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Abstract—This paper presents the analysis of multi-harmonic
current injection in multi-three phase surface permanent magnet
(SPM) machines. An analytical model, extended to a generic
harmonic order, is used to describe and determine the no load
flux density, the back electromotive force (BEMF) and the elec-
tromagnetic torque produced. These are analysed as a function of
the permanent magnet span. Based on the BEMF, the harmonics
injection technique is adopted to increase the torque in the
machine, while keeping the RMS current constant, thus without
affecting the Joule losses. In order to understand how the torque
is affected by the harmonics injection, considering different
PMs rotor span, a comparison with and without injection is
presented. It is shown how, thanks to specific harmonics injection,
it is possible to reduce the permanent magnet content in SPM
machines while generating the same torque performance of a
motor with higher PM content, without harmonic injection. The
analytical results are finally validated by means of Finite Element
Analysis (FEA) considering two different PM rotor span, as a
case study, highlighting the benefits of the proposed method.

Index Terms—Analytical models, Electric machines, Harmonic
injection, Magnetic flux density, Multiphase machines, Permanent
magnet machines, Rotating machines.

I. INTRODUCTION

The surface permanent magnet (SPM) machines are com-
monly used in the applications where high torque per volume
is required such as aerospace, automotive and transport appli-
cations [1], [2]. For high power/torque performance, it is well
known that the use of rare earth materials, such as NdFeB and
SmCo, are considered the state of the art, thanks to their high
magnetic coercitivity and excellent temperature behaviour.
However, because of their high cost in many applications it
is mandatory to reduce their use. In literature, many authors
presented possible alternatives to the rare earth, including
different permanent (PM) machines topologies [3], [4]. In [5],
a possible solution to replace the rare earth with ferrite for an
interior PM machine is evaluated. A comparison between rare
earth and rare earth-free solutions is investigated in [6]. An

hybrid PM material is designed and analysed in [7]. Another
method to increase the electrical machine torque capability
is by using a multi-phase winding design [8]. A technique to
rewind classical three-phase stator frames with a generic prime
phase order is illustrated in [9]. A novel 9-phase permanent
magnet synchronous motor is presented in [10], where is
shown how the power/speed range can be extended. Tests and
analyses on a dual-three phase permanent magnet motor are
reported in [11], showing operation under fault conditions.
Other works propose the harmonic injection technique to
increase the torque capability. In [13], this is shown for a dual
three-phase machine by third harmonic injection technique
for both at the same peak and RMS current. This method
is also applied to a five-phase unequal tooth SPM machine
in [14]. [15] shows the torque capability enhancement of a
dual three-phase SPM machine injecting the fifth and seventh
current harmonics. The third current harmonic injection is
investigated also for a nine-phase machine with high non-
sinusoidal BEMF in [16]. Genetic algorithms are implemented
in [18] in order to maximize the torque per ampere and
optimize the iron utilisation by an optimum flux distribution
by harmonic injection.
This work is analysing in detail the effects of the permanent
magnet span, of SPM machines, on the spatial harmonics
distribution. This is then used to understand how it is possible
to reduce the PM content in the machine, without affecting
torque performance, through the current harmonic injection
technique. The proposed method permits to maintain the RMS
current constant with respect to the current control with the
only fundamental component, thus the Joule losses are not
affected by harmonics injection.
A similar approach has been used in [18], where a nine-
phase SPM machine is studied via FE for different PM span
to increase the torque performance by harmonic injection.
However, the investigation is based on the injection until the
seventh harmonic.



The paper is organised as follows. Sec. II shows the flux
density at the air-gap and back electromotive force (BEMF)
as a function of the PM percentage on the rotor in a 3x3-
phase SPM machine for different spatial harmonics. Then,
the equations for deriving the current amplitudes of each
temporal harmonics to inject, to increase the torque for the
same RMS current, are presented. In the same section, the
torque comparison between the machine with and without
harmonics injection is carried out as a function of the PM
percentage. The analytical model results are validated via
finite element (FE) simulations in Sec. III. The comparison
in terms of phase voltage, phase current and torque is carried
out for two 3x3 SPM machines with different PM content. The
outcomes of the paper are showing how it is possible, thanks
to the proposed harmonics injections, modulate the percentage
of permanent magnet volume.

II. ANALYTICAL MODEL

A simple analytical derivation is here derived for the eval-
uation of the machine flux density, BEMF and torque. A set
of equations is also included to define the current amplitudes
to maximise the torque for the same RMS value. The model
works under the assumptions of linear materials and radial flux
density at the airgap.

A. Flux Density and Back Electro-Motive Force

An electrical machine generates the torque through the
interaction between rotor and stator magnetic field. For a
PM machine, the rotor magnetic field contribution is due to
the permanent magnets. The magnetic field at the air-gap
generated by the rotor, in an SPM machine, for ρth spatial
harmonics, can be written as:

H̄PM,ρ =
4BrδPM
µPMπδ

sin(ρ∆PM/2)

ρ
ejρϑr , (1)

where Br is the remanence flux density, δPM the magnet
thickness, µPM the magnet permeability, ∆PM the permanent
magnet span on the rotor surface, δ the magnetic air-gap and
θr the rotor position in electrical radians. Considering the air
magnetic permeability µ0, it is possible to get the flux density
at the air-gap from (1) as:

B̄PM,ρ = µ0H̄PM,ρ, (2)

When the machine rotates with a generic speed, the flux
generated by the PMs is linked to the stator windings. At no
load the variation of the flux in the time generates the BEMF
eρ. The BEMF amplitude can be expressed also as a function
of the machine geometrical parameters as:

ēρ = 2RlNωppBPM,ρkw,ρ, (3)

where R is the stator inner radius, l is the steak length, N is
the turns per phase number, ωp is the mechanical pulsation, p
is the pole pairs number and kw,ρ is the winding factor.
The winding factor can be written as:

kw,ρ =

∑Nc
y=1 sin(ρ

∆ψy

2 )ejρψy

pq
, (4)

where ψy is the angular shift from the magnetic axis of the
y-th coil and the magnetic axis of the relative phase and Nc
is the coils number and q the number per pole per phase.
Fig. 1 shows the flux density at the air-gap with respect to
the PM span on the rotor ∆PM for the following spatial
harmonics: 1st, 3rd, 5th, 7th, 9th, 11th, 13th. The values
used for the computation of the parameters are summarised
in Table I. The BEMF evaluation is shown in Fig. 2. It is
worth to notice that the BEMF has different signs, for some
harmonics, with respect to the flux density at the air-gap and
the same amplitudes. This is due to the winding factor that
for this 3x3-phase machine arrangement alternates the values
1 and −1 for the different harmonics. From Fig. 2, it is clear
that the BEMF ratio, between a generic spatial harmonic and
the fundamental one, changes with the PM span, ∆PM .

B. Equations for current harmonics injection

It has been shown how the machine average torque can
be increased by injecting current temporal harmonics higher
than the fundamental, creating an interaction with the spatial
harmonics of higher order, generated by rotor PMs [13]- [14].
The analytical calculation of the optimum third harmonic
current amplitude to maximise the torque, keeping constant
the RMS current, is derived as:

a3 =
e3

e1
, (5)

I∗ =
1√

1 + ( e3e1 )2
Ip, (6)
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Fig. 1. Analytical flux density evaluation at the air-gap with respect to the
magnets span on the rotor surface of a SPM machine.
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Fig. 2. Analytical BEMF evaluation with respect to the magnets span on the
rotor surface of a SPM machine.



TABLE I
MACHINE PARAMETERS

Parameters Values Units

Br 1.2 T
δPM 3 mm
µ0 4π ∗ 10−7 H/m
µr 1 H/m
µPM 4π ∗ 10−7 H/m
δ 4 mm
g 1 mm
ωp 157.07 rad/s
R 70 mm
l 220 mm
p 2 -
N 1 -

where a3 is the optimum third harmonic amplitude with
respect to the fundamental, which is calculated as the ratio
between the 3rd and the 1st BEMF harmonics. In eq. (6) the
I∗ is the new phase current with injection and Ip is the phase
current without injection.
In this work, the analytical equation for the current harmonic
injection, keeping the same RMS, is generalised for infinite
harmonics. The optimum current amplitude, to inject for each
harmonic, and the generalised phase current (I∗) equation can
be expressed as:

ai =
ei
e1
, i = 3, 5, 7, ...,∞ (7)

I∗ =
Ip√

1 +
∑∞
i=3 a

2
i

, (8)

Therefore, the amplitude current of each injected harmonics
is:

I1 = I∗ (9)

Ii = I∗ai, i = 3, 5, 7, ...,∞ (10)

If the torque is expressed as a function of the BEMF, it is
possible to know its correlation with the ∆PM variation. This
is investigated for both cases under study, with and without
current harmonics injection. The electromagnetic torque for a
3x3-phase system without current harmonics injection can be
written as:

T =
9

2

Ipe1

ωp
, (11)

When the harmonics are injected in the machine, the torque
can be calculate considering each contribution, independently:

T1 =
9

2

I1e1

ωp
(12)

Ti =
9

2

Iiei
ωp

, i = 3, 5, 7, ...,∞ (13)

By combining each torque contribution, the total torque can
be defined as:

Tnew = T1 +

∞∑
i=3

Ti (14)

TABLE II
TORQUE INCREMENT BY CURRENT INJECTION

∆PM Torque increment

20% +52.7%
40% +16.9%
60% +4.9%
80% +3.6%
100% +9.4%

The temporal harmonics for the current injection technique
are the ones of odd order z = 2k + 1, where k = 1, 2,
3,..., ∞. In this case, the maximum order considered is 13th,
neglecting the higher order harmonics. In Fig. 3 is shown the
trend of torque as a function of ∆PM for both fundamental
only and with the injection of all the harmonics considered.
The phase current amplitude is Ip = 683.7A. It is worth to
notice that the torque increment, given by the injection of
all the considered current harmonics, is higher for all PM
span ∆PM . In Table II a summary of the torque increment
with respect to fundamental only is reported. The different
increments are given to the higher BEMF ratios for some
values of ∆PM . Even in for some cases the potential torque
increment is considerable, for example when ∆PM is 20% and
40%, the torque can be +52.7% and +16.9% higher, these are
not considered to be a practical solution. However, for some
rotor configurations, with a good PM coverage, it is possible
to get a torque improvement. On the other hand, thanks to the
harmonics injection technique, it is also possible to deliver a
specific torque value, with a reduced amount of PMs. In order
to have a complete understanding of the machine behaviour
under the harmonics injection technique, for the same RMS
current, it is worth to investigate its influence on both the peak
phase current and voltage.

III. FINITE ELEMENT VALIDATION

Based on the findings shown in the previous section, the
following analysis aims at demonstrating the benefits of the
current injection with different harmonic components. In order
to validate the analytical model, a FE analysis is carried out for
two machines, namely M1 and M2, with the same geometry
and two different permanent magnet span. The ∆PM in M1
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Fig. 3. Analytical torque evaluation with and without harmonics injection
with respect to the magnets span on the surface rotor of a SPM machine.



is 82% while in M2 88%, which corresponds to a reduction
of PM volume of 6% in M1 with respect to M2. First M1
is analysed with and without harmonics injection to show the
torque increment while keeping the same RMS current. Then,
this is compared against the torque performance of M2, which
has higher content of PM, supplying with only the fundamental
current component.

The analyses are carried out considering linear materials.
The proposed SPM machine geometry is shown in Fig. 4,
highlighting the parameter ∆PM .

A. Torque analysis

Fig. 5 shows the torque comparison derived by means of FE
analysis and with the analytical formulation. Fig. 5(a) presents
the FE results only. For M1, it is possible to notice that with
the harmonics injection the average torque is increased of 3.2%
with respect to the case of fundamental supply only. This is
still slightly higher, by 1%, with respect to the torque delivered
by M2 without harmonic injection, even if the permanent
magnet content is reduced by 6%. The same analysis has
been carried out using the analytical model. The results are
shown in Fig. 5(b). In this case, for M1, thanks to the currents
injection there is torque increment by 3.7%. In addition, the
average torque is also higher for M1, when the considered
harmonics are injected, compared to M2 without injection, in
accordance to the trends resulting from the FE analysis (5(a)).
The increment in this case is 1.4 %. It is worth to notice that
the average torque values estimated analytically are slightly
higher compared to the FE ones. This is due to the fact that
the proposed analytical model does not take into the account
the slotting effect and it assumes that the flux density at the
air-gap is radial. Always from Fig. 5(a) it can be highlighted
that the current harmonic injection is also slightly affecting
the torque ripple. For M1, when the harmonics are injected
the ripple is increasing from 10.8% to 12.2%. However, with
respect to machine M2 there is a reduction of 1.8%, from
14% to 12.2%. This is also showing that the combination
of permanent magnet span and current harmonic injection
can be refined in order to minimise the torque ripple in
the machine. This is different with respect to other torque
ripple minimisation techniques reported in literature where the
injection of harmonics is not used to to increase the torque, but

ΔPM

Fig. 4. Sketch of the SPM machine under analysis.

to eliminate some harmonic components to reduce the torque
ripple [19].

B. Current and voltage validation

From a physical point of view, it is not always obvious to
understand how the injection of currents, with higher order
harmonic with respect to the fundamental, can affect the peak
currents and voltages. In this subsection these aspects for both
machines configurations, M1 and M2. The expression of the
currents fed to the machine windings, with and without current
harmonics injection technique, can be represented as follows:

i(t) = Ipsin(ωt), (15)

i(t) =

13∑
i=1

Iisin(iωt), (16)

with i = 1, 3, 5, 7, 9, 11, 13.
The phase current calculated both analytically and by means
of FE simulations is compared in Fig. 6. From the graph it
is difficult to appreciate any difference. The RMS current
values are the same with and without harmonic injection.
More in detail, the FE analysis shows that the peak current,
with harmonics injection is 16.3% lower with respect to
the fundamental peak without current injection. The same
waveform from the analytical model is plotted, highlighted in
dashed line, showing a good match with the FE results. This
means that even in case of harmonic injection, for the case
under study, the inverter switches do not need to be oversized,
thanks to the lower peak current.

The phase current with the harmonics injection is based on
the BEMF ratios. The BEMF amplitudes comparison between
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Fig. 5. (a) FE torque comparison between the machine 1 with and without
harmonics injection and the machine 2 with only the fundamental.- (b)
Analytical torque comparison between the machine 1 with and without
harmonics injection and the machine 2 with only the fundamental.



TABLE III
PHASE RESISTANCE AND INDUCTANCES VALUES FOR THE PHASE X (A2)

Parameters Values Units

r 2.6410−4 Ω
Lx 9.1510−6 H
Mx1 5.5210−6 H
Mx3 5.5210−6 H
Mx4 −7.8810−7 H
Mx5 −2.3610−6 H
Mx6 −3.9410−6 H
Mx7 −3.9410−6 H
Mx8 −2.3610−6 H
Mx9 −7.8810−7 H

analytical and FE for M1 is shown in Fig. 7. The analytical
voltage for the phase x (A2) is calculated as:

vx = rix + Lx
dix
dt

+

9∑
y=1,y 6=x

Mxy
diy
dt

+ ex, (17)

where r is the phase resistance, Lx is the auto-inductance
for the phase x (A2), Mxy are the mutual-inductances for
the phase x (A2) due to the other stator phases y and ex
is the BEMF for the phase x. The phase resistance and the
inductances values, with N = 1, for the phase x (A2) are
shown in TABLE III. The phase voltage waveforms for both
analytical model and FE are shown in Fig. 8(a) and Fig. 8(b).
Both analyses show that the injection, for the proposed PM
span ∆PM configuration, does not increase the peak voltage
significantly. Indeed, for the FE analysis, the peak voltage for
M1 with the injection is higher by 8.3% compared to M1 and
by 5.5% with respect to M2 with the control without injection.
The analytical model results presents a peak voltage, for M1
with injection, higher by 6.8% with respect to both M1 and
M2 without injection.

C. Summary

A summuary results for both analytical and FE analyses
are shown in Table IV. It is possible to notice that there is
a slight displacement between the analytical and FE torque
analyses. This could be due to the fact that the magnetic air-
gap δ is enough large for the considered machine (4mm).
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Fig. 6. Phase current comparison between the machine 1 with and without
harmonics injection and the machine 2 with only the fundamental for both
analytical and FEA.

TABLE IV
COMPARISON ANALYSIS

- M1 Analytical M1 FE

I peak no inj [A] 683.7 683.7
V peak no inj [V] 11.8 13.8

T no inj [Nm] 208 195
I peak with inj [A] 588 582
V peak with inj [V] 12.6 14.8

T with inj [Nm] 216 201
T inc. [%] 3.7 3.2

- M2 Analytical M2 FE

I peak no inj [A] 683.7 683.7
V peak no inj [V] 11.8 14.0

T no inj [Nm] 213 199
I peak with inj [A] - -
V peak with inj [V] - -

T with inj [Nm] - -
T inc. [%] - -

Therefore, the flux density at the air-gap is not total radial
but it presents a not negligible tangential component, and
the proposed analytical model cannot take into the account
that. However, the simplified analytical model results can be
considered acceptable for understanding the main phenomenon
of the machine under harmonics injection and which PM
span configuration could be more suitable for the proposed
harmonics injection technique linked with a possible PM
reduction.

IV. CONCLUSION

This work investigates on the PM reduction, without affect-
ing the torque performance and Joule losses, for SPM ma-
chines. First of all, an analytical model is carried out showing
how the no-load flux density, for different spatial harmonics,
changes with the ∆PM variation. Then, the same analysis
is carried out for the BEMF spatial harmonics studying a
3x3-phase winding arrangement. In addition, equations for
the optimum harmonic injection amplitudes to maximise the
torque, while keeping constant the RMS current with respect to
the current control with the only fundamental component, are
presented. The current amplitude of each injected harmonics

0 5 10 15

Harmonic order

0

2

4

6

8

10

12

B
E

M
F

 [
V

]

Analytical
FEA

Fig. 7. BEMF comparison between analytical model and FE analysis for the
machine with the 82% of PM span (M1).
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Fig. 8. (a) FE phase voltage comparison between the machine 1 with and
without harmonics injection and the machine 2 with only the fundamental.-
(b) Analytical phase voltage comparison between the machine 1 with and
without harmonics injection and the machine 2 with only the fundamental.
For the analytical voltage calculation 1000 spatial harmonics are taken into
the account

depends of the BEMF ratios. The proposed current harmon-
ics injection technique takes into the account the following
temporal harmonics: 3rd, 5th, 7th, 9th, 11th, 13th. The an-
alytical torque comparison between the current control with
and without harmonics injection is shown as a function of
the ∆PM variation, highlighting the torque increment once
the harmonics injection is applied. The analytical model is
validated via FEA which compares a SPM machine with 82%
of PM span (M1), with and without harmonics injection, and
a SPM machine with 88% of PM span (M2), feeding with
only the fundamental current component. The analysis shows,
for the case under study, that it is possible to reduce the PM
content of the 6%, once that the considered current harmon-
ics are injected, without affecting torque performance, peak
current and peak voltage. The slight displacement between
analytical and FE analyses can be justified by the fact that
the flux at the air-gap is not total radial for the FE solution.
However, the simplified analytical approach can give important
information on which PM percentage on the rotor surface is
better than others for injecting high current temporal harmonic
components in order to increase the torque or to reduce the PM
content, keeping the same RMS current value of the current
control without injection, thus the same Joule losses.
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