A GENERALIZATION OF A THEOREM OF WHITE
VICTOR BATYREV AND JOHANNES HOFSCHEIER

ABSTRACT. An m-dimensional simplex A in R™ is called empty lattice simplex if ANZ™
is exactly the set of vertices of A. A theorem of White states that if m = 3 then, up to an
affine unimodular transformation of the lattice Z™, any empty lattice simplex A C R? is
isomorphic to a tetrahedron whose vertices have third coordinate 0 or 1. In this paper, we
prove a generalization of this theorem for some special empty lattice simplices of arbitrary
odd dimension m = 2d — 1 which was conjectured by Seb6 and Borisov. Our result implies
a classification of all 2d-dimensional isolated Gorenstein cyclic quotient singularities with
minimal log-discrepancy > d.

1. INTRODUCTION

We work with polytopes A in the m-dimensional real space R™ containing the standard
lattice Z™. By ey, ..., e, we denote the standard basis of Z™. A k-dimensional simplex A
is a convex hull of affinely independent vectors vy, ..., vg11 of R™ in which case vy, ..., vp 11
are the vertices of A. We call A a lattice simplex if its vertices vy, ..., v,y are contained
in Z™. Similarly a polytope A in R™ is called a lattice polytope if its vertices are in
Z™. A lattice simplex A is called empty if ANZ™ is the set of its vertices. In [Whi64]
White posed the problem to investigate general properties of empty lattice simplices and,
if possible, classify them. By “classification” one means a classification up to a natural
notion of isomorphism, namely up to affine linear isomorphisms respecting the lattice
Z™. Many mathematicians have already worked directly or indirectly on this question
[Whi64, Mor85, MMMSS, Seb99, HZ00, Bor08, BBBK11, IVS18, IVnS19a, IVnS19b, CS20].
In [Whi64] White gave a full classification of 3-dimensional empty lattice simplices.

Theorem 1.1. (WHITE) Let A C R? be a 3-dimensional lattice simplex, i.c., a lattice
tetrahedron. Then the following statements are equivalent:
(1) A is empty;
(2) A is affine unimodularly isomorphic to a lattice simplex conv(vi,vs, v3,v4) C R
such that the third coordinate of vi,vs is 0, the third coordinate of vs, vy is 1, and
the edges Ay = conv(vy,v2), Ay = conv(vs, vg) are empty.

The aim of the present paper is to generalize this theorem to an arbitrary odd dimension
2d — 1 (d > 2). For this generalization we need some additional definitions.
First, we need the notion of unimodular lattice simplices.
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F1cUrE 1. Illustration to the theorem of White (see Theorem 1.1).

Definition 1.2. (UNIMODULAR LATTICE SIMPLEX) A k-dimensional lattice simplex
A =conv(vy,...,v0pe1) CR™
is called a unimodular lattice simplex if one of the following two equivalent conditions hold:
(1) There is an affine unimodular isomorphism «: Z™ — Z™ such that
a(A) = conv(0, ey, ..., eL);
(2) v1 — Vg1, V2 — Vg1, .-, Up — Uk 18 part of a lattice basis for Z™.

Remark 1.3. Note that if a 3-dimensional lattice simplex A C R? is empty, then all its
codimension 1 faces are unimodular lattice simplices (i.e., unimodular lattice triangles).

Second, we use the notion of a Cayley polytope (see for instance [BN07] or [BNO8]).

Definition 1.4. (CAYLEY POLYTOPE) Let Ay, ..., A, C R™ be r lattice polytopes. Con-
sider the cone

o= {()\1, A S NA) R, > o}.
The intersection of ¢ with the hyperplane

Hr = {(.fl,...,l'erT) € Rerr | Zl’l = 1}

i=1
is called the Cayley polytope of Aq,...,A, and will be denoted by A; ... x A,. It
is straightforward to show that A; % ... A, is the convex hull of the polytopes e; X
Ay, ..., e, x A, in R™". In particular, Ay x ... * A, is a lattice polytope.

Remark 1.5. Using the notion of Cayley polytope, we can reformulate the theorem of
White (Theorem 1.1) in the following equivalent form: A C R® is an empty lattice tetra-
hedron if and only if A is isomorphic to a Cayley polytope of two empty lattice segments
A = conv(vy,vy) C R? and Ay := conv(vs,vy) C R? ie., A=A % Ay,

Definition 1.6. (LATTICE SIMPLEX A(ai,...,aq1;n)) Let aj,...,aq-1,n be positive
integers with ged(a;,n) =1 (1 <i < d—1). Consider the following 1-dimensional empty
lattice simplices:

A; =conv(0,e;)) CR? (i=1,...,d—1), Ag:=conv(0,(as,...,a4_1,n)) C R?.
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Define
Alay,. .. ag_1;n) =A% - x Ay C R*,

Remark 1.7. It straightforwardly follows that the theorem of White (Theorem 1.1) is
equivalent to the following statement: A C R? is an empty lattice tetrahedron if and only if
A is isomorphic to a Cayley polytope of two empty lattice segments A; := conv(0,e;) C R?
and Ay = conv(0,ae; + ney) C R? for some integers aj,n with ged(ay,n) = 1, ie.,
A = Aag;n).

We also need the notion of h*-polynomial of a lattice polytope (see [Sta80]).

Definition 1.8. (h*-POLYNOMIAL OF A LATTICE POLYTOPE) Let A C R? be a d-

dimensional lattice polytope. Denote by ‘kA N Zd‘ the number of lattice points contained
in the kth dilate of A. The Ehrhart series of A is a rational function

he 4+ hit + ...+ hit?
dlzk _ '"0 1 d
1+ kAN Ze|tF = =

k>1

where A} (t) == > hit" is called the h*-polynomial of A. The h*-polynomial of A has the
following properties:

(1) all coeflicients hj (0 < k < d) of hj\(t) are non-negative integers;

(2) hi =1, ht = |ANZY|—d—1, by = |Int(A)NZ? |, i.e., h¥ coincides with the number
of lattice points contained in the interior of A;

(3) hiy(1) = Z?:o hi = Volg(A), where Voly(A) is the lattice normalized d-dimensional

volume of A.

Remark 1.9. It directly follows from the above properties of h*-polynomials that a 3-
dimensional lattice polytope A C R? is an empty lattice tetrahedron (as in the theorem of
White) if and only if its h*-polynomial has the form

Ra(t) =1+ (n—1)t7,
where n = Vol3(A) is the lattice normalized volume of A.

Finally, we call a set of 1-dimensional simplices conv(v;, w;) C R? (i = 1,...,7) linearly
independent if the vectors v; — w; € R for i = 1,...,r are linearly independent. The
codimension 1 faces of a polytope A are called its facets.

Now we are ready to formulate our generalization of the theorem of White:

Theorem 1.10. (GENERALIZED THEOREM OF WHITE) Let A C R*™ be a (2d — 1)-
dimensional lattice simplex. Then the following conditions on A are equivalent:
(1) ha(t) = 1+ (n— 1), where n = Volyg_1(A) is the lattice normalized volume of A.
(2) there exist positive integers ay, ..., aq—1,n with ged(a;,n) =1 (1 <i<d—1) such
that
A= A(al, ¢ % I n)
(3) A = Ayx...xAy for some linearly independent 1-dimensional empty lattice simplices
A; CRY (i =1,...,d), and all facets of A are (2d — 2)-dimensional unimodular
lattice simplices.
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Remark 1.11. In the next section, we show that our generalization of the theorem of
White was expected by Sebd in [Seb99, Conjecture 4.1].

We have organized the paper as follows. In Section 2, we prove two equivalent formu-
lations of condition (1) from Theorem 1.10 which are used in the proof of Theorem 1.10.
In Section 3, we prove a number theoretic result about Bernoulli functions on which the
proof of Theorem 1.10 relies. In Section 4, we give the proof of Theorem 1.10. Section 5
concludes the paper with an application of our results to the classification of some isolated
cyclic quotient singularities.
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2. LATTICE SIMPLICES AND THEIR h*-POLYNOMIALS

In this section, we give another equivalent formulation of the first condition in Theo-
rem 1.10 using some properties of h*-polynomials of lattice simplices (see [BR15]).

Proposition 2.1. (h*-POLYNOMIAL OF A LATTICE SIMPLEX) Let A be an m-dimensional
lattice simplex of R™ with vertices vy, vy, ..., Umy1. We set w; = (vj,1) € R = R™ xR
(1 <j < m+1). Then the k-th coefficient hj in the h*-polynomial hi(t) = Y ivy hit"
equals the number of lattice points in the parallelepiped

par(A) = {\ w1 + dows + ...+ Mg 1Wins1 | 0 < A gy ooy Ay < 1} € R™H

with last coordinate k.

We denote the interior of an m-dimensional polytope A in R™ by Int(A). We prove two
other equivalent characterizations of condition (1) from Theorem 1.10.

Theorem 2.2. Let A C R**™ be a (2d — 1)-dimensional lattice simplex with vertices
v1,...,Usq. Then the following conditions on A are equivalent:
(1) hiy =1+ (n— 1)t?, where n = Volyg_1(A) is the lattice normalized volume of A;
(2) for all k = 1,...,d — 1, Int(kA) N Z**™' = O and all facets of A are (2d — 2)-
dimensional unimodular lattice simplices;
(3) forallk=1,...,d =1, kANZ*' C Zv, + ... + Zvy.

In the proof of Theorem 2.2, we use the fractional part {z} of a real number = which is
defined as {zr} = x — || where || denotes the largest integer that is less than or equal
to x. The function x — | x| is called the floor function.

Proof. (3) = (2). Suppose condition (3) holds. We claim that

par(conv((v;, 1): i # §))NZ** = {Z)\ v, 1): 0< N\ < 1} NZ** = {0} forj=1,...,2d.
i#j
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Assume towards a contradiction that 0 # (w, k) = >, Ai(vi, 1) € 72 for some 0 < \; < 1
where k = Zi# Ai € Z~g. Since, by condition (3), w € IA for [ =1,...,d — 1, it follows
that & > d. Consider the lattice vector 0 # w’ :== >, {1 — Ai}v; € 7', We have
Yozl =N} <2d—1-% N <d, ie, w €k'A for some k' < d — 1. Contradiction.

By [Gru07, Corollary 21.2], there exists wyq € Z** such that (vy, 1), ..., (vag_1,1), waq
is a basis of Z?*?. Notice we may assume that the last coordinate of wsg is 1. Thus for
Jj € {1,...,2d} the facet A; < A that does not contain v; is a (2d — 2)-dimensional
unimodular lattice simplex. Since for all k =1,...,d—1

Int(kA) N 2241 = {ZAUZ ZA k:,/\l->0forallz':1,...,2d},

it follows by condition (3) that Int(kA) N Z*~ = (.

(2) = (1). Suppose condition (2) holds. Consider par(A) = {>°, A;j(v;,1) |0 < A\ < 1}
By Proposition 2.1, the kth coefficient of h’(t) equals to the number of lattice points
contained in par(A) N {zeg = k}. Let w = >, Ni(v;,1) € par(A) N {zog = k} N Z*,

e, 0 <\ < 1with Y, N, = k € Z. Since all facets of A are (2d — 2)-dimensional
unimodular lattice simplices, it follows that A; = 0 for all 7, or A\; > 0 for all 7. Let
k >0, then all \; > 0 for all 4, i.e., w = 3, Ny € Int(kA) N Z*'. Hence k > d. We
claim that £ < d as well. Indeed, assume towards a contradiction that k& > d. Then
0#w = {1 —\}v € par(A) N Z**" with > {1 — N} <2d — >, \; < d. The latter
contradicts the assumption (notice {1 — \;} > 0). Hence, we have seen that all coefficients
of hi(t) are 0 except for the 0th and the dth, i.e., hi(t) = 1 + (n — 1)t¢ for the integer
n = hZ(l) = VOIQd_l(A).

(1) = (3). Suppose condition (1) holds. Then

par(A) N {zoyy =k} NZ** =0 forallk=1,...,d— 1.

Let w = >, \v; € kKANZ* ! for 0 < N\ with 32,0 = k € {1,...,d — 1}. Then
w =Y N € 2 with0 < {\}<land 0< 1= {N} <Y i =k<d—1,ie,
S AN} (vi, 1) € par(A) N {zyg = 1} N Z** for an integer 0 < [ < d — 1. The case [ > 0 is
not possible by our assumption. Thus, [ = 0. This implies {\;} = 0 for all 4, i.e., \; € Z,
andw:zi)\iviGZvl+...+ngd. O

3. THE METHOD OF MORRISON AND STEVENS

The proof of the generalized theorem of White (Theorem 1.10) is based on a method
of Morrison and Stevens that uses some number theoretic properties of the 1-st periodic
Bernoulli function whose Fourier series expansion is given by

2mwinx

El(x) — Z e v _lzsiniﬂnx .

2min
In|>1 n>1
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By standard Fourier analysis, this series converges pointwise to the sawtooth function
{z} — L where {y} =y — |y] denotes the fractional part of y € R. Thus, we get

29
_ 1l i dZ
Bl(l’): {1:} 2 71$€
0 Jifrx eZ

Remark 3.1. In general, one sets Bo(r) == 1 and defines the I-th periodic Bernoulli
function By(x) (I > 1) as
Al 627rinx

(2mi)! nl

In|>1

Bi(z) = —

Morrison and Stevens used the following statement [MS84, Section 1, Corollary 1.3]:

Theorem 3.2. ' Let d,n be positive integers (n > 2) and let ay,...,aq be integers such
that ged(a;,n) =1 (1 <i < d). Suppose for allt € Z one has

d ta;

Then the integer d is even and after reordering the integers a; we get a;+a;+1 =0 (mod n)
forallt=1,3,5,...,d—1.

We give a complete proof of Theorem 3.2 for arbitrary d.

Remark 3.3. We remark that Theorem 3.2 is a special case of a conjecture of Borisov
[Bor97, Conjecture 2].

Notice that the case n = 2 in Theorem 3.2 is straightforward. Hence in the following
n > 3. We consider the finite abelian group G,, := (Z /nZ)", i.e., the group of units in
the finite ring Z /nZ. Since n > 3, we have |G, | = ¢(n) > 2 and g # —g for all g € G,,.
Denote by C[G,] the group algebra of G, over C, i.e., C[G,] = {}_ ¢, a404: a5 € C},
where the elements o, for g € G, form a canonical C-basis of C[G,]. Since G, naturally
acts on Z /nZ by multiplication, and Z /nZ is canonically isomorphic to the subgroup
17 /7 Cc R/ Z, the value B;(gz) is well-defined for any g € G,, and for any = € 1 Z / Z.

For any x € %Z/Z, we consider the Stickelberger element

S(x) = Z By (gx)o, € C[G,)],
9€Gn
and denote by U the C-vector subspace of C|G,,| generated by all Stickelberger elements
S(z), ie., U=span{S(z): z € 1 Z | Z}.
Let {0;: g € G,} be the basis of the dual vector space C[G,] which is dual to the
canonical basis {0,: g € G, } of C[G},]. We denote by

—

<'7 > C[Gn] X (C[Gn] - C? <U7 f> = f('U)

Morrison and Stevens only gave a proof for d = 4. A similar result has been shown by Reid in [Rei87,
Appendix to §5]. A generalization of Theorem 3.2 using Reid’s method was found by Celaya [Cel18].
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the natural dual pairing. The key idea is to show that a basis of the orthogonal complement
UL:{fGC/[_G\n]: f(u)=0forall u e U}
of the subspace U C C[G,,] is given by the p(n)/2 elements u; := o} + 0, for g € G.:

Lemma 3.4. {u} = o0} +0*,: g € Gyn} is a basis of U+. In particular dime(Ut) =
dimc(U) = ¢(n)/2.

We postpone the proof of Lemma 3.4 until the end of this section and now complete the
proof of Theorem 3.2.

Proof of Theorem 3.2. We consider the element

u' =g o+t oa € ClG),
where @y, . .., ag are the elements of G,, = (Z /nZ)* corresponding to the integers ay, .. ., aq.
From the assumptions in Theorem 3.2, it follows that for all integers ¢ € Z we have

<S(ﬁ>’u > = <Z Bl(;)09,0m+0a2+---+0%>

g€Gn

— [t — ([t = [t
:Bl(ﬂ) +Bl(ﬂ) +...+Bl(ﬁ) 0
n n n

Thus u* € U*. On the other hand, we can write u* = geGn Koy for some nonnegative
integral coefficients k, (¢ € G,,), where k,, is the nonnegative multiplicity of the basis vector
o, in the sum Zle 05— By Lemma 3.4, we can write u* as a unique linear combination of
sums o, + o*  over all p(n)/2 pairs {g, —g}, i.e., there exists a set of ¢(n)/2 coefficients
Afg,—g} corresponding to pairs {g, —g} such that

ut = Z kyg; = Z )‘{9,—9}(0; + O-ig)’

geGn {9,—9}CGn
d=Y k=2 > Ay—g-
9€Gn {9,—9}CGn
Hence ky, = k_g = A(y_g) for all g € G,,, and d € 27Z. Thus one can reorder the integers
{a;}_, into pairs {a;,a;41} fori =1,3,...,d — 1 such that a; + a;41 =0 (mod n). O

It remains to show Lemma 3.4.

Proof of Lemma 3.4. Consider the regular representation p: G — GL(C|G,]) of G, i.e.,
for all g € G,
Pg: C[Gn] — C[Gn], Oh = Ogh-

Since G, is a finite abelian group, the C-space C[G,,] splits into a direct sum of p(n) =
|G| 1-dimensional invariant subspaces W; C C[G,] (i = 1,...,¢(n)) corresponding to
pairwise different characters xi, ..., Xy(n). By simultaneous diagonalization of commuting
endomorphisms p, (g9 € G,), we obtain another C-basis e, ..., eyn) of C[G,] consisting
of orthogonal idempotents e; € C[G,] such that for all i € {1,...,¢(n)} one has e = ¢;,
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pylei) = xi(g)e; (for all g € Gy,), e;e; = 0 for i # j, and 1 = wa) e;. Let X(n) =
{X1,- -, Xpm)} be the group of characters of G,,. Then X'(n) = G, but this isomorphism
is not canonical. By well-known properties of characters (see for instance [Isa06, Theorem
2.12]), we obtain the following relation between the two bases ey, ..., e,m) and {og}geq,:

= Z Xi(g)e; for all g € G,

and
— Z xi(g o, foralli e {1,...,p(n)}.
€G

One has X(n) = X (n) U X (n), where XT(n) = {x € X(n): x(—1) = 1} is the
subgroup of even characters and X~ (n) = {x € X(n): x(—1) = —1} is the set of odd
characters. Obviously, one has |XT(n)| = |X~(n)| = ¢(n)/2.

For any x € X(n) there exists a minimal positive integer C, dividing n such that the
character x: G, = (Z /nZ)* — C* factors through the natural homomorphism (Z /nZ)* —
(Z /C\ Z)*. The integer C is called the conductor of x. We denote by the same letter
x the lift of x: G,, = (Z /nZ)* — C* to its corresponding Dirichlet character. This is a
function y: Z — C satisfying the following conditions

(1) x(a) = x(b) if a=b (mod C,);

(2) x(ab) = x(a)x(b) for all a,b € Z;

(3) x(a) = 0 if ged(a, Cy) # 1

(4) x(a) = x(@) if ged(a,Cy) = 1, @ = a + Cy Z, where x on the right hand side is
considered as the unique homomorphism x: (Z /C, Z)* — C".

Since C), | n, the values of the function x: Z — C on elements g of G, are well-defined.
To any character xy € X'(n), one assigns a complex number

In [Was97, Chapter 4], the numbers B; ,, are called generalized Bernoulli numbers. We will
need the following nontrivial result on the nonvanishing of By,

Theorem 3.5. If x is an odd Dirichlet character, then B, # 0.

Theorem 3.5 is a direct consequence of the following three statements from classical
number theory (see for instance [BS66, Ch. V, §2], or [Rib01, Ch. 21 and Ch. 22]):

Theorem 3.6. Let x be a non-trivial Dirichlet character and let
— X(1)
= E R >0
X) n=1 ne ’ e(S)

2Washington writes in [Was97, p. 38]: “...Note that the theorem implies that Bi, # 0 if x is odd.
There is no elementary proof known for this fact...”.
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be the corresponding Dirichlet L-function. Then L(1,x) # 0.

Theorem 3.7. [BS66, Ch. V, §2, Theorem 3] Let x be an odd Dirichlet character with
conductor Cy. Denote by X the conjugate odd character. Then

Cx

£1x) = 7T S sk = mi B,
X k=1 X
where T(x) denotes a Gauss sum
CX
T(X) — ZX(Q)(BQm'a/CX )
a=1

Theorem 3.8. Let x be a Dirichlet character with conductor C,. Then the absolute value
|7(x)| of the Gauss sum 7(x) is \/Cy. In particular, 7(x) # 0.

Take an odd Dirichlet character x; induced by an odd character y; € X~ (n) of G,.. By
Theorem 3.5, we have By ,, # 0. We rescale the vector e; € C[G,] by the non-zero factor
|G| Bi,y; and obtain

Uy, = |Gn|Bl,Xz‘ei = Bl,Xi Z Xi(g_l)ag - Z Bl,XiXi(g_l)Ug
gEG’n QEGTL
Cy,
1 k
= Y wbnl ) B (C—) ”
9ECn k=1 (kg—1) i
1 N k
K =kg~ — g
=) D xlk)B <C_> o
9eCn k=1 Xi
C,. c,.
Xi o k,g Xi L/
_ / _ /
k=1 geCn i k=1 i

It follows that for all x € X~ (n) the vector u, is contained in U. Since the e; are linearly
independent, we obtain a linearly independent set {u,: x € X~ (n)}. Hence dimc(U) >
©(n)/2. Since dime(U) + dime(U+) = dime(C[G,]) = ¢(n) it follows that dime(U+) <
¢(n)/2. On the other hand, the ¢(n)/2 elements u} = o} + o are contained in U™,
because for all € 1 Z / Z one has

g

(S(x),u}) = <Z Bi(gx)g,0; + 0*_g> = Bi(gz) + Bi(—gz) = 0.

geGnp,
Moreover, the ¢(n)/2 elements {u;: g € G, } are linearly independent, since {0} : g € G, }

form a basis of (C/[G\n] . Thus, we obtain the opposite inequality dime(U+) > ¢(n)/2. Hence,
dimg(U) = ¢(n)/2 and the set {u}: g € G,} is a basis of U*. Lemma 3.4 is proved. [
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4. THE PROOF OF THEOREM 1.10

In this section we prove Theorem 1.10. We need the following statement which was
implicitly used in the proof of Theorem 2.2.

Proposition 4.1. Let A = conv(vy,...,vsq) C R*™! be a (2d — 1)-dimensional lattice
simplex with hi(t) = 1 + (n — 1)t¢, where n = Volyg_1(A) (see Theorem 2.2). Sup-
pose that for some rational numbers 0 < \; < 1 (i € {1,...,2d}) the linear combination
S22 Nivi, 1) € Z%* s a lattice vector. Then either S5, A = 0, or Y2, Ay = d. Furthermore,
if >, i =d, then \; # 0 for all i.

Proof. By Proposition 2.1 and our assumption, if w = Z?il Ai(vi, 1) € Z* is a lattice
vector for some rational numbers 0 < \; < 1 (i € {1,...,2d}), then either > .\, = 0 (if
w=0)or )y N\ =d(ifw#0).

To show the second part of the statement, assume towards a contradiction that there
is a lattice vector as above 0 # w = Zfil Xi(v;,1) € Z** but with, e.g., \; = 0. Then
0432 {1 =N}, 1) € Z2with0 < {1 - N} <1(e{l,...,2d}) and 324 {1 — \} <
2d —1— Zfil A; =d — 1. A contradiction to our assumption on A. O
Proof of Theorem 1.10. (1) = (2). Let A = conv(vy,...,vq) C R*™ be a (2d — 1)-
dimensional simplex such that hi(t) = 1+ (n — 1)tY. By Theorem 2.2, all facets of
A are (2d — 2)-dimensional unimodular lattice simplices and for all k& = 1,...,d — 1,
Int(kA) N Z**" = (. Therefore, the facet ' :== conv(vy,...,veq 1) C A is a (2d — 2)-
dimensional unimodular lattice simplex, and thus we can extend the set of lattice vectors
(v1,1),..., (v24-1,1) to a Z-basis

(v, 1), ..., (vaa_1,1), (w, 1) € Z* = 7> x 7.
Hence the lattice vector (vyg, 1) € Z*? can be written as an integral linear combination:
(vag, 1) = ny(v1, 1) + -+ - + nog_1(veg_1, 1) + n(w, 1),
where the last coefficient n equals Volyg_1(A). We set
A’ = conv((vy, 1), ..., (v9q,1)) C R*
such that A’ = A. Consider the finite abelian group
G(A) = Z* )(Z(v,1) + ... + Z(vag, 1)),

which is generated by (w, l) such that G(A’") =2 Z /nZ. Therefore, we can choose the lattice
vector (w,1) € Z**Npar(A) as a rational linear combination

2d
1
7l: iia17 zG—Z,Oﬁ 2<]-
(w, 1) ;u(v ), i €~ p

We write

Q; . .
p; = — for some integers 0 < a; <n (i=1,...,2d).
n



A GENERALIZATION OF A THEOREM OF WHITE 11

By Proposition 4.1, for all t € Z\nZ and for all i = 1,...,2d, one has {ta;/n} # 0, i.e.,
ged(a;,n) =1 forall i =1,...,2d. The last condition implies that for all ¢t € Z\nZ

2d
0 # Z{%}(Ui, 1) € par(A) N Z* .

This shows that we can assume ayq = 1. Furthermore, we obtain for all ¢t € Z\n Z

t t
d= Z{ al} (by Proposition 4.1) < 0 = ZBl( al)
n

=1

The right hand side of this equation is satisfied for all integers ¢t € nZ, since B, (k) = 0
for all integers k € Z. By Theorem 3.2, we can assume (after reordering the lattice vectors
U1, ..., Voq—1) that ag;_1 + az; = 0 (mod n) for all i = 1,...,d (we can leave the lattice
vector vyg at its place, i.e., agg_1 =n — 1, agg = 1).

Let a be the unique unimodular linear isomorphism which maps the basis

{(’Ul, 1), cey (Ugdfl, 1), ('ll), l) — (?}2, 1) — <U4, 1) — ... — (Ugd,Q, 1)} C ZQd_l X 7,
of Z* to the basis
{(617 0)7 (617 61)7 (627 O)a (627 62)7 R (€d> 0)7 (€d7 ed)} C Zd X Zd .

With the equations ag;_1 + ag; = n for all i = 1,...,d and the linear relations
2d—1 d—1
(/UQda 1) = n(w7 l) - Z ai(via 1)7 (€d7 ed) = &((wa l)) - Z(eia ei):
i=1 =1
we obtain

o (vaas 1)) = na((w, 1)) 2 aso((vs, 1))

d—1 d—1
€d,€d + n(z €i, € > - a2d71(€d70) - (Z a2i71(€i70> + a2¢(€i, ei))
i=1
d

=1
1
n(eq, €a) + <Z azi—1(€i, €;) — azi- 1(62,0))> — (n —1)(eq,0)

=1
d—1

= (eq,neq) + Z(O, agi—1€;)
i=1
= <€d, aijeq -+ aseés —+ as€s + -+ a24—3€4—1 + ned).
Hence A is affine unimodularly isomorphic to Ay * ... x Ay for
A; = conv(0,e;) CR? fori=1,...,d — 1 and
Ay = conv(0, (a1, as, as, . . ., asg_3,n)) C R

This proves (1)=(2).
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(2)=-(3). Suppose that A = A(ay,...,aq-1;n) for some positive integers ay,...,a4-1,n
with ged(a;,n) = 1 for all © € {1,...,d — 1}. Clearly, then A is isomorphic to a Cayley
polytope Aj x---x Ay for some linearly independent 1-dimensional empty lattice simplices
A; € R Moreover, G(A") 2 7 /nZ, where

A= (A1) = (A, ., aq-1;n), 1) C R

Now we can directly compute the h*-polynomial of A and obtain hi(t) = 1+ (n — 1)t
By Theorem 2.2, it follows that all facets of A are (2d — 2)-dimensional unimodular lattice
simplices. This proves (2)=(3).

(3) = (1). If A = Ay x...x Ay is a Cayley polytope, then we obtain a surjective lattice
projection m: A — ¥, 1, where 3, 1 is a (d — 1)-dimensional unimodular lattice simplex.
Since k4,1 has no interior lattice points for £ < d — 1, it follows that

Int(kEA)NZ* ' =0 forallke {1,...,d—1}.

By Theorem 2.2, this implies that hi(t) = 1+ (n — 1)t¢, where n = Volyg_1(A). This
proves (3)=-(1). O

Theorem 1.10 together with Theorem 2.2 implies the following expanded version of a
generalization of Theorem 1.1.

Corollary 4.2. (EXPANDED VERSION OF THE GENERALIZED THEOREM OF WHITE) Let
A C R*7 be a (2d — 1)-dimensional lattice simplex. Then the following conditions on A
are equivalent:

(1) Forallk=1,...,d—1, kANZ**' C Zv, + ...+ Zuyg.

(2) For all k = 1,...,d — 1, Int(kA) N Z**' = O and all facets of A are (2d — 2)-
dimensional unimodular lattice simplices.

(3) hiy =1+ (n— 1)t¢, where n = Volyg_1(A) is the lattice normalized volume of A.

(4) A is isomorphic to one of the simplices A(ay, .. .,aq_1;n) from Definition 1.6.

(5) A = Ayx...xAy for some linearly independent 1-dimensional empty lattice simplices
A; € R? and all facets of A are (2d — 2)-dimensional unimodular lattice simplices.

As an illustration we consider the case of 5-dimensional lattice simplices (i.e., d = 3).

Corollary 4.3. Let A C R’ be a 5-dimensional empty lattice simplex with Vols(A) = n.
Then the following statements are equivalent:

(1) hy =1+ (n— 1)t3, where n = Vol5(A) is the lattice normalized volume of A.

(2) A is isomorphic to one of the lattice simplices A(ay, ag;n) from Definition 1.0.

(3) A= Ay %Ay x Ay for linearly independent 1-dimensional lattice simplices A; C R?,
and all lattice points contained in 2AN7Z° are either the vertices of the simplex 2\,
or the midpoints of its edges.

Finally, we give an example which shows that the assumption about lattice points in 2A
in Corollary 4.3(3) cannot be dropped, in other words, one cannot omit the assumption
that all codimension 1 faces of A are unimodular lattice simplices in Theorem 1.10(3).
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Example 4.4. Let p # ¢ be two prime integers and consider the following linearly inde-
pendent segments in R?:

Ay = conv(0, (1,0,0)), Ay :=conv(0,(1,p,0)), As:=conv(0,(1,0,q)).

Then the Cayley polytope Aj x Ay x Ag is an empty 5-dimensional lattice simplex in the
affine lattice plane {z1 + xo + 23 = 1} C RS and it is isomorphic to

A = conv(0 X Ay, e; X Ag,eg X Ag) CR>=R?xR3.

Notice the doubled simplex 2A contains lattice points which are not an integer linear

combination of the vertices of A, namely for k=1,...,p—1landl=1,...,¢q— 1, we have
k —k —k k
(1707 17 kf,O) = _(170a 17p7 0) + p—(LOvOaO?O) + p—(0707 17070) + _(0707()’070)
p p p p
and
[ q—1 q—1 [
(0,1,1,0,1) =-(0,1,1,0,9) + —(0,1,0,0,0) + ——(0,0,1,0,0) + —(0,0,0,0,0).
q q q q

We claim that there is an isomorphism
G(A) =Z° /(Z(v, 1) + ...+ Z(vs, 1)) X Z JpZ DL )qZ = 7 |pq Z,

where v; are the vertices of A defined above. Indeed every element of G(A) has a unique
representative in par(A). By [Cas97] or [Seb90, Lemma 2], the total number of lattice
points contained in par(A) equals to the determinant of the matrix, whose rows consist of
the vertices of A and added a column with ones. It is straightforward to show that the
determinant of this matrix is pg. The remaining non-zero elements in G(A) are induced
by lattice points in 3A, namely for k=1,...,p—landl=1,...,q—1

2 _k I .y
Y(1,0,1,p,0) + 275(1,0,0,0,0) + 2(0,1,1,0,¢) + £=7(0,1,0,0,0)+
P P q q
feq + 1 kg + 1
{— s p}(o,0,1,0,0>+{ s p}<o,o,o,o,0>-
pq prq

Thus, the h*-polynomial of A equals
hat) =1+ (p+q—2)+(p—1)(¢ - 1)t”
By Theorem 1.10, this implies A 2 A(aq, as; pq).

5. CLASSIFICATION OF SOME ISOLATED CYCLIC QUOTIENT SINGULARITIES

Let us now explain how Theorem 1.10 gives rise to a full classification of 2d-dimensional
isolated cyclic quotient singularities with minimal log-discrepancy > d.

An m-dimensional cyclic quotient singularity is an affine variety obtained as the quotient
of C™ by a linear action of the cyclic group pu,, of n-th roots of unity. After diagonalizing,
we can always assume that the u,-actions is given by

f X C™ = C™ (¢, (21, xm)) — ((May, ..., (™ xyg)



14 VICTOR BATYREV AND JOHANNES HOFSCHEIER

for some integers a; (1 < i < m), where ¢ € C is a primitive n-th root of unity. We call
the rational vector (%,...,%=) € Q™ the type of the quotient singularity. If a; = 0 for
some i € {1,...,m}, then the quotient X = C™ /pu,, is isomorphic to a product X’ x C,
where X’ = C™' /pu, is a lower-dimensional quotient singularity. Hence we may assume
that a; # 0 for all i. The quotient singularity C™ /u, of type (%,...,%=) has an isolated
singularity at the origin if and only if ged(a;,n) = 1 for all @ = 1,...,m (see [MS84,
Corollary 2.2]). To a cyclic quotient singularity one associates the minimal log-discrepancy.
In the cyclic case it has the following combinatorial description (see [Bor97] or [Rei83]):

Definition 5.1. Let C™ /u, be an isolated cyclic quotient singularity of type (3, ..., “=).
Then the minimal log-discrepancy is given by

) [ ta;
te {1} Z{ n }

i=1
Furthermore, a quotient singularity C™ /u, is called Gorenstein if the image of the

homomorphism y,, — GL(m;C) induced by the linear pu,-action on C™ is contained in

SL(m;C). This property is easy to see from the type of the quotient singularity:

Proposition 5.2. Let X = C™ /u, be a cyclic quotient singularity of type (%, ..., %),

n’ ’n

Then X s Gorenstein if and only if
Y el
—
=1
Now we can prove the following theorem.
Theorem 5.3. Let C** /p,, be an isolated cyclic quotient singularity of type (%, ..., %),

Then the following two statements are equivalent:

(1) The minimal log-discrepancy of the quotient singularity is at least d.
(2) After reordering the integers a;, one obtains as;i—1 + ag; = 0 (mod n) for all i =
1,...,d. In other words, the p,-action on C** is determined by a diagonal matriz

ding(C™, €7, €™, €7, .. (oot ),
where  is a primitive n-th root of unity.

Proof. The statement (2)=-(1) easily follows by the general fact that {z} + {—z} =1 for
all x € R\ Z. Thus, we obtain

2 o

E {—Z}:d forallt € {1,...,n—1}.
n

i=1

Therefore, the minimal log-discrepancy of C** /pu,, is d.
(1)=(2). Suppose now that (%,...,%4) is an isolated cyclic quotient singularity with
minimal log-discrepancy> d, i.e., ged(a;,n) = 1 and

2d ta:
Z{—} >d forallte{l,...,n—1}.

- n
=1
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We claim that S22 {ta;/n} = d for all t € {1,...,n — 1}. Indeed, assume towards a
contradiction that there exists t € {1,...,n — 1} such that 3> {ta;/n} > d. Then

ZZd (n—1t)a;| 2Zd —ta; | o4 2Zd ta; 4
=1 " - - " - i1 "
contradicting the fact that the minimal log-discrepancy is at least d. Thus, we have

2d tCLZ' 1 2d — tal-
0= E 7 —5 = E By 7 fOI'aHtE{l,...,TL—l}.
=1

i=1
The assertion follows from Theorem 3.2. O

Remark 5.4. The singularities classified in Theorem 5.3 are automatically Gorenstein,
because

Z{%} €{0,d} forallte {0,1,...,n—1},
i=1

or because of the conditions ag;_1+as; =0 (mod n) foralli =1,...,d (see Proposition 5.2).
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