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Spontaneous scalarization of neutron stars has been extensively studied in the Damour and
Esposito-Farese model, in which a scalar field couples to the Ricci scalar or, equivalently, to the
trace of the energy-momentum tensor. However, scalarization of both black holes and neutron stars
may also be triggered by a coupling of the scalar field to the Gauss-Bonnet invariant. The case of
the Gauss-Bonnet coupling has also received a lot of attention lately, but the synergy of the Ricci
and Gauss-Bonnet couplings has been overlooked for neutron stars. Here, we show that combining
both couplings has interesting effects on the properties of scalarized neutron stars, such as affecting
their domain of existence or the amount of scalar charge they carry.

I. INTRODUCTION

Even though General Relativity (GR) is extensively
tested in the weak-field regime, it is only recently that
we have started constraining it in the strong field regime.
Gravitational-wave observations [1-3] will soon be rising
to the hundreds, providing us with enough data to accu-
rately confront many of the proposed strong gravity GR
deviations. Increased precision in observations will allow
us to determine whether compact objects, which are as-
sociated with extremely large curvatures, have different
properties than predicted by GR.

The phenomenon of spontaneous scalarization provides
perhaps the most promising framework, in which we can
investigate the manifestation of a strong gravity process
that remains dormant in low curvature regimes. Spon-
taneous scalarization was initially proposed in the case
of neutron stars by Damour and Esposito-Farese (DEF)
[4, 5]. According to it, a scalar field coupled to gravity in
a suitable manner, might acquire a non-trivial structure
only in the strong field regime of neutron stars, while re-
maining trivial and undetected in the weak field regime.
In the DEF model black holes do not exhibit scalariza-
tion unless it is induced by matter in their vicinity [6-10].
However, recently, a different class of models in which
there is scalarization of both black holes and neutron
stars has been receiving a lot of attention: scalar-Gauss-
Bonnet theories (e.g. [11-13]).

Scalarization of both black holes and neutron stars has
been scrutinized in various works concerning many differ-
ent modifications (bare mass, self-interactions, different
field content, etc [14-19]). Scalarization can be thought
of as triggered by a curvature-induced tachyonic insta-
bility of the scalar field. In more recent works, it has
been shown that this instability can be triggered by spin
[20] and lead to black holes that are scalarized only when
rapidly rotating [21, 22]. It should be noted that scalar-
ization models differ from certain hairy black hole models
(e.g. [23-26]) in that, in the latter all black holes carry

a non-trivial scalar configuration, whereas in the former
only black holes with certain mass or spin characteristics
deviate from the Kerr metric.

The onset of the tachyonic instability that triggers
scalarization is controlled by linear terms (although
Ref. [27] also examined what happens if linear terms are
absent from the potential) but eventually this instability
is quenched by non-linearities, which control the end-
state. In [28], all terms that can affect the onset of the
instability in the framework of Horndeski theory were
listed. However, one of these terms, namely the coupling
to the Ricci scalar, has not received much attention in
many of the aforementioned works. This is mostly due
to the fact that, in the black-hole scenario, the onset of
scalarization is only controlled by the Gauss-Bonnet in-
variant, since the Ricci scalar evaluates to zero for GR
black holes. Nonetheless, including the Ricci term does
seem to provide us with several advantages. To begin
with, as discussed in [29], the Ricci term is crucial if one
wants to retrieve a late-time attractor to GR in a cosmo-
logical scenario. Additionally, it was shown in [30] that
the Ricci term can help in suppressing the scalarization of
neutron stars, which would otherwise tend to place signif-
icant constraints. Finally, Ref. [31] showed that this term
has very interesting effects on the properties of scalarized
black holes. Even though the Ricci coupling does not af-
fect the onset of black hole scalarization (being zero in
a GR black hole background), it affects the properties of
the scalarized solutions and, consequently, observables.
For certain values of the Ricci coupling — which happen
to be consistent with the ones associated with a late-time
attractor behaviour — the presence of this operator is ex-
pected to render black holes radially stable, without the
need to introduce self-interaction terms.

For the reasons presented above, it is of great inter-
est to examine how the combination of Ricci and Gauss-
Bonnet couplings affects neutron star properties. We
present the analytic and numerical setup of our study in
Sec. II. The numerical results are presented in Sec. I1I. In



Sec. ITIT A, we determine over which region of the param-
eter space scalarized solutions exist, for three different
stellar scenarios. In Sec. IITB and III C, we discuss the
properties of the scalarized solutions, in particular their
scalar charges and masses. Section IIID investigates
in more detail the solutions that always exist near the
scalarization thresholds, while Sec. IIIE explains how,
already at the level of the GR solution, a given scalar
profile may be favored. We conclude with a discussion in
Sec. IV.

II. SETUP

It has been shown in [28] that, in the framework of
Horndeski theories, the minimal action containing all the
terms that can affect the onset of a tachyonic instability
is

S = /d4x\/7—g{2}2 + X +7G"V 6V,
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where X = —V,¢V*¢/2, £ = 87G/c* and ¥ is the
Gauss-Bonnet invariant
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S is the matter action, where matter is assumed to cou-
ple minimally to the metric; in other words, we are work-
ing in the so-called Jordan frame. mg is the bare mass
of the scalar field, and «, 8 and ~ parametrize the devi-
ations from GR. Note that 3 is dimensionless, whereas ~
and « have the dimension of a length squared. g is de-
fined such that it matches the notation of the (linearized)
DEF model (see [28] for a detailed discussion on the re-
lation to the original DEF model). For the purpose of
this paper we set v = 0 and my = 0. If a bare mass is
included it needs to be tuned to rather small values else
it can prevent scalarization altogether [14, 30], while v
has a very limited effect on the threshold of tachyonic
scalarization [30]. Note that by setting these two param-
eters to zero, we retrieve the action studied in [31] in
the context of spontaneously scalarized black holes. The
modified Einstein equation is

Guw = TS, + KT, (3)
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comes from the variation of the ¢-dependent part of
the action with respect to the metric, and T ;% =
—(2/+/—9)(05Mm/dg"") is the matter stress-energy tensor.
The scalar field equation reads

O¢ = méus, (5)
where the effective scalar mass is given by
mig = gR—ag. (6)

A configuration with a sufficiently! negative effective
mass squared will suffer from a tachyonic instability, trig-
gering spontaneous scalarization. For the purpose of this
paper, we restrict our analysis to static and spherically
symmetric spacetimes:

ds? = —e" a2 + AV dr? 412402, (7)

and we assume matter to be described by a perfect fluid
with TBXI, = (e + p)uuuy + p g, where €, p and u, are
respectively the energy density, the pressure and the 4-
velocity of the fluid. The pressure is directly related to
the energy density through the equation of state. The
field equations then take the form of coupled ordinary
differential equations for I'; A, € and ¢, see Appendix. We
can solve algebraically the (rr) component of the modi-
fied Einstein equation for e*. The result is
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For the § = —1 branch of solutions we do not retrieve
GR in the limit &« — 0 and 8 — 0, henceforth we will
assume § = 1. By substituting Eq. (8) in the remaining
differential equations, we can reduce our problem to an
integration in three variables: I', ¢ and e.

A. Expansion for r — 0

Close to the center of the star, we can perform an an-
alytic expansion of the form

fr)y=>" fur" (10)
n=0

1 Any negative effective mass squared will cause an instability in
Minkowski spacetime, but a curved spacetime is destabilized only
if a certain threshold is exceeded.



for the functions I', A, €, p and ¢. Plugging these expan-
sions in the field equations, we can solve order by order to
determine the boundary conditions at the origin. At this
point, there are essentially three quantities that one can
freely fix: the central density ¢y, the value of the scalar
field at the center ¢g, and the value of the time compo-
nent of the metric at the center, determined by I'y. On
the other hand, Ay has to vanish in order to avoid a con-
ical singularity at the center, while pg is directly related
to €y by the equation of state. All higher order quantities
{Ty,...,0:}, © > 1 can be determined in terms of the three
quantities {eg, Iy, po}. We will require that spacetime is
asymptotically flat, with a trivial scalar field at spatial
infinity, which fixes uniquely I'y and ¢g, or rather re-
stricts ¢ to a discrete set of values, each corresponding
to a different mode; technically, these values are found
through a numerical shooting method. Therefore, for
given parameters « and 3, a solution is eventually fully
determined by the central density €y. Different choices of
€o will translate into different masses.

We must underline the difference with the black hole
case, studied in [31]. For black holes, the equations are

J

scale invariant up to a redefinition of the couplings. Prac-
tically, this means that it is enough to explore the full
space of parameters o and [ for a fized mass. One can
then deduce all solutions, of arbitrary mass, by an appro-
priate rescaling. For neutron stars this scaling symmetry
is broken by the equation of state that relates p and e.
Therefore, one a priori has to explore a 3-dimensional
space of parameters (€9, a and () in the case of neu-
tron stars. In order to keep this exploration tractable,
as it was already done in [30], we will focus our study
on a selection of central densities and equations of state.
We pick these in order to cover very diverse solutions,
typically corresponding to the lightest/heaviest observed
stars in general relativity. We then explore a wide range
of the (o, 8) parameter space for these fixed densities and
equations of state.

To complete this section, let us note that solving order
by order the field equations for the higher order coeffi-
cients in the expansion (10) does not always yield solu-
tions. All first order coefficients in this expansion have
to vanish; one can express I's, €3, ps and ¢o in terms
of Ay; however, Ay itself is determined by the following
equation:
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Equation (11) is a fourth order equation in As. Such
an equation does not necessarily possess real solutions.
Therefore, for any choice of parameters («, 8) and initial
values (eg, ¢p), we need to check that a real solution to
Eq. (11) exists. In particular, we need to check this when
implementing the shooting method that will allow us to
find the values of ¢g such that the scalar field is trivial
at spatial infinity. Such values might actually not exist
in the domain where Eq. (11) possesses real solutions. In
practice, we make sure that each choice of parameters
that we consider guarantees not only that Eq. (11) has

2 An acceptable solution to Eq. (11) must be positive, otherwise
grr diverges at a finite radius, and consequently the pressure and

(

a positive? real solution, but that such a solution is con-
nected to the GR one. We discard all other parameter
combinations that do not respect such criteria.

B. Expansion at spatial infinity

We now analyze the asymptotic behaviour of the solu-
tions at spatial infinity. This time, we expand the metric
and scalar functions in inverse powers of r, and solve or-
der by order. We impose that the asymptotic value of
the scalar field vanishes, that is ¢(r — 00) = ¢oo = 0,
and that T'(r — oo) = 0. The asymptotic solution then
reads

the energy density diverge as well.
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where M and @Q are free. We identify M as the ADM
mass and @ as the scalar charge, in the sense that it dic-
tates the fall-off of the scalar field far away. As one can
see from Egs. (12)—(14), the contribution from the Ricci
coupling dominates the asymptotic behaviour of the so-
lutions over the Gauss-Bonnet coupling. Indeed, terms
proportional to 8 enter the expansion already at order
r~2, whereas a-dependent terms arise only at order r—°.
This expansion is in fact entangled with the boundary
conditions at the center of the star, as we already men-
tioned. For fixed parameters a and 3, the freedom in M
directly relates to the freedom in the central density €g.
On the other hand, the fact that only discrete values of
¢o yield a vanishing scalar field at infinity means that the
scalar profile is actually fixed once a central density (or a
mass) is chosen. Therefore, @ is fixed as a function of M,
and does not constitute a free charge; this is sometimes
referred to as secondary hair.

The scalar charge constitutes probably the most direct
channel to test the theory through observations. Indeed,
binaries of compact objects endowed with an asymmetric
charge will emit dipolar radiation. This enhances the
gravitational-wave emission of such systems: in a Post-
Newtonian (PN) expansion, dipolar radiation contributes
to the energy flux at order -1PN with respect to the usual
quadrupolar GR flux. Generically, this dipolar emission
is controlled by the sensitivities of the compact objects,
defined as®

1 alnMI
Vir 0dy

M7 being the mass of the component I, and ¢ the value
of the scalar field at infinity. The observation of various

(15)

oy =

3 The factor of 1/+/4 is added to match the standard definition of
the sensitivity in the literature, where a different normalization
for the scalar field is generally used.
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binary pulsars, notably the PSR J1738+0333 system, al-
lows one to set the following constraint:

laa —ap| <2 x 1073, (16)

where A and B label the two components of the system
[32, 33]. We can then relate the sensitivity to the scalar
charge @, using the generic arguments of [34]. We have

1 0M;
4 6qj)0 ’

Qr=-— (17)
If there is no accidental coincidence in the charge of the
two components of the binary, Eqgs. (16)-(17) translate as

—4
‘ M’ <6 x10 (18)
for the solutions we consider. Only solutions satisfying
this bound on the charge to mass ratio are relevant. It
is however a non-trivial task to map this bound onto
the parameters of the Lagrangian (1). We will do so by
exploring the parameter space in Sec. III.

C. Numerical implementation

We solve the system of three differential equations for
the three independent functions I', ¢ and e by starting
our integration from 79 = 107° km. We fix the param-
eters of the theory o and 3, and the central density e,
typically to values of order 1017 kg/m3. Then, we give an
initial guess for ¢, and determine boundary conditions
as explained in Sec. IT A. The integration will generically
give a solution; however, we also demand that the scalar
field vanishes at infinity, that is ¢, = 0. Only a discrete
set of ¢y values will yield ¢, = 0. Each value corre-
sponds to a different number of nodes of the scalar field
in the radial direction. In practice, we integrate up to



distances rmax = 300km and we implement a shooting
method to select the solutions with ¢, = 0. Generally,
we use Mathematica’s built-in function FindRoot.

However, in some cases FindRoot fails to find the
right solutions, even if one gives it a limited range
(00, mins $0, max) Where to look for. When this happens,
we resort to bisection instead. In this latter case, we
require that ¢(rmax)/do < 1072,

At each stage of the shooting method, we must check
that Eq. (11) gives a real positive solution for As that is
connected to the GR solution. In some cases, we reach
the limit of the region of the parameter space where these
criteria are fulfilled before reaching ¢, = 0. When this
is the case, there is no solution associated to the given
choice of «, 8 and ¢y. Note also that, given a set of
«, B and €q, there is a maximum number of nodes that
the solution can have, consequently a maximum number
of suitable choices of ¢ (typically up to three modes in
the regions we explore). Solutions with more nodes are
encountered only for higher values of the parameters «
and 3, or at higher curvatures (that is, at higher ).

Given a solution, we extract the value of the ADM
mass M and the scalar charge @, as defined in the asymp-
totic expansion (12)—(14). We then have

M=— <;T2A/ e_A>

Q=-("¢)]

)

Tmax (19)
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III. NUMERICAL RESULTS
A. Existence regions of scalarized solutions

In this section, we will study the regions where scalar-
ized solutions exist in the («, ) parameter space. We
analyze three different neutron star scenarios, which cor-
respond to the three cases studied in [30].

1. Light star with SLy EOS

First, we consider a neutron star described by the SLy
equation of state [35], with a central energy density of
€0 = 8.1 x 10'7 kg/m3, so that its gravitational mass in
GR is Mgr = 1.12Mg. The results are summarized in
Fig. 1, where we relate our new results to the previous
study of the scalarization thresholds [30]. The white area
corresponds to the region of the parameter space where
the GR solution is stable. When cranking up the param-
eters a or 3, a new unstable mode appears every time
one crosses a black line. The first mode has 0 nodes, the
second 1 node, etc. We will refer to these black lines as in-
stability lines. Any point in the parameter space that lies
within some grey region corresponds to a configuration
where the GR solution is unstable. The red (respectively
blue) area corresponds to the region where scalarized so-
lutions with n = 0 (respectively n = 1) nodes exist. We
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FIG. 1. Regions of existence of scalarized solutions in the
(ar, B) space, for the SLy EOS with ¢ = 8.1x10'7 kg/m?®. The
red (respectively blue) region is the region where scalarized
solutions with 0 (respectively 1) node exist. We superimposed
the grey contours obtained in Ref. [30], which represent the
lines beyond which GR solutions with the same density are
unstable to scalar perturbations with 0, 1, 2, etc nodes. We
see that the region where there exist scalarized solutions with
n nodes is included in the region where the GR solutions
are unstable to scalar perturbations with n nodes, but much
smaller. The dashed boundary for the blue region corresponds
to a breakdown of the integration inside the star. In GR, a
star with this choice of ¢p and EOS has a light mass, Magr =
1.12Mg.

do not include the equivalent regions for higher n, to
not complicate further the analysis. The region where
a scalarized solution does exist is considerably reduced
with respect to the region where the GR solution is un-
stable.

One of our main results is that the parameters (a, )
corresponding to the grey areas that are not covered by
the colored regions must be excluded. Indeed, there,
scalarized solutions do not exist while the GR solution
itself is unstable. Therefore, neutron stars in these the-
ories, when they reach a critical mass, will be affected
by a tachyonic instability, but there does not exist a
fixed point (a static scalarized solution) where the growth
could halt. This would imply that neutron stars with
this mass and EOS do not exist for the corresponding
parameters of the theory (1). Considering that the prop-
erties of the scalarized star are sensitive to nonlinearities,
adding further nonlinear interaction terms to the action,
e.g. self-interactions in a scalar potential, as was pro-
posed in [16], or non-linear terms in the coupling func-
tions [12, 36], can potentially change this result.

In Fig. 1, the regions where scalarized solutions exist
are delimited by ezistence lines, represented by a curve
of the respective color. The plain lines correspond to
boundaries beyond which it is no longer possible to find
a value of ¢ that allows a suitable solution to Eq. (11),
while providing ¢, = 0. Beyond dashed lines, on the
other hand, nothing special occurs at the center of the
star, but the numerical integration breaks down at a fi-



nite radius inside the star. We do not know whether,
when crossing these dashed lines, our integration is af-
fected by numerical problems, or whether the divergence
corresponds to an actual singularity of the solutions. It
could be that this singularity emerges as an artifact of
the method we employ. Indeed, in our analysis, we keep
the central density € fixed while pushing the couplings o
and f to larger and larger values. However, for each cou-
ple of parameters («, ), there probably exists a maximal
central density beyond which star solutions do not exist,
or equivalently it becomes impossible to sustain such a
high central density. The dashed line could correspond
to this saturation, where we try to push all the parame-
ters beyond values that can actually be sustained by the
model.

A surprising feature, which is not visible in Fig. 1,
is that scalarized solutions always exist in a very nar-
row range along the instability lines. For example, when
crossing the black instability line that delimitates the
white region where the GR solution is stable, from the
light-grey region where it is unstable against n = 0 scalar
perturbations, there exists a very narrow band (within
the grey region) where scalarized solutions with zero node
exist. We observed similar behaviours along each insta-
bility line, also in the scenarios discussed in the next
paragraphs. We further investigate these particular so-
lutions in Sec. IIID.

2. Light star with MPA1 EOS

We next consider a stellar model described by the
MPA1 equation of state [37]. We choose a central en-
ergy density of ¢g = 6.3 x 1017 kg/m?, such that it cor-
responds to the same GR mass as in the previous case,
that is Mgr = 1.12M. We report the results in Fig. 2.
As one can see, changing the EOS has only mild effects

—100 0 100 200

FIG. 2. Regions of existence of scalarized solutions in the
(o, B) space, for the MPA1 EOS with ey = 6.3 x 10'7 kg/m?®.
The conventions are the same as in Fig. 1. In GR, a star with
this choice of €g and EOS is again light, with Mgr = 1.12Mg.

on the region of existence of scalarized solutions. The

analysis of the parameter space is qualitatively the same
as for the SLy EOS. The main difference is that, for the
range of parameters we considered, no numerical diver-
gences (associated with dashed lines) appear with the
MPA1 EOS.

3. Heavy star with SLy FEOS

Last, we consider a denser neutron star described by
the SLy EOS, with ¢y = 3.4 x 10*® kg/m3. It corresponds
to an increased mass in GR of Mgr = 2.04Mg. The
results are shown in Fig. 3. In this case, positive values
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FIG. 3. Regions of existence of scalarized solutions in the
(o, B) space, for the SLy EOS with €y = 3.4x10'® kg/m>. The
conventions are the same as in Fig. 1. In GR, a star with this
choice of ¢g and EOS is the heaviest possible, Mar = 2.04M.
The bottom panel is simply a zoom of the upper one.

of 8 can also lead to scalarized solutions. Already in
[30, 38—40], it was shown that, in GR, dense neutron
possess a negative Ricci scalar towards the center, which
allows for scalarization to be triggered even when 3 >
0. As before, a dashed line signals the appearance of
divergences, which in this case show up already for the
n = 0 node.



In the lower panel of Fig. 3, we zoomed on the region
of small couplings, in order to understand better what
happens for natural values of the Ricci coupling 5. In
the absence of the Gauss-Bonnet coupling, scalarization
can occur either if g < —8.55, or 8 > 11.5. Let us con-
centrate on the § > 0 scenario, which is motivated by the
results of Ref. [29], where it was shown that positive val-
ues of § make GR a cosmological attractor. We remind
that black hole scalarization (at least for non-rotating
black holes) occurs for o > 0. Hence, we see that there
exists an interesting region in the o > 0, f > 0 quadrant
where even very compact stars do not scalarize, while
black holes do. Such models can therefore a priori pass
all binary pulsar tests, while being testable with black
hole observations. On the other hand, for § = 11.5, the
red region where GR solutions are replaced by scalarized
solutions spreads very fast in the « direction, and one has
to be careful, when considering black hole scalarization,
that such models are not already excluded by neutron
star observations.

So far, we established the regions where scalarized so-
lutions exist in the parameter space. In the next two
sections, we will discuss the properties of these solutions,
in particular their scalar charge and their mass. We sep-
arate this study into two cases: < 0 (Sec. IIIB) and
B > 0 (Sec. IITC); indeed, these two situations have dif-
ferent motivations and observational interests.

B. Mass and scalar charge of the 5 < 0 solutions

We now focus on the scenario where § < 0. This
corresponds to the original situation studied by Damour
and Esposito-Farese. Typically, scalarized solutions with
B < 0 and a = 0 are extremely constrained by binary
pulsar observations [32, 41, 42]. A particular motivation
to study solutions with § < 0 is therefore to determine
whether the addition of a non-zero Gauss-Bonnet cou-
pling can improve their properties. We will consider three
different choices of the Ricci coupling: 5 = —5.5, —10 and
—100. The two first choices are relevant astrophysically:

B = —5.5 is approximately the value where scalariza-
tion is triggered for small Gauss-Bonnet couplings, while
B = —10 corresponds to a region where neutron stars are

scalarized, but with rather small deviations with respect
to GR. The third choice, 5 = —100, is certainly disfa-
vored observationally, but it will allow us to illustrate an
interesting behaviour concerning different scalar modes.

Let us start with the comparison between the cases
B = —5.5 and —10. The results are summarized in Fig. 4.
This figure shows two properties of scalarized stars. First,
the mass default (or excess) of scalarized stars with re-
spect to GR stars with the same central density and EOS:
O0M = M — Mggr. Second, the scalar charge of the scalar-
ized solutions, (). We compare the results for the three
different stellar models considered in Sec. IIT A, for the
two values of 8. All curves extend only over a finite range
of a. Indeed, passed a certain value of «, we exit the red

region on the f < 0 side of Figs. 1, 2 and 3 (moving
vertically, since § is fixed to —5.5 or —10). Scalarized
solutions do not exist outside of this region.

Figure 4 shows that the choice of EOS does not affect
much the properties of the scalarized solutions. However,
increasing the density drastically modifies these proper-
ties. In particular, at higher densities, there exist solu-
tions with M > 0. This can appear problematic at first.
Indeed, one expects that, in a scalarization process, en-
ergy is stored in the scalar field distribution. Hence, the
ADM mass, that constitutes a measure of the gravita-
tional energy, should decrease in the process. However,
we stress that we are not studying a dynamical process.
Indeed, the stars for which we are computing the mass
difference éM have, by construction, the same central
energy density €g. In the scalarization process of a GR
neutron star, the central energy density will not remain
fixed. Hence, our results do not necessarily mean that a
star will gain mass when undergoing scalarization.

Perhaps more interestingly for observations, Fig. 4 also
shows the behaviour of the scalar charge. For the light
neutron stars, the scalar charge always decreases when «
increases. Therefore, the constraint on the scalar charge,
Eq. (18), disfavors the solutions with @ < 0 with respect
to standard DEF (o = 0) solutions. On the contrary,
one could hope that a positive Gauss-Bonnet coupling
could help evade these constraints even for 8 < —5.5, by
quenching the charge. Effectively, there will be a direc-
tion in the @ > 0 and 8 < 0 quadrant where the effects of
the two operators, Ricci and Gauss-Bonnet, combine to
yield a small scalar charge. This interesting possibility is
moderated by what happens in the case of denser stars
(dotted-dashed line in Fig. 4). For large negative values
of the Ricci coupling (8 = —10), the scalar charge does
not have a monotonic behaviour with «. In particular,
as shown in the bottom-right panel of Fig. 4, @ starts in-
creasing for positive values of a. Even at the point where
Q is minimal, its value (Q/M ~ 8x10~3) already exceeds
the bound of Eq. (18). Therefore, it is only for values of
B that are very close to the DEF threshold g ~ —5.5,
that the addition of the Gauss-Bonnet coupling can help
to reduce the scalar charge, and to pass the stringent
binary pulsar tests.

To conclude the study of the 8 < 0 region, we con-
sider a significantly more negative Ricci coupling, namely
B = —100. To illustrate what happens at these large
negative values of 3, it is enough to consider one sce-
nario, for example the one of lighter neutron stars with
the SLy EOS. For such negative values of 3, there ex-
ist several scalarized solutions, with different number of
nodes. We can then compare the mass difference of these
solutions between each other. Figure 5 shows that, for
a > a. ~ 350km?, scalarized solutions with 1 node be-
come lighter than scalarized solutions with 0 node. This
is a hint that, for & > «., the one node solution will
be preferred energetically to the zero node solution. We
cannot conclude definitively on this issue, as the ADM
mass does not take into account the energy stored in the
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FIG. 4. Mass difference and scalar charge of scalarized solutions for 8 < 0. The two left (respectively right) panels show how
these quantities evolve when varying « at fixed 8 = —5.5 (respectively —10). The scalar charge @ (bottom panels) is normalized
to the total mass of the solutions, M. For all curves, the mass difference §M (upper panels) is computed with respect to a GR
star with the same central density and EOS. Plain curves correspond to a GR mass of 1.12 M, using the SLy EOS; dashed
curves to the same GR mass, but the MPA1 EOS; and dotted-dashed curves to a GR mass of 2.04 Mg, using the SLy EOS.
In this region of the parameter space, only solutions with 0 nodes for the scalar field exist. A generic feature of lighter stars
(plain and dashed curves), is that the charge decreases when « increases, a priori offering a way to evade the stringent bound
of Eq. (18) when increasing . However, it is only for values of 8 very close to the DEF threshold (8 = —5.5) that we can

obtain scalar charges compatible with observations.

scalar distribution (which is non-zero for the two scalar-
ized solutions). However, in the regime where this in-
version happens, the mass difference with respect to GR,
O0M, is rather small. If our interpretation in terms of
energetic preference is correct, the transition from a pre-
ferred solution with zero node to a solution with one node
is interesting. Indeed, the scalarized solution with zero
node is associated with the fundamental mode of the GR
background instability. At the perturbative level, all the
other modes of instability have higher energies. It would
then be natural to expect that, at the non-linear level of
scalarized solutions, this energy hierarchy is respected.
This is the case up to a = a., but not anymore beyond.
In Sec. IITE, we provide a putative explanation for this
inversion: that for a > «, the profile of the effective
mass over the GR background tends to favor the growth
of scalar field solutions with one node, rather than zero.

C. Mass and scalar charge of the 5 > 0 solutions

We now consider the case of positive 5. Such solutions
are less constrained by observations than their § < 0
counterparts. They are also very interesting from a cos-
mological perspective, where 5 > 0 allows a consistent
history throughout different epochs [29]. We have seen
in Sec. IIT A that, among the three different possible neu-
tron star configurations we focus on, only the denser one
leads to scalarized solutions for 8 > 0. In Fig. 6, we
show the mass difference § M and scalar charge @ as func-
tions of o when 8 = 50. Note that scalarized solutions
with zero node exist over two disconnected ranges of «
(=44 km® < a < 57 km? and 174 km? < o < 522 km?).
In the gap, GR solutions are stable and no scalarized so-
lutions exist. This is obvious from Fig. 3, taking a cut
along the vertical line 8 = 50.

Over the first interval, « is rather small and the scalar-
ization process is dominated by the negative Ricci scalar.
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FIG. 5. Mass difference 6M vs a at 8 = —100. The EOS
considered here is the SLy one, with ¢o = 8.1 x 10'7 kg/m?>,
which in GR corresponds to Mgr = 1.12 M. The color and
dashing conventions is the same as in Fig. 4. We have more
modes in this region of parameter space, that we represent as
dotted-dashed (for n = 1 node) and dashed (for n = 2 nodes)
curves. For o > 350km?, solutions with 1 node start having
a smaller mass than solutions with 0 node, which can indicate
that solutions with 1 node are more energetically favored.

For strictly vanishing «, the scalarization phenomenon
with 8 > 0 has already been examined in [38-40]. Here,
we find that, in the interval of small values of «, the scalar
charges of the n = 0 solutions (as well as of the n = 1 so-
lutions) are very small. Typically, Q/M ~ 10=* — 1077,
compatible with Eq. (18). Hence, all solutions with 5 > 0
and rather small values of « are interesting observation-
ally: they display either no scalarization effects for neu-
tron stars (for 8 < 11.51) or very mild scalar charges (for
B 2 11.51). At the same time, they allow for a consis-
tent cosmological history; finally, together with positive
values of «, they will generically give rise to black hole
scalarization, as studied in detail in [31]. In this region
of parameter space, we can therefore hope to discover
scalarization effects in the future gravitational-wave sig-
nals of binary black holes, that are either absent or sup-
pressed in the case of neutron stars.

Over the second interval (174 km? < o < 522 km?),
the contribution of the Gauss-Bonnet invariant tends to
dominate, and the scalar charges are more significant, as
one can immediately notice in Fig. 3. Such setups are not
compatible with Eq. (18), and therefore less interesting
phenomenologically.

D. Scalarized solutions along the instability lines

As we mentioned at the end of Sec. III A1, a generic
feature that is not observable in Figs. 1, 2 and 3, is that
scalarized solutions are present in a tiny band close to
each instability line. Let us illustrate this with the light
star model (with SLy EOS), that is the one which cor-
responds to Fig. 1. For simplicity, we also restrict our
study to solutions with § = 0 (i.e., we take a cut along
the vertical axis in Fig. 1). The characteristics of the
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FIG. 6. Mass difference and scalar charge of scalarized so-
lutions for 8 > 0 (8 = 50 here). Among the three neutron
star scenarios that we considered throughout the paper, only
the heavier star (¢o = 5.51 x 107% kg/m?® Mgr = 2.04 Mg,
SLy EOS) possesses some scalarized solutions in this region.
The dashing convention is the same as in Fig. 5. Solutions
that correspond to the interval of « centered on 0 are inter-
esting observationally, as they yield very small scalar charges,
compatible with Eq. (18).

solutions are shown in Fig. 7. Scalarized solutions with
zero nodes (the ones lying close to the n = 0 instability
line of the GR solution) have a characteristic mass dif-
ference and scalar charge which is not particularly small.
It is of the same order as for the solutions we previously
examined (Figs. 4-6). They also exhibit a surprising be-
haviour: when increasing « progressively from 0 towards
positive values, the mass and scalar charge suddenly de-
viate from GR, instead of being smoothly connected; fur-
ther increasing a;, M and @ then tend to decrease. This
behaviour is significantly different from what we could
observe in Figs. 4-6.

Solutions with more nodes (n = 1, 2, 3...) exhibit
a clear feature: they deviate very slightly from GR in
terms of mass, and acquire only a small scalar charge
(typically 6M < 1072 and Q/M < 10~*). We verified
this behaviour for all higher nodes admitted; however, for
simplicity, in Fig. 7 we show only the case n = 1. This
feature can be understood as follows; close to some insta-
bility line (on the unstable side), an unstable mode of the
effective potential associated with the GR solution has
just appeared. A very small deformation of the potential
can therefore easily restore the equilibrium. This defor-
mation can be caused by the back-reaction of the scalar
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FIG. 7. Mass difference and scalar charge of the scalarized
solutions along the instability lines, for 8 = 0. The sce-
nario considered here corresponds to €y = 8.1 x 10*” kg/m?
(Mgr = 1.12Mg) together with the SLy EOS. Solutions with
zero node acquire a significant charge and mass difference,
and are apparently disconnected from GR when they appear
while increasing « towards positive values. Solutions with
n = 1 nodes are very close to GR, with a small charge and
mass difference. Since they extend only over a small range of
Q@ and dM, they are difficult to spot. They lie at the upper
left (respectively lower left) of the top (respectively bottom)
panel.

onto the metric: the instability is triggered, the scalar
field starts growing, but it immediately back-reacts on
the potential, making it shallower and suppressing the
instability. Clearly, such a behaviour can only happen
close to instability lines, where a specific mode is on the
edge of stability.

E. Predicting the scalar profile of scalarized stars
from GR solutions

We will conclude this study by arguing that, already
at the perturbative level of the GR solution, we can iden-
tify an influence on the profile of the scalar field in the
fully scalarized solution. To this end, let us focus on the
effective mass given in Eq. (6), m%; = BR/2 — a¥. This
is a radially dependent quantity, and the scalar field is
most likely to grow at radii where m?%; is most negative.
In particular, it is natural to expect that, if m2; has a
minimum at r = 0, this will favor a monotonic profile for
the scalar field, and hence an n = 0 type of solution. On
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the contrary, if mgﬁ has a minimum at r > 0, this favors a
peaked profile for the scalar field, which is more common
in n > 1 solutions. Let us illustrate this with a concrete
example. We will consider the scenario that corresponds
to Mgr = 1.12Mg, together with the SLy EOS, and two
choices of g: f = —10 and 8 = —100. In the first case,
only solutions with 0 node exist; in the second case, we
can construct solutions with 0 or 1 node.

We first focus on the case 8 = —10. The Ricci scalar
is everywhere positive over the background we consider,
with a maximum at r = 0; hence, SR contributes nega-
tively to the squared mass, favouring the growth of the
scalar field close to the center. The Gauss-Bonnet scalar,
on the other hand, is negative in the central region of the
star, and becomes positive towards the surface. There-
fore, —a¥ reinforces the effect of SR if a < 0, while
couterbalancing it if & > 0. This is illustrated in the
top panel of Fig. 8. The bottom panel shows the scalar
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FIG. 8. Upper panel: radial profile of the effective mass
squared over the GR background, using the SLy EOS and
a central density ¢g = 8.1 x 10" kg/m® (yielding Mgr =
1.12Mg), for f = —10 and o = £200 km?; Lower panel: ra-
dial profile of the scalar field, this time in the fully scalarized
solution with the same EOS, central density, and Lagrangian
parameters. The radial coordinate is normalized by Rs, the
radius of the star surface. In the lower panel, the scalar field
is normalized to its central value for & = —200km?. When
the minimum of mZ2g is shifted to r > 0, so is the peak of ¢.

profile of the fully scalarized solutions associated with
the same parameters. In this range of parameters, only
solutions with 0 node are allowed (as one can check in
Fig. 1); hence, pushing the minimum of m2; away from
the center cannot favour n = 1 solutions, which do not
exist. Still, we notice that positive « values, which have



the effect of displacing the minimum of mZ; to r > 0,
also displace the peak of the scalar field to » > 0. The
peak of the scalar field is located approximately at the
minimum of m2;. Again, one must be careful in the com-
parison of the two panels, as one of them corresponds to
a GR star while the other one corresponds to a scalarized
star. However, our analysis seems to capture what hap-
pens during the transition from the GR to the scalarized
branch.

To illustrate better the transition between n = 0 and
n = 1 solutions, let us now consider the case § = —100.
The qualitative discussion about the effect of SR and
—a¥ over the effective mass is exactly the same as in
the previous case. We will therefore consider again a
large negative and a large positive value of «, as well
as an intermediate one: o = —2000, 350 and 1500 km?.
Note that the intermediate value corresponds to a. in
Sec. ITI B, the critical value at which scalarized stars with
n = 0 node become more massive (and hence probably
less stable) than those with n = 1 node. We show the
results in Fig. 9. The top panel shows the profile of the
effective scalar mass. It behaves exactly as in the case
B = —10, with a minimum at r = 0 for negative val-
ues of «, which is progressively shifted to larger radii
when we increase a. For the parameters we chose, this
time, both solutions with zero and one node exist. In
the center (respectively bottom) panel of Fig. 9, we show
the n = 0 (respectively n = 1) solutions. In Sec. III B,
we stated that for o < «. we expected that the zero
node solution will be energetically preferred over the one
node solution, and vice-versa for a > a.. The profiles
of the effective mass squared give a complementary ar-
gument that strengthens this expectation. Indeed, for
o = —2000km? < a, the shape of m?2g favours a scalar
solution with a maximum at the center of the star, which
decays monotonically with r, i.e. a n = 0 solution. For
o = 1500 km? > a, the tachyonic instability is still trig-
gered inside the star, but away from the center. Thus,
we expect that a solution with one node will be favoured.
The transition between a minimum at »r = 0 and r > 0
indeed seems to occur around o.

IV. CONCLUSIONS

We have explored scalarized neutron stars when cou-
plings between the scalar field and both the Ricci and
the Gauss-Bonnet invariants are present. This completes
the analysis initiated in [28, 30], where all the terms con-
tributing to the onset of scalarization were identified, and
continued in [31] with the study of scalarized black holes
in this minimal setup.

We have identified the regions of parameter space
where solutions exist, considering three different stellar
scenarios which correspond to different central densities
and EOS. Although we have considered only a limited
number of different central densities, we have selected the
ones that correspond to the lowest/largest neutron star
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FIG. 9. Upper panel: radial profile of the effective mass
squared over the GR background, using the SLy EOS and
a central density ¢¢ = 8.1 x 10'"kg/m® (yielding Mgr =
1.12Mg), for 8 = —100 and « = —200, 350 or 1500 km?;
Center (respectively lower) panel: radial profile of the scalar
field solution with O (respectively 1) node in the fully scalar-
ized solution with the same EOS, central density, and La-
grangian parameters. The normalization is similar to the one
of Fig. 8. When increasing «, the minimum of m2g is pro-
gressively shifted from r = 0 to a finite radius, alternatively
favoring the growth of n = 0 and n = 1 solutions.

mass in GR, in order to cover very different setups. The
regions where scalarized solutions exist are systematically
smaller than the ones where the GR branch is tachyon-
ically unstable. The complementary regions, where the
GR solution is unstable while no scalarized solution ex-
ists, should be excluded.

We then investigated in detail the physical character-

istics of the scalarized solutions. In general, large pa-
rameters (|3 > 1 or || > L%, where L ~ 10 km is the



typical curvature scale) lead to scalar charges that would
be in conflict with binary pulsar constraints. However,
it is interesting to notice that solutions with § > 0 and
reasonably small a (typically || < 50 km?) lead either
to stable GR configurations, or to scalarized stars with
small charges. Remarkably, this is the region of the (a, )
parameter space for which GR is a cosmological attrac-
tor [29] and black holes scalarization can take place [31].
Therefore, it is possible to construct scalarization mod-
els that are consistent with current observations, while
still having interesting strong field phenomenology. It’s
worth noting that future gravitational-wave observations,
such as for instance the observations of extreme mass ra-
tio inspirals by LISA [43, 44], will reach the precision to
measure small scalar charges for neutron stars and black
holes.

We have also discovered that scalarized solutions sys-
tematically exist near the thresholds that delimit the sta-
bility of the GR solutions, and provided a putative expla-
nation for this. Finally, we have shown that the profile of
the effective mass at the GR level can foster the growth
of certain modes with respect to others.

An obvious continuation of the present work is the
stability analysis of the scalarized solutions, both the
neutron stars presented here and the black holes inves-
tigated in [31]. It will also be interesting to combine
the bounds coming from neutron star and black hole ob-
servations with the theoretical constraints that relate to
the requirement that scalarization models have a well-
posed initial value problem [45]. So far, the combined
theory with both Ricci and Gauss-Bonnet couplings has
not been studied in detail from the initial value problem
perspective. Finally, rotation is known to have important
effects on black hole scalarization with a Gauss-Bonnet
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coupling, either quenching it (for o > 0 [46, 47]) or trig-
gering it (for o < 0 [20]). The effect of rotation on neu-
tron star scalarization was investigated in the framework
of the DEF model [48]. It would be interesting to extend
this analysis to coupled Ricci/Gauss-Bonnet couplings,
or pure Gauss-Bonnet ones.
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Appendix A: Equations of motion

We report here the field equations for action (1), where
we set ¥ = 0 and my = 0, for a static and spherically sym-
metric spacetime and with matter described as a perfect
fluid:

tt: e (Bro? + 2kre — 2) + e (—8akpN ¢’ + 16akd? + 16akdd” — Brd® + BrripN ¢ — 2Bkr ¢

- Al
— 2Bkr20d" + k2 ¢ + Brrd® N — ABrrod’ — 2rN + 2) + 24akgN ¢ — 16akd? — 16akdd” = 0, (A1)
rr e (Bro? — 2kpr? — 2) + e (Bakol’ ¢ — Brr?ol’ ¢ — Brr*T (A2)
+ 21T — Brp? — krP¢? — ABrrod 4 2) — 24ardl’¢ = 0,
Scalar : 48¢e?* + e (—8agI'A’ + 8agI"? + 16apl” — 48¢ + Bri¢l’ A — Bri¢l’?
— 26121 — 2r°T' ¢ + 22N ¢ — 4r2¢" — 4BroT” + 4BroAN — 8r¢) (A3)
+ 24T’ N — 8ap(T'? + 16a¢I") = 0,
T(‘:::)’“ 2+ (e+p)IV =0. (A4)
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