ρ) are understood to be evaluated at their vevs. Demanding that the external
curvature is positive leads to an extended condition of the form (3.1), with the leading
order correction given by a polynomial in |g/g′|

hn,p = V 2

(p− 1)(n− 1)(p+ n− 2)

[
An,p

∣∣∣∣g′g
∣∣∣∣+Bn,p

∣∣∣∣f ′f
∣∣∣∣+ Cn,p

∣∣∣∣V ′V
∣∣∣∣

+
(
Dn,p

∣∣∣∣f ′f
∣∣∣∣+ En,p

∣∣∣∣V ′V
∣∣∣∣) ∣∣∣∣V ′V

∣∣∣∣ ∣∣∣∣ gg′
∣∣∣∣+ Fn,p

∣∣∣∣f ′f
∣∣∣∣ ∣∣∣∣V ′V

∣∣∣∣2 ∣∣∣∣ gg′
∣∣∣∣2
]
.

(3.12)

The coefficients of the polynomial depend on the dimensions (n, p):

An,p = 4n(p− 7)(1− p) + 4n2(1− p) + 4p(p− 11) + 48 , (3.13)

Bn,p = −4
[
(n− 1)p2 + (n2 − 4n+ 3)p− n2 + 3n

]
(p− 1) , (3.14)

Cn,p = 8
[
(n− 1)p3 + (n2 − 11n+ 14)p2 − (2n2 − 19n+ 27)p+ n2 − 7n+ 12

]
, (3.15)

Dn,p = 8(p− n)(np− n− p+ 3)(p− 1) , (3.16)

En,p = 4
[
2(3n− 5)p3 − (2n2 + 15n− 31)p2 + (3n2 + 12n− 31)p+ n2 − 7n+ 12

]
, (3.17)

Fn,p = 4(p− 1)(4n2p2 − 7n2p− 7np2 + n2 + 14np+ p2 − 3n− 3p) . (3.18)

Although these expressions for the coefficients are not very illuminating, we can remark on
some interesting behaviour.

For the particular stringy potentials given in (2.8) and with the well motivated choice,
n = 4, p = 6 we find that hn,p > 0. However, this does not point to the existence of new
de Sitter solutions as the MvRV bound is already strongly violated at leading order. For
the Gauss-Bonnet corrections to yield something interesting in this perturbative set-up,
our best hope is ask what happens when the MkRV bound is only just violated at leading
order. In particular, we consider the case where∣∣∣∣g′g

∣∣∣∣ = (p− 1)
∣∣∣∣V ′V

∣∣∣∣ (1−∆) (3.19)

for some 0 < ∆ � ε. In such a scenario, the existence of de Sitter solutions is only
marginally ruled out by the original MvRV bound (2.4). Could the curvature corrections
rule them back in? In this particular case we find that

hn,p = 4p(p− 2)(p− 3)
(p− 1)3 V 2

[∣∣∣∣g′g
∣∣∣∣− (p− 1)

∣∣∣∣f ′f
∣∣∣∣] [1 +O(∆)] , (3.20)

Since 0 < ∆� ε, the external curvature is dominated by this form of hn,p, giving

κ ≈ 8κ2
Dp(p− 2)(p− 3)V 3e2αρ

(p+ n− 2)(n− 1)(p− 1)3 ε

∣∣∣∣ gg′
∣∣∣∣ [∣∣∣∣g′g

∣∣∣∣− (p− 1)
∣∣∣∣f ′f
∣∣∣∣] (3.21)
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which is clearly positive whenever ∣∣∣∣g′g
∣∣∣∣ > (p− 1)

∣∣∣∣f ′f
∣∣∣∣ . (3.22)

This suggest that de Sitter solutions might be possible for these parametric choices, al-
though we are not aware of any stringy motivated supergravity model that satisfies them.

Another possibility is to consider the case where |g′/g| � |V ′/V |. When this hierarchy
is big enough, the last term in (3.12) could be the dominant contribution to the external
curvature, dominating over the zeroth order piece in the perturbative expansion in the
Gauss-Bonnet coupling. Whilst this casts some doubt on the validity of the expansion, it
would, if true, suggest that

κ ≈ 2κ2
DV

3e2αρ

(p+ n− 2)2(n− 1)2(p− 1)εFn,p
∣∣∣∣f ′f
∣∣∣∣ ∣∣∣∣V ′V

∣∣∣∣2 ∣∣∣∣ gg′
∣∣∣∣3 (3.23)

This could point towards new de Sitter solutions since we also have that Fn,p > 0 for
n, p ≥ 2. Of course, such an extreme hierarchy is not especially well motivated since
generically we expect |g′/g| and |V ′/V | to be O(1) as both couplings are expected to be
fixed by Weyl rescaling to Einstein frame.

4 Non-perturbative conditions for the existence of de Sitter solutions
with a Gauss-Bonnet term

We shall now establish some exact results, seeking de Sitter and non-trivial Minkowski
vacua beyond the perturbative approach of the previous section. To this end, it is necessary
to fix some of the potentials in order to make concrete progress. We choose the Gauss-
Bonnet potential f and the gauge coupling g to coincide with the heterotic string, as per
equation (2.8), so that

f(ϕ) = α′

16κ2
D

e−κ1ϕ , g(ϕ) = e−2κ1ϕ

κ2
D

(4.1)

while the remaining potential is given more generally as

V (ϕ) = V0e
qκ1ϕ, (4.2)

with V0 > 0 and q > 0 a free dimensionless parameter. There is sufficient generality left
in V to mirror the analysis of [39], and investigate parametric constraints on the slope of
ln V . Note that for the string motivated scenario of [49], we have q = 5 and V0 = 0.037

α′5 .
In [39], the slope of ln V is constrained in the form of the MvRV bound (2.4). For

these exponential potentials, this bound takes a particularly simple form

q ≤ 2
p− 1 . (4.3)

Our goal here is to ask if the parametric constraint on the slope of ln V is affected by
the Gauss-Bonnet correction. We will also allow for both internal and external fluxes,
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further generalising [39]. If Hk is allowed to carry external flux, we find that there are
only trivial vacua: a Minkowski external space, vanishing flux and a toroidal internal
manifold. If, instead, Hk is allowed to carry internal flux, the set-up is more interesting.
The perturbative analysis of the previous section suggested that one could find de Sitter
solutions even when the MvRV bound is violated, provided an extended condition (3.22)
holds for the Gauss-Bonnet potentials. However, it turns out that this extended bound
is not satisfied for the string motivated potentials for f and g given by (4.1). Indeed, we
shall see that in this instance, the MvRV condition (4.3) is necessary for the existence of de
Sitter solutions, but it is not sufficient. This means the higher curvature correction makes
de Sitter solutions no more forthcoming, constraining the parametric dependence of the
scalar potential ln V at least as much as in [39].

Note that in this section, we shall not assume the particular choice of α and β

given in (2.1), but will keep things general. Furthermore, we work directly with the
D-dimensional field equations derived from the variation of the action (1.1), which are
given by

0 = f(ϕ)
(

4R C
A RBC + 1

2GgAB − 2RRAB + 4RCDRACBD − 2R CDE
A RBCDE

)
+ 1

2∇Aϕ∇Bϕ−
1
4(∇ϕ)2gAB + 2f ′(ϕ)

(
R∇A∇Bϕ− 4R C

(B∇A)∇Cϕ+ 2GAB�ϕ

+ 2gABRCD∇C∇Dϕ− 2RACBD∇C∇Dϕ
)

+ 2f ′′(ϕ)
[
R∇Aϕ∇Bϕ

−4RC(B∇A)ϕ∇Cϕ+ 2GAB(∇ϕ)2 + 2gABRCD∇Bϕ∇Cϕ− 2RACBD∇Cϕ∇Dϕ
]

− 1
2κ2

D

GAB − g(ϕ)
[ 1

2k!HA1...Ak
HA1...AkgAB −

1
(k − 1)!HA1...Ak−1AH

A1...Ak−1
B

]
− 1

2V (ϕ)gAB, (4.4)

0 = �ϕ+ f ′(ϕ)G − V ′(ϕ)− g′(ϕ)
k! HA1...Ak

HA1...Ak , (4.5)

0 = ∇B
[
g(ϕ)HA1...Ak−1B

]
. (4.6)

4.1 Internal flux

If we assume that H is a top form along the internal manifold, then the solution to equa-
tion (4.6) is given by

Ha1...ap = Qε̂a1...ap (4.7)

where Q is a constant, all other components of H vanish, and ε̂a1...ap is the volume form
associated with the internal submanifold (ε̂1...p =

√
ĝ, etc). We substitute this solution,

together with (2.11) and (2.12) into eqs. (4.4) and (4.5), projecting equation (4.4) over g̃µν
and ĝab respectively. Let us define the following master variables

K = κe2(β−α)ρ, Ĥ = Q2e−2κ1ϕ−2(p−1)βρ, U = V0κ
2
De

qκ1ϕ+2βρ,

X1 = α′

16e
−κ1ϕ−2βρ, X2 = α′

16κe
−κ1ϕ−2αρ, X3 = α′

16κ
2e−κ1ϕ+2(β−2α)ρ,

(4.8)
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Given that α′ > 0, for a consistent de Sitter (or Minkowski) vacuum, we necessarily have
that all of the master variables, with the possible exception of U , are non-negative. This
will be crucial to our subsequent proofs. The system of equations can now be cast in the
following linear form, which is particularly useful for analysing the system

0 = −2Ĥ − 2U + (n− 1)(n− 2)[K + 2(n− 3)(n− 4)X3]
+ λp(p− 1)[1 + 4(n− 1)(n− 2)X2] + 2λ2p(p− 1)(p− 2)(p− 3)X1, (4.9)

0 = 2Ĥ − 2U + n(n− 1)[K + 2(n− 2)(n− 3)X3]
+ λ(p− 1)(p− 2)[1 + 4n(n− 1)X2] + 2λ2(p− 1)(p− 2)(p− 3)(p− 4)X1, (4.10)

0 = 2Ĥ − qU − n(n− 1)(n− 2)(n− 3)X3 − 2λn(n− 1)p(p− 1)X2

− λ2p(p− 1)(p− 2)(p− 3)X1. (4.11)

Given that n ≥ 2 and q > 0, we can always solve the above equations for U , Ĥ and K in
terms of X1, X2 and X3. In particular, we have

K = K
(int)
sol (X1, X2, X3) ≡ − 1

(n− 1)[2 + (n− 1)q]
{
λ(p− 1)[q(p− 1)− 2]

+ 2λ2(p− 1)(p− 2)(p− 3)[p− 4 + (p− 2)q]X1

+ 4λ(p− 1)(n− 1){−p(q − 2) + n[p− 2 + (p− 1)q]}X2

+ 2(n− 1)(n− 2)(n− 3)[4 + n+ (n− 2)q]X3
}
. (4.12)

The idea behind the proof is to show that K is maximal at (X1, X2, X3) = (0, 0, 0) (re-
stricting of course to non-negative Xi values), but that even at its maximum, K < 0 as
soon as we choose q > 2/(p− 1). Since K carries the same sign as the external curvature,
this would prove the absence of de Sitter solutions whenever q > 2/(p − 1). Said another
way, the MvRV condition (4.3) is a necessary condition for the existence of de Sitter vacua,
even in the presence of the Gauss-Bonnet correction.

To this end, we consider

∂K
(int)
sol

∂X1
= −2λ2(p− 1)(p− 2)(p− 3)[p− 4 + (p− 2)q]

(n− 1)[2 + (n− 1)q] , (4.13)

∂K
(int)
sol

∂X2
= −4λ(p− 1){−p(q − 2) + n[p− 2 + (p− 1)q]}

2 + (n− 1)q , (4.14)

∂K
(int)
sol

∂X3
= −2(n− 2)(n− 3)[n+ 4 + (n− 2)q]

2 + (n− 1)q . (4.15)

∂K
(int)
sol /∂X3 is obviously negative. For p = 1, 2, 3, ∂K(int)

sol /∂X1 = 0 while for p ≥ 4,
∂K

(int)
sol /∂X1 is also obviously negative. Finally, for p = 1, ∂K(int)

sol /∂X2 = 0, while for
p ≥ 2 and n ≥ 2,

− p(q − 2) + n[p− 2 + (p− 1)q] ≥ (p− 2)q + 4(p− 1) > 0. (4.16)

Hence, ∂K(int)
sol /∂X2 ≤ 0 in all cases, and K

(int)
sol is indeed maximal at (X1, X2, X3) =

(0, 0, 0), where it takes the value

K(int)
max ≡ K

(int)
sol (0, 0, 0) = λ(p− 1)[2− (p− 1)q]

(n− 1)[2 + (n− 1)q] . (4.17)
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The above equation shows that K can vanish for λ = 0 (p-torus) or p = 1 (1-sphere),
i.e. when the curvature of the internal manifold vanishes. These solutions correspond to a
Minkowski spacetime, and exist only for a vanishing flux Q and a vanishing potential V (ϕ),
which makes them uninteresting. The existence of a de Sitter solution, on the other hand,
requires that K > 0. This is not possible if q > 2/(p − 1), as shown by equation (4.17),
which completes our proof. The condition (4.3) is necessary for de Sitter solutions to exist.

In terms of the variables K, Ĥ, U , Xi, (4.3) is also sufficient; indeed, it is possible
to show that, when q ≤ 2/(p − 1), K, Ĥ and U are all positive in the neighbourhood of
the point (X1, X2, X3) = (0, 0, 0). However, this is an artifact of the choice of variables.
Sending all Xi to 0 actually corresponds to sending the Gauss-Bonnet coupling to 0. Hence,
it is not surprising to find that condition (4.3) is necessary and sufficient in this case, as we
are back to the action studied in [39]. If instead, we think of the Gauss-Bonnet coupling
as fixed, we can show that the condition (4.3) is not sufficient, by an analysis that is very
similar to the one we carried out in section 3. Indeed, let us saturate the bound (4.3) by
choosing q = 2/(p − 1) — which corresponds to being on the edge of the existence region
when the Gauss-Bonnet coupling is absent. Then, K(int)

sol becomes

K
(int)
sol = − 1

(n− 1)(n+ p− 2)
{

(n− 1)(n− 2)(n− 3)[n− 8 + (4 + n)p]X2

+2p(p− 1)(n− 1)[(2 + n)p− n− 4]λX3 + p(p− 1)(p− 2)(p− 3)2λ2X1
}
.

(4.18)

It is easy to check that for p ≥ 2 (we already saw that the case p = 1 was uninteresting), the
coefficients of X1, X2 and X3 in the above equation are all negative. The coefficient of X3 is
actually strictly negative. Hence, there can be no de Sitter (or Minkowski) solution for this
value of q — and neighbouring ones, by continuity. Therefore, (4.3) is not sufficient. This
reinforces the conclusion of section 3, as it is a non-perturbative statement. The presence
of the Gauss-Bonnet term never enlarges the space of solutions, but instead reduces it, at
least when the potentials, f and g, take on the form best motivated by string theory.

4.2 External flux

So far, we have assumed H to be an internal flux, and, as we have demonstrated, this leads
to the absence of de Sitter solutions to the effective action (1.1) as long as q > 2/(p−1). Now
let us consider the opposite scenario: that H is a top form along the external directions.
In this case, the solution to equation (4.6) is given by

Hµ1...µn = Q

g(ϕ)e
(nα−pβ)ρε̃µ1...µn (4.19)

where Q is a constant, all other components of H vanish, and ε̃µ1...µn is the volume form
associated with the internal submanifold (ε̃1...n =

√
−g̃, etc). We will prove that no de

Sitter solutions at all exist in this case, for any value of q. The proof is very similar to
the one presented in section 4.1. Employing the same variables U , K, Xi as defined in
equation (4.8), and trading Ĥ for

H̃ = Q2e2κ1ϕ−2(p−1)βρ, (4.20)
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the field equations are identical to eqs. (4.9)–(4.11) upon the substitution Ĥ −→ H̃ in
eqs. (4.9)–(4.10) and Ĥ −→ −H̃ in equation (4.11). We need to distinguish a few more
sub-cases with respect to the internal case, depending on how q compares to 2/(n− 1).

4.2.1 q > 2/(n − 1)

In this case, the proof is almost exactly identical to the internal case. We solve the field
equations for K, U and H̃ in terms of X1, X2 and X3, to obtain

K = K
(ext)
sol (X1, X2, X3) ≡ − 1

(n− 1)[(n− 1)q − 2]
{
λ(p− 1)[q(p− 1) + 2]

+ 2λ2(p− 1)(p− 2)(p− 3)[p+ 4 + (p− 2)q]X1

+ 4λ(n− 1)(p− 1){−p(q + 2) + n[p+ 2 + (p− 1)q]}X2

+ 2(n− 1)(n− 2)(n− 3)[n− 4 + (n− 2)q]X3
}
. (4.21)

It immediately follows that

∂K
(ext)
sol

∂X1
= −2λ2(p− 1)(p− 2)(p− 3)[p+ 4 + (p− 2)q]

(n− 1)[(n− 1)q − 2] , (4.22)

∂K
(ext)
sol

∂X2
= −4λ(p− 1){−p(q + 2) + n[p+ 2 + (p− 1)q]}

(n− 1)q − 2 , (4.23)

∂K
(ext)
sol

∂X3
= −2(n− 2)(n− 3)[n− 4 + (n− 2)q]

(n− 1)q − 2 . (4.24)

Since q > 2/(n−1), ∂K(ext)
sol /∂X1 is obviously negative. For n = 2, 3, ∂K(ext)

sol /∂X3 = 0 while
for n ≥ 4, ∂K(ext)

sol /∂X3 is also obviously negative. Finally, for p = 1, ∂K(ext)
sol /∂X2 = 0,

while for p ≥ 2 and n ≥ 2,

− p(q + 2) + n[p+ 2 + (p− 1)q] ≥ (p− 2)q + 4 > 0. (4.25)

Hence, ∂K(ext)
sol /∂X2 ≤ 0 in all cases, and K

(ext)
sol is maximal at (X1, X2, X3) = (0, 0, 0),

where it takes the value

K(ext)
max ≡ K

(ext)
sol (0, 0, 0) = −λ(p− 1)[2 + (p− 1)q]

(n− 1)[(n− 1)q − 2] . (4.26)

This is always negative in the sub-case that we are considering, hence no de Sitter solutions
exist. Again, trivial Minkowski solutions can exist for p = 1 or λ = 0.

4.2.2 q < 2/(n − 1)

Once again, the proof is very analogous to the previous ones, but now we consider the
solution for H̃ rather than K. This is given by

H̃ = H̃sol(X1, X2, X3) ≡ 1
2[(n− 1)q − 2]

{
λ(p− 1)q(n+ p− 2)

+ 2λ2(p− 1)(p− 2)(p− 3)[p+ (2n+ p− 4)q]X1

+ 4λn(n− 1)(p− 1)[p+ (n− 2)q]X2

− 2n(n− 1)(n− 2)(n− 3)(q − 1)X3
}
. (4.27)
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and therefore,

∂H̃sol
∂X1

= 2λ2(p− 1)(p− 2)(p− 3)[p+ (p+ 2n− 4)q]
(n− 1)[(n− 1)q − 2] , (4.28)

∂H̃sol
∂X2

= 4λn(n− 1)(p− 1)[p+ (n− 2)q]
(n− 1)q − 2 , (4.29)

∂H̃sol
∂X3

= n(n− 1)(n− 2)(n− 3)(1− q)
(n− 1)q − 2 . (4.30)

∂H̃sol/∂X1 and ∂H̃sol/∂X2 are obviously negative in the subcase we consider. For n ≤ 3,
∂H̃sol/∂X3 = 0. For n ≥ 4, since q < 2/(n − 1), 1 − q > 0 and therefore ∂H̃sol/∂X3 is
negative. Hence, H̃sol is maximal at (X1, X2, X3) = (0, 0, 0), where it takes the value

H̃max ≡ H̃sol(0, 0, 0) = λq(p− 1)(n+ p− 2)
2[(n− 1)q − 2] < 0. (4.31)

Since H̃ should be non-negative for real values of the flux, we conclude that the underlying
assumptions are inconsistent and therefore no de Sitter or non-trivial Minkowski solutions
can exist.

4.2.3 q = 2/(n − 1)

In the case where q takes exactly the value 2/(n − 1), we can no longer solve the system
of equations for K, U and H̃ simultaneously. However, we can solve it for X2, U and H̃
instead, provided that λ 6= 0 and p ≥ 2 (if this is not the case, once again only trivial
Minkowski solutions can exist). We obtain

X2 = X2, sol(X1, X3) ≡ − 1
2λn(n− 1)(p− 1)[(n− 1)p+ 2(n− 2)]
×
{
λ2(p− 1)(p− 2)(p− 3)[p(n+ 1) + 4(n− 2)]X1

+n(n− 1)(n− 2)(n− 3)2X3 + λ(p− 1)(n+ p− 2)
}
.

(4.32)

Hence,

∂X̃2, sol
∂X1

= −λ(p− 2)(p− 3)[p(n+ 1) + 4(n− 2)]
2n(n− 1)[(n− 1)p+ 2(n− 2)] , (4.33)

∂X̃2, sol
∂X3

= − (n− 2)(n− 3)2

2λ(p− 1)[(n− 1)p+ 2(n− 2)] , (4.34)

These quantities are obviously negative. Therefore, X2, sol is maximal at (X1, X3) = (0, 0),
where it takes the value

X2,max ≡ X̃2, sol(0, 0) = − n+ p− 2
2n(n− 1)[(n− 1)p+ 2(n− 2)] < 0. (4.35)

Again, for consistent de Sitter or non-trivial Minkowski solultions, X2 should be non-
negative, in contradiction with the above inequality. This concludes the proof for the
external case.
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5 Discussion

We have considered solutions to a general class of gravitational actions, motivated by
quadratic curvature corrections to the effective action for the heterotic string. The actions
include a scalar field (identified with the dilaton), a k-form field strength, and gravity.
We considered warped compactifications on spheres and tori, with k-form flux and investi-
gated the existence of de Sitter solutions along the external directions. A similar analysis
was carried out in [39] without the quadratic curvature corrections, which in our case
corresponded to the Gauss-Bonnet operator coupled to the dilaton. In [39], the MvRV
bound (2.4) was derived for the dilaton potentials, specifiying the condition for de Sitter
solutions to exist. In the presence of the quadratic curvature corrections, we saw that this
bound could be violated perturbatively and de Sitter solutions could still exist, as long as
a second bound (3.22) on the Gauss-Bonnet coupling also held. However, for potentials
that are best motivated by string theory, the second bound does not hold, suggesting no
violation of the MvRV bound is possible in this instance. Indeed, for these well motivated
set-ups, we were also able to show that the MvRV bound was a necessary, but not sufficient,
condition for the existence of de Sitter solutions in the presence of quadratic curvature cor-
rections. This leads to our main conclusion: higher curvature corrections that are well
motivated by string theory generically made it parametrically harder, not easier, to find
de Sitter solutions.

It would be very interesting to ask if this were a generic feature of higher order correc-
tions in all versions of string theory. Clearly this is difficult to establish and more evidence
needs to be found. For type II strings, curvature corrections kick in at fourth order [53],
while for heterotic strings we may also consider higher order mixings between the gauge
field and curvature [48].

We can make a crude and simplistic argument to support a claim that curvature
corrections are unlikely to improve the search for de Sitter vacua, at least at finite order in
the curvature expansion. In D dimensional General Relativity without sources, the absence
of de Sitter vacua can roughly be understood in terms of an energetic balance between the
curvature of the external space and that of the compact space. If the compact space carries
positive or vanishing curvature (as in a sphere or a torus), then the external space looks
to counter that, delivering negative or vanishing curvature (as in AdS or Minkowski). For
higher curvature operators to facilitate the existence of new de Sitter vacua, the details of
this balance have to change. In particular, on one side of the energetic balance, a positive
curvature space (be it a sphere along the compact directions, or de Sitter along the external
directions) must contribute negative energy through the higher order operators. This
might indicate the presence of ghost-like instabilities and the associated negative energy
excitations. Such instabilities should certainly be absent in effective actions derived from
string theory.

Of course, the situation becomes more complicated in the presence of additional fields
and sources, including branes, fluxes, Casimir energies, and with more exotic compact
spaces. The challenge here is to retain calculational control over the effective description, be
it parametrically or even just numerically. Indeed, the level of control one is willing to sac-
rifice seems to be at the core of the ongoing debate over de Sitter space and the Swampland.
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