IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Asymptotically optimal quantum channel reversal for qudit ensembles and multimode

Gaussian states

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2012 New J. Phys. 14 113041
(http://iopscience.iop.org/1367-2630/14/11/113041)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 128.243.253.114
This content was downloaded on 17/03/2014 at 16:58

Please note that terms and conditions apply.



iopscience.iop.org/page/terms
http://iopscience.iop.org/1367-2630/14/11
http://iopscience.iop.org/1367-2630
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

New Journal of Physics

The open access journal for physics

Asymptotically optimal quantum channel reversal
for qudit ensembles and multimode Gaussian states

P Bowles, M Guta and G Adesso'

School of Mathematical Sciences, The University of Nottingham,
University Park, NG7 2RD Nottingham, UK
E-mail: gerardo.adesso @nottingham.ac.uk

New Journal of Physics 14 (2012) 113041 (17pp)
Received 17 August 2012

Published 29 November 2012

Online at http://www.njp.org/
doi:10.1088/1367-2630/14/11/113041

Abstract. We investigate the problem of optimally reversing the action of an
arbitrary quantum channel C which acts independently on each component of
an ensemble of n identically prepared d-dimensional quantum systems. In the
limit of large ensembles, we construct the optimal reversing channel R} which
has to be applied at the output ensemble state, to retrieve a smaller ensemble of
m systems prepared in the input state, with the highest possible rate m/n. The
solution is found by mapping the problem into the optimal reversal of Gaussian
channels on multimode quantum-classical continuous variable systems, which
is solved here as well. Our general results can be readily applied to improve
the implementation of robust long-distance quantum communication. As an
example, we investigate the optimal reversal rate of phase flip channels acting
on a multi-qubit register.
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1. Introduction

Quantum channels are completely positive, trace-preserving maps which describe the state
change of a quantum system undergoing a noisy evolution. Operationally, a channel on a
d-dimensional system C : M (C¢) — M (C¢) can be implemented by first coupling the system
with state p to the ‘environment’ with initial state pg, letting the two evolve together as a closed
system with unitary operator U, and subsequently tracing out the environmental degrees of
freedom [1, 2]

C:pr—Trie(U(p® pp)U"). (D

Due to the last step, the dynamics described by a quantum channel is typically irreversible, a
basic fact which is related to several no-go theorems in quantum information [3—-6]. In fact, a
channel is reversible on all states if and only if it is unitary i.e. C(p) = UpU™.

However, the reversibility problem has non-trivial solutions if the channel is required to
be reversible on a given family of states [6]. From a mathematical perspective, this scenario is
captured by the statistical concepts of quantum sufficiency and equivalence of statistical models.
In the latter, two families of states

Q:={py:0€®} and R:={0y:0 € O}

are said to be statistically equivalent if there exist two channels T and S such that oy = T (pp)
and py = S(oy) for all 6. In other words the channel T is reversible on @, with an inverse S.
Sufficiency is a special case of this, where T (p) is the restriction of the state p to a subalgebra
of observables, which is then called sufficient with respect to Q. A general mathematical
characterization of equivalence and sufficiency has been given in [7], where a quantum analogue
of the classical factorization theorem for sufficient statistics has been established.

In this paper we consider a different but related channel reversal problem, see figure 1.
Consider an ensemble consisting of n >> 1 independent and identically prepared quantum
systems which undergo separate noisy evolutions described by the channel C. The question is
whether the original state can be distilled from the noisy output by means of a reversing channel,
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Figure 1. Graphical depiction of the problem addressed in this paper. (a) Reversal
of arbitrary channels C acting independently on a register of n qudits, each
initialized in the state p. The optimal reversing channel R, allows to recover
m qudits exactly in the state p, with the maximum possible output/input rate
m/n. (b) The problem can be recast into the reversal of a Gaussian channel
G acting on a set of generally multimode Gaussian states with unknown mean
M. The optimal reversing channel H restores the initial known covariance and
maximizes the output/input displacement ratio k. More details are provided in
the diagram (3) and in the accompanying text.

albeit at the expense of reducing the size of the ensemble due to the loss of information. More
precisely, we would like to find the maximum rate I' =m/n for which there exist reversing
channels R, : M (C%)®" — M (C4)®™ such that the following holds:

n c®" n Ry m
p€" —> C(p)®" —> p® (2)

asymptotically with n (see section 4 for the mathematical formulation). This and other
related questions have been considered in [4, 8] for the specific case of a qubit depolarizing
channel, but to our knowledge the case of a general qudit channel has not been investigated
elsewhere. The answer to our question is directly relevant to applications in quantum memories
[9, 10], distributed quantum computation [11], quantum key distribution [12], and long-distance
quantum communication [13]. Given a register of many qudits prepared off-line, in order to
securely store it or transmit it over lossy media, one needs to incorporate modules that perform
state purification or counteract decoherence effects, e.g. quantum repeaters [14].

The key to solving the problem lies in the quantum extension of a fundamental statistical
tool known as local asymptotic normality (LAN) [15, 16]. The quantum version of LAN [17-20]
shows that the joint state of an ensemble of identically prepared systems can be approximated
by a Gaussian state of a continuous variable system. More precisely, we parametrize the states
in a neighbourhood of size n='/**¢ of p as pm,» where M is a (d* — 1)-dimensional vector of
expectations such that py = p; then there exists a channel 7,, which maps the collective state
pﬁ? v into a Gaussian state ® (M, V) of a quantum-classical continuous variable system, with

mean M and known fixed covariance V which depends only on p. Such a system is comprised
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of d(d — 1)/2 quantum modes and d — 1 classical variables. Conversely, given the (multimode)
Gaussian state, there exists a channel S, which converts it into the multiple-qudits state with
asymptotically vanishing norm-one error, without the knowledge of the parameter M.

The schematic of the complete problem considered in this paper and its resolution using
LAN is shown below (see figure 1 for a visual summary):

C®n

®n R
L Y

Xn n m
P ay > Py

T,,l Tnl ] 5 3)

®M, V) —— &M, V) —— kM, V)
Using the LAN correspondence between the multiple-qudits states and the Gaussian states,
we demonstrate specifically the following results.

e The action of C®" on the qudits can be mimicked by the action of a Gaussian channel on
the Gaussian states, i.e. the rightmost square loop of the diagram (3) is (asymptotically)
commutative (cf theorem 4.1).

e The optimal qudit reversal problem for the channel C is effectively recast into a much
handier Gaussian one, of reversal of the Gaussian channel G [21-25] where the length of
the final displacement vector is allowed to be a fraction k of the initial length as illustrated
in the bottom row of the diagram (3); the problem is to find the maximum possible k£ and
the corresponding reversing channel H (cf theorem 4.2).

e The Gaussian reversal problem has an explicit solution (k*, H*) as described in
theorem 2.1. The optimal reversal of a general Gaussian channel is in its own right an
important problem for continuous variable quantum communication and key distribution
[26, 27], which we solve in a specific case of input states associated with qudit ensembles.

e Putting together the above findings we prove that the concatenation R, :=S,,0 Ho T,
realizes the optimal strategy for reversal of the channel C®" applied to n independent and
identically prepared qudits, and that the maximal qudit rate m/n in the top row of the
diagram (3) is equal to (k*)?, where k* is the maximum possible value of k for which the
Gaussian reversal is possible.

The paper is organized as follows. In section 2 we find the optimal procedure and rate
for reversing the action of general Gaussian channels on a family of Gaussian states with fixed
covariance and unknown mean. Section 3 contains a short review of LAN motivated by the
quantum central limit theorem (CLT). In section 4 we solve the problem of finding the optimal
rate and procedure for the reversal of a qudit channel by reducing it to the Gaussian problem via
LAN. In section 5 we illustrate the general results with a specific application to reversing phase
flip channels acting on a multiqubit register, a common source of errors arising in quantum
computation [1]. We draw our concluding remarks in section 6. Some technical proofs are
deferred to appendices.

2. Optimal reversal of a Gaussian channel

In order to solve the qudit channel reversal problem, it is necessary to obtain the solution to the
corresponding Gaussian problem. We begin with a short review of Gaussian states and channels,
referring the reader to [26-29] for more comprehensive accounts.

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)
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2.1. Gaussian states and channels

Let Z = (A, B)T be the (column vector of) coordinates of a continuous variable system where
the components AT = (Q, Py, ..., Qk, Px) are the canonical observables of K modes, and
BT = (B, ..., Be) is a classical R¢-valued random variable. In other words, the canonical
variables satisfy the commutation relations [Z;, Z;] =121 where €2 is the block-diagonal
symplectic form

Q =Diag(o,...,0,00), with o= (_01 (1)) .
Throughout, we consider that the quantum variables are represented in the standard fashion
on the multi-mode Hilbert space H®X := L?(R)®X and the classical variables are realized as
coordinate multiplication operators on H®¢ so that the full Hilbert space is H®&+C),
Any state © of the continuous variable system is completely determined by its
characteristic function

Xo(2) = (eiZTZ) :

where ®(X) denotes the expectation of X with respect to ®. In particular, for every mean
M = ®(Z) and covariance matrix V with elements

Zk Z[ + Z[ Zk
V=P (Zy % Z)) — P(Z)P(Z), ZixZ := -
there is a unique Gaussian state ® (M, V) with characteristic function
Xy (z) = e Mo Ve (4)

provided that V satisfies the uncertainty principle V > —%Q. For later use, we will denote by
oM, V) € T{(HX)) ® L'(R€) the density matrix of the state ®(M, V).

A Gaussian quantum channel is a channel as in (1), where the environment is a bosonic
continuous variable system whose initial state is Gaussian, and the unitary U is determined by
a quadratic Hamiltonian in the system and environment coordinates [21-25]. In the Heisenberg
picture, the action of a Gaussian channel G is

G* . B(H(X)K) ® LOO(R(X)C) N B(%®K) ®LOO(R®C),
G : W, — chze_%zTYGZ, &)

where W, := ei?'Z are the ‘Weyl operators’, X, Y are real matrices of dimension 2K + C, with
Y positive and satisfying the matrix inequality

Yo > i(XEQXs — Q).

In particular, from (4) and (5) we find that when G acts on the state ® (M, V), it produces a new
Gaussian state ®(M’, V') with mean M’ = X_.M and covariance V' = X. VX + Y. While the
first term in V' describes the change in variance due to the linear transformation X, the second
term comes from the covariance of the ancillary ‘environment’ used to realize G. For more
details on Gaussian channels and their classification we refer to [22, 30].

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)
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2.2. Optimal Gaussian channel reversal

Our problem can be stated as follows: given a Gaussian channel G, and a family of Gaussian
states

Gy :={®P(M, V) : M € R*(+C} (6)

with fixed covariance matrix V and unknown mean M, we would like to find the maximum
value k* of a constant k for which there exists a (not necessarily Gaussian) channel H such that
for all M € R?*X*C the following holds (see figure 1(b)):

HoG(@M,V)) =¢(kM,V). (7

A special case of this problem, for single-mode attenuation and amplification channels, has
been considered in [8]. Our first main result is to find k* and the optimal channel for the general
set-up.

Theorem 2.1. Let G be the Gaussian channel (5), and assume that Xg is an invertible matrix.
The largest value of k for which G can be reversed on the family of states (6) is

_1
k* = [/\max (g‘%es‘%)} ° (8)
where Amax () denotes the maximum eigenvalue, and
“INT [ T i -1 i
o=(X;) (XGVXG+YG+§Q>XG , g:V+EQ

are positive matrices.
Equivalently, k* can be expressed in terms of the ‘max-relative entropy’ [31] as
log,(k**) = D (ells) := log, (min {k~?: ¢ < k%g}).
For every k < k* there exists a reversing Gaussian channel H, of the form (5), with
Xy =kXg', ©)
Yy =V—-kXHTXLVXs +Ye) XS

Proof. Following a standard argument [8, 32], it can be shown that without loss of generality
we can restrict our attention to a certain class of displacement covariant reversing channels of
the form

T*(W.) = f(2) Wx:,

where X = kX(_;] and f(z) = Tr(zW,) is the characteristic function of some ancillary state t
with zero mean. A displacement covariant channel H satisfies (7) if and only if

HoG ((¢0,V)=¢(0,V).
In terms of the characteristic functions, this means
Xo(@) = tr(e™ “H(¢))
= tr(H (e %)¢p') = Tr(z W) Tr(¢'e! X" 2)
— f(z)e 2 &ndVXn2)
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Since ¢ is a Gaussian characteristic functions, f(z) =tr(tW,) must also be a Gaussian
characteristic function. Hence H is a Gaussian channel.

Now, from (5) we see Gaussian channels are in one-to-one correspondence with two
matrices: the linear transformation on the means and the covariance (noise) matrix. The
Gaussian channel G and the reversal H are therefore completely characterized by G &
(Xs,Ys) and H & (X, Yg). For an initial state ® (M, V), we have that the first and second
moments are mapped by (H°G) as

M, V) > X, XEM, X5(XEVXG +Yo) Xy +Ya).

By equating this with the target state moments (KM, V), we obtain immediately Xy = kXE;I.
Now, denoting V' = XZ VX, + Y, we have that the reverse outputs a covariance

V=X, VXy+Yy=kXH'VX;' +Yy. (10)

Positivity of the quantum channel states that
i L e I\ Ty -1
YH+§Q—§k X5 ) Q2X; >0. (11)

We would like to find the maximum k& for which there exists some Yy which satisfies this
inequality. Rearranging (10) as

Y, =V-k2X;HTVXG,

then substituting in (11) gives
i 2=InT (7, -1
V+§Q>k Xg5) (V +§Q> X; - (12)

This gives us a necessary and sufficient condition for a Gaussian channel G to be reversible up
to a factor k in the displacement. The optimal reversing channel H* is the one for which k takes
its maximum possible value k*. To find k*, we can recast (12) in terms of a max-relative entropy
and use the results of [31] to obtain equation (8). O

This result shows that any Gaussian channel G acting on Gaussian states with given
covariance, can be reversed up to a constant factor k by means of another Gaussian channel
H, whose construction is provided explicitly. The link between the threshold value k* and the
max-relative entropy [31] is intriguing, as it reveals that k* is operationally related to the optimal
Bayesian error probability in determining which covariance matrix our system is mapped into
by the channel G [33].

Explicit examples of Gaussian channel reversal on single-mode Gaussian states can be
found in [8], where the practically relevant cases of attenuation and amplification are discussed
in detail. We remark that the channel reversal is particularly effective in the realistic case of
mixed input states, while it can become of trivial use for pure input states. For instance, a
pure coherent state subject to attenuation cannot be deterministically re-amplified to another
pure state with a longer displacement vector, without adding extra noise (and thus altering the
covariance matrix). The optimal reversing G* in this case turns out to be, simply, the identity
channel, meaning that the incurred attenuation is not reversible. Additional error correction
techniques [34] to revert the action of various sources of errors on registers of pure and weakly
mixed Gaussian states could be necessary in practical implementations of continuous variable
quantum communication, possibly requiring non-Gaussian operations [35].

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)
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3. Quick review of local asymptotic normality

The main tool used to solve the channel reversal problem on n-qudit ensembles in the next
section of this paper is that of quantum LAN, which was developed in [17-20] as an extension
of a key concept from classical asymptotic statistics [15]. For the reader’s convenience we give
here an intuitive explanation of LAN based on the quantum CLT.

In general terms, classical LAN means that given data consisting of n samples from
a probability distribution P, with unknown parameter 6 € R*, there exist classical channels
(randomizations) which map the data into a single sample from a Gaussian distribution
whose mean is (locally) equal to 6, and whose variance is the inverse Fisher information
matrix [ (0)~'. A consequence of this is the fact that the maximum likelihood estimator
0, is asymptotically normal (Gaussian) with asymptotic variance I(9)~!, i.e. the following
convergence in distribution holds:

Vi@, —0) - N©, 1))

and therefore saturates the Cramér—Rao bound [16].

Quantum LAN means that the joint quantum state of independent, identically prepared
finite-dimensional systems can be approximated in a strong sense by a quantum-classical
Gaussian state of fixed variance, whose mean encodes the information about the parameters
of the original state. In this way, a number of asymptotic problems can be reformulated in terms
of Gaussian states, for which the explicit solution can be found. Examples so far include state
estimation [36], system identification [37], teleportation benchmarks [38], state purification and
dilution [8] and quantum learning [39].

Suppose we are given n independent d-dimensional quantum systems (qudits) each
prepared in the unknown but mixed (full rank) state p € M (CY) with distinct eigenvalues. By
means of an adaptive estimation strategy, we can effectively localize the initial state of each
qudit within a neighborhood of size n=3*¢ centred at an estimate po. If Ay > ... > A, are the
eigenvalues of py then with respect to its eigenbasis, any neighbouring state can be written as

u Al,zz’f’z . Al,dZT,d
L | Aizin 75 i :
Py = Po+ Jn L . . . , (13)
n . .. .. Ad—l,dzd_l,d
d=1
SWr4W, e NivaZa—va  — D iy Ui

where M = (z,u) € C/“=D/2 x R?"! is a displacement parameter, and Az = /(A; — A)/2
are constant coefficients chosen for later convenience. We can then define the local quantum
statistical model around py as

0 =1{r& oy IMI <. (14)
Let
{01, .ce; 021} ={q1.2, P12+ ooy Qa—1.d> Pa—1.d b1, oovs Bt} (15)
be the self-adjoint operators in M (C?) defined as
) (k| +17) (K] _ 1Akl — 1) Ck DD

by :=i){i| —Ar1.  (16)

CI',k — T P',k . ’
/ V200 =) / V200 = h)

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)
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One can verify easily that O, satisfy the following properties.

(1) {Oy, ...., Op_;} is a basis in the space of operators with Tr(pyO) = 0.
(i) Tr(po[O., Op]) =124, where Q is the (d*>—1) x (d*> —1) block diagonal symplectic
matrix Q2 = Diag(o,...,0,0,_1).
(iii)) The covariance matrix V with
Vap :=Tr(po Oy * Op) (17)
has all elements equal to zero except
Tr(ong?,) = Tr(pop ) = vy o= b
ik IR T g = h)”

Let O;(n) € M(C%)®" denote the corresponding collective (fluctuation) observables

Tr(pob;bi) := Vi :=8uh; — Ajhe. (18)

n

Oin):=» 0, 0:=18..0,;®...81, (19)

s=1

with Oi(s) acting on the position s of the tensor product. The collective observables play the
role of sufficient statistics for our model, and we would like to understand their asymptotic
behaviour. Since all systems are independent and identically prepared, and the terms in each
collective observable commute, we can apply classical central limit techniques to show that the

following convergence in distribution holds for the collective states pﬁ'; i

qgjx(n) ¢ .

’7 —>N(Re(zj,k),vj,k), 1<j<k<d,
pixn) ¢ .
17—>N(Im(zj,k),vj,k), 1<j<k<d,
b(n) ¢

ﬁ —)N(I/t[,)n[(l—)\[)), 1<l<d—1
The key observation is that the unknown parameters M = (z, u) are recovered as means of the
limit Gaussian distributions. However the limit model is not a classical one due to the fact
that the collective variables do not commute with each other. Therefore we need to take into
account the commutation relations of the limit variables by using the quantum CLT. These
form a general continuous variable system as described in section 2.1, with d*> — 1 coordinates
2= (Z,...,Zp_1) =(Qjk, Pjk, B;) having the commutation relations

[Za, Zp] = Tr(pol Oa, Op)) 1.

By property (ii), this means that (Q; , P; ) are canonical coordinates of d(d — 1)/2 mutually
commuting one-mode systems, and B; are classical random variables in the sense that they
commute with each other and with the quantum coordinates (Q; , P;«). By the CLT the limit
state is the Gaussian ® (M, V) with mean M and covariance matrix V defined in property (iii),
equation (18). In particular, the individual modes (Q; «, P;j, B;) are independent of each other
and of the classical variables B;, and the latter have covariance matrix V<, cf (18).

We define now the quantum-classical Gaussian statistical model P as

P:={®M,V):MeR"" xC"D?} (20)
and enunciate the LAN Theorem [19] which is used in establishing the optimality results in
section 4.

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)


http://www.njp.org/

10 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Theorem 3.1. The sequence of qudit models Q,, defined in (14) converges to the quantum-
classical Gaussian model P defined in (20), in the sense that there exist € > 0 and channels

T, : M(CH®" — T, (LAR)®D2) @ L' (R,
Sn : 7-1 (L2(]R)®d(d_1)/2) ® Ll(Rd_l) N M((Cd)®n,
such that

nlirgo ||1\§1|L|15 c T, (sz/\/ﬁ,m) —oM, V) H1 =0,
<n (21)
lim sup o) 75 = Sn(@ (M, V)) Hl =0.

700 IM|| <ne

Note that the statement of the above theorem is different from that of the CLT in that
theorem 3.1 shows that the collective state of the ensemble can be transferred by means of
physical quantum channels to a Gaussian state, with vanishing norm-one error uniformly over
the unknown parameters. The CLT is instead a statement about the convergence in law, for a
fixed state and does not have an immediate operational interpretation. In the next section we
will use LAN to transform the qudit reversal problem into a corresponding Gaussian reversal
one, thus exploiting the solution to the latter obtained in section 2.

4. Optimal channel reversal on mixed qudit ensembles

We now focus on the main aim of this paper, that is to find optimal channels
R, : M(CH®" — M (CH®™

which reverse (at rate I' = m/n) the action of the tensor product channel C®" acting on n
identically prepared qudits, cf (2) (see figure 1(a)). The performance of channel reversal can
be quantified by a figure of merit, or risk, given by the trace-norm error H R, (p®") — p®™ H - We
adopt a frequentist approach and look to minimize the maximum risk over all input states. We
actually work with a more refined version of the maximum risk known as the /ocal maximum
risk, which was already employed in other quantum statistical problems [8, 17, 18, 39]. For each
state p, this is defined by

Rmax(Rna P, F) = sup H R"(T®n) - T®m ”l

lt—pll<n™ 2™

and quantifies the worst performance of R, in a n‘%*—neighbourhood of p. This restriction
does not amount to making an assumption about the location of the unknown state, since using
a small sample n'~¢ < n of the systems, one can effectively localize the unknown state within a
confidence region of size n~2*. We aim to find an optimal reversing strategy whose asymptotic

risk is equal to the local minimax risk
Rminmax (0, ') :=lim sup i[relmeax(Rm e, ). (22)

n—oo n

The problem of finding the optimal reversing channel is thus reformulated as follows. For
a given state p and output rate I' = m/n, what is the minimax risk Rpinmax (0, I') and which
procedure achieves it? We will not solve this problem for all (p, I'), but rather we will show
that for each p there is an interval [0, I'*] for which the reversal can be performed perfectly
(i.e. with asymptotically vanishing risk R pinmax (0, I') = 0), and we will subsequently identify

New Journal of Physics 14 (2012) 113041 (http://www.njp.org/)
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an asymptotically optimal sequence of reversing channels R} which achieves the maximum
rate ['*.

As anticipated, the quantum LAN theory [17-20], reviewed in section 3 is the key tool
in solving this problem. For technical reasons related to the validity of LAN, we assume that
the state p is not on the boundary of the state space, and is not degenerate so that its spectrum
A=(A,...,Aqg) satisfies A; > ... > Ay. A typical random state satisfies these assumptions.
Following equations (13)—(16) we can parametrize the states in the n~!/2*¢ neighbourhood of
p as pm,yra Where M = (z, u) € C/~1/2 x R is a vector of expectations for the matrices
{Oq, ..., Op_1}. By LAN, the sequence of input quantum statistical models

Qn = {pg/’[,l/\/ﬁ’x) : ”M” < né}

is asymptotically equivalent in the sense of theorem 3.1, to the sequence of Gaussian models P,
over a quantum-classical continuous variable system with coordinates Z

Py :={®M, V) : M| <nY,

where ® (M, V) which is a tensor product between d (d — 1)/2 independent one-mode displaced
thermal equilibrium states ®(z; x, v; ) (one for each pair j < k) with mean z; ; and covariance
v (cf equation (18)), and a classical (d — 1)-dimensional Gaussian probability density
N(u, V.
We apply the same procedure to the output state p’ := C(p) and denote by
PV /n N = C(PM/ﬁ,x),

the transformed state belonging to the neighbourhood of C(p). The corresponding Gaussian
model with coordinates Z' is

Pr={OM, V) M| <n},
where V' depends solely on the spectrum of p’. The displacements of the two Gaussian models
are related by a linear transformation

X":M—M,

which describes the local action of C around p, and hence depends only on these two objects.
The ensemble transformation C®" acts on the localized states as

®n . Qn Qn
C Povy iy = Py iy (23)

Since both the input and the output and can be approximated by Gaussian states and the
transformation between the displacements is linear, one can expect that the two Gaussian states
are connected by a Gaussian channel G as depicted in diagram (3). The following theorem states
that this is indeed the case and the proof can be found in appendix A.

Theorem 4.1. There exists a Gaussian channel G such that
G:odM, V)~ ¢(X™, V).
The matrices (X¢, Yg) characterizing G (cf (5)) are Xg =X and Yg =V —XTVX.
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We now move to the problem of finding the optimal reversing channel for multiple qudits.
As illustrated in the right side of the diagram (3), the solution relies on LAN to recast the
problem into the Gaussian one solved in theorem 2.1. We now state the second main result of
this paper, whose proof is in appendix B .

Theorem 4.2. Let p € M(CY) be a full rank state with non-degenerate spectrum, and let
C: M(C% — M(C?) be a quantum channel which is invertible as a linear map. Let (k*, H*)
be the optimal rate and channel for the Gaussian reversal problem (cf theorem 2.1)

dM, V) 5 ¢(X™, V) 5> ¢ (kM, V) M e R4 x C4@-172,

where V, V', X depend on C and p as above.
Then the maximum reversal rate for the qudit ensemble is T* = (k*)? and

R :=SruoH" 0T,
is a sequence of optimal reversing channels i.e.

limsup  sup  ||R,(z®") —7®"|, =0.

n—o00 _1,
lt—plli<n™ 27

This result shows, in full generality, that in order to reverse the action of an arbitrary
channel acting on a large ensemble of n qudits, independent and identically prepared in an
unknown mixed state p, the optimal strategy is to take a shortcut through phase space?, optimally
reverse the corresponding Gaussian channel, and then map the output back onto m qudits (with
rate m/n =1").

This kind of digital-analogue interconversion might prove handy when it comes to
counteract the effect of noisy channels affecting quantum states of, say, n-atom ensembles:
the best strategy ought to be transferring their state onto light modes (e.g. using quantum non-
demolition interactions [10]), implementing corrective procedures on the obtained Gaussian
beams in phase space (according to the recipe of theorem 2.1), and then mapping the restored
state back onto the atomic storage unit. We will now showcase our results on a specific example.

5. Example: reversal of the phase flip qubit channel

The qubit phase flip channel is defined by C(p) =), Ek,oEz, with Ey = ,/pDiag(l, 1) and
E, = /1 — pDiag(l, —1) [1]. Phase flip is a common source of error in quantum computation
and several algorithms have been developed for its correction [34]. According to theorem 4.2,
an optimal way to reverse the composite action of individual phase flips on a n-qubit register is
to map the state of the qubit register onto a Gaussian state (which in this case comprises a single
quantum mode and one real classical random variable), reverse the corresponding Gaussian
channel (up to a rescaling factor k*), and map the output back onto the qubits.

As described in the previous section we consider states in a neighbourhood of p; the latter
has in general the Bloch vector representation

L T+r, ro+in
’0_§<rx—iry 1—rz>' (24)

2 Shortcuts through higher dimensions are also useful to simplify quantum computing logic, see [40].
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The neighbourhood of p is parametrized as in (13) with M = (z, u) € C x R. The action of the
channel C is

C:r=(ry,ry,r;) > ¥=(Q2p—Dry, 2p—Dry,r).

From this we can compute the covariance matrices

) 1 1 5 , i 1 1 s
V=Diag| —, s— 1 —|r|"), V =Diag sy L=l ),
2]l 2fix] 2 {211l

where [|[T'[|>= (2p — 1)*(r; +r}) +rZ. Similarly the matrix X is obtained after computing the
transformation of the local states under C

2p—1),/dt 0 0
T el 2
X = 0 @p—-hHEh: o |- (25)
0 _4d=p)pryr, Il
e 1-Nell el

We are interested in evaluating the threshold factor k* as given by (8), which is associated
to the optimal rate m /n = (k*)? for phase flip reversal on the qubit register. Due to the inherent
symmetry of the channel, we may set r, =0 without any loss of generality, and assume
% < p < 1. Therefore k* will depend on p, r,, r,. The results are summarized as follows.

For p =1 the channel is trivially the identity, therefore k* = 1 for any r. For p = 1/2 the
channel is never reversible, and k* = O for any r. In the limit of pure input states of each qubit
(Jr| = 1), we find that k* — 2p — 1 if r, — 0, and k* — O otherwise (i.e. the channel is not
reversible for any pure state, if there is a non-zero component on the x-axis). In case r, =0,
we find k*(p, r, =0, r,) = 2p — 1, which means that, as intuitively expected, the rate does not
depend on r,. On the other hand, in case r, = 0, we have

K (porer.=0)=/[@p— D21 = rD)] /[1 - (~1+2p)r7].

We observe that for small values of r, this tends again to the line 2p — 1; for r, close to 1, k*
is instead a sublinear function of p, as depicted in figure 2, showing that the reversal becomes
inefficient in terms of the number of perfectly retrieved copies. In general, if a non-zero r, is
present as well, the behaviour of k* as a function of p is qualitatively similar to the previous
case, but typically k* increases, at fixed || r || and p, with increasing ratio |r,/r,|. The general
shape of k* as a function of the Bloch vector components interpolates among the various limits
discussed above, and is plotted in figure 3.

6. Conclusions

In this paper we have solved the general problem of optimal channel reversal for an ensemble
of generally mixed independent and identically prepared qudits. This substantially extends our
earlier work [8] on the particular instance of state purification (and dilution) of qubit ensembles.
To accomplish our task, we have employed the versatile statistical tool of LAN [17, 19] to recast
the problem in terms of Gaussian states and channels, then solved the open problem of optimal
reversal of a general Gaussian channel acting on a multimode quantum-classical Gaussian state
with a given covariance.
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Figure 2. Plots of k* as a function of p for different values of ||r||. From top to
bottom in both panels: ||r||=0, 0.3, 0.5, 0.8, 0.95, 0.99. In panel (a), r, =0; in
panel (b), r, = 2r,.

Figure 3. Plot of k* as a function of r, and r, for p = 0.6.

The methods demonstrated in this paper provide powerful strategies for counteracting
undesired noise effects in quantum memories and long-distance quantum communications,
based on interfaces between discrete ensembles and continuous modes [9, 10, 13]. A further
generalization of our work, worth addressing in the future, could be that of considering the
optimal reversal of quantum channels acting on correlated copies of n qudits, possibly requiring
an extension of the LAN theory beyond the paradigm of independent and identically prepared
systems.
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Appendix A. Proof that the Gaussian channel G in the diagram (3) exists

Note that by the LAN construction the coordinates Z and Z' of the input and output Gaussian
continuous variable systems have the same symplectic matrix €2,

[Za» Zo] = Tr(p[Oa, O,D1 =i 1 =T (0[O, 0}1) = (2., Z}] (A1)
and the covariance matrices are determined by the states p and p’ = C(p)
(ZaxZp) =Tr(pO, % 0p), (Z/ xZ,)=Tr(p' O, * 0,). (A.2)
Recall that any Gaussian channel from the input to the output is of the form
G : W, — Wx,, e 2% Yoz,

where Xg, Y are real matrices of dimension d*> — 1, with Y positive and satisfying the matrix
inequality

Ys > iXGQXs — Q). (A.3)

Since the means are transformed as M+ X{ZM the matrix X must be equal to X. Moreover
the output variance is

V =X"VX+Yg,

which determines the second matrix Ys =V —X'VX. It remains to show that Yg
satisfies (A.3) which is equivalent to

V' +iQ > X'(V+iQ)X. (A.4)
By using (A.1) and (A.2) the latter can be translated into the following property of C:
V' > X'VX, (A.5)

where {7; , =tr(C(p)0,0,;) and {7,1,;, =tr(p0,0,). Finally, to verify this inequality note that
for all M

Tr (o X 0) = XM =Tr (C(pma)0') = tr(pp.a)C (O))

which implies O’ = X" O. This result together with the inequality T (A*A) > T (A*)T (A) valid
for any channel 7" imply (A.5):

¢Ve= > ¢l Ti(C(p)0,0;) =Y cieyTr(pC*(0,0;))
a,b a,b

> Z cxepTr(pC(0,)C(0y))

a,b
= ¢'X"VXe. (A.6)

Hence if C is a completely positive map then G is a Gaussian channel.
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Appendix B. Proof of theorem 4.2

We need to show that the reversal of C is possible on the interval [0, ['*] and not possible for
[' > I'*. Beginning with the qudit state
C Py )" = P i aiys

where M’ = XM, we apply the LAN channel 7, (cf theorem 3.1) followed by H* (cf
theorem 2.1) to obtain a state which is asymptotically undistinguishable from the Gaussian
state ®(k*M, V). To this we apply the inverse LAN map S,, = Si«, to achieve the corrected
state

®n _ * ®n
Ry ('0<M//ﬁ, m) = S o H* o T, 0 C*" (povy v ) -
We first show that R* is an (asymptotic) reversing channel for p®":
®m * ®n
Powyyin ~ B <p<M//ﬁ,x’)) Hl

~ S @KM, V)|

RmaX(R* P, F) = Ssup

n’
M| <ne

< sup | p2

~X

e I A
+ sup
M| <ne

S (@M, V) = Sy 0 H* 0 Ty(pien )|

< sup oM, V)= H* 0T, (pgg,yx,)) H1+0(1)

M| <ne

= [@*(*M, V) — H* (¢(M', V) ||, +o(1) = o(D),

where we have used the contractivity of the trace norm under quantum operations, the properties
of LAN and the fact that H* is a Gaussian reversing channel for G, cf (7).

We now show that it is impossible to obtain asymptotically exact reversal for I' > I'*.
Indeed, suppose there exists a sequence of reversing channels R, : M (C)®" — M (C?)®™" such
that

limsup sup ||R, <Pf§’fgx’>) ~ Pld Hl =0

n—o00 |[M|<ne

We then use LAN again to show that there exists a G-reversing channel 7,, o I~€,, o S, with rate
k > k*, which is impossible:

I

<[ R (08020) = ]| 15 GO V) = o8 |, + [T (00) — 9M W]
=o(1).
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