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The interaction of a vortex ring with a sloped sediment
layer: Critical criteria for incipient grain motion
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(Received 23 May 2011; accepted 13 January 2012; published online 14 February 2012)

Experiments were performed to analyse the interaction between a vortex ring and
a sloped sediment layer. Attention focussed on interactions under “critical” con-
ditions, in which sediment motion was only just induced by the ring’s flow field.
Both hydraulically smooth and hydraulically rough bedforms were analysed, using
near-spherical monodisperse sediments with relative densities of 1.2 and 2.5 and
mean diameters (dp) ranging between 80 and 1087 μm. Measurements of the vortex-
ring flow field were obtained, during the interaction, using two-dimensional particle
imaging velocimetry. The threshold conditions for incipient sediment motion were
analysed in terms of the critical Shields parameter (Nc), defined in terms of the peak
tangential velocity measured adjacent to the bed surface. Bed-slope effects were in-
vestigated by tilting the sediment layer at various angles between the horizontal and
the repose limit for the sediment. In all cases, the propagation axis of the vortex ring
was aligned normal to the bed surface. The measured values of Nc were compared
with a force-balance model based on the conditions for incipient grain motion on a
sloping bed. For hydraulically smooth bedforms, where the bed roughness is small
compared to the boundary-layer depth, the model was derived to account for how
viscous stresses affect the drag and lift forces acting on the near surface sediment.
For hydraulically rough bedforms, where this viscous-damping effect is not present,
the model assumes the drag and lift forces scale with the square of the near-bed
(inviscid) velocity scale. In both cases, the model predicts that bedforms become
more mobile as the bed slope is increased. However, the damping effect of the vis-
cous sublayer acts as a stabilizing influence for hydraulically smooth bedforms, to
reduce the rate at which the bed mobility increases with bed slope. The measured
values of Nc were in agreement with the trends predicted by this model, and exhibit
a transition in behaviour between the smooth-bed and rough-bed cases when dp/δs

≈ 20 (where δs is the viscous-sublayer length scale). C© 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.3683555]

I. INTRODUCTION

Methods for predicting bedload sediment-transport rates are largely empirical, and based on
measurements taken in steady turbulent channel flows. In such flows, the near-bed turbulent fluctu-
ations, which give rise to the hydrodynamic drag and lift forces that induce sediment motion, are
correlated with the time-averaged mean velocity. Hence, the integral parameter used in standard
models is the time-averaged mean bed shear stress,1–4 with the effects due to turbulent fluctuations
considered implicitly. However, in many naturally occurring flows, for which the simplifications of
uniformity and stationarity no longer hold, the intensity of turbulent fluctuations in the near-bed
region can vary significantly with bed position and time due to factors such as external turbulence
generated by flow obstacles,5 local bed geometry,6, 7 or intermittent bursting and ejection events
associated with the development of coherent vortex structures within the near bed region.8 In such
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flows, the near-bed turbulence no longer scales with the mean flow characteristics. Indeed, laboratory
experiments5 have reported up to a factor of six increase in the sediment transport rate for a class of
steady open channel flow in which the mean bed shear stress was kept fixed, but with the near-bed
turbulence intensity increased by 20% (using an array of grids placed at different heights within the
flow). Clearly, clarification of the complex and intermittent turbulence-sediment interaction in the
near-bed region is required.9

Recent studies have attempted to address some of these issues by analysing the role played by
(unsteady) coherent vortex structures in the entrainment and transport of sediments. For example,
Munro et al.10 studied sediment erosion induced by an isolated vortex ring interacting with a layer
of artificial (transparent) sediment. A light attenuation11 technique was used to obtain detailed
time-resolved measurements of sediment erosion levels during the interaction period, and over the
entire impact region. It was shown that, during the interaction, the intense vortical flow establishes
local regions of high-momentum fluid (or sweeps) immediately above the bed surface which distort
(or disrupt) the structure of the boundary layer and inner viscous sublayer. Consequently, the
adjacent near-surface sediment is exposed to increased hydrodynamic drag and lift forces. Under the
appropriate conditions, the exposed sediment can be displaced along the bed to accumulate in near-by
regions of comparatively low-momentum fluid (or bursts), or resuspended into the outer fluid above
the bed surface. Niño and Garcia8 and Kaftori et al.12 identified analogous behaviour caused by the
funnel-shaped streamwise vortices that can develop in the near-bed region of a turbulent channel
flow. In this case, the vortical flow induces streaks of high- and low-momentum fluid adjacent to the
bed surface, with the displaced sediment forming into narrow, longitudinal troughs and ridges. Each
of these studies identified the bed roughness length-scale and the viscous sublayer thickness as the
key factors controlling sediment displacement and resuspension.

The fundamental quantity used to describe bedload sediment transport is the dimensionless
Shields1 parameter (N), defined as

N = σb

(ρp − ρ)dpg
, (1)

where σ b is a characteristic scale for the bed shear stress, ρp and ρ are the sediment and fluid
densities, respectively, and dp is the mean grain diameter. Many predictive formulas13, 14 for the
sediment transport rate are defined in terms of N and the critical Shields parameter, Nc = σ b, c/(ρp

− ρ)dpg, where σ b, c is the corresponding critical (or threshold) bed shear stress, below which
no sediment movement is induced. Indeed, understanding the conditions under which incipient
sediment motion occurs is essential, and so many researchers have focussed attention on studying
how Nc depends on sediment size and relative density.1–4, 15 However, comparatively few studies
have analysed how Nc is affected by bed slope (see Lamb et al.16 for a broad overview). Theoretical
models17 predict that a sediment bed becomes more mobile (or unstable) as the bed slope is increased
due to the additional down-slope gravitational force. However, some field studies18 and open-channel
experiments16 have demonstrated the opposite trend that the sediment layer becomes more stable
with increasing bed slope. Lamb et al.16 attributes this counter-intuitive result to how the near-bed
turbulence in a steady open channel flow is affected by the decrease in flow depth, h, and the
corresponding increase in relative roughness, z*/h, that occurs as the bed slope is increased (where z*

is the roughness length-scale). With this factor eliminated, experimental data exhibit clear agreement
with the increased-mobility trend predicted by the theory.19, 20

This paper extends the work of Munro et al.10 and describes experiments to investigate how the
flow-field of an isolated vortex ring, made to interact with a sediment layer, gives rise to incipient
sediment motion. The vortex ring is a simple coherent vortex structure, which can be easily and
consistently produced in the laboratory and has been used in a range of previous studies as an
idealised model for turbulent entrainment.21–23 The vortex ring is used here in a similar context,
and is intended to represent an idealised model for the (unsteady) interaction between an isolated
eddy and a sediment layer. The focus here was to determine how the critical conditions for incipient
sediment motion depend on sediment type (size and relative density) and, in particular, on changes
in bed slope between the horizontal and up to the repose limit. One notable advantage of using the
vortex ring is that conditions for incipient grain motion could be defined objectively, and determined
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with a high degree of repeatability. This is not the case when incipient conditions are studied in
turbulent channel flows, where the inherent randomness of the flow inevitably leads to differing (and
often subjective) definitions of the threshold conditions, a factor which contributes significantly to
the wide scatter observed in experimental data.3, 16 Note, however, that this study is not intended
to be representative of a fully turbulent flow, but to report a detailed set of data that will be useful
to theoretical and numerical modellers as a simple test case when developing new models for the
turbulence-sediment interaction.

II. EXPERIMENTS

A. Experiment arrangement

A sketch of the apparatus is shown in Fig. 1. Each experiment was performed in an 80 litre
acrylic tank containing water. Eleven different monodisperse sediment types were used with a grain
density (ρp) of 1.2 or 2.5 g/cm3 (Diakon and Ballotini, respectively) and mean grain diameters
(dp) ranging between 80 and 1087 μm. In each case, the grains were near-spherical with a narrow
size distribution about dp. Table I summarises the properties of the sediment types used, where
Cu = √

d84/d16 is the sediment gradation parameter, ws is the grain settling velocity (measured in
quiescent water), and Rep = wsdp/ν is the particle Reynolds number (where ν denotes the kinematic
viscosity of water).

Each sediment layer was formed in a shallow tray at the base of the tank (see Fig. 1), with the
surface of the layer prepared by carefully drawing a straight-edged scraper across the top rim of the
tray. This produces a flat, close-packed bed of consistent mean depth 0.5 cm. The bed slope was set
by tilting the tray using a threaded depth gauge attached to one side of the tray, and a nut wound up
(or down) the gauge to set the required angle φ (as shown in Fig. 1). To prevent the sediment bed
from sliding on the smooth tray surface when tilted, the tray base was roughened by gluing to its
surface a thin layer of type K sediment (dp = 1087 μm). The experiments were performed at a range
of bed angles between 0 ≤ φ ≤ φr, where φr denotes the repose angle for a given sediment type.
Each repose angle was determined (in quiescent water) by slowly increasing the bed angle from φ

= 0 until the bedform started to become unstable and collapse down the tray. The corresponding
measured values of φr are shown in Table I and are averages taken from several repeats (with typical
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FIG. 1. Sketch of experimental setup.
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TABLE I. Properties of the sediment particles, listed in order of increasing grain size (dp). The †-superscript indicates the
sediment types for which sediment velocities were obtained (see text for details).

ρp dp ws φr

Label Type (g/cm3) (μm) Cu (cm/s) Rep (deg)

A Ballotini 2.5 80 1.66 0.870 0.696 24
B Diakon 1.2 119 1.53 0.390 0.464 26
C Diakon 1.2 157 1.20 0.420 0.659 27
D Ballotini 2.5 153 1.32 2.16 3.30 26
E Ballotini 2.5 220 1.44 3.06 6.73 26
F Diakon 1.2 274 1.62 0.810 2.22 27
G Ballotini 2.5 374 1.35 5.06 18.9 26
H Ballotini 2.5 563 1.30 6.93 39.0 26
I† Diakon 1.2 751 1.28 2.6 19.8 28
J Ballotini 2.5 709 1.23 9.20 65.2 28
K† Ballotini 2.5 1087 1.15 15.2 165.0 29

variability of ±1◦). The corresponding bed slope is henceforth defined as β = tan φ, and βr = tan φr

denotes the bed slope at the repose limit.
Each vortex ring was generated using a uniform cylindrical tube (internal diameter D0 = 4 cm,

length = 40 cm) clamped in position above the tank with the outlet submerged below the water
free-surface (see Fig. 1). The tube inlet was sealed with an air-tight fitting and connected to a cycle
track pump by a length of hose. Actuation of the pump caused the air cavity inside the tube to
expand, forcing a pre-determined volume of water from the tube outlet. As the fluid “slug” exits
the tube, the vortex sheet shed at the lip of the outlet rolled up to form the vortex ring24 (see inset
of Fig. 1). Once fully formed, each vortex ring propagated away from the outlet along the central
symmetry axis of the tube, until interacting with the sediment layer. In all experiments reported
here, the central propagation axis of each vortex ring was aligned to be perpendicular to the planar
bed surface. This ensured that the basic characteristics of the ring flow field (for both horizontal and
sloped beds) were essentially axisymmetric at the point of impact. Hence, an adjustable clamp and
traverse mechanism was used to tilt and hold the tube at the corresponding angle φ to the vertical
(as shown in Fig. 1).

Once fully formed, each vortex ring travelled a relatively short distance (approximately 5D0

= 20 cm) before the ring structure and trajectory were noticeably affected by the presence of the
sediment layer, which occurred when the core of the ring had reached a height of approximately D0/2
above the bed surface.10 Over this short distance, very little ambient, irrotational fluid is entrained
within the ring structure (by diffusion).21, 24 Hence, prior to being affected by the presence of the
sediment layer, the ring diameter (D) and axial propagation speed (U) were essentially constant.
[Here, D is defined as the diameter of the ring core, as illustrated in Fig. 5(a).]

The important characteristics of each vortex ring (namely, D and U) were determined by the
tube diameter, D0 = 4 cm, and the stroke length and stroke time of the pump (see Fig. 1).10 For the
experiments described here, a fixed stroke length of 20 cm was used throughout, which produced
a fluid slug of length L0 = 9.5 cm (i.e., L0/D0 = 2.4). The pump actuation rate was controlled by
attaching the pump handle to a motor-driven spool by a length of nylon cord (see Fig. 1). The
pump stroke time was controlled by adjusting the rotation rate of the motor and measured using a
digital timer connected to two switches positioned to detect the start and end of the pump stroke (see
Fig. 1). With this system, the ring diameter D and, most importantly, the propagation speed U were
controlled by adjusting the pump stroke time.10, 25 [For the experiments reported here, the measured
stroke times were within the range 0.1–0.9 s.]

For a given sediment type and bed slope (β), the critical conditions for incipient motion were
determined by repeating an experiment, each time systematically increasing the pump stroke time
(thereby decreasing U) until grain motion was only just observed to occur, with any further increase
in stroke time resulting in no motion. During this procedure, the sediment layer was re-scraped
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and made flat prior to each repeat. Once the appropriate stroke time for critical conditions had
been identified, the velocity field of the corresponding vortex ring was measured using particle
imaging velocimetry (PIV), the details of which are given below in Sec. II B. Note that the PIV data
captured the ring flow-field over the entire impact region, and at each stage during the interaction.
To minimise the experimental errors associated with the incremental increase of the pump stroke
time, the entire procedure described above was repeated several times (for each sediment type and
bed slope) so that an average could be taken. The velocity data were also used to directly measure U
and D for each vortex ring (from the period before the ring’s trajectory was affected by the sediment
layer). The values of U and D reported here are the corresponding averages obtained from the
repeated experiments, which had typical variability of ±6% and ±4%, respectively. Over the range
of critical impact conditions analysed in this article, the corresponding vortex ring Reynolds number,
Re = UD/ν, was varied between 450 and 3360 (where 0.8 ≤ D/D0 ≤ 1.2).

The standard PIV technique was also adapted to measure the velocity field of the displaced
sediment grains (within the transverse plane of the bed surface) during the impact period. Details
of this method are given below in Sec. II C. Note that, for impacts close to critical conditions (i.e.,
1 ≤ N/Nc � 2), grain motion is only just induced by the interaction. Hence, to ensure that a noticeable
level of sediment motion could be detected, the sediment PIV experiments were performed for 5 ≤
N/Nc ≤ 8. Furthermore, for the experiments reported here, it was found that this technique could
only be applied to the larger sediment types with dp � 700 μm (the reasons for which are discussed
below in Sec. II C). These restrictions precluded using the sediment velocity data for an in-depth
parametric analysis. Hence, since the focus here was to measure the critical conditions for incipient
grain motion, the sediment PIV technique was used only to provide novel data to illustrate the basic
impact characteristics. For this reason, the sediment PIV technique was applied only to the case of
horizontal bedforms (β = 0).

B. Fluid PIV measurements

The vortex ring velocity fields were obtained using two-dimensional planar PIV. Small neutrally
buoyant tracer particles were added to the water volume, and a narrow vertical light sheet (of
approximate thickness 2 mm) used to illuminate the seeding particles within the vertical midplane
of the vortex ring trajectory. The motion of the tracer particles was recorded using a high-speed
Dantec Nanosense MkIII digital camera (with 1280 × 1024 pixel resolution and frame rate set at
600 Hz), positioned to view horizontally through the transparent sidewall of the tank (corresponding
to the view shown in Fig. 1). For the sloping beds, the camera was tilted on its side, at the angle φ,
so that the surface of the sediment layer appeared horizontal at the base of each image. The velocity
fields were calculated directly from the captured images using the PIV algorithm within Digiflow.26

Images were recorded throughout the interaction period, but also during the period prior to impact
so that U and D could be determined. [The setup described above will be referred to below as PIV
setup 1.]

C. Sediment PIV measurements

The sediment velocity data were obtained using a simple adaptation of the standard PIV tech-
nique. In this case, a random pattern structure was established within the bed using black sediment
grains added to, and mixed thoroughly with, the otherwise transparent sediment. When the sediment
layer was formed in the tray and illuminated by a halogen spot light, the black opaque grains acted as
tracer particles within the regular sediment. Images of two seeded sediment layers produced in this
way (prior to impact) are shown in Fig. 2. In each case, the basic properties of the black particles (dp

and Rep) were the same as those for the corresponding regular sediment. Best results were obtained
using a particle mixture ratio of about 30% black to 70% transparent.

The high-speed Nanosense camera (with frame rate set at 600 Hz) was positioned above the tank
and aligned to view down onto the layer surface at an angle close to the vertical, so that the tube used to
generate the vortex ring did not obstruct the camera view. A transparent acrylic lid was placed across
the water surface to eliminate distortion effects due to free-surface displacements. As the vortex ring
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(a) (b)

0 1 2 3 4 5(cm) 0 1 2 3 4 5(cm)

FIG. 2. Images showing two different layers of mixed black and transparent particles: (a) Ballotini with dp = 1087 μm (type
K) and (b) Diakon with dp = 751 μm (type I). In both images, the mixture ratio is 30% black, 70% transparent, and the
region shown corresponds to an area of 5 × 5 cm2 on the bed surface.

interacted with and displaced the near-surface sediment, the motion and trajectories of the tracer
grains (within the plane of the bed surface) were captured in the images. The corresponding velocity
fields were obtained by applying the Digiflow PIV algorithm26 directly to the images. Note that, an
energetic interaction could result in a significant number of sediment grains being resuspended above
the impact region,10 which obstructed the camera view and affected the velocity measurements. For
this reason, attention was restricted to impacts with 5 ≤ N/Nc ≤ 8.

Note that it was necessary for the images to capture the motion of the sediment grains over the
entire impact region. To facilitate this, the high-speed camera had to be positioned between 60 and
70 cm vertically above the sediment layer surface. However, at this height the motion of only the
larger sediment types could be adequately resolved in the captured images, and so, application of
the sediment PIV technique was restricted to sediments with dp � 700 μm. The data reported here
are for sediment types I and K. [Recall, attention was also restricted to horizontal beds, β = 0.]

The controllable pump mechanism meant that each vortex ring could be generated with a high
degree of repeatability. Hence, each sediment-velocity experiment was repeated (using PIV setup 1)
so that corresponding fluid velocity data could be obtained and compared with the sediment velocity
data. Care was taken to ensure that the conditions of each experiment were near-identical in each
case. These data are used (in Sec. III A) to illustrate the key characteristics of the interactions.

D. Velocity data

The fluid and sediment velocity fields were obtained in terms of the right-handed Cartesian
coordinates (x, y, z), defined with the (x, y)-axes in the transverse plane of the bed and the positive
z-axis directed normal to the bed surface (see Fig. 1). [Let x̂, ŷ, ẑ denote the unit vectors in the axial
directions.] Figures 3(a)–3(c) show a typical sequence of mid-plane fluid velocity fields, denoted by
u(x, z, t)x̂ + w(x, z, t) ẑ, obtained during a typical impact (see caption for details). Corresponding
dimensionless times are shown at the top of each figure, where τ = D/2U is the vortex-ring time
scale.10 Figures 3(d)–3(f) show the corresponding sequence of sediment velocity fields, denoted by
u p(x, y, t)x̂ + vp(x, y, t) ŷ, obtained under the same interaction conditions and at corresponding
times during the impact.

To prevent data saturation, only every fifth velocity vector has been included in each of the
velocity fields shown in Fig. 3. Furthermore, over the time interval shown (a period of 0.153 s),
more than 90 samples of both the fluid and sediment velocity fields were captured. Also note that t1
is used in Fig. 3 to denote the time at which the vortex ring is located at a height z = D/2 above the
bed surface, and it is after this time that the ring structure is noticeably affected by the presence of
the sediment layer. [That is, the presence of the boundary acts to slow the rate of approach toward
the layer surface, and to increase the ring diameter, thus stretching the vortex.10] However, fluid
velocity data were also captured at earlier times with the ring located further from the bed surface
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FIG. 3. Sequences of measured fluid velocity fields [(a)–(c)] and corresponding sediment velocities [(d)–(f)] obtained at
corresponding dimensionless times during the interaction. The impact shown corresponds to a vortex ring (with N/Nc = 7.95,
Re = 11 100, and D = 5.83 cm) interacting with a sediment layer of type K (with β = 0). Dimensionless times are shown
at the top of (a)–(c), where τ = D/2U = 0.153 s is the vortex-ring time scale and t1 is the time at which the ring is located
at height z = D/2 above the bed surface. The velocity scales and monochrome vorticity scale for ω2 = (∂u/∂z − ∂w/∂x) are
shown above the respective plots.
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(between z/D ≈ 1 and 2). During these times the ring moves with near-constant propagation speed
and diameter, and it is from this period that D and U were measured.

Recall that, for all bed slopes 0 ≤ β ≤ βr, the propagation axis of each vortex ring was aligned
to be perpendicular to the bed surface, thus ensuring that the ring flow field at the point of impact
was essentially axisymmetric. However, when β > 0, the sediment grains are exposed to a non-zero
component of gravitational acceleration acting in the downslope direction. Consequently, the induced
sediment-velocity fields are axisymmetric in nature only when β = 0 (see Figs. 3(d)–3(f)).The
overall axisymmetric nature of the interaction (for β = 0) suggests that the sediment velocity data
presented here are best analysed in terms of polar coordinates (r, θ ), where as usual, x = r cos θ and
y = r sin θ . With x = 0, y = 0 aligned with centre of the impact region (see Fig. 3), the sediment
velocity components (up, vp) were converted into corresponding polar form using the transformation

ur,p = u p cos θ + vp sin θ, (2a)

uθ,p = −u p sin θ + vp cos θ, (2b)

where ur, p(r, θ , t) and uθ , p(r, θ , t) denote, respectively, the radial and azimuthal components of
sediment velocity. Furthermore, in anticipation of the data presented in Sec. III A, it is convenient
at this point to introduce the (azimuthally averaged) mean velocity components, defined as

〈ur,p〉(r, t) = 1

2π

∫ 2π

0
ur,p(r, θ, t) dθ, (3a)

〈uθ,p〉(r, t) = 1

2π

∫ 2π

0
uθ,p(r, θ, t) dθ. (3b)

Figure 4 shows the 〈ur, p〉 and 〈uθ , p〉 (solid lines) obtained by applying Eq. (3) to the sediment
velocity data in Fig. 3(f). Also shown (broken lines) are the bounds within which the corresponding
values of ur, p and uθ , p were contained.

The non-zero components of uθ , p(r, θ , t) [illustrated by the broken-line curves shown in
Fig. 4(b)] are caused, primarily, by an azimuthal instability in the form of a sinusoidal pertur-
bation of the ring core,27, 28 that can develop as the vortex ring propagates through the fluid. During
the interaction, the instability gives rise to azimuthal components of fluid velocity adjacent to the

0 0.2 0.4 0.6 0.8 1.0 1.2

-5

0

5

10

15

20

25

30

r/D

u r
,p

(a)

<
>[

cm
/s

]

0 0.2 0.4 0.6 0.8 1.0 1.2

-5

0

5

10

15

20

25

30

r/D

u
,p

(b)

<
>[

cm
/s

]
θ

FIG. 4. (a) and (b) The solid lines show the mean velocity profiles 〈ur, p〉 and 〈uθ , p〉, plotted against dimensionless radius
r/D, and calculated using Eq. (3) applied to the sediment velocity data (ur, p, uθ , p) taken from Fig. 3(f) [at time (t − t1)/τ
= 1]. The broken lines show the corresponding bounds within which the respective values of ur, p and uθ , p were contained.
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bed surface, which in turn induce azimuthal velocity of the sediment grains and cause spoke-like
scar patterns to form around the surface of the impact crater. [A detailed discussion and illustration
of these scar features is given in Munro et al.10 – see Sec. III B and Figs. 7–9 of that paper.]
However, note that the magnitude of the local azimuthal components of fluid velocity arising due
to the instability are always small compared to the corresponding radial component.27 Therefore,
under critical impact conditions, and for both horizontal and sloped bedforms, it is the dominant
radial fluid velocity component that acts to induce incipient grain motion.

III. RESULTS

The Shields parameter was defined in Sec. I: N = σ b/(ρp − ρ)dpg. For a steady turbulent channel
flow, estimation of the bed shear stress σ b is standard. [For example, σb = ρu2

∗, where u∗ is the
bed shear velocity, which for a shallow-sloped channel is given by u∗ = √

gRh S, where Rh and S
denote the hydraulic radius and channel gradient, respectively.3] For the experiments described in
this article, the boundary layer induced by the interaction evolves spatially and with time. Moreover,
the velocity profile within this region is not known, with previous studies being exclusive to a vortex
ring interacting with solid (non-porous) surfaces, with axisymmetry assumed and for values of Re
notably smaller than those considered here.29, 30 Hence, an analogous standard parameterisation was
not possible and an alternative estimate for σ b was required, based on the available fluid velocity
data. The following approach was adopted.

Let ub(x, t) denote the horizontal fluid velocity component measured above the bed surface at
height zb = 0.2 cm [i.e., ub(x, t) = u(x, zb, t)], which is as close to the bed surface at which reliable
velocity measurements could be consistently obtained using PIV setup 1 (described in Sec. II B).
For an impact under critical conditions, the sediment grains are only just brought into motion, and
this motion is caused by the peak value attained by the induced bed shear stress during the impact.
We expect this peak bed shear stress to scale with ρû2

b, where ûb denotes the maximum (or peak)
value of ub(x, t) attained during the interaction period. [It will be shown subsequently (using Figs.
6–8) that, during an interaction, the instantaneous peak values of ub(x, t) occur directly below the
vortex ring core, with the overall peak value (ûb) attained at time (t − t1)/τ ≈ 1, which corresponds
to when the ring core is at its closest point to the bed surface.] Hence, in the present context, using
σb ∼ ρû2

b in Eq. (1), the Shields parameter was defined as

N = û2
b

(s − 1)dpg
, (4)

where s = ρp/ρ is the relative density of the sediment. The corresponding critical Shields parameter
is given by

Nc = û2
b,c

(s − 1)dpg
, (5)

where ûb,c denotes the value of ûb measured under critical impact conditions. As already noted, for
a steady turbulent channel flow σ b is defined in terms of a velocity scale based on the time-averaged
mean velocity. The approach adopted here uses a velocity scale characteristic of the peak variation
in the time-dependent near-bed velocity during the interaction period.

A. Interaction characteristics

Before the measured values of Nc are presented, the interaction characteristics are described and
illustrated. Several of the key features discussed here are similar to those observed when a vortex
ring interacts with a solid-wall boundary, which has been studied previously by Walker et al.,29 and
related articles.30, 31

Figure 5 shows a sequence of images taken at different stages during a typical impact (see caption
for details). Here, the internal structure of the vortex ring has been made visible using fluorescent
dye and a vertical light sheet to illuminate the mid-plane of the ring’s trajectory. Corresponding

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  128.243.38.10 On: Thu, 26 May

2016 10:42:51



026604-10 R. J. Munro Phys. Fluids 24, 026604 (2012)

FIG. 5. (a)–(d) A sequence of images showing different stages of an impact using type G sediment, with N/Nc = 3.45,
Re = 5700, D = 5.0 cm, τ = D/2U = 0.231 s, and β = 0. Corresponding dimensionless times are given at the top of each
frame. In (d), white crosses have been included to show the trajectory of the ring core, with the first pair showing the core
positions at (t − t1)/τ = 0. The pair of crosses closest to the layer surface corresponds to (t − t1)/τ ≈ 1. [These images are
taken from Munro et al.10]

dimensionless times are shown at the top of each frame. Once fully formed, the vortex ring propagates
towards the sediment layer with near-constant diameter (D) and speed (U). However, when the ring
core reaches a height z = D/2 above the layer surface (Fig. 5(a)), the structure and trajectory of
the vortex ring are thereafter noticeably altered by the presence of the layer.29 That is, the velocity
field induced by the ring’s image in the boundary acts to slow its rate of approach towards the layer
surface and to increase the ring’s diameter (Figs. 5(b)–5(d)), resulting in an increase in peak vorticity
within the ring core (but with circulation conserved). In the hypothetical inviscid case (ν = 0), the
ring diameter would increase indefinitely, with the core positions gradually moving closer to the
boundary.31 However, the observed behaviour (for ν 
= 0) is notably different from this, as illustrated
by Fig. 5(d), where the white crosses have been included to show the trajectory of the ring core
during this period of the impact. That is, the ring diameter increases but attains a maximum, and the
vortex core is seen to rebound from the layer surface during the interaction.

Walker et al.29 showed that the observed behaviour is a result of how the unsteady boundary
layer adjacent to the bed surface develops, grows, and eventually interacts with the inviscid outer
flow. That is, the (approximate) no-slip condition at the bed surface induces vorticity of the opposite
sign within the boundary layer. This vorticity separates and, provided Re is sufficiently large (Walker
et al.29 suggest that Re � 250), is ejected into the outer inviscid flow region as a secondary vortex
ring, which then interacts with the flow field of the original (or primary) vortex ring. The ejection
of the secondary ring causes the primary ring to rebound away from the layer surface, with the
opposite-sense vorticity of the secondary acting to slow (and eventually limit) the outward radial
motion of the primary ring core.29 In Fig. 5, the ejected secondary vortex ring, which initially
contains no dye, is first seen at (t − t1)/τ = 1 deforming the outer streamlines of the primary ring. In
subsequent frames (Figs. 5(c) and 5(d)), the secondary ring is clearly visible as it orbits around the
perimeter of the primary ring and dye becomes entrained within its structure. The secondary ring
continues to orbit the primary, eventually passing over and into the central region of the primary ring
where its structure is compressed, causing it to break down. Shortly after this, for (t − t1)/τ � 2, the
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structure of the primary ring also breaks down, forming a local patch of turbulence which decays
and dissipates the vorticity.

The fluid and sediment velocity data (described in Sec. II) are now compared and used to
illustrate how the vortex-ring velocity field interacts with and displaces the near-surface sediment
grains. The data for two specific impacts are presented: N/Nc = 5.92 (type I, with s = 1.2) and N/Nc

= 7.95 (type K, with s = 2.5). Recall that, in both cases β = 0. Samples of the sediment velocity
data for N/Nc = 7.95 have been shown previously in Figs. 3 and 4, and will be referred to again
below.

For each impact, the (Cartesian) near-bed fluid velocity components ub(x, t) and wb(x, t) [where
wb(x, t) = w(x, zb, t)] are compared with the corresponding (azimuthally averaged) radial sediment
velocity, 〈ur, p〉(r, t), at each time during the impact. [Recall that 〈uθ , p〉(r, t) ≈ 0 throughout the
interaction and has been ignored.] To best facilitate this comparison, the measured values of ub(x,
t) over the ranges x < 0 and x ≥ 0 were used to estimate the corresponding near-bed radial
velocity component, henceforth denoted by ub(r, t). [That is, ub = (u+

b + |u−
b |)/2, where u+

b (x, t)
and u−

b (x, t) denote, respectively, the values of ub(x, t) for x ≥ 0 and x < 0.] Likewise, the same
procedure was applied to wb(x, t) to obtain wb(r, t). Typical examples of ub(r, t), wb(r, t), and
〈ur, p〉(r, t), at different times during the interaction, are shown in Figs. 6 (for N/Nc = 5.92) and 7
(for N/Nc = 7.95), plotted against dimensionless radius r/D. Each velocity profile has been made
dimensionless using ûb,c (which are given in the figure captions). Recall that the values of ûb,c

reported here were obtained from the experiments performed under critical impact conditions.
Dimensionless times are given at the top of each plot, and correspond to those shown in Fig. 3.

Each set of fluid and sediment velocity data was obtained from separate experiments, and so
a suitable method to first align ub(r, t) and wb(r, t) with 〈ur, p〉(r, t), in time, was required. Results
from a previous study (of sediment erosion by vortex rings)10 showed that the maximum level of
sediment displacement always occurs at the radial location directly below the (stretching) ring core,
corresponding to where ub(r, t) attains its instantaneous maximum value. Moreover, it was shown
that onset of grain motion (for 5 ≤ N/Nc ≤ 8) is consistently observed to first occur when the ring
core is located at height z/D ≈ 0.5 [i.e., at time (t − t1)/τ ≈ 0].10 Hence, using these properties, the
following alignment procedure was adopted.

The fluid velocity profile ub(r, t), at time (t − t1)/τ = 1, was selected as a reference profile (a
time at which significant sediment motion had been induced). The corresponding sediment velocity
profile, 〈ur, p〉(r, t), was then identified so that the peak values of ub and 〈ur, p〉 were aligned at
(approximately) the same radial location and so that the (spatial) correlation between ub and 〈ur, p〉
was maximised. The remaining data were then aligned relative to these two profiles, noting that
each pair of data was obtained at the same frame rate (600 Hz). Once the alignment procedure had
been applied, two additional checks were made. First, that the maximum values of 〈ur, p〉(r, t) and
ub(r, t) remained radially aligned throughout the interaction period, and second, by tracking back in
time through each paired set of profiles to ensure that initial sediment motion occurred at (t − t1)/τ
≈ 0. These two conditions were satisfied by the data for both impacts, as illustrated by the aligned
profiles shown in Figs. 6 and 7,

Figures 6 and 7 show the period 0 ≤ (t − t1)/τ ≤ 1, during which the ring is stretched by the
presence of the bed, but the ring core continues to approach the bed surface (as illustrated previously
in Fig. 5). As already noted, the vortical flow of the ring induces a bed shear stress that scales with
ρu2

b(r, t), and which consistently attains a maximum value directly below the ring core, throughout
the interaction. When the ring is located far above the bed, ub(r, t) ≈ 0. As the outer streamlines of
the vortex ring approach the bed surface, the magnitude of ub(r, t) increases and sediment motion
is induced only when (and at bed locations for which) ub(r, t) exceeds the threshold value ûb,c. In
Figs. 6 and 7, this first occurs below the ring core (r/D ≈ 0.5) and at time (t − t1)/τ ≈ 0 (i.e., when
the ring core is located at height z/D ≈ 0.5 above the bed). For 0 ≤ (t − t1)/τ ≤ 1, ub(r, t) continues
to increase uniformly as the ring core and outer streamlines move closer to the bed surface. The
corresponding increase in bed shear stress means that sediment motion is induced over the annular
region (best illustrated by Figs. 3(e) and 3(f)) for which the threshold condition ub/ûb,c � 1 is
satisfied (identified in Figs. 6 and 7 by the thin dotted lines). Moreover, the radius of this annular
region increases as the stretched ring diameter increases (see Fig. 3). The instantaneous peak values
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FIG. 6. (a)–(c) Measured values of ub/ûb,c (broken line), wb/ûb,c (dashed–dotted line), and 〈ur,p〉/ûb,c (solid line) plotted
against r/D at various dimensionless times, (t − t1)/τ (as shown), during the impact. This impact corresponds to type I sediment
with N/Nc = 5.92, β = 0, and ûb,c = 4.31 cm/s (with ring characteristics D = 5.38 cm, Re = 3020, and τ = 0.479 s). The
dotted lines indicate the radial region for which the threshold condition ub/ûb,c � 1 is satisfied.
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FIG. 7. (a)–(c) Measured values of ub/ûb,c (broken line), wb/ûb,c (dashed–dotted line), and 〈ur,p〉/ûb,c (solid line) plotted
against r/D at various dimensionless times, (t − t1)/τ (as shown), during the impact. This impact corresponds to type
K sediment with N/Nc = 7.95, β = 0, and ûb,c = 15.3 cm/s (with ring characteristics D = 5.83 cm, Re = 11 100, and
τ = 0.153 s).The dotted lines indicate the radial region for which the threshold condition ub/ûb,c � 1 is satisfied. These data
correspond to that shown in Figs. 3 and 4.
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FIG. 8. Measured values of ub,max/ûb,c (�) and 〈ur,p〉max/ûb,c (◦) plotted against dimensionless time, (t − t0)/τ , for (a)
N/Nc = 5.92 (type I, with ûb,c = 4.31 cm/s, τ = 0.479 s) and (b) N/Nc = 7.95 (type K, with ûb,c = 15.3 cm/s, τ = 0.153 s).
The dotted lines indicate the times shown in Figs. 6 and 7.

of ub(r, t) and 〈ur, p〉(r, t) remain aligned (radially) throughout the interaction and attain overall peak
values at time (t − t1)/τ ≈ 1, when the ring core is at its closest point to the bed surface.

For (t − t1)/τ � 1, the vortex ring is rebounded away from the bed surface (as illustrated by
Fig. 5). The reversal in direction of the ring’s trajectory means that the magnitudes of ub(r, t) and,
hence, 〈ur, p〉(r, t) decrease uniformly during this period. This is best illustrated by Fig. 8, which
shows the instantaneous peak values of ub(r, t) and 〈ur, p〉(r, t), denoted, respectively, by ub,max and
〈ur,p〉max, at each time during the interaction. As already noted, during the period 0 ≤ (t − t1)/τ
≤ 1, 〈ur,p〉max and ub,max (> ûb,c) increase uniformly as the ring core approaches the bed surface,
attaining overall peak values when the core is closest to the bed. However, for 1 ≤ (t − t1)/τ ≤ 2,
〈ur,p〉max and ub,max decrease uniformly as the vortex ring is rebounded. Note that 〈ur,p〉max increases
from zero to attain its peak value over a period τ = D/2U, and then decays back to zero over the
same duration. At (t − t1)/τ ≈ 2, the vortex structure breaks down, and so, no sediment motion is
observed after this time.

It is also useful to compare Fig. 7 with the data in Fig. 3, which shows how the displaced
sediment grains move, predominantly, along radial trajectories in the region below the core, with no
(transverse) motion induced at the centre of the impact, below the axial stagnation point (at x = 0,
y = 0). Munro et al.10 showed that the displaced grains slide, roll, or bounce over the undisturbed
bed material below, eventually forming into a circular mound in the region beyond the instantaneous
ring radius, where ub(r, t)/ûb,c � 1 [for example, in Fig. 7(b) this will occur around r/D ≈ 0.8].
Note that the diameter of the mound structure increases as the ring radius is stretched. The reader
is referred to Sec. III (and Figs. 7–10) of Munro et al.10 for a detailed discussion and illustration of
the mound formation.

The underlying interaction characteristics described above also apply to impacts under critical
conditions (N/Nc = 1). However, the key difference for the N/Nc = 1 case is that grain motion
occurs only at time (t − t1)/τ ≈ 1 (when the ring core is at its closest point to the bed) and only in
the region below the instantaneous core position, where ub(r, t) has attained its overall peak value
(ûb,c). Unlike the cases shown in Figs. 3, 6, and 7, where the grains are displaced over a sustained
period 2τ = D/U, the grain motion observed under critical impact conditions is instantaneous and
occurs only for the brief moment when the threshold condition ub,max/ûb,c = 1 is satisfied. Note
that, the values of ûb,c were measured directly from the fluid velocity data obtained from the N/Nc

= 1 impacts. Recall, each of these experiments was repeated several times, and the ûb,c reported here
are the corresponding average values (which had maximum variability within ±7%). Figures 6 and
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7 also show that the ûb,c remain a reliable measure of the threshold velocity for impact conditions
with N/Nc > 1.

For the interactions described in this article (with 1 ≤ N/Nc ≤ 8), the near-bed vertical fluid
velocity component wb(r, t) (indicated in Figs. 6 and 7 by the dash-dotted lines) has negligible affect
on how the grains are displaced, during the period 0 ≤ (t − t1)/τ ≤ 1. [This is not necessarily the
case for more energetic impacts, where the vortex ring can cause significant erosion and penetrate
further into the bed structure.]10 However, wb(r, t) does play a crucial role in how the sediment is
resuspended above the impact region. This typically occurs for (t − t1)/τ � 1, as the ring is stretched
and the outer streamlines of the ring structure approach the bed surface, which gives rise to a region
of significant wb > 0, around r/D ≈ 0.8 [see Figs. 6(c) and 7(c)]. During the impact, and provided the
necessary conditions are satisfied (typically, N/Nc � 3), displaced grains can become resuspended
(or entrained) within the streamlines adjacent to the bed surface. This entrained material is advected
around the streamline and into the wb > 0 region, whereupon the sediment is advected up into the
outer fluid above the bed to form a distinctive axisymmetric “splash” of sediment. Evidence of this
resuspension mechanism can be seen, to some extent, in Fig. 5. However, the reader is directed to
Fig. 3 of Munro et al.10 for a clear and more detailed illustration of this process.

B. Critical conditions for sediment movement

The measured values of Nc are now presented. First, attention is focussed on the horizontal-
bed case (β = 0), henceforth denoted by Nc, 0. Using dimensional analysis, Shields1 proposed
a relationship between the critical Shields parameter and the boundary Reynolds number Re*

= u∗,cdp/ν, which has since largely been verified by experimental data obtained in steady tur-
bulent channel flows.2–4, 15 As already noted, the critical bed shear velocity u∗,c (and hence Re*)
was not measured in the experiments reported here. However, in the region below the ring core,
we expect the depth of the boundary layer established adjacent to the bed surface to be approxi-
mately D/Re1/2. Likewise, the inner viscous sublayer in this region will have thickness of order δs

= (D/Re).10 Therefore, under critical conditions, the hydrodynamic drag and lift forces acting on
the near-surface sediment grains will depend on z*/δs, where z* is the (bed) roughness length scale,
which will be O

(
dp

)
. Hence, for the experiments reported here, we expect Nc, 0 = f(Rep, dp/δs),

where dp/δs = Udp/ν.32 Figure 9 shows the values of Nc, 0 plotted against Rep and dp/δs, for each of
the eleven sediment types. Separate data symbols have been used to differentiate between Diakon
(s = 1.2) and Ballotini (s = 2.5) sediments. The error bars for Nc, 0, Rep, and dp/δs are based on the
typical variability of dp, ûb,c, ws, and U.

The Nc, 0 reported in Fig. 9 are two orders of magnitude larger than the traditional values obtained
from studies using steady turbulent channel flows,1–4, 15 and so, a direct quantitative comparison is
precluded. However, a number of qualitative consistencies can be identified. In particular, White3

classified bedforms, under threshold conditions, as (hydraulically) smooth or rough. For the exper-
iments considered here, a hydraulically rough bedform corresponds to when the roughness length
scale (z*) is comparable to (or larger than) the boundary-layer depth, and so, the surface sediment
grains are exposed to hydrodynamic drag (FD) and lift (FL) forces that are O

(
ρû2

b,cd2
p

)
. For a hy-

draulically smooth bedform, z* is significantly smaller than the boundary-layer depth, allowing a
laminar viscous sublayer to be established in the fluid immediately above the bed surface, within
which viscous stresses act to significantly reduce the drag and lift forces acting on exposed surface
sediment. That is, when z* is comparable to (or smaller than) the viscous-sublayer thickness δs, the
surface sediment grains are exposed to velocities O

(
ub,cz∗/δs

)
,17 and so, the drag and lift forces

are O
(
ρε2û4

b,cd4
p/ν

2
)
,33, 34 where ûb,c/U = O (1) has been used, and ε = z*/dp (where 0 < ε ≤ 1).

The data reported by White3 (and other studies)2, 15, 16 suggest that hydraulically smooth bedforms
correspond to Re* � 10 (typically, dp � 200–300 μm for natural sediments),3 for which case the
critical Shields parameter is found to increase significantly with decreasing Re*, due to the damping
effect of the viscous sublayer. Conversely, when Re* � 10, this viscous damping effect ceases to
be evident and the critical Shields parameter is found to vary very little with Re* [and is constant
for Re* � 100 i.e., dp � 3 mm for natural sediments)].16 Despite general scatter, a similar pattern
can be identified in the data reported in Fig. 9. That is, for dp/δs � 20 (Rep � 20) the measured
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values of Nc, 0 increase monotonically with decreasing dp/δs, whereas for dp/δs � 30, Nc, 0 ≈ 2 (and
near-constant), which suggests that, here, the viscous damping effect becomes significant for dp/δs

� 20 (which corresponds to dp � 350 μm). Also note that in Fig. 9, Nc, 0 ≈ 11 for the finest sediment,
whereas Nc, 0 ≈ 2 for the larger grain sizes. This factor of five difference is the same as that reported
in White3 (for comparable grain sizes).

Furthermore, under threshold conditions (with β = 0), incipient grain motion occurs when the
drag force (FD) overcomes the net frictional force λc(W − FL) acting on the grain, where λc denotes
the friction coefficient between grains and W = π (s − 1)ρgd3

p/6 is the grain’s submerged weight.
Hence, for hydraulically rough bedforms, the above condition reduces to Nc,0 ∼ O (1) (and constant).
However, when z*/δs � 1 and the bedform is hydraulically smooth, the corresponding condition gives
Nc,0 ∼ ν/ε[(s − 1)gd3

p]1/2, so that Nc, 0 is dependent on the grain size (and density). Moreover, for
sediment grains for which Stokes’ Law,35 ws = 2(s − 1)gd2

p/9ν, is valid, this condition reduces to

Nc,0 ∼ Re−1/2
p . Again, the data in Fig. 9 display consistency with this description. In particular, the

measured values of Nc, 0 for Rep � 10 show reasonable agreement with Nc,0 ∼ Re−1/2
p , which is
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shown in Fig. 9(a) by the slope of the solid-line triangle. Finally, note that, for fine-grained sediments,
cohesive forces can become dominant in comparison with the grain weight. However, this situation
occurs only for very fine particles with dp � 30 μm,36 considerably smaller than the grain sizes used
here. Hence, here, the effects of cohesion have been ignored throughout.

We now consider how the measured values of Nc were affected by systematic increases in bed
slope, relative to β = 0. The data are compared with a force-balance model,17, 20 based on the required
condition for incipient sediment motion on a sloping bed. Previous bed-slope studies have used
this approach, but focussed exclusively on hydraulically rough bedforms (with dp � 500 μm).16, 20

However, for the sediment types used here, the damping effect of the viscous sublayer also needs to
be considered, and so, the force-balance model is re-derived to account separately for hydraulically
rough and hydraulically smooth bedforms.

Consider a planar bedform consisting of cohesionless, monodisperse sediment, which is inclined
with bed slope β = tan φ (where 0 ≤ φ ≤ φr). Using the notation introduced above, incipient motion
of a surface sediment grain (in the down-slope direction) occurs when the force balance

FD + W sin φ = λc(W cos φ − FL ) (6)

is satisfied. Note that, in the absence of flow (FD = 0, FL = 0), incipient motion occurs only when
the bed slope is at the repose limit, βr = tan φr. Applying these conditions in Eq. (6) gives

λc = tan φr ≡ βr . (7)

Assuming that cohesive forces are negligible and that the sediment grains are spherical, the forces
W , FD, and FL can be written in the form

W = π (s − 1)ρgd3
p/6, (8a)

(8b)
(FD, FL ) =

{
π (CD, CL )ρε2û4

b,cd4
p/2ν2 (smooth beds),

π (C ′
D, C ′

L )ρû2
b,cd2

p/2 (rough beds), (8c)

where CD, C ′
D , CL, and C ′

L are drag and lift coefficients, which are dependent on Rep and Re.
Note that Re depends implicitly on bed slope β (i.e., an increase in β will typically result in a
decrease in the ring propagation speed, U, required to induce incipient grain motion). Hence, in
general, the drag and lift coefficients depend implicitly on β. Substituting Eqs. (7) and (8) into
Eq. (6) and rearranging [using the definition of Nc given in Eq. (4)] gives

(9a)

Nc =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
Qν2

ε2(s − 1)gd3
p

(
1 − β

βr

)
cos φ

]1/2

(smooth beds),

Q′
(

1 − β

βr

)
cos φ (rough beds), (9b)

where the coefficients Q and Q′ are given by

Q = βr/3(CD + βr CL ), (10a)

Q′ = βr/3(C ′
D + βr C ′

L ). (10b)

Note that, through their dependence on the drag and lift coefficients, Q and Q′ are, in general,
implicitly dependent on β. For a horizontal bed (φ = 0, β = 0), Eq. (9) reduces to

(11a)
Nc,0 =

⎧⎪⎪⎨
⎪⎪⎩

[
Q0ν

2

ε2(s − 1)gd3
p

]1/2

(smooth beds),

Q′
0 (rough beds), (11b)
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where Q0 and Q′
0 are henceforth used to denote the respective values of Q and Q′ when β = 0. Then,

noting that Nc/Nc,0 = û2
b,c/û2

b,c,0, Eqs. (9) and (11) can be combined to give

(12a)
ûb,c

ûb,c,0
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
Q

Q0

(
1 − β

βr

)
cos φ

]1/4

(smooth beds),

[
Q′

Q′
0

(
1 − β

βr

)
cos φ

]1/2

(rough beds), (12b)

where ûb,c,0 denotes the value of ûb,c when β = 0. Equation (12b) is a generalised form of the
expression derived and used in previous studies.16–20 In both cases, Eq. (12) predicts that the
bedform becomes more mobile as the bed slope is increased, with ûb,c/ûb,c,0 → 0 as β/βr → 1
(and φ/φr → 1). Comparing Eqs. (12a) and (12b) shows that the effective bed roughness can have a
significant effect. That is, the damping due to the viscous sublayer acts as a stabilizing influence for
smooth beds, reducing the rate at which the bed mobility increases with bed slope.

In general, one would expect the coefficients Q/Q0 and Q′/Q′
0 to depend on Rep and, implicitly,

on β (via the implicit dependence of Re on β). However, the approximation Q′/Q′
0 = 1 has been

used previously when applying Eq. (12b), which implies that Q′ = Q′(Rep) and is unaffected by
changes to the required critical flow conditions that arise when the bed slope is altered (between
0 ≤ β ≤ βr). Previous studies have shown that Eq. (12b), with Q′/Q′

0 = 1 assumed, is consistent with
experimental data (using hydraulically rough bedforms).19, 20, 37 In particular, Chiew and Parker,20

using natural sediments with dp between 500 and 2700 μm and streamwise bed slopes in the range
0 ≤ β/βr ≤ 0.85, found good agreement with measurements of u∗,c/u∗,c,0 obtained from a steady
closed-conduit flow, where the critical bed shear velocity (u∗,c) was estimated using a standard
empirical formulation based on the streamwise time-averaged mean flow velocity.

Figure 10 shows the measured values of ûb,c/ûb,c,0 plotted against β/βr, with each sediment
type indicated by a different data symbol (see caption). Equations (12a) and (12b), with Q/Q0 = 1
and Q′/Q′

0 = 1 assumed, have been included for comparison and are shown, respectively, by the
solid-line and broken-line curves. For each curve, βr = tan φr was calculated using φr = 26.6◦,
which is the average value of the eleven repose angles reported in Table I. To prevent saturation,

0.1

1.0

1.1

^
^

u
/u

b,
c

b,
c,

0

0 0.2 0.4 0.6 0.8 1.0

β/βr

FIG. 10. Measured values of ûb,c/ûb,c,0 plotted against β/βr for each of the eleven sediment types: A (�), B (◦), C (�),
D (�), E (+), F (×), G (�), H (�), I (	), J (
) and K (•). [Here, the four solid black symbols have been used to denote
the sediment types corresponding to hydraulically rough bedforms.] Equation (12a) (with Q/Q0 = 1 assumed) is shown by
the solid-line curve. Equation (12b) (with Q′/Q′

0 = 1 assumed) is shown by the broken-line curve. Error bars are shown for
sediment types A and I.
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TABLE II. A summary of the data presented in Figs. 9 and 10 (listed in order of increasing grain diameter, dp).

Sediment dp φr φ ûb,c

type [μm] s Rep [deg] [deg] [cm/s] β/βr Nc dp/δs

A 80 2.5 0.696 24 0 13.9 0.00 16.4 5.06
10 11.8 0.396 11.9 4.51
20 9.28 0.818 7.32 3.38
23 7.20 0.953 4.40 3.20

B 119 1.2 0.464 26 0 6.89 0.00 20.4 4.56
10 6.21 0.362 16.5 4.16
20 4.73 0.746 9.59 2.96
25 2.73 0.956 3.19 1.48

C 157 1.2 0.659 27 0 5.06 0.00 8.30 5.29
10 4.31 0.346 6.04 4.84
20 3.86 0.714 4.83 3.78
25 2.79 0.915 2.53 2.92

D 153 2.5 3.30 26 0 13.7 0.00 8.28 9.95
10 13.0 0.362 7.48 9.03
20 8.87 0.746 3.50 7.99
25 6.41 0.956 1.83 7.01

E 220 2.5 6.73 26 0 13.6 0.00 5.71 13.6
10 13.0 0.362 5.25 11.9
20 10.1 0.746 3.18 10.6
25 6.80 0.956 1.43 8.32

F 274 1.2 2.22 27 0 6.28 0.00 7.34 9.56
10 5.86 0.346 6.39 8.03
20 4.18 0.714 3.25 6.03
26 2.17 0.957 0.876 4.25

G 374 2.5 18.9 26 0 17.5 0.00 5.58 26.2
10 16.9 0.362 5.17 25.2
20 12.1 0.746 2.65 19.6
25 7.63 0.956 1.06 11.4

H 563 2.5 39.0 26 0 14.4 0.00 2.51 36.9
10 11.5 0.362 1.60 29.3
20 7.62 0.746 0.701 20.4
25 5.41 0.956 0.353 13.2

I 751 1.2 19.8 28 0 4.31 0.00 1.26 17.0
15 2.91 0.504 0.574 12.8
23 2.13 0.798 0.309 12.3
27 1.43 0.958 0.139 9.76

J 709 2.5 65.2 28 0 15.4 0.00 2.28 45.6
10 12.8 0.332 1.58 41.4
20 9.00 0.685 0.776 29.3
27 4.96 0.958 0.235 16.7

K 1087 2.5 165.0 29 0 15.3 0.00 1.46 79.1
10 13.5 0.318 1.13 63.6
20 8.70 0.657 0.473 39.8
25 6.26 0.841 0.245 26.4

error bars have been included for sediment type A (which are largely representative) and type I
(which exhibit the largest degree of variability). To further aid the reader, the data presented in
Fig. 10 are also tabulated in Table II, together with the corresponding values of dp/δs. In particular,
note that for each sediment type the values of dp/δs = Udp/ν decrease (i.e., δs = ν/U increases)
as the bed slope β is increased. The values of ûb,c/ûb,c,0 shown in Fig. 10 are well described by
Eq. (12), either falling on or in the “transition” region between the two predicted trends. Furthermore,
recall that the values of Nc, 0 reported in Fig. 9 suggest that for the sediment types used here, the
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transition to smooth-bed behaviour (where the effects of viscous damping are dominant) corresponds
to dp/δs � 20. This property is further supported by the data in Fig. 10. Consider first the data for
sediment types A–G, which are indicated by the open or crossed data symbols (see caption). Over
the range of bed slopes considered here (0 ≤ β/βr ≤ 0.95), the data for these sediment types satisfy
1.47 ≤ dp/δs ≤ 26.2 (see Table II), and the corresponding values of ûb,c/ûb,c,0 shown in Fig. 10 are
well described by the trend predicted in Eq. (12a). Moreover, these values of ûb,c/ûb,c,0 appear to
be independent of grain size (within the level of general scatter), which supports the validity of the
Q/Q0 = 1 assumption (suggested by previous studies). Now consider the data for the larger sediment
types H–K, which are shown in Fig. 10 by the solid black data symbols. The data for sediment
types H, J, and K all satisfy 13.2 ≤ dp/δs ≤ 79.1 (see Table II). Moreover, the measured values of
ûb,c/ûb,c,0 corresponding to dp/δs � 20 agree with the trend predicted by Eq. (12b) (and with the
Q′/Q′

0 = 1 assumption). However, the values of ûb,c/ûb,c,0 satisfying dp/δs � 20, either fall in the
region between the two curves, or are better described by Eq. (12a). As illustrated by Fig. 10, this
departure from Eq. (12b) typically occurs when the bed slope has increased beyond β/βr ≈ 0.85.
Hence, for these sediment types, the data suggest that as the bed slope approaches the repose limit,
the corresponding decrease in effective bed roughness z*/δs is sufficient to alter the behaviour of the
bedform from hydraulically rough, to hydraulically smooth. [This is a further illustration, as noted in
Lamb et al.,16 of the important role played by the effective bed roughness in controlling the critical
criteria of incipient grain motion for sloped bedforms.]

Note that, for sediment type I (with dp = 751 μm and indicated by 	), the data satisfy 9.76
≤ dp/δs ≤ 17.0 over the range of bed slopes considered here. The corresponding values of ûb,c/ûb,c,0

either fall on the trend predicted by Eq. (12b), or in the transition region between the two curves.
The reason for this is not known. However, it is worth reiterating that these data exhibit, by far, the
largest degree of uncertainty.

IV. SUMMARY AND FINAL REMARKS

The experiments reported here examined the interaction between a vortex ring and a sloping
(planar) sediment layer, with attention focussed on how the conditions for incipient sediment motion
(in terms of the critical Shields parameter, Nc) were affected by systematic increases in bed slope.
Since u∗,c was not measured in these experiments, Nc was defined in terms of the peak tangential
fluid velocity measured adjacent to the bed surface. Previous bed-slope studies used data obtained
in steady turbulent channel (or conduit) flows, and focussed exclusively on hydraulically rough
bedforms (typically with dp � 500 μm), and bed slopes between 0 ≤ β/βr � 0.8.16, 20 Here, this
analysis was extended to consider hydraulically smooth beds (using sediments with dp in the range
80 to 1087 μm) and bed slopes 0 ≤ β/βr ≤ 0.95.

The measured values of Nc, 0 (corresponding to β = 0) were compared with traditional measure-
ments of the critical Shields parameter obtained in turbulent channel flows.1–4, 15 Although notably
different in magnitude, a similar qualitative trend was identified. In particular, the values of Nc, 0

reported here suggest that the threshold for hydraulically smooth bedforms to be dp/δs ≈ 20 (which
corresponds to dp ∼ 350 μm). Below this threshold, the bed roughness (z*) is comparable to (or
smaller than) the viscous-sublayer thickness, and so, viscous stresses act to significantly reduce the
hydrodynamic drag and lift forces acting on the near-surface sediment grains. Consequently, for dp/δs

� 20, the measured values of Nc, 0 were observed to increase monotonically with decreasing dp/δs.
For dp/δs � 30, the effects of viscous damping cease to be evident, with little variation observed in
the measured values of Nc, 0. These observations are consistent with smooth-bedform threshold Re*

≈ 10 (corresponding to dp ≈ 200–300 μm) identified by previous studies.3

The data reported here show that bed slope has a significant influence on the threshold condition
for sediment motion, with the bed becoming more mobile with increasing bed slope, due to the
additional downslope gravitational force. The measured values of Nc, obtained for bed slopes 0 ≤
β/βr ≤ 0.95, were compared with a simple force-balance model, based on the required condition
for incipient grain motion on a sloping bed. The standard derivation of this model, corresponding to
hydraulically rough bedforms, takes the form given in Eq. (12b).17 Here, the model was extended to
account for the case of hydraulically smooth beds. That is, for z*/δs � 1, the near-surface sediment
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grains are exposed to reduced drag and lift forces, which here are assumed O
(
ρε2u4

b,cd4
p/ν

2
)
.33, 34

In this case, the corresponding model takes the form given in Eq. (12a). Comparing Eqs. (12a) and
(12b) shows that the damping effect of the viscous sublayer acts as a stabilizing mechanism for
smooth beds, reducing the rate at which the bed mobility increases with bed slope. The measured
values of ub, c/ub, c, 0 = (Nc/Nc, 0)1/2 were consistent with Eq. (12), either falling on, or in the region
between, the two predicted trends. Moreover, the data show a transition in behaviour between the
smooth-bed and rough-bed cases when dp/δs ≈ 20 (in agreement with the threshold identified for
the Nc, 0 data).

The basis of the arguments used to derive Eq. (12a) is not unique to the interaction considered
in this article and are expected to apply also to fully turbulent flows. That is, for a steady turbulent
channel flow, it is known the viscous sublayer has an average thickness δs = 11.6u∗/ν and that
the threshold for hydraulically smooth beds corresponds to Re* ≈ 10.17 Hence, for z*/δs � 1, one
expects the surface sediment grains to be exposed to reduced velocities O

(
u2

∗z∗/ν
)
, and so to drag

and lift forces O
(
ρε2u4

∗d4
p/ν

2
)

(where, as before, ε = z*/dp). In this case, the corresponding force
balance will be equivalent to the form given in Eq. (12a). Of course, the characteristics of the
interaction described in this article are notably different from those associated with the coherent
structures observed in turbulent channel flows,8, 12 and are more readily associated with turbulence
in the absence of a mean flow. A detailed study, using zero-mean turbulence generated by a steadily
oscillating grid, is currently being undertaken to further investigate the role played by coherent
structures (and turbulent fluctuations) in the sediment transport process. In particular, this study will
analyse the effects of bed slope on the critical criteria for incipient sediment motion, and the validity
of Eqs. (12a) and (12b).
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