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Abstract

We consider the cosmological role of the scalar fields generated by the compactification of 11-
dimensional Einstein gravity on a 7D elliptic twisted torus, which has the attractive features of
giving rise to a positive semi-definite potential, and partially fixing the moduli. This compacti-
fication is therefore relevant for low energy M-theory, 11D supergravity. We find that slow-roll
inflation with the moduli is not possible, but that there is a novel scaling solution in Fried-
mann cosmologies in which the massive moduli oscillate but maintain a constant energy density
relative to the background barotropic fluid.
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1 Introduction

Current attempts to unify forces and interactions are mainly based on superstring or M-theory with
10 or 11 space-time dimensions, with the extra dimensions taking the form of a small compact man-
ifold. Finding such a manifold consistent with low-energy particle physics and cosmology presents
us with several hard problems. A given geometry has a number of size and shape parameters, or
moduli, which become scalar fields in the effective 4-dimensional theory, with a potential generated
in the first instance by the Ricci scalar of the compact space. If the internal space is positively
curved the potential is negative, leading to anti de Sitter (AdS) solutions, which are disastrous in
cosmological terms without extra ingredients such as D-branes to cancel the negative cosmological
constant [1].

Another problem with compactification is that some or all of the moduli are not fixed by the
effective 4-dimensional potential, at least before quantum corrections are taken into account. As
these moduli often affect parameters in the effective theory, we lose predictability, and also gain
unwanted massless scalars with gravitational strength couplings. The moduli which do appear in
the potential correspond to weakly coupled massive 4-dimensional fields, which we must be careful
not to excite, otherwise they will dominate the energy density too early in a standard Friedmann
cosmology.

A promising route addressing some of these problems is to make use of the flat-groups of Scherk
and Schwarz [2], which have negative semi-definite curvature, and so lead to a theory with a positive
semi-definite potential and Minkowski minima. They also fix some, but not all, of the moduli and
so alleviate the moduli-fixing problem generic to flat compactifications.

In this paper we study the cosmology of these flat-groups, or “twisted torus” compactifications,
with an eye to finding inflationary behaviour and scaling regimes, in which the energy density in
the moduli fields remains a constant fraction of the background barotropic fluid. The work forms
a natural continuation of the work presented in [3] where we studied the 7D cosets of compact
Lie groups, classified in [4]. In that case one finds that the curvature of these internal spaces is
unbounded and leads to a singular cosmology. Applying the same technology to the particular
class of twisted tori introduced by Scherk and Schwarz we show firstly that slow-roll inflation is not
possible with the moduli fields (the no-go theorem of [5] does not apply here as the internal space is
allowed to be time-dependent). We also find a novel scaling solution in which the massive moduli are
oscillating, but rather than dominating the fluid-filled universe instead contributes a fixed fraction
(of approximately 1/3 for radiation) to the energy density. The alleviation of the cosmological
moduli problem comes at a price: the volume of the internal space grows approximately as t0.5

during the radiation era. As coupling constants generically depend on the volume of the internal
space, a realistic cosmology exploiting this novel scaling regime appears problematic.

The structure of the paper is as follows. Sections 2 and 3 are reviews of dimensional reduction
of Einstein gravity and scalar cosmology, with section 4 giving the relevant formalism for multi-field
cosmology and slow-roll behaviour. Section 5 sees the introduction of twisted torus manifolds which
are then applied in the cosmological context in sections 6 and 7. The evolutionary behaviour in
terms of slow-roll and scaling is studied in sections 8 and 9, which we analyse in terms of effective
degrees of freedom in sections 10 and 11.

1



2 Dimensionally reduced gravity on a compact Lie manifold.

We start with pure gravity in d+D dimensions which is described by the Einstein-Hilbert action,

L̂ =
1

2κ̂2

∫
ddx dDy

√
−ĝ R̂, (1)

where the hatted quantities are d+D dimensional quantities. We adopt a modified ansatz for the
metric, given by the the Scherk-Schwarz [2] form which guarantees a consistent truncation [6],

ds2 = e2ψ(x)ds2
(d) + gab(x)νa(y)⊗ νb(y) (2)

νa(y) = ea(y)−Aa(x) (3)

where Aa are gauge fields and the eas are left-invariant one-forms on the internal manifold, which
we take to be a compact Lie group. (Indices of the form a, b, . . . span the D extra dimensions.)
Upon substituting this into the Riemann scalar of the action (appendix A) we find an effective
theory described by the scalars gab, charged under the non-Abelian gauge fields Aa.

Performing the dDy integration over the un-squashed volume of the internal manifold allows us
to make an identification of the form

1
2κ2

=
Vinternal

2κ̂2
, (4)

and gives a nice geometric interpretation of Newton’s constant. The constant κ has the units of
length and the y co-ordinates are rescaled by κ such that they are dimensionless; this means that
the gab components have dimensions of (length)2.

The determinant of the full metric decomposes into
√
−ĝ = edψ

√
−g(d)

√
gab, and we can recover

a pure d dimensional gravity term in the effective action by fixing the gauge of ψ using

e(d−2)ψ√gab = κD. (5)

Specialising to d = 4 and switching off the gauge fields (appendix C) we recover the effective
action

Leff4 =
∫
d4x
√
−g4

[
1

2κ2
R4 −Kabcd∇µgab∇µgcd − V

]
(6)

Kabcd =
1

2κ2
(
1
4
gacgbd +

1
8
gabgcd) (7)

V = − 1
2κ2

κD
√
gab
Rinternal, (8)

where Kabcd can be interpreted as a field space metric for the non-canonical scalars gab, and V is
the potential in which they sit. This is similar to [7] except that we don’t make the restriction
det(gab) = 1 and thus avoid bringing in an additional scalar field.

For a general Lie group manifold the Ricci curvature can be shown to be [8]

Rinternal =
1
2

(f cab f
a
dc g

db)− 1
4

(f cab f
f
de g

ad gbe gcf ), (9)

where fabc are the structure constants (72) for the group, and gab is the choice of metric on the
manifold.
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3 Cosmology with a scalar

As we are interested in the cosmological dynamics of this theory with many non-canonical scalars,
we start by reminding ourselves of how the standard single scalar picture works.

The simplest way of incorporating dark energy into a cosmological model is to allow the negative
pressure to be provided by a single scalar field,

S =
∫ √

−g
[

1
2κ2
R− 1

2
∂µφ∂

µφ− V (φ)
]
. (10)

We take a Friedman-Robertson-Walker (FRW) universe with homogeneity of the universe allowing
the spacial gradients to be neglected, and a barotropic fluid in the background with energy density
ργ and pressure Pγ related by the equation of state

Pγ = (γ − 1)ργ , (11)

with γ specifying the type of fluid (γ = 4/3 for radiation, γ = 1 for pressureless matter and γ = 0
for vacuum energy). The equations of motion for this system are

H2 ≡ ȧ2

a2
=
κ2

3

[
1
2
φ̇2 + V + ργ

]
(12)

ä

a
= −κ

2

3

[
φ̇2 − V +

1
2

(3γ − 2)ργ

]
(13)

φ̈+ 3Hφ̇ = −dV
dφ

(14)

ρ̇γ = −3γHργ . (15)

Inflation is defined as a period of evolution where ä > 0, by which consideration we arrive at
the so-called slow-roll conditions. The first of these, [9]

ε ≡ 1
2

1
3κ2

(V ′/V )2 << 1, (16)

can be interpreted as saying that the slope is shallow enough for inflation whilst the second,

η ≡ 1
3
V ′′

κ2V
<< 1, (17)

tells us that for inflation it should stay shallow for a while.

4 Effective theory

We can now compute the equations of motion of the theory of Sec. 2. The degrees of freedom of
the internal metric become scalar fields under dimensional reduction, with an equation of motion

g̈ab + 3
ȧ

a
ġab = −

(
2gacgbd −

2
D + 2

gabgcd

)
κ2∂V/∂gcd + gcdġacġbd (18)

corresponding to (14). The scale factor equations of motion,

H2 ≡ ȧ2

a2
=

κ2

3

[
1
2
K + V + ργ

]
(19)

ä

a
= −κ

2

3

[
K − V +

1
2

(3γ − 2)ργ

]
(20)

ρ̇γ = −3γHργ , (21)
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take the same form as (12,13,15) where we define

K = K(g, ġ) = 2Kabcdġabġcd =
1

4κ2
(gacgbd +

1
2
gabgcd)ġabġcd, (22)

which serves as the analogue of φ̇2 in the single field case such that the kinetic energy in the scalar
sector is 1

2K. Expressed like this it is apparent that although the theory is described by many
non-canonical scalars, the overall dynamics could be considered to be driven by a single effective
scalar with φ̇eff =

√
(K), at least instantaneously.

We are also interested in the inflationary behaviour of the system, and therefore it is useful to
derive a form of the first slow-roll condition for this kind of non-canonical system of scalars,

ε ≡ 1
6V 2

[
gacgbd − 1

D+2gabgcd

]
∂V
∂gab

∂V
∂gcd

<< 1. (23)

With this we will be able to probe the field space numerically to see whether there are any regions
in moduli space in which inflationary behaviour is possible.

5 Twisted tori

In an earlier paper [3] a model similar to this one was studied where the internal manifold was
chosen as the 7D cosets of continous Lie groups G/H, classified in [4]. It was discovered there that
these manifolds gave singular cosmologies due to the ability of the curvature to change sign, and
leading to potentials which were unbounded from below.

We turn our attention now to the twisted tori manifolds of Scherk and Schwarz [2]. These
so-called “flat-groups” can be made compact by forming a coset G/Γ of a particular Lie group G
divided out by one of its discrete subgroups Γ, and was shown there to allow a consistent dimensional
reduction of the type discussed here. Most importantly for us however is that these cosets have
negative curvature leading to positive semi-definite potentials and therefore effective theories with
Minkowski minima.

These manifolds are related to the duality twists of [7, 10], where they are identified as elliptic
twisted tori and related to the Lie group ISO(N). Two further groups which should fulfil the needs
of our model are also presented there, the hyperbolic and parabolic classes, respectively related to
the Lie group SO(P,Q) and the Heisenberg group. For purposes of demonstration we consider here
only the elliptic groups.

The elliptic groups are related to ISO(N), the isometries of a space of N dimensions, in the
following way. They are non-compact Lie groups with a Lie algebra formed of N generators, Tp,
corresponding to the translations and N(N − 1)/2 generators, Rq, corresponding to rotations. To
form the elliptic group the rotational generators are coupled together to form a single generator
R =

∑
qmqRq, which when combined with the translational generators gives an N + 1 dimensional

subspace. For such a group the structure constants are given by,

f i0j = M i
j , (24)

where i, j = 1, 2, . . . , N − 1, and the 0 direction corresponding to the rotational generator. It is
clear that this should be the case when one considers that translations commute, and that the
commutator of a translation and a rotation will always be equivalent to a translation in a different
direction. The resulting M is a skew symmetric, real N x N matrix populated by the mqs, but we
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can always choose a basis where M takes the form

M =


0 m1 0 0 0
−m1 0 0 0 0

0 0 0 m2 0
0 0 −m2 0 0

0 0 0
. . .

 . (25)

This group is non-compact, and for the Kaluza-Klein ansatz to hold we need a compact manifold,
however this can be achieved by identifying two separated points in each of the translation directions
to form a torus, making a coset of the group with a discrete subgroup, G/Γ (see appendix B). It is
this resulting manifold which is the elliptic twisted torus.

All that is left is to consider the form of the metric, gab, which is permissable to put on the
manifold. Unlike the coset manifolds of [3] there are no further symmetries with which to restrict
the metric, and so we are at liberty to consider all of the degrees of freedom in our cosmological
analyses. However there are still some gauge freedoms available which we can evoke to set g0i = 0
with no loss of generality, and so we will work in this gauge from this point onwards. We refer the
reader to appendix C for the details of this gauge fixing.

6 Canonical scalars

For particle physics reasons we will assume that the internal manifold is seven dimensional so that
the entire space before compactification is of eleven dimensions, descending from the pure gravity
sector of 11D super-gravity, or M-theory, for example. We are at liberty to place any metric we want
on the manifold, but for comparison with a system of canonical scalars we start our investigation
with the purely diagonal form

gab = κ2diag(A0
2, A1

2, . . . , A6
2), (26)

substituting this into (9) and finding that the curvature is given by

R = − 1
2κ2A0

2

[
(A1

2 −A2
2)2

A1
2A2

2 m1
2 +

(A3
2 −A4

2)2

A3
2A4

2 m2
2 +

(A5
2 −A6

2)2

A5
2A6

2 m3
2

]
. (27)

We can immediately see that as expected the curvature is negative semi-definite, and this provides
us via (8) with a positive semi-definite potential, and a Minkowski minima for the theory. We also
observe that the metric structure follows that of the underlying geometry, with the A0 direction
parametrising the rotational twist inherent in the geometry, and the remaining directions pairing
up into into three independent planes in which the translation generators operate.

The metric is diagonal and so we are free to redefine these scalars such that we normalise the
kinetic terms and bring them into canonical form, which is a useful exercise if only to compare the
potential of the theory to other theories that we may know. We therefore define a set of canonical
scalars ϕa related to the Aas in the following way,

A0 = e
κ
“

1
3

q
2
7
ϕ1− ϕ2√

2
− ϕ3√

6
− ϕ4

2
√

3
− ϕ5

2
√

5
− ϕ6√

30
− ϕ7√

42

”
A4 = e

κ
“

1
3

q
2
7
ϕ1+

2ϕ5√
5
− ϕ6√

30
− ϕ7√

42

”

A1 = e
κ
“

1
3

q
2
7
ϕ1+

ϕ2√
2
− ϕ3√

6
− ϕ4

2
√

3
− ϕ5

2
√

5
− ϕ6√

30
− ϕ7√

42

”
A5 = e

κ
“

1
3

q
2
7
ϕ1+

q
5
6
ϕ6− ϕ7√

42

”

A2 = e
κ
“

1
3

q
2
7
ϕ1+

q
2
3
ϕ3− ϕ4

2
√

3
− ϕ5

2
√

5
− ϕ6√

30
− ϕ7√

42

”
A6 = e

κ
“

1
3

q
2
7
ϕ1+

q
6
7
ϕ7

”
.

A3 = e
κ
“

1
3

q
2
7
ϕ1 +

√
3ϕ4
2
− ϕ5

2
√

5
− ϕ6√

30
− ϕ7√

42

”
(28)
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Figure 1: Typical evolution of a system of canonical scalar fields evolving in the effective potential
of (29) along with a barotropic fluid in the overall energy density. On the left is the evolution with
matter (γ = 1) as the fluid component, and on the right with radiation (γ = 4/3). The upper plots
are of the canonical scalars ϕa, and the lower plots are of the non-canonical fields Aa, which are
the diagonal components of the internal metric.

With these new scalars the effective potential and kinetic terms in (6) become,

V (ϕa) =
1

4κ4
e
−3
q

2
7
κϕ1

[
(29)

e
−2
q

2
3
κϕ3+

κϕ4√
3

+
κϕ5√

5
+
q

2
15
κϕ6+

q
2
21
κϕ7

(
e
√

2κϕ2 − e
√

6κϕ3
)2
m1

2

+ e
√

2κϕ2+
q

2
3
κϕ3− 2κϕ4√

3
− 4κϕ5√

5
+
q

2
15
κϕ6+

q
2
21
κϕ7

(
e
√

3κϕ4 − e
√

5κϕ5
)2
m2

2

+ e
√

2κϕ2+
q

2
3
κϕ3+

κϕ4√
3

+
κϕ5√

5
−4
q

2
15
κϕ6−2

q
6
7
κϕ7

(
e

q
10
3
κϕ6 − e

q
14
3
κϕ7
)2
m3

2

]
1
2
K(ϕa) =

1
2
∂µϕa∂

µϕa, (30)

and the theory is in canonical form.
We ran numerical simulations with both matter and radiation present in the barotropic fluid

and a wide range of random initial field conditions, and sampled from the results those which ran
for the longest. This was achieved using a fourth-order Runge-Kutta scheme, using the Friedmann
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Figure 2: Typical evolution of a system of non-canonical scalar fields, gab, evolving according to
equations (6-8).

equation to monitor the accuracy of the simulation and allowing us to verify that the dynamical
variables had remained true to the constaint surface. In Fig. 1 we present typical examples of the
evolution of the fields1. One of the fields encodes for the volume of the internal space which grows
throughout the simulation, whilst the remaining fields evolve in the fashion demonstrated until
settling down into an oscillation around the minimum of the potential at A1

2 = A2
2, A3

2 = A4
2,

A5
2 = A6

2.
The expansion of the volume demonstrates that the internal manifold is in the process of

decompactifying, which would suggest that as the system evolves we would also need to consider
non-zero Kalula-Klein modes in the effective action. However, in keeping with earlier studies [11]
we shall not consider these modes, and note that if decompactification happens slowly enough we
can delay analysis of these additional modes until much later in the history of the universe and
avoid spoiling any of results here.

7 Non-canonical evolution

As stated earlier this twisted torus places no restrictions on the form of the internal metric, and so
we should say something about the evolution of the system with all the degrees of freedom switched
on. The 7D internal metric has 28 degrees of freedom, of which 7 can be gauged away (App. C).
We choose to gauge away 6 of these allowing us to set g0i = 0, however that still leaves 22 scalar
fields evolving in the potential

V =
1

2κ2

κD
√
gab

g00(M i
jM

j
i +M i

kM
j
lg
kl gij). (31)

A typical numerical realisation of this full non-canonical system is presented in Fig. 2, in this
case with matter in the background fluid. As with the diagonal metric we see that all the scalars
dynamically evolve towards oscillating solutions where presumably the minimum of the potential
is reached, however this time the dependence of the potential upon the inverse metric makes it
difficult to determine where the minimum lies in field space.

1We take m1 = m2 = m3 = 1
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Figure 3: Evolution of the eigensystem related to the scalar fields, gab. On the left we have the
eigenvalues, and on the right the angles of the eigenvectors as measured relative to a canonical
orthogonal frame γa.

In order to make some sense of this we decomposed the step-wise values of the metric into its
associated eigensystem. To our surprise we discovered that the evolution of the eigenvalues, as
shown in the left-hand side of Fig. 3, evolve in essentially the same fashion as the canonical fields.
Does this imply that only seven degrees of freedom are involved in the dynamics?

As a step towards making some sense of this we remind ourselves how the fields are related to
the metric of the internal space. At a each point on a manifold there is a frame of vectors, {ea},
which form a basis for the tangent space there. The metric can be thought of as the “dot product”
of these vectors,

gab = ea · eb = |ea||eb| cos θab, (32)

where |ea| is the length of the basis vector ea and 0 < θab < π is the angle between the pair of basis
vectors ea and eb. The diagonal entries have gaa = |ea|2 and so encode for the lengths of the frame
vectors, whereas the off-diagonal terms are also proportional to the cosine of the angle between a
pair of frame vectors.

Through the Kaluza-Klein ansatz we have integrated over the internal space removing its co-
ordinate dependence and so effectively there is only a single point, a purely space-time one, at
which this internal frame is located. The scalar fields of the dimensionally reduced theory are the
manifestion of the D lengths and D(D − 1)/2 angles between this set of D internal frame vectors.
That the evolution of the fields appears to be dependent upon just the eigenvalues tells us only
the lengths of the internal frame vectors appear to play a role in the dynamics. What then of the
angles, what role do they play?

It is well known a real symmetric matrix is guaranteed to have an orthogonal set of eigenvectors,
that is every frame can be rewritten in terms of a unique set of orthogonal vectors. We recover the
angles associated with the directions of these vectors via

θab ∝ cos−1(ea · γb) (33)

where the {γa} are a canonical set of orthogonal vectors satisfying γa · γb = δab, and we plot how
these evolve in the right-hand side of Fig. 3. It does appear that the frame is rotating as the fields
evolve, however we are unclear what role these rotations play in the theory.
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8 Slow roll inflationary behaviour

We now turn our attention to the inflationary behaviour of the system. We initially hoped that
there might be a slow-roll regime, however the first slow-roll condition (23) was never satisfied
in any of the numerical simulations. To understand this result we now turn our attention to an
analysis of the of the slow-roll condition for our twisted torus. We start by exploring the behaviour
of the three-dimensional system with the diagonal metric, gab = κ2diag(A2, B2, C2). Expanding
(23) we obtain

ε = 1 +
4
3

(
B2 + C2

)2
(B2 − C2)2 , (34)

which overtly fails the slow-roll condition and leads us to conclude that the canonical three-
dimensional system cannot ever slow-roll, which matches our observations under simulation. Fur-
ther we find that adding the non-diagonal degree of freedom,

gab =
(
A2 0 0
0 B2 D2

0 D2 C2

)
, (35)

does not improve the situation. Now slow roll is controlled by

ε = 1 +
4
3

(
B2 + C2

)2(
(B2 − C2)2 + 4D4

) , (36)

for which we also have ε ≥ 1 and so once again there is no slow-roll regime here either, and the
additional degree of freedom does not change the picture significantly.

The same pattern appears with the five-dimensional system; with gab = κ2diag(A2, B2, C2, D2, E2)
we find

ε = 1 +
4
3

((
B4 − C4

)2
D4E4m1

4 +B4C4
(
D4 − E4

)2
m2

4
)

(
(B2 − C2)2D2E2m1

2 +B2C2 (D2 − E2)2m2
2
)2 , (37)

where the second term is once again overtly positive definite. Finally the diagonal seven-dimensional
system of Sec. 6 with metric gab = κ2diag(A2, B2, C2, D2, E2, F 2, G2) reveals this pattern as being
generic,

ε =1 +
4
3

(38)(
F 4G4

((
B4 − C4

)2
D4E4m1

4 +B4C4
(
D4 − E4

)2
m2

4
)

+B4C4D4E4
(
F 4 −G4

)2
m3

4
)

(
F 2G2

(
(B2 − C2)2 D2E2m1

2 +B2C2 (D2 − E2)2 m2
2
)

+B2C2D2E2 (F 2 −G2)2 m3
2
)2 .

We predict that a full non-canonical system with generic non-diagonal metric will also fail to
slow-roll, pointing to the results of Sec. 7 and (36) as evidence, and conclude that with elliptic
twisted tori in the internal manifold there can be no slow-roll inflation.
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9 Scaling solutions

One of our motivations for studying the model of this paper was to determine whether this choice
of internal manifold could permit regimes of scaling behaviour in the effective theory, and so it is
to this question that we now turn.

To study such behaviour it is usual to reformulate the equations of motion in terms of an
automonous system [12, 13, 14]. The Friedmann equation (19) describes the energy of the system
and can be recast in terms of the variables,

x ≡ κ
√
K√

6H
y ≡ κ

√
V√

3H
z ≡

κ
√
ργ√

3H
(39)

which become constant in a scaling regime, and in terms of these the expression of energy conser-
vation can be rewritten more simply as

x2 + y2 + z2 = 1. (40)

In a cosmological scaling solution the various components of the energy density evolve in con-
stant ratio to each other, causing the effective equation of state parameter in the scalar sector,

γϕ ≡
ρϕ + Pϕ
ρϕ

=
2K

K + V
=

2x2

Ωϕ
(41)

to track that of the background fluid (11), where ρϕ and Pϕ are respectively the energy density
and pressure in the scalar sector, and Ωϕ ≡ κ2ρϕ/3H2 = x2 + y2 is the total energy density of the
scalar sector. For these kinds of systems the evolution of the scale factor can be shown to evolve
according to a(t) ∝ tp, where p = 2/3γϕ.

To see whether the system exhibits scaling we need to study the evolution of the autonomous
system variables (39). In Fig. 4 we have a plot of these scaling quantities for the evolutions of
Fig. 1, and we do indeed see that the system settles into what looks like a scaling regime, at least
for a short period, before transitioning into a long phase where the energy density components
appear to be oscillating around constant values. This oscillating behaviour appears to continue
generically with the amplitude reducing very slowly, and it does therefore appear to be in an
effective scaling regime, oscillating around a true scaling solution. We also note the plots show that
each contribution to the energy density is nowhere vanishing.

Further evidence that the system is in scaling can be seen from a plot of the equation of state
parameter for the scalar field (41). It is well known from the autonomous system analysis [12] that
in the fluid dominated case there is a tracker solution in which the equation of state parameter of
the scalar sector mimics that of the background barotropic fluid. In Fig. 5 we see γϕ does indeed
appear to oscillate around γ, with the centre of oscillation appearing to approach the value of the
background fluid asymptotically. We take this as further evidence that this system of scalars is
effectively scaling.

This behaviour was found to be characteristic of this system of scalars; in all numerical simula-
tions there was period where the system appeared to converge on a scaling solution which, although
pronounced in the data presented here, was present in all the evolution runs we examined. This
was always followed by a phase change into oscillating behaviour around another scaling solution.
It appears that this generic behaviour with non-vanishing potential and kinetic energy could carry
on for some time, although in our runs we had to terminate the simulations early as the oscillations
lead to exponential memory requirements and limited the ability to run for much longer than the
examples shown here.
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Figure 4: Evolution of the energy densities of the components of the fluid, for the simulations
presented in Fig. 1. On the left is the evolution with matter (γ = 1) as the fluid component, and
on the right that with radiation (γ = 4/3). Comparison between the top and bottom graphs show
that initially there is a period of scaling before an oscillating phase takes over.

Figure 5: The evolution of the equation of state parameter for the scalar fields, given by γϕ = 2K
K+V ,

is shown along with that of the background baratropic fluid. The mid-point of γϕ during the
oscillating phase is also shown, which clearly shows that the oscillations asymptote to same equation
of system of the fluid. This suggests that the system is scaling.
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Figure 6: Values of the slope λeff of the effective potential (42), calculated in terms of the the
autonomous system variables (39) and the effective equation of state parameter for the scalar fields
(41).

10 Effective scalar behaviour

Many workers have studied scaling behaviour in cosmologies with scalar fields and exponential
potentials [12, 13, 14]. Our potential (29) is also of exponential form but with too many terms to
be understood in terms of these analyses, however it may be possible to find an effective potential
which broadly behaves in the same manner. This is motivated by the observation that in (19) the
quantity

√
K could be considered to be analogous to the time derivative of an effective scalar field

φ̇eff. Can the dynamics alternatively be described in terms of the evolution of this effective scalar,
and if so what form might its effective potential take?

The simplest exponential potential of a single field that we can write down is

Veff(φeff) = V0e
−λeffφeff , (42)

of which the asymptotic scaling behaviour is well known. We see from Fig. 4 that the energy
density is entirely dominated by the fluid component, for which analytically an attractor solution
for the effective scalar exists with γϕ = γ. Assuming the dynamics of the full system is caught in
this attractor we are lead directly to a value for λeff; in terms of the autonomous system variables
x and y we find

λeff =

√
3
2
γϕ
x

=

√
3
2

√
(2− γϕ)γϕ

y
, (43)

which we show calculated both ways in Fig. 6.
The single field approximation appears to be a fairly good one, at least initially, with the system

evolving around a scaling solution with λeff ≈ 3 before the transition into the oscillating phase.
After this transition however it is unclear what this approach can tell us; with radiation it appears
that there could be some effective lambda value, probably different from the initial one, that the
system is evolving around asymptotically, however this is less clear with matter.

The autonomous system analysis we have used is not designed to function in this kind of
oscillating picture, however if we imagine that it did and that the oscillations are caused by a
second transverse massive scalar, we might be interested in how the frequency associated with that

12



Figure 7: The effective frequency of oscillations of the x and y autonomous system variables (39).

scalar is evolving. We can calculate that from the numerical results utilising an idea from [15] by
which we determine the pointwise wavelength, T = 2π/ω, of a given simply oscillating function by
calculating the value of T for which the integral∫ t+t0/2

t−t0/2

[
f(t− T

2
)− f(t+

T

2
)
]2

dt (44)

is minimised, over some suitable width t0 around the point in question. In this way we calculate
the frequency of the oscillations in the x and y autonomous variables, picking t0 to be the difference
between the pair of maxima adjacent to each considered point, and minimising for T to arrive at
the frequency plots in Fig. 7.

11 Evolution near the vacuum: scaling with oscillations

The plots for Aa (Fig. 1) make clear that the later evolution of the system consists of shape
oscillations around the vacuum A1 = A2, A3 = A4, A5 = A6, with a monotonic increase in the
volume modulus ϕ1. In a suitable basis of fields we may write an effective Lagrangian

L = −1
2

(∂ϕ1)2 − 1
2

(∂χA)2 − 1
2
µ2
Aχ

2
Ae
−λκϕ1 , (45)

where λ = 3
√

2/7 and the index A runs over three dynamical shape moduli which can be thought of
as the ratio of the repeat lengths in the three toroidally compactified planes. In a FRW background
we therefore arrive at the following field equations for these scalars,

ϕ̈1 + 3Hϕ̇1 =
1
2
λκµ2

Aχ
2
Ae
−λκϕ1 , (46)

χ̈A + 3Hχ̇A = −µ2
A e−λκϕ1χA. (47)

This effective Lagrangian describes shape moduli oscillations with frequency ωA = µAe
−λκϕ1/2,

which contribute an effective potential to the volume modulus of 1
2λµ

2
A〈χ2

A〉e−λκϕ1 . Here 〈χ2
A〉 is

the time average of the shape moduli oscillations, which are assumed to have a much shorter period
than the timescales set by H−1 or ϕ1/ϕ̇1.
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Let us assume that the amplitude of the shape moduli oscillations decay as t−σ from some
time ti; that the dynamics behave according to a scaling regime so that each term in the equation
of motion scales with the same power of t; and that the energy density in the fluid is scaling
along with the scalar so that H = 2/3γt. In this case there is an approximate solution to (46)
ϕ1 = (α/κ) ln(t/ti) + ϕ1,i, with

α =
2λ

3γ(2− γ)
κ2µ2

A〈χ2
Ai〉e−λκϕ1,i

3H2
i

, (48)

σ = 1− 1
2
αλ. (49)

Given that the energy density of the scalar fields is

ρs =
1
2
ϕ̇2

1 +
1
2
χ̇2
A +

1
2
µ2
Aχ

2
Ae
−λκϕ1 , (50)

we can take a time average to remove the effects of the oscillations, using 〈χ̇2
A〉 = ωA

2〈χ2
A〉

〈ρs〉 =
α2

2κ2t2
+ µ2

A〈χ2
A〉e−λκϕ1 . (51)

Using our approximate solution for ϕ1, as well as its equation of motion (46), this can be re-
expressed as

〈ρs〉 =
α2

2κ2t2
+

2(2− γ)
λγ

α

κ2t2
, (52)

and hence for small Ωφ, the kinetic energy of ϕ1 is O(α) down from the oscillatory contributions
and can indeed be neglected. We then find that we can express the parameter α describing the
rate of change of ϕ1 as

α =
2λ

3γ(2− γ)
Ωφ, (53)

and we see that the time averaged energy scales as t−2 which is indeed a scaling solution and our
assumptions are consistent.

Now we turn to the solution for χA, which we have assumed takes the form

χA ∝ <
[
t−σ exp

(
−i
∫ t

ωA(t′)dt′
)]

. (54)

Substituting into Eq. (47), and comparing real and imaginary parts, we find

σ(1− 2/γ) + σ2

t2
− ω2

A + µ2
Ae
−λκϕ1 = 0, (55)

2(σ − 1/γ)ωA
t

− ω̇A = 0. (56)

Hence we recover ωA ' µAe−λκϕ1/2 which implies ω̇A = −1
2λαωA/t, and thus find that

σ =
1
γ
− 1

4
λα. (57)

Eqs. (49) and (57) are in contradiction unless

α = 4(γ − 1)/γλ, (58)

14



and so therefore α should be approximately 1/λ in the radiation era and vanish in the matter era.
Computing Ωφ we find

ρs '
8(γ − 1)
λ2γ2

1
κ2t2

, (59)

and hence
Ωs '

6(γ − 1)
λ2

. (60)

In the case of radiation we therefore expect that Ωs ' 0.7. Note that about 1/3 of the energy
density in the scalar fields comes from the kinetic energy of ϕ1, which is non-oscillatory. Looking
at the radiation era plot in Fig. 4 we see that there is a substantial non-oscillatory component and
that Ωφ ' 0.33, which is tantalisingly out by a factor of two from the analysis, but at least in the
right order of magnitude.

The frequency plot is also roughly consistent: the prediction is that the oscillation frequency
should decrease as t−αλ/2, which should be t−

1
2 in the radiation era, not far from the slope at the

end of the run which was measured to be t−0.5.
In the matter era the simulations show that Ωφ ' 0.03, although the prediction is that it should

vanish, which we put this down to a second order effect of unknown origin. Similarly, the frequency
should decay as t0 and we measured t−0.08.

12 Conclusions

In this paper we have investigated some cosmological aspects of compactifications of 11D Einstein
gravity on an elliptic twisted torus, which have the nice property of possessing a positive semi-
definite potential with 4D Minkowski minima, and partial fixing of the moduli. We find that
slow-roll inflation using the potential is not possible, as the inflationary ε parameter is always
greater than unity. We also find that there are novel scaling solutions in Friedmann cosmologies
in which the energy density in the massive moduli tracks that of the background barotropic fluid,
while the volume modulus increases as approximately t0.5 in the radiation era and a very small
power of t in the matter era.

It is an interesting question to ask whether such a scaling solution could be used to alleviate
the cosmological moduli problem. It seems phenomologically difficult at first sight, as coupling
constants in the low energy theory typically depend on some power of the volume modulus, and
are quite tightly constrained at and after nucleosynthesis.

It would also be interesting to explore compactifications with fluxes [16], where a Freund-Rubin
flux in the space-time or wrapping some of the internal dimensions may change our conclusions.
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A Reducing the Ricci scalar

We choose a higher dimensional metric to consist of a spacetime part and an internal Lie group
manifold part according to

ds2 = e2ψ(x)ds2
(1,d−1) + gij(x)ei ⊗ ej , (61)

= e2ψ(x)ηµνe
µ ⊗ eν + gij(x)ei ⊗ ej

= ĝµ̂ν̂e
µ̂ ⊗ eν̂ ,

with the co-ordinates on spacetime being represented by x and those on the internal space by y,
ψ(x) represents a freedom to choose the spacetime co-ordinates. In the following we shall analyse
this space using the frame eµ̂ = (eµ, ei), note that this is not an orthonormal frame. In order to
find the connection one-forms, ωµ̂ν̂ , we need to solve

dĝµ̂ν̂ − ωρ̂µ̂gρ̂ν̂ − ω
ρ̂
ν̂gµ̂ρ̂ = 0 (62)

deµ̂ + ωµ̂ν̂ ∧ e
ν̂ = 0,

and the curvature two-forms follow from

R̂µ̂ν̂ = dωµ̂ν̂ + ωµ̂ρ̂ ∧ ω
ρ̂
ν̂ . (63)

We find that the Ricci tensor is given by

R̂µν = R(d)µν − (d− 2)∇µ∇νψ − ηµν∇ρ∇ρψ − (d− 2)ηµν∇ρψ∇ρψ + (d− 2)∇µψ∇νψ (64)

−1
4
∇µgij∇νgij −

1
2
gij∇µ∇νgij +

1
2
gij (∇µgij∇νψ +∇νgij∇µψ)− 1

2
ηµνg

ij∇ρgij∇ρψ

R̂µj = −1
2
gkl∇µgkmfmlj

R̂ij = R̃ij + e−2ψ

(
1
2
gkl∇µgik∇µgjl −

1
2
∇µ∇µgij +

1
4
gkl∇µgkl∇µgij −

1
2

(d− 2)∇µψ∇µgij
)
.

In deriving this we have used the fact that compact Lie groups are unimodular, giving f I IJ = 0
[2, 17, 18]. R̃ij denotes the curvature of the internal space, treating the gij as constant and the
covariant derivatives, ∇µ are for the metric ds2

(1,d−1) with their indices raised by ηµν . Given the
Ricci curvatures above we can see one of the issues related to the consistency of truncation, namely
that there is nothing to source Rµj and so it must vanish by the 11D equations of motion. For the
cases we consider, we find that this term does vanish.

We may now trace the above to find the following Ricci scalar

R̂ = Rint + e−2ψ[R(d) − 2(d− 1)∇2ψ − (d− 1)(d− 2)∇µψ∇µψ − gij∇2gij (65)

−3
4
∇µgij∇µgij − (d− 2)gij∇µgij∇µψ −

1
4
gij∇µgijgkl∇µgkl].

Making use of the gauge freedom we choose

e(d−2)ψ√gij = κD (66)

showing that the physical volume of the internal space is given by

Vphys = +Vint e
(2−d)ψ. (67)
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This gauge choice enables us to write

R̂µν = R(d)µν +
1

2(d− 2)
gij∇σ∇σgijηµν +

1
4
∇µgij∇νgij +

1
2(d− 2)

ηµν∇σgij∇σgij (68)

− 1
4(d− 2)

gij∇µgijgkl∇νgkl

= R(d)µν +
1
4
∇µgij∇νgij − ηµν∇2ψ − (d− 2)∇µψ∇νψ

R̂ij = R̃ij +
1
2
e−2ψ

[
gkl∇µgik∇µgjl −∇µ∇µgij

]
R̂ = e−2ψ[R(d) − 2(d− 1)∇2ψ − gij∇2gij −

3
4
∇µgij∇µgij −

1
4(d− 2)

gij∇µgijgkl∇µgkl]

+Rint.

B Construction of the elliptic twisted torus

These groups [10] are related to the ISO(N) group of isometries in N -dimensional space, and are
described by the structure constants fabc, where the indices a, b, c = 0, 1, 2... and the non-zero
components are given by

f i0j = M i
j , (69)

with i, j = 1, 2, .... The matrix M is skew symmetric and real, and we can choose a basis in full
generality in which it takes the form

M =


0 m1 0 0 0
−m1 0 0 0 0

0 0 0 m2 0
0 0 −m2 0 0

0 0 0
. . .

 . (70)

In terms of left-invariant one-forms we have

dea = −1
2
fabc e

b ∧ ec (71)

and in terms of generators we have

[Tb, Tc] = fabc Ta. (72)

To understand the algebra first consider the 3D group,

[T0, T1] = −m1T2, [T0, T2] = m1T1, [T1, T2] = 0 (73)
de0 = 0, de1 = −m1e

0 ∧ e2, de2 = m1e
0 ∧ e1, (74)

which can be represented with the matrices

T0 =

 0 m1 0
−m1 0 0

0 0 0

 , T1 =

 0 0 1
0 0 0
0 0 0

 , T2 =

 0 0 0
0 0 1
0 0 0

 (75)
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which we recognise as the algebra of translations and rotations in 2D Euclidean space, and give the
group element

g(x, y, θ) =

 cos(m1θ) sin(m1θ) x/κ
− sin(m1θ) cos(m1θ) y/κ

0 0 1

 , 0 < θ < 2π/m1 (76)

from which we may calculate the left-invariant one-forms

e0
L = dθ (77)
e1
L = κ−1[cos(m1θ) dx− sin(m1θ) dy] (78)
e2
L = κ−1[sin(m1θ) dx+ cos(m1θ) dy] (79)

and the right-invariant one-forms

e0
R = dθ (80)
e1
R = κ−1[dx−my dθ] (81)
e2
R = κ−1[dy +mxdθ]. (82)

Under left-translations, g(θ, x, y)→ g(α, a, b)g(θ, x, y), we have

θ → θ + α (83)
x → a+ x cos(m1θ) + y sin(m1θ) (84)
y → b− x sin(m1θ) + y cos(m1θ) (85)

while under right translation, g(θ, x, y)→ g(θ, x, y)g(α, a, b), we have

θ → θ + α (86)
x → x+ a cos(m1θ) + b sin(m1θ) (87)
y → y − a sin(m1θ) + b cos(m1θ) (88)

which allows us to make identifications on the space, thereby making it compact.
The adjoint action on the generators is

h−1(0, a, b)Tah(0, a, b) = D(h) b
a Tb (89)

h−1(0, a, b)T0h(0, a, b) = T0 −mbT1 +maT2 (90)
h−1(0, a, b)T1h(0, a, b) = T1 (91)
h−1(0, a, b)T2h(0, a, b) = T2 (92)

giving

D(h) 0
0 = 1, D(h) 1

0 = −mb, D(h) 2
0 = ma, (93)

D(h) 1
1 = 1 (94)

D(h) 2
2 = 1. (95)

Under right-translations by g(0, a, b) the left-invariant one-forms change by

e0
L → e0

L (96)
e1
L → e1

L + κ−1bme0
L (97)

e2
L → e2

L − κ−1ame0
L (98)

18



which is the adjoint action of ea → ebD(h−1) a
b .

For our case of interest, 7D, we need the structure constants

f1
02 = m1, f3

04 = m2, f5
06 = m3 (99)

with the rest either vanishing or given by anti-symmetry. Note that the zero index still resides on
the 7D space, and is not the time direction. Also note that this algebra is not semi-simple because
the Killing metric, Gcd = fabcf

b
ad, is not invertible. Indeed, the only non-zero component is given

by

G00 = Tr(M2). (100)

In terms of the internal space ansatz, gabea⊗eb, if the space was being formed by a coset with a
continous subgroup we would expect to find restrictions on available the degrees of freedom due to
invariance and consistency requirements [8], however there is no such restriction here when dividing
by a discrete subgroup as detailed above.

C Scherk-Schwarz ansatz and gauge fixing

We adopt a modified ansatz for the metric, given by the the Scherk-Schwarz form

ds2 = e2ψ(x)ds2
(4) + gabν

a ⊗ νb (101)
νa = ea −Aa (102)

where Aa are gauge fields. Upon substituting this into the Riemann scalar of the action we find an
effective theory described by the scalars gab, charged under the non-Abelian gauge fields Aa. The
gauge transformations are

δAa = dξa − fabcξbAc. (103)
δgab = −f cadgcbξd − f cbdgcaξd. (104)

and the covariant derivative of the scalars is

Dgab = dgab + gacf
c
bdA

d + gbcf
c
adA

d. (105)

Within Scherk-Schwarz compactification we have the following gauge transformations

δg00 = −2M i
jg0iξ

j (106)

δg0i = −M j
kgjiξ

k +M j
ig0jξ

0 (107)

δgij = (Mk
igkj +Mk

jgki)ξ
0 (108)

We may use the ξi gauge parameters to set the g0i = 0 gauge, leaving us one more gauge degree of
freedom which we shall not fix. However this does require some assumptions on the rank of M .

This all amounts to allowing us to use the gauge g0i = 0, with no loss of generality.
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