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Periodically driven coherent conductors provide a universal platform for the development of quantum
transport devices. Here, we lay down a comprehensive theory to describe the thermodynamics of these
systems. We first focus on moderate thermoelectrical biases and low driving frequencies. For this linear
response regime, we establish generalized Onsager-Casimir relations and an extended fluctuation-
dissipation theorem. Furthermore, we derive a family of thermodynamic bounds proving that any local
matter or heat current puts a nontrivial lower limit on the overall dissipation rate of a coherent transport
process. These bounds do not depend on system-specific parameters, are robust against dephasing, and
involve only experimentally accessible quantities. They thus provide powerful tools to optimize the
performance of mesoscopic devices and for thermodynamic inference, as we demonstrate by working out
three specific applications. We then show that physically transparent extensions of our bounds hold also for
strong biases and high frequencies. These generalized bounds imply a thermodynamic uncertainty relation
that fully accounts for quantum effects and periodic driving. Moreover, they lead to a universal
and operationally accessible bound on entropy production that can be readily used for thermodynamic
inference and device engineering far from equilibrium. Connecting a broad variety of topics that range
from thermodynamic geometry over thermodynamic uncertainty relations to quantum engineering, our
work provides a unifying thermodynamic theory of coherent transport that can be tested and utilized with

current technologies.
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I. INTRODUCTION

Transport is a thermodynamic process, where gradients
in intensive parameters such as chemical potential and
temperature drive currents of extensive quantities like
matter and energy. In macroscopic systems at high temper-
atures, this phenomenon can be understood as a result of
frequent collisions between classical particles, which lead
to random but biased changes of their direction of motion.
This mechanism is know as diffusive transport [1].
Reducing the temperature of the system increases the mean
free path that particles can travel between consecutive
collisions. When this length scale becomes comparable to
the dimensions of the conductor, as occurs in nanoscale
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structures at millikelvin temperatures, coherent transport
sets in [2]. This regime is governed by the laws of quantum
mechanics and can no longer be described in terms of
collisions between particles with well-defined positions
and momenta.

Instead, coherent transport can be seen as arising from
the unitary propagation of beams of carriers that are emitted
and absorbed by distant thermal reservoirs and undergo
elastic scattering within the conductor. This approach goes
back to the pioneering work of Landauer [3] and has since
evolved into a standard theoretical tool of mesoscopic
physics [2,4]. In particular, it has been extended to systems
that are subject to oscillating electromagnetic fields, where
the scattering of beams is still coherent but no longer
elastic, since carriers can exchange discrete amounts of
energy with the driving fields [5-8].

On the experimental side, technological progress has
made it possible to realize and control periodically driven
coherent conductors with a high degree of precision. Today,
these systems provide us with a versatile platform to test the
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basic principles of thermodynamics at small length and
energy scales and to develop new mesoscopic devices such
as parametric quantum pumps, which can be used to realize
dynamical single-electron sources [9-19] as well as for
metrological applications [20-22], and adiabatic quantum
motors, which may provide motive power to future nano-
machines [23-26].

These endeavors will require a powerful theoretical
framework to describe the thermodynamics of coherent
transport in the presence of both thermochemical biases and
periodic driving. A suitable starting point for such a theory is
provided by Onsager’s irreversible thermodynamics [27—
29]. The key idea of this approach is to describe irreversible
processes in terms of two types of variables: thermodynamic
forces, which drive the process, and currents, which corre-
spond to the system’s response. This concept is universal in
that it can be applied to macroscopic [27-29] and meso-
scopic [30,31] systems alike. Moreover, it can be consis-
tently expanded to include periodic driving. Specifically, in
the context of coherent transport, this generalization can be
achieved by introducing an additional force, which is
proportional to the frequency of the applied fields, and an
additional current, which corresponds to the flux of photons
that is absorbed by the carriers inside the conductor [32].

Here, we show that this framework can further be
underpinned by rigorous generalizations of two cornerstone
results of classical irreversible thermodynamics: the
Onsager-Casimir relations [27-29,33], which explain the
interdependence between linear-response coefficients as a
consequence of microscopic time-reversal symmetry, and
the fluctuation-dissipation theorem, which connects these
coefficients to equilibrium current fluctuations [34,35].
Focusing on moderate electric and thermal biases and
slowly varying driving fields, we then set out to derive
our first key result, the relations

N X2

o2 ey = Vo> (1)
which bound the overall dissipation ¢ caused by a coherent
transport process in an N-terminal conductor in terms of
any period averaged matter current J% or heat current Jg.
The coefficients K7 and K99 thereby depend only on the
equilibrium temperature and chemical potential of the
conductor. These bounds are stronger than the second
law, which only requires ¢ > 0, and universal in that they
do not involve any system-specific parameters.

In the second part of this article, we extend our theory to
systems that are driven far away from equilibrium. This
endeavor leads to our second key result, the relation

02\ (Ph+ 2T, /0 + 20" (J5) = (Pl + 2T,/ B).  (2)

which makes it possible to bound the total dissipation rate ¢
by measuring the average J% and the zero-frequency noise

P47 of a single matter current along with the temperature 7T,
of the corresponding reservoir; & denotes Planck’s constant
and y* ~ 8/9 is a numerical factor. Quite remarkably, the
bound (2) holds for any coherent multiterminal conductor,
arbitrary strong thermochemical biases, and arbitrary fast
periodic driving fields.

Covering both thermal and mechanical driving, the
relations (1) and (2) lead to nontrivial bounds on the
figures of merit of cyclic nanomachines based on coherent
conductors. In this respect, they advance an active line of
research, which has so far mainly focused on steady-state
devices and is driven by two major motivations [36—49].
First, universal bounds on figures such as efficiency or
power consumption make it possible to quantitatively
compare and optimize different theoretical models of
mesoscopic devices. Second, such relations can be used
in experiments to estimate quantities that cannot be
measured directly, a strategy known as thermodynamic
inference [50]. As we show by working out three specific
applications, our theory provides powerful tools for both of
these purposes. In particular, we provide a detailed analysis
of parametric quantum pumps, for which we uncover a
close connection between our approach and the concepts of
thermodynamic geometry, a framework that recently
proved very useful for optimizing slowly driven quantum
thermal machines [51-55].

We proceed as follows. In Sec. II, we review the
essentials of the scattering approach to coherent transport
in periodically driven conductors and show how it can be
furnished with a thermodynamic structure. We then work
out the linear-response theory for this framework and lay
down the corresponding generalizations of the Onsager-
Casimir relations and the fluctuation-dissipation theorem in
Sec. III. In Sec. IV, we derive the key relation (1) and
discuss its range of validity. The purpose of Sec. V is to
demonstrate the versatile applicability of our linear-
response results. To this end, we consider three different
mesoscopic devices. As an introductory example, we
analyze a simple model of a quantum generator, whereby
we prove that our new bounds are tight. We then move on to
parametric quantum pumps, for which we derive an explicit
optimization principle by connecting our theory to the
framework of thermodynamic geometry. Furthermore, we
show how our bounds can be used for thermodynamic
inference. Finally, we further illustrate this technique by
applying it to adiabatic quantum motors. In the second
major part of this article, Sec. VI, we show how the bounds
(1) can be extended beyond the limits of the linear-response
regime and derive our second key relation (2). We then put
these results in context with recent developments on
thermodynamic uncertainty relations. To this end, we work
out a case study, which proves that our bounds on entropy
production go significantly beyond earlier results. Finally,
we discuss the implications of our theory for autonomous
coherent conductors. We summarize our work in Sec. VIL
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FIG. 1. Scattering approach to coherent transport. The figure
shows a three-terminal conductor with two driving fields as a
generic example for a multiterminal conductor. The system
consists of a sample S, which is subject to a constant magnetic
field B, and three reservoirs with chemical potentials y, yy, 43
and temperatures T, T,, T5. Each reservoir injects a beam of
carriers, which consists of a thermal mixture of plane waves
propagating toward the sample. At the sample, each incoming
beam is scattered into three outgoing beams. The phase relation
between incoming and outgoing carriers is preserved, while their
energy can change due to the exchange of photons with the
periodic driving fields V; and V,.

II. SCATTERING APPROACH

Scattering theory provides an elegant tool to describe
coherent transport in periodically driven mesoscopic
systems. In this approach, the conductor is divided into
a sample region, where carriers may be subject to a
periodically modulated potential and an external magnetic
field, and a set of ideal leads. Each lead is connected to a
reservoir, which injects a continuous beam of thermalized,
noninteracting carriers. These beams propagate coher-
ently through the system before being reabsorbed by the
reservoirs; see Fig. 1. The emerging matter and energy
currents are thus determined by the inelastic scattering
amplitudes of the driven sample and the chemical poten-
tials and temperatures of the reservoirs. In the following,
we provide a brief review of this framework and its
thermodynamic interpretation. Further details may be
found in Refs. [5-8].

A. Mean currents and fluctuations

In the Heisenberg picture, the matter and energy currents
that enter the system through the terminal a correspond to
time-dependent operators jﬁ,, and ];‘,. The mean values
and fluctuations of these currents are given by the general
expressions

1 [t N
Ji = lim - dt’< wr) (3a)

t—oo [

Pop = hm
t—oo [

dt / dr"{( at, —J9 (T s —Jp),  (3b)
where u, v = p, € and angular brackets indicate the average
over all quantum states of the injected carriers. Since the
carriers are noninteracting, this average can be evaluated by
treating the incoming beams as ideal fermionic quantum
gases, which leads to the generalized Landauer-Biittiker
formula,

J(’; :_A dEZZ gE aﬁ6n0 §En|SEnE )f/j’ (4)

for the mean currents with & = 1 and &, = E. Here, we
have introduced the shorthand notation E, = E + nhw,
where 7 = h/2x denotes the reduced Planck constant and
w =2x/7T the frequency of periodic driving fields acting
on the sample. Thermodynamics enters Eq. (4) via the
Fermi functions,

1
1+ exp[(E = uq)/Tal’

fE= (5)

where u, and T, are the chemical potential and temperature
of the reservoir o and Boltzmann’s constant is set to 1
throughout. The properties of the sample are encoded in the
Floquet scattering amplitudes Y4 En - These objects describe
the transmission of an incoming carrier with energy E from
the terminal $ to the terminal o under the absorption of n
photons with energy Aw. Note that, for simplicity, we
assume that each lead supports only one transport channel.
Furthermore, we use the convention that the photon-
counting index runs over all integers and that the
Floquet scattering amplitudes are zero if one of their
energy arguments is negative.

The current fluctuations (3b) can be evaluated in the
same way as the mean currents. The resulting formula
involves two contributions, Pg/’ji = D‘“’ + Rg;, which are
given by

1 :
Dy =1 / A A+ A 0B, ()

uv 1 ua,yd ~vf,yo*
R =3 |, dEZZC e, (6b)
with

Api? = BB S0 — EnELIST pPFE. (Ta)

Sen il FF = fE). (7b)

B, = Zf

Pr B
Coilr = e St St (o= fh).  (7c)
m
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and fi¥ = f%(1 — f%). The thermal, or Nyquist-Johnson,
noise Dy thereby arises from thermal fluctuations in the
injected beams of carriers and vanishes in the zero-temper-
ature limit. By contrast, the shot noise RZ}; stems from the
probabilistic nature of carrier transmissions through the
sample, and therefore persists at zero temperature.

B. Unitarity and time-reversal symmetry

The Floquet scattering amplitudes generally depend on
the structure of the sample and the applied driving proto-
cols V,, where V = {V;} denotes the set of external control
parameters. Still, they obey two universal relations, which
follow from fundamental principles. First, the unitarity
conditions,

Z Z S%ﬁn,ES%}:Em = 5/}75m()7 (8&)

Z Z S‘Z?EnSJI/EL::,En = 5ﬂ75m0a (8b)

a

ensure the conservation of probabilities in individual scat-
tering events. Second, the invariance of Schrodinger’s
equation under time reversal implies the symmetry

SZ"/r}z,E = TBTVS/é(,lEn’ 9)

where the symbolic operators Ty and Ty indicate the
reversal of external magnetic fields and driving protocols,
respectively. Note that, while the unitarity conditions (8)
apply to the scattering amplitudes of any given sample, the
symmetry relation (9) connects the scattering amplitudes of
two different systems that are related to each other by time
reversal.

C. Thermodynamics

The thermodynamics of coherent transport can be
developed from the conservation laws,

d Ji=0 and T+ > J,=0. (10)

which can be easily verified using generalized Landauer-
Biittiker formula (4) and the unitarity conditions (8). They
reflect the fact that neither matter nor energy is accumulated
in the sample over a full cycle. The quantity

Me=-) Ji= %Aw dEY > nlSE, Py (1)

aff n

thereby corresponds to the average mechanical power that
is absorbed by the carriers from the driving fields.

Combining the conservation laws (10), leads to the first
law of thermodynamics:

I, + I, = _ZJZ (12)

Here, the electrical power I1, which is generated by matter
currents flowing in the direction of chemical potential
gradients, and the heat currents entering the conductor from
the reservoirs, J§, are given by

I, = Z,uaJﬁ and  Jg = J5 — oty (13)
a

Since the transfer of carriers through the system is coherent,
and thus reversible, dissipation occurs only in the reservoirs
due to the influx and outflux of heat. Hence, the total rate of
entropy production is given by

GE—ZJZ/Ta

1 feo En—py E—pp\ cap 208
:E/o dEZZ<T—T—ﬁ Sen el e (14)

ap n

This expression is non-negative for any temperature and
chemical potential profiles and any set of Floquet scattering
amplitudes [8]. The scattering formalism is therefore
consistent with the second law of thermodynamics, which
requires ¢ > 0.

III. LINEAR RESPONSE

In irreversible thermodynamics, transport is described in
terms of thermodynamic forces, or affinities, which corre-
spond to gradients of intensive variables, such as temper-
ature, and currents of extensive quantities like energy [29].
Every affinity forms a conjugate pair with a specific current
such that the products of these pairs add up to the total rate
of entropy production in the system. Close to equilibrium,
the currents become linear functions of the affinities with
the corresponding response coefficients obeying two uni-
versal relations: the Onsager-Casimir symmetry, which
connects reciprocal coefficients [27,28,33], and the fluc-
tuation-dissipation theorem, which relates them to equilib-
rium current fluctuations [34,35]. These results are well
established for stationary coherent transport in mesoscopic
systems [30,31,56]. In the following, we show how they
can be extended to systems with periodic driving by further
developing the approach that was proposed in Ref. [32].

A. Affinities

The affinities for the matter and heat currents are given
by the thermochemical gradients,

Fo=(ge—pu)/T and Fi=1/T-1/T, (15)

where p and T are the reference chemical potential and
temperature. Using these definitions and the conservation
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laws (10), the total rate of entropy production (14) can be
written as

o=T/T+Y Y FiJi (16)

with x = p, g. Upon recalling the expression (11) for the
average mechanical power, this result suggests that we
introduce the photon current,

1 [ .
J“’EHaC/hw:EA dEY > nlSg PrE. (17)
afp n

and the corresponding affinity F” = fAiw/T such that o
assumes the canonical bilinear form:

o=JUF"+ > N JLFE =Y J4F, (18)
a X A

Here, we use capital roman letters to denote compound
indices covering both thermochemical and mechanical
quantities, i.e., A = {(x,a)}, .

Two remarks are in order. First, the interpretation of J¢
as flux of photons derives from the fact that the carriers and
the driving fields exchange only discrete amounts of
energy. This phenomenon, which, on the technical level,
is a consequence of the Floquet theorem [8], is a mani-
festation of the laws of quantum mechanics and has no
counterpart in classical mechanics [57]. Second, to achieve
a thermodynamic unification of steady-state and periodic
driving, the driving frequency is treated as a thermody-
namic force in Eq. (18). This approach, which was
proposed in Ref. [32], is more suitable for coherent trans-
port than using the amplitude of the time-dependent fields
as an effective affinity, a scheme that has proved very useful
for systems obeying stochastic dynamics [58-62]. In
particular, as we show next, the frequency-based approach
enables a nontrivial linear-response theory, while a pertur-
bation theory in the driving strength leads only to a trivial
decoupling of thermochemical currents and mechanical
driving; see the Appendix A 2 for details.

B. Kinetic coefficients

The kinetic coefficients that govern the relation between
currents and affinities in the linear-response regime are
defined as

Lyp = aFBJA|eq’ (19)
where the notation - - - |, indicates the limit F, — 0. To

calculate the coefficients (19), we first observe that the
Fermi functions of the reservoirs are given by

fe=fe+ (Fa+ (E=p)Fa)f. (20)

with fE Ef%|eq and f/E = g'eq :fE(l _fE)’ up to
second-order corrections in the thermochemical affinities.
Second, we recall that the Floquet scattering amplitudes
admit the low-frequency expansion [7,63]:

Q| 1 T Q) n + m 0]
SE[:z,Em ~ T[) dt (SE[,th + ho 2 aESE/.th

+ ha)Agﬁ) eiln=mor (21)

Here, the frozen scattering amplitudes S%ﬂ y describe the
transmission of carriers with energy E at fixed parameters
V. The correction term A%ﬁ . 1s required to ensure that the
right-hand side of Eq. (21) obeys the unitarity condition (8).
In general, the approximation (21) is applicable if the
driving fields vary only slightly during the average dwell
time 74, of carriers inside the sample. This timescale is
connected to the typical energy range 6 over which the
frozen scattering amplitudes change by the relation
Tqw = N/6g; for details, see Refs. [7,64,65].

Using Egs. (20) and (21), the kinetic coefficients (19) can
be determined as

1 [ !
Ly =1 / AECLCH (5o — (ST Y

W, (22a)

1 © o) afpx /
Ly = |7 arcie S ml(SHSEO (220
p

1 e a ook /
Ly =, [T apgiee S (SIS (220
B

Loo L

- 22d
), (22d)

TAEQC? S (SN
ap

with (. =1,{L =E —pu,{” = 1/w, dots indicating time
derivatives, and double brackets denoting the time average
over one period, ((--- ) =1/T [[ dt...; for details, see
Appendix A 1. Notably, the expressions (22) do not depend
on the corrections A%ﬁ , as a result of the unitarity condition
(8). Instead, they involve only the frozen scattering ampli-
tudes S%ﬂ v» Which are generally much easier to obtain than

the full Floquet scattering amplitudes.
The linear response regime with respect to the affinities
Fo, F2 and F® is defined by the three conditions,

Fo < u/T, Fi<1/T, and F®<6g/T, (23)

under which the currents obey the kinetic equations:

JA — ZLABFB' (24)
B
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This result extends the conventional framework of linear-
irreversible thermodynamics to periodically driven coher-
ent conductors. We note that, at low temperatures, the
function f%; in Egs. (22) is sharply peaked around u. The
transmission of carriers then occurs only at energies close
to the Fermi edge. It is therefore typically sufficient to
require that the slow-driving condition F® < ép/h is
obeyed at E ~ u for the kinetic equations (24) to be valid.

C. Onsager-Casimir relations

The Onsager-Casimir, or reciprocal, relations between
linear-response coefficients follow from the symmetry of
microscopic dynamics under time reversal. This principle
enters stationary scattering theory through the property

Sy = TeSiy (25)

of the frozen scattering amplitudes [8], which, together
with the formulas (22), implies the relations

TeLly; =Ly, and TgLy* = -Lg" (26)

recall Sec. II B for the definition of Ty and Ty. Hence,
while the thermochemical coefficients obey the conven-
tional Onsager-Casimir symmetry, the cross-coefficients
that couple either to the mechanical affinity or the photon
current are antisymmetric. The original symmetry can,
however, be restored for all kinetic coefficients by reversing
both magnetic fields and driving protocols. That is, we have
the generalized Onsager-Casimir relations [66]

TpTyLsp = Lpa- (27)

Notably, this result implies that, if the driving protocols
are symmetric, i.e., if V,=V_,, the mechanical and
thermochemical currents and affinities decouple, since
LX(U — L(U)C — 0

a a *

D. Fluctuation-dissipation theorem

The fluctuation-dissipation theorem provides a link
between kinetic coefficients and equilibrium current fluc-
tuations. For periodically driven coherent conductors, this
connection can be established as follows. First, we note
that, with respect to the fluctuations of matter and energy
currents PZ} which are spelled out in Egs. (6) and (7), the
joint fluctuations of matter and heat currents are given by

PR =" cuey P (28)

uv

with ¢ = 8,, and ¢&" = 6, — p,6,, [8]. Next, we observe

that the shot noise Eq. (6b) vanishes in equilibrium,
RZ};’ oq = 0. Therefore, we have

P;,)é|eq Z(Cm MDM ‘eq = ny + L;});’ (29)

as can be easily verified by inspection. For systems without
magnetic fields, we thus recover the standard result Paﬂ =
2L, by using the symmetry (26).

To derive a fluctuation-dissipation relation for the
coefficients L&*, L%”, and L, we have to consider the
fluctuations involving the photon current, which, due to
energy conservation, can be obtained from the sum rules:

Puw_—ZPw/hw and PO = ZP /(hw)?.  (30)

Inserting the expressions (6) and (7) for the thermal and the
shot noise and using the unitarity conditions (8) for the
Floquet scattering amplitudes yields the explicit results
P(L;H} — DZ{U + RZH} and P(l)(}) — D(l}(l) + R(l}(})’ With

1 o wl pa u wl,q
D = [TaES S @A - g Gl
p n
1
D@ :_/ dEZZA“’“ﬂ, (31b)
1 «
R = dEZZC“”‘y‘s cor, (31c)
1
R =_— [T dE Z Z cor e, (31d)
and
Ani = nk IS, B PIES (32a)
Z)g}/ - Z Z mSEm En aElf:E(fﬂ f}én) (32b)

The expression (32b) shows that R;”[,, = 0. After switch-

ing from energy to heat currents, we are therefore left
with [67]

X — XU uw X wx
Pal |eq - § (C(l Dal)|eq - L ’ +L(§z ’

u

(33a)

wa|eq — Dwa}|eq = QLww. (33]3)
Hence, quite remarkably, the mechanical kinetic coeffi-
cients and the equilibrium fluctuations of the photon
current obey the same relations as their thermochemical
counterparts. This result is summarized by the extended
fluctuation-dissipation theorem,

Ppgleq = Lag + Lpa, (34)
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which completes our linear-response framework. Notably,
it implies, together with the symmetries (26) and (27), that
P?]q = 0 for systems without a magnetic field or with
symmetric driving protocols. That is, equilibrium correla-
tions between the photon current and the thermochemical
currents are ultimately a result of broken time-reversal
symmetry.

IV. NEW BOUNDS

According to the second law, the rate of entropy
production o, which provides a measure for the thermo-
dynamic cost of irreversible transport, cannot be negative.
However, the laws of thermodynamics do not determine
how much entropy must be generated to sustain a given
current, as the following argument shows. In linear
response, the currents J4 can be divided into an irreversible
and a reversible contributions given by [38]

—— LAB+LBA _ LAB_LBA
Jir = ;fFB, T = ;#FB. (35)
Using these variables, the rate of entropy production (18)
can be expressed as

o= JEF,. (36)
A

Hence, the reversible currents, which, due to the general-
ized Onsager-Casimir relation (27), exist only in systems
with broken time-reversal symmetry, do not contribute
to 0. As a result, transport without dissipation seems to be
possible in situations where JIf =0 and at least one
reversible current is finite [37,68]. This a priori surprising
observation prompts the question of whether their might be
stronger bounds on thermal currents than the second law. In
the following, we first derive such bounds for coherent
transport and then prove their robustness against dephasing.

A. Coherent transport

Our new bounds follow from the unitarity conditions for
the frozen scattering amplitudes [7],

aff  oayk o ax
Z SE/,VSE},IV = ZSQ,VS}IE.V = gy (37)

a a

which ensure probability conservation, and the sum rule

S (SIST =0, (38)
af

which plays the role of a gauge condition fixing the
global phase of the frozen scattering amplitudes; see
Lemma 3 of Appendix B. Together, they lead to the
sum rules Y-, L =0 and )5, Lz =0 for the kinetic
coefficients (22), which imply the conservation laws:

» Ji=0 and Y Ji=0. (39)

a

Note that the conservation law for the heat currents is
consistent with the first law (12) in linear response, since
the electrical and the mechanical power, I and I1,, are of
second order in the affinities.

As a technical tool, we now define the quadratic form,

o+ DY FEGE+ DD KUGIGL.  (40)

a  xy

—
I
—_—

where the G, are real but otherwise arbitrary variables and
the coefficients

1 [ ,
ko= [ e, (41)

have been chosen such that E is positive semidefinite. To
verify this property, we expand the rate of entropy
production ¢ and the thermochemical currents J}, in the
affinities using Eq. (18) and the kinetic equations (24).
Upon inserting the expressions (22) for the kinetic coef-
ficients, and applying the unitarity conditions (37), Eq. (40)
can thus be rewritten in the form

1

—
= J—
—

=3 ), AED_CIXESEy — X" SEyPNf (42)

aff

with X = 37, ¢5(F5 — F + G%) and X” = (" F®, which
proves that E cannot be negative, since f7 > 0.

This result leads to a whole family of bounds on ¢, which
can be extracted as follows. We first set G =0 and
minimize the right-hand side of Eq. (40) with respect to
the variables GY. After repeating this step with the roles of
G% and G, interchanged, we arrive at the cumulative
bound:

o> 41;”2(1@;)2. (43)

a

To obtain bounds that involve only a single current, we
rewrite Eq. (43) as

(Ja)* h ME = L xy2
02 with M=) ()7 (44)
pa

+ M‘(Xl7

Minimizing M7, with respect to the currents J; while taking

into account the conservation laws (39) as a constraint
yields MY > (J%)?/4K*(N — 1) and, thus,

N

o2 m(ﬁ;)zy (45)
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where N is the number of terminals of the conductor and
the inequality holds for any pair of indices x and a.

This relation constitutes a key result of this paper. Going
beyond the second law, it shows that, regardless of the
behavior of the system under time reversal, any matter or
heat current comes at the price of a minimal rate of entropy
production that is proportional to the square of this current.
The positive coefficients K** thereby depend only on the
equilibrium properties of the reservoirs. Specifically, they
are given by

To T

kw—— - L 46

2h(1+ )~ 2h (462)
Kaa — 7T T(In[p])*> T°In[g]In[l +1/¢]

6 2h(1+ ) h
TLigl~1/g] _2°T3
4
+ h - 6h (46b)

where Li, denotes the dilogarithm, ¢ = exp[u/T| the
equilibrium fugacity of the reservoirs, and the inequalities
are saturated in the limit ¢ — oo, which is practically
realized in mesoscopic conductors.

B. Dephasing

Coherent transport is characterized by a fixed phase
relation between incoming and outgoing carriers. Under
realistic conditions, however, phase-breaking mechanisms
such as carrier-carrier or carrier-phonon interactions can
hardly be completely suppressed. Probe terminals provide
an elegant way to account for such effects [69]. In this
approach, virtual reservoirs are attached to the conductor,
whose temperature and chemical potential are adjusted
such that they do not exchange matter or heat with the
remaining system on average, but rather act as a source of
dephasing.

On the technical level, the virtual reservoirs differ from
physical ones only in that their affinities are fixed by the
conditions of zero mean currents. The bounds (43), how-
ever, were derived without any assumptions on the affin-
ities. They therefore apply also to systems with arbitrary
many probe terminals, where only the currents between
physical reservoirs contribute to the sum on the right; those
currents flowing into the virtual reservoirs are zero by
construction. Since the conservation laws (39) are likewise
not affected by the probe terminals, also the bounds (45)
remain valid with N referring to the number of real
terminals. Hence, our new bounds are robust against
dephasing and hold even in the limit of fully incoherent
transmission [69].

V. APPLICATIONS

In this section, we discuss three different quantum
devices to explore the practical implications of our new

bounds on coherent transport and their potential as tools of
thermodynamic inference. As a first example, we consider
a basic model of a magnetic-flux driven quantum generator,
which was proposed in Ref. [36]. This case study serves as
a simple illustration of our general theory and shows that
our bounds are tight. We then move on to parametric
quantum pumps, which make it possible to move a well-
defined amount of carriers from one reservoir to another in
a given cycle time. Such devices can be realized, for
instance, with tunable-barrier quantum dots [70,71], and,
owing to their high accuracy, are promising candidates for
experimentally accessible quantum representations of the
ampere [20-22]. Here, we show that, in the slow-driving
regime, the energy that is required to move a given
amount of carriers is subject to a fundamental lower
bound, which depends only on the cycle time. We further
derive an explicit optimization principle for adiabatic
quantum pumps by connecting our theory with the geo-
metric approach to parametric pumping [72-78] and the
notion of thermodynamic length [79-83]. As a third
application of our theory, we derive a universal trade-
off relation between the efficiency and the power con-
sumption of adiabatic quantum motors, that is, devices
that convert an electric current into motive power of
mesoscopic mechanical objects like nanopaddle wheels or
conveyor belts [23-26].

A. Quantum generator

The setup of Fig. 2 provides a simple realization of a
quantum generator. The frozen scattering amplitudes for
this system are

E>hw EShw

ne D

FIG. 2. Quantum generator. A mesoscopic ring is connected to
two leads via a four-way beam splitter such that, without a
magnetic flux, all incoming carriers are reflected after passing
through the ring. The current J” is generated by changing the
magnetic flux ® such that clockwise-moving carriers are decel-
erated by the emerging electromagnetic force around the ring. As
a result, incoming carriers from the left are reflected only if their
energy E is above the threshold Aw, which is required to pass
through the entire loop; carriers with E < Aw are flipped around
and transmitted to the right. At the same time, carriers coming
from the right are accelerated and thus reflected regardless of
their energy.

FE < hw
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11— i 12 Q21 __
Sy, =eletd) S =82 =0,

S, = el (47)

where the irrelevant dynamical phase yj is determined by
the circumference of the loop and the Aharonov-Bohm
phase ¢ = e®/hc plays the role of an external control
parameter; here, @ is the tunable magnetic flux through the
ring, e is the carrier charge, and ¢ the speed of light [84].
We use the reservoir on the right as a reference. Hence, the
chemical affinity is F/| = F” and the electric current J§ =
J? flows from left to right. For a linearly increasing flux,
i.e., for ¢p, = wt, the kinetic coefficients are

Te
h(1+¢)
ww __ Tw
L h(l+¢)’ (48)
according to the formulas (22), where ¢ = exp[u/T] is the
fugacity of the reservoir on the right. The electric current
and the rate of entropy production are thus given by
JP = LPF® and o= L*’(F”)?. Upon recalling the
expressions (46) for the coefficient K7, it is now straight-
forward to verify that the bound (45) is saturated; that is,
o = (J*)?/2K*? for any F” and F®. This result shows that
our bounds are tight.

On the microscopic level, the saturation of the bound
(45) is a consequence of the working mechanism of the
quantum generator, which is described in Fig. 2. Every
transmitted carrier leads to the net dissipation of one
quantum of energy Aw. As a result, the irreversible part
of the photon current, J{!. = L””F“, is equal to the electric
current J” and proportional to the rate of entropy produc-
tion ¢ = FJY.

By contrast, the reversible photon current, J%, = L*’F?,
is decoupled from the dissipation rate ¢, which is inde-
pendent of the chemical affinity F”. In particular, for F* =
0 and F” #0, we have 6 =0 and J” = J%, # 0. This
observation does not imply the occurrence of dissipation-
less transport, since the electric current vanishes for
F* = 0. It shows, however, that no general bound of the
form Eq. (45) exists for the photon current.

L7 =0, L'*=-L%=

B. Parametric quantum pumps
1. Performance bound

A parametric quantum pump can be described as a two-
terminal conductor, whose potential landscape is changed
periodically to generate a flow of carriers between two
reservoirs with the same chemical potential and temper-
ature. One pumping cycle requires the energy input U =
TTI,. and moves the amount of carriers Q@ = 7 J” from the
first reservoir to the second; see Fig. 3. Our bound (45)
implies that, in the slow-driving regime, these two figures
are connected by the trade-off relation,

Wi Va Va
JiZL
Jp LL
0 d r
1.5 7
0.5
_0~5 Q
-1.5
-1.5 =05 05
Vi
3.0
4.0 AT U/hw
3.0 2.0
U*/hw
2.0
\/\ / Lo
1.0
S
0 0.5 1.0 0 0.5 1.0
t/T Q
FIG. 3. Parametric quantum pump. Top: sketch of a generic

setup. A narrow conductor connects two reservoirs with the same
chemical potential and temperature. Periodically changing the
gate voltages V| and V, creates two oscillating potential barriers
driving the pump current J*. Middle: the left plot shows the Berry
curvature By for y, = z/4. Circles indicate the control path that
is determined by the protocols (61) for p = 1/4,1/2,3/4,1. As
the path expands into the positive peak of By, the pump flux Q
first increases sharply and then approaches a limit value, which
depends on the parameter y,. Bottom: the left-hand panel shows
the optimal driving speed y; for y, = /4 and p =1. The
horizontal line corresponds to constant speed. On the right,
the energy uptake is plotted against the pump flux for constant
and optimal driving speed U and U*, respectively, where y, =
/4 and p varies between 0 and 5. The shaded area indicates the
bound (49).

TQ?
> > 2 4
U2 2 hoQ?, (49)

where we have used that U= 7Tos and the second
inequality follows from Eq. (46a). This result is quite
remarkable as it puts a universal lower bound on the
energy that must be provided to generate a given pump
flux Q in a given cycle time 7. Hence, Eq. (49) makes it
possible to estimate the energy consumption of a quan-
tum pump, even in situations, where only the flux Q can
be measured and the scattering amplitudes of the sample
are unknown.
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2. Geometry and optimal driving speed

Finding optimal driving protocols for a quantum pump is
a difficult task, which typically requires the solution of
involved variational problems. In the slow-driving regime,
it is, however, possible to derive a universal optimization
principle for the parametrization y of the closed path I that
is mapped out by the vector of control parameters V, during
the cycle. To this end, we recall that, by using Eq. (22c¢), the
pump flux can be written as a line integral in the space of
control parameters [72],

Q=TL"F" = ]{ Alav,, 50
) 2 AV, (50)

which proves that Q is independent of the parametrization
of I'. The objects

. 1* 1
v 2 T Jo dEZIm POy, SENIfe  (51)

are thereby considered as the components of a vector field
Ay, which, in analogy to the theory of geometric phases, is
called the Berry potential [85]. Second, the input U can be
expressed in the form

T e
U= TTL(Fo) — h/ Aty @ ViVi.  (52)
where we have used Eq. (22d) and introduced the thermo-
dynamic metric [86],

1

i
87T

di = / 48 Y Rel (00 SOy ST (53)

The optimal parametrization y; of the path I, which
minimizes the input U, can be determined from the
objective functional,

A T ijy 3 A A
Ol = A dt(ng,Vi,sz.;/n—An), (54)
7

where A is a Lagrange multiplier accounting for the
boundary condition y; —y, = 7 and f/t is the derivative
of the inverse function 7, of y, [87]. Solving the Euler-
Lagrange equation for this functional yields the condition

T [
1= ["ds SRV Vi (55)

where

(56)

= % > gudvidv,

denotes the thermodynamic length of I'. Replacing the
protocols V, with V,. minimizes the energy consumption
of the pump without changing its flux Q, which depends only
on the path I'. Inserting the minimal energy uptake U* =
hwL? into Eq. (49) yields the remarkably simple relation,

L2]Q], (57)
between thermodynamic length and pump flux, which

connects our thermodynamic bounds with the geometric
theory of slowly driven quantum pumps.

3. Tunable-barrier pump

We now consider a simple model of a quantum pump,
where the potential inside the conductor consists of
two §-barriers with dimensionless strengths V; and V.
The single-particle Hamiltonian of this system reads

2 v nv
p + 15 +—25r_d7

H J—
V7om " Md Md

(58)

where V= (V,,V,), p and r are the momentum and
position of the carrier, d denotes the distance between
the two barriers, and M the carrier mass; see Fig. 3. The
corresponding frozen scattering amplitudes are [6]

Siv = Si'v = Zevxge™s, (59a)
Sy =Zev(Vi(Va—ixe) = Va(Vi +ixg)e* ), (59b)
Siv=Z2ev(Va(Vi=ixg) = Vi(Va+ixg)e*),  (59c)
with Zpy =1/(V, V27 — (V| —iyg)(V, —iyg)) and

xe =dv2ME/h. In the following, we focus on the low-
temperature limit, where the function f7; is sharply peaked
around E = yu and can therefore be replaced with Té_, in
Egs. (50) and (53).

To find a suitable control path, we recall that the
expression (50) for the pump flux can be rewritten as an
area integral with the help of Stokes’ theorem [72],

0= [ dsBy,

Sr

(60)

where By = dy A3 — 9y, Ay is the Berry curvature cor-
responding to the potential Ay and Sr- denotes the area
encircled by I'. As shown in Fig. 3, the function By features
two antisymmetric peaks. Hence, to generate a large flux
Q, the path I" has to cover the positive peak while avoiding
the negative one. This condition is met by the circles with
the parametrization,
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Vi: = Vo —pcos[wi], Vo, = Vo — psinfwt], (61)
where V, = p/v2 — Xyucotly,]/2 and the radius p deter-
mines the amplitude of the driving.

Using the protocols (61), we numerically calculate the
flux @, the input U, the optimal driving speed y*, and the
minimized input U*. The results of these calculations
are plotted in Fig. 3. Two observations stand out. First,
the energy consumption of the pump can indeed be
significantly reduced by optimizing the driving speed.
Second, our bound (49) underestimates the energy uptake
by at least a factor of 6 for constant and at least a factor of 4
for optimal driving speed. Microscopically, the deviations
arise from idle scattering events, where carriers pick up
energy from the external driving without contributing to the
pump flux. This effect becomes more and more dominant
as the amplitude p of the potential modulations increases.
Still, at least for moderate amplitudes, our bound (49)
predicts the correct order of magnitude for the energy
uptake of the device.

C. Adiabatic quantum motors
1. Bound on efficiency

A quantum motor can be described in terms of two
components: a mesoscopic conductor hosting an electric
current J” between two reservoirs with the same temper-
ature but different chemical potentials and a mechanical
rotor that couples to the dynamics of the carriers [24]; see
Fig. 4. Provided that the rotor is much heavier than the
carriers, it can be treated as a classical degree of freedom,
which creates a slowly and periodically changing potential
inside the conductor [88]. In this Born-Oppenheimer
picture, the motive power of the rotor, that is, the output
of the motor, is given by II, = —Il,, = —-TF*J”. The
electric power I[1,; = TF?J? is the input of the motor and its
efficiency is defined as

m = 1_Im/r[el < 1 (62)

for IT,, > 0. The upper bound 1 thereby follows from the
second law, which requires ¢ = I1,/T —I1,,/T > 0.

Going beyond this trivial result, our bound (45) implies
that the efficiency and the input of the device are connected
by the universal relation,

I, My _ |k
TR (FPY = Aur Au’

M <1

where the second inequality follows from Eq. (46a).
Depending only on the electric current J” and the chemical
potential bias Au = p; — u, both of which are generally
easy to access in experiments, the bound (63) has a key
practical implication: it makes it possible to put a nontrivial
upper limit on the efficiency of an adiabatic quantum motor

0.6 0.6
*
0.4 "hn 0.4 Tn
6 6 >
0.2 0.2 M/ hw
T /Fics? .
0 100 200 0 100 200
Vo Vo

FIG. 4. Quantum paddle wheel motor. Top: setup. A narrow
coherent conductor, which is placed between two isothermal
reservoirs with chemical potentials ¢, and u < y, is in contact
with a mesoscopic wheel, the rotor, which carries negative
charges on its surface acting as electrostatic paddles. The electric
current J” pushes the potential barrier that is created by a passing
charge to the right, thus driving the rotation of the wheel. Bottom:
the left-hand plot shows the maximum efficiency (69) of the
motor as a function of the strength of the barrier V; with the
shaded area corresponding to the bound (63). The inset shows the
generated motive power over the same range of V, as in the main
panel. For comparison, the efficiency and the motive power are
plotted on the right-hand side for fixed bias » = 10. For all plots,
we have set y, = 4x.

without measuring the motive power of the rotor or
invoking a specific model.

2. Paddle wheel motor

To test the accuracy of the bound (63), we consider a
simple quantum motor, which consists of a rotating nano-
paddle wheel creating a sliding o-barrier inside a narrow
conductor; see Fig. 4. The single-particle Hamiltonian of
this model is

2 2
p hv
Hy=7-—+— 4
v 2M+Md6’_d“’ (64)

and the frozen scattering amplitudes are given by

SEv = Si'v = ixge” /(ixe = V), (65a)
Sy = Ve (iyp = V), (65b)
SPy = Verl=ake [ iy, — V), (65c¢)

with V= (V,a) and yr = dv2ME/#. Here, d denotes the
length of the contact region between the conductor and the
paddle wheel and the dimensionless control parameters V
and a € [0, 1] correspond to the strength and the position of
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the barrier. In the low-temperature limit, the electric and the
motive power are given by

[y /hw? = LPPv? + LP®v, (66a)

0, /he* = —L*v — L°®, (66b)
where v = Au/hw and we have introduced the rescaled

kinetic coefficients:

D7 = (ISR, (672

Do = —[ = S Im[(SASNN. (670)
2rw 5

L= 2§j<<| MRS (67¢)

af
We now calculate I1; and IT,,, for the protocols

V,=Vysin?lwt/2] and a,=1t/T modl, (68)
which mimic the motion of the paddle wheel, assuming that
its radius is much larger than d. The bias v is fixed by
maximizing the efficiency of the motor (62). That is, we set
v =0"=L"(1 4+ \/Zy, + 1)/L"”, whereby the efficiency
becomes

Y/
nm_,/zm+1+1’

with Z,, = (L*®)?/L?L®® playing the role of a figure of
merit. Our results are plotted in Fig. 4. For V < 10, the
bound (63) overestimates the efficiency of the paddle wheel
motor by about a factor of 2. As V, increases, the deviation
decays to approximately a factor of 3/2, since fewer
carriers tunnel through the moving barrier without trans-
mitting energy to the paddle wheel. The same qualitative
behavior is observed if the bias v is fixed independently of
the kinetic coefficients.

(69)

VI. FAR FROM EQUILIBRIUM

Going beyond the first and the second law, our bounds
(43) and (45) provide strong universal constraints on
currents in periodically driven coherent conductors. They
were derived within the framework of linear response
theory, which describes the arguably most relevant regime
of operation of mesoscopic devices. Still, the question
remains whether similar bounds apply also far from
equilibrium. In this section, we show how such a gener-
alization of our theory can be achieved. We first derive a
family of new bounds on currents in coherent conductors
that hold for arbitrary driving frequencies and thermal

gradients. We then discuss the interpretation of these
bounds in the context of thermodynamic uncertainty
relations [89,90] and show how they can be used for
thermodynamic inference. To illustrate the general picture,
we revisit the quantum generator of Sec. VA, whose
Floquet scattering amplitudes can be calculated exactly
for arbitrary driving frequencies. We then put our results in
the context of recent developments and conclude this
section by summarizing the main implications of our
theory for systems without time-dependent driving.

A. Derivation

To extend the approach of Sec. IVA into the nonlinear
regime, we consider the quadratic form:

g, _a—i—l//ZZJxGx +y Y Y RPGIGL. (70)

a Xy

Here, y is a yet undetermined positive number and the
coefficients K are defined as

k=g ) S T

* (fEu (1= f2) + FE(1 = f5,)), (71)

EnE|

with =1, (1" =E - p,, and the modified Floquet
scattermg amplitudes,

A

S = (1= 8,0045)S% 1. (72)

This ansatz is essentially found by inspection but can be
motivated a posteriori, as we shall see in Sec. VIB.

We now recall Egs. (4), (13), and (14) and use the
unitarity conditions (8) to express the thermochemical
currents and the rate of entropy production as

=l / dEZZczﬂsEnE (e, — 1h).  (73a)

(73b)

o= [TaEY S I8P
0 aff n

B a B a
X((Véﬁ - yEn) éf_ gg +gEn)’

with v% = (u, — E)/T, and ¢% =v% —In[f%]. Inserting
these expressions and the definition (71) into Eq. (70) gives

= / dEZ Z |SEn E 2Hgﬂ,n.E’ (74)
af

n

[I]

where
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HgﬂnE_(I/j_yEn fE gg+g +2WX(EI?n( (llfn_fé)
Y (X )2 (fa (1= f3) + o1 = f5,))  (75)
is a quadratic form in the variables X% = Y (3G5/2. As

has been shown in Ref. [47], this quadratic form is positive
semidefinite if

Z+1)

(1 —e*+ze¥)(e
w <yt = rzlélug o1 ~0.89612. (76)
Consequently, we have E,
auxiliary variables GJ.
From here, we can proceed as in Sec. [V A. Minimizing
g+, first with respect to the {G%} and then with respect to
the {G%} while setting the respectively remaining auxiliary
variables to zero, yields the cumulative bound,

oyt Y (Ji);)z , (77)

4Ky

- >0 for any choice of the

which can be regarded as the counterpart of Eq. (43). For
the individual matter and heat currents, we obtain the
bounds,

w(1+0z), ,
2 g U (78a)
6> 2 ((J9)? + (J4 + e +T1)%0%).  (78b)

4K

with 0% = KX/ fotar K 5 = 0, which can be derived from
Eq. (77) by repeating the steps that led from Eq. (43) to
Eq. (45); for the heat currents, the conservation law
Za J& =0, which holds only in linear response, must
thereby be replaced with the first law (12).

We note that, in linear response, the bounds (78) are
weaker than our previous bound (45) by a factor yw*.
Specifically, upon neglecting third-order corrections in the
affinities, Eqs. (78) imply

*

(1 + 6%,
> VLT elea) ( s o 22—V (52, (79)
4K o 4K*(N = 1)

where the second inequality follows by noting that

A 1 [
Kleg =K% = | dECE)I(SEVIP S < K. (80)

2h Jo
and, therefore,
T 40ileg 1 1 . N 81)
Kﬁﬂeq sz‘eq Zﬂ#a K;fx|eq a KXX(N - 1)

This observation shows that the bounds (78) cannot be
saturated close to equilibrium.

B. Thermodynamic uncertainty relations

A thermodynamic uncertainty relation describes the
trade-off between precision and entropy production in a
given class of thermodynamic processes [89,90]. For
classical matter transport in multiterminal systems without
time-dependent driving, for example, the relation

ofea)® 2y (82)

has been derived in Ref. [47]. The reduced zero-frequency
noise, or squared relative uncertainty, (e5)> = Pha/(Jo)?,
thereby provides a measure for the accuracy at which a
given amount of particles is extracted from the reservoir «
in a given time. As we show in the following, our bounds
(78) make it possible to extend this relation into the
quantum regime and to include heat currents as well as
periodic driving.

We first recall that, according to the formulas (6) and (7),
the diagonal thermal and the shot noise of the thermo-
chemical currents are given by

XX XU XV uv
DY = E cylter DhY

uv

=5 ), B st D
— 2804C C};“ISE,, E (83a)
R = Z citcl Ru,
= i gucz?;;!ﬁ g (83b)
with ¢4 = = up, ca' = ye = Habup» and f'E = fE(1 = f).

Next, comparing Eq. (83a) with Eq. (71) shows that the
coefficients K%* can be decomposed as

4Ky = D+ P 4+ Q. (84)

The Fermi correction,

‘Pi;XZEA dEZZ En EnE

thereby accounts for Pauli blocking between incoming
and outgoing carriers; it vanishes in equilibrium and
in the quasiclassical limit, where second-order terms in
the fugacities ¢, = exp[u,/T,] can be neglected and the
exclusion principle becomes irrelevant [29]. The second
correction in Eq. (84),

— )% (89)
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2 e X, XA | Qo a
oy = [TaE Y rSELlrs 60

arises from inelastic reflections of carriers at the sample
and vanishes if the external driving is turned off, i.e., if
St g = 00SE" and thus S‘Z«‘ZE = 0. Finally, since the
shot noise (83b) is non-negative, Eq. (84) implies that
K < P2+ Wr 4 QYF, where Pi, = D3+ R, is the
zero-frequency noise of the thermochemical currents.
Inserting this bound into Egs. (78) and setting &}, =0
yields the thermodynamic uncertainty relation,

*

X)2 v
e s )
where (e)* = Pii/ ().

This result can be interpreted as follows. The corrections
WY and 7 are non-negative. Therefore, the relation (87)
shows that Pauli blocking and periodic driving are both
sources of precision, which reduce the minimal amount of
entropy that must be produced to generate an arbitrary
matter current J% with given uncertainty e, These two
mechanisms of reducing the thermodynamic cost of pre-
cision have been described separately before for different
classes of systems; see, for instance, Refs. [47,91,92] and
Refs. [48,93-100], respectively. Our uncertainty relation
(87) now accounts for both of them in a unified manner
through additive corrections.

For heat currents, the situation is slightly different. The
corresponding Pauli corrections W¢’ are non-negative and
therefore universally suppress the lower bound on the
product (el )? compared to the quasiclassical limit, where
wi9 — (: this observation is in line with earlier results; see
Ref. [101]. The sign of the driving corrections Qg7
however, depends on the structure of the Floquet scattering
amplitudes of the sample. Periodic driving can thus either
reduce or increase the minimal thermodynamic cost of heat
transport at given precision.

We note that the bound (82), to which the relation (87)
reduces in the quasiclassical limit and without periodic
driving, can be asymptotically saturated in systems with
infinitely many terminals and strong biases [47]. Hence, for
matter currents, also the uncertainty relation (87) and the
stronger bound (78a) can be regarded as tight. Whether these
bounds are also tight for heat currents is an open question.

C. Thermodynamic inference

Although the corrections W' and Q) admit a trans-
parent physical interpretation, it is not clear how they can
be measured. Before the generalized uncertainty relation
(87) can be used for thermodynamic inference, it is there-
fore necessary to link these quantities to experimentally
accessible observables. For matter currents, such a con-
nection is provided by the bounds,

VY <o6/2 and QF <2T,/h, (88)
which ultimately follow from the unitarity conditions (8),
see Lemmas 4 and 5 of Appendix B for details. Inserting
these bounds into Eq. (87) yields

o(Po+ /24 2T,/h) _
L >yt (89)

This relation provides a powerful tool for thermody-
namic inference. Specifically, upon measuring an arbitrary
matter current J%, its zero-frequency noise P20 and the
temperature 7', of the corresponding reservoir, one obtains

the lower bound,

o 2 0, = |Jal(\/ ¢z + 2w" = |,

); (90)

on the dissipation rate 6, where ¢, = (hPhy + 2T,)/hJY is
a modified Fano factor. This bound holds, within the limits
of the scattering approach to quantum transport, for any
sample and driving protocols, arbitrary driving frequencies,
arbitrary voltage and temperature biases, and in the
presence of magnetic fields. It therefore makes it possible
to derive universal constraints on otherwise unaccessible
figures of merit of coherent transport devices. For instance,
upon recalling the setups of Secs. V C and V B, the energy
uptake U of a parametric quantum pump and the efficiency
of a quantum motor #,, can be bounded as

UTT|P|(\J# + 200 = 1g]).  (Ola)
m <=5 (Vo =), o)

where the parameter ¢ = (hP/] 4+ 2T)/J? is experimentally
accessible. These relations can be regarded as far-from-
equilibrium counterparts of our linear-response bounds (49)
and (63).

D. Quantum generator revisited

To illustrate our far-from-equilibrium theory, we now
return to the quantum generator of Sec. VA. The Floquet
scattering amplitudes for this system can be found exactly
by solving the corresponding Schrodinger equation; see
Appendix D. It is thus straightforward to numerically
calculate the quantities,

46K"?
o dokv 92
V=TT 2]
00 = (D21 + WP /P + QP JPI0).  (920)

021013-14



THERMODYNAMIC BOUNDS ON COHERENT TRANSPORT IN ...

PHYS. REV. X 11, 021013 (2021)

8.0 8.0
QW Q®
6.0 6.0
2.0 2.0
Y Y
0 2.0 4.0 6.0 0 2.0 4.0 6.0
hw/E hw/E
2
10 Q® 03 oj/o
0.2
Lot %
0.1
v
0 2.0 4.0 6.0 0 2.0 4.0 6.0
hw/E hw/&
o ——
o 21 AweE
FIG.5. Quantum generator far from equilibrium. The first three

plots from top left to bottom left show the quantities (92a)—(92c)
as functions of the driving frequency for different biases. Here,
& = h?/2M[* denotes the natural energy scale of the device with
M being the carrier mass and [ the circumference of the loop,
cf. Fig. 2. The shaded areas indicate the bounds (78a), (87), and
(89), respectively, for Q(l), Q(z), Q(3> . The last plot shows the
lower bound on entropy production (92d) in units of the actual
dissipation rate ¢. For all plots, we have set p =0, /& =
Ap/E=0,1,...,4and T/E =1/2.

o(PY) +6/2+42T/h)

B =
00 = G (920)
i =1Vt +2w =), (929)

which are plotted in Fig. 5.

According to the relations (78), (87), and (89), the
dimensionless coefficients Q(1), 0?), and Q) are bounded
from below by y*. The coefficient Q) indeed comes close
to this bound for small biases and driving frequencies. In
fact, we have Q(‘) — 1 for Ap, @ — 0, which confirms our
previous observation that the linear-response counterpart
(45) of the bound (78) is saturated for the quantum
generator. After passing through its minimum, Q") grows
monotonically with the driving frequency. Hence, the
bound (78) becomes less and less tight when the system
is driven faster. The coefficients Q®) and Q®) show a
qualitatively similar dependence on the driving frequency.
However, their minimums do not become smaller than 2
and 4, respectively. Finally, we find that the figure o7, at
best, underestimates the actual dissipation rate by about a
factor of 4. This result proves that the bound (89) is
generally strong enough to predict the correct order of
magnitude for o.

E. Comparison with earlier results

Thermodynamic uncertainty relations are currently a
subject of active research in stochastic thermodynamics;
see Refs. [89,90] for recent reviews. To put our bounds in
context with these developments, we compare them with
the four relations,

«_ 0Pl
0 = VITAL > 1, (93a)
P.X.X
pa— Ol 1 (93b)

(exp(Zo] - 1)Pag

X — 1
s T > 1, (93c)
Qﬁ}z — (exp[T(0~|— 6)/2] - 1)(Paa + Paa) > 1, (93(1)

(J5 + J2)?

which were derived earlier for different classes of systems
[47,98,102-105]. For concreteness, we focus again on the
quantum generator of Sec. VA, for which the coefficients
Q’C’I’l, o' Q’léirl, and Qﬁ’yls can be easily calculated. The
results of this analysis, which are summarized in Fig. 6,
lead to the following conclusions.

First, the bound (93a), which was derived for classical
ballistic transport without periodic driving [47], is violated
at low frequencies. In fact, the coefficient Q’C’l1 goes to zero

4.0 4.0

Q5! Qo'
3.0 3.0
2.0 2.0
1.0 1.0

f=

0 2.0 40 6.0 0 2.0 40 6.0
/€ Fw/€
40— 102
QFr
3.0
,1
2.0 10t Qhys
1.0
/ 10°
0 2.0 4.0 6.0 0 2.0 4.0 6.0
/€ Fw /€
e —
o 1 AweE

FIG. 6. Quantum generator in perspective. The four plots from
top left to bottom right show the coefficients (93a)-(93d) for
x=p and a=1 as functions of the driving frequency for
T/E = 1/2,u = 0and different biases Au/E =0, 1, ..., 4, where
& was defined in Fig. 5. In each plot, the shaded area indicates the
putative lower bound 1 on the corresponding coefficient.
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for Ap, @ — 0. This behavior can be understood by
observing that the driving corrections (86) do, in contrast
to the Pauli corrections (85), not vanish in adiabatic
equilibrium. Instead, we have

Qo= | T AEGISEY - (SED )5 O4)

and thus Q. = 2Tp/h(1 + @) > 0, with ¢ = exp[u/T]
the quantum generator. We recall that the notation - - - |,
indicates the limit F3, @ — 0. In general, the corrections
QX vanish only if the driving fields are switched off, that is,
if their amplitudes rather than their frequency go to zero. In
this limit, the quantum generator does not produce any
current and the bound (93a) becomes trivial.

The second relation (93b) was originally derived for
periodically modulated Markov jump processes [98]. In
linear response, it holds also for coherent transport,
provided that the frozen scattering amplitudes obey the
symmetry Sty = Shy, as is the case for the quantum
generator, cf. 'Eq. (47); for details, see Appendix C. Far
from equilibrium, however, the bound (93b) can be
violated, as the second plot in Fig. 6 proves.

The fluctuation theorem uncertainty relation (93c) fol-
lows from a general symmetry argument. Specifically, it
holds if the joint probability distribution of the entropy
production per cycle 7 ¢ and the accumulated current 7 J3,
obeys a strong detailed fluctuation theorem [102]. In
general, such a relation holds only if no magnetic fields
are applied to the system and the driving protocols are
symmetric under time reversal. These conditions do not
apply to the quantum generator. As a result, the third plot in
Fig. 6 shows clear violations of the bound (93c) at low
frequencies.

The hysteretic uncertainty relation (93d) provides a
generalization of Eq. (93c). The restriction to systems
without magnetic fields and symmetric driving protocols is
thereby removed by considering the actual thermodynamic
process together with its time-reversed counterpart, which
is denoted by a tilde [103,104]; in coherent transport,
quantities with a tilde are obtained from original ones by
replacing S , with TgTyS% . = §4%,. The last plot in
Fig. 6 shows that the hysteretic uncertainty relation (93d) is
not violated for the quantum generator. Whether or not it
holds for coherent transport in general remains an open
question at this point. In any case, the relation (93d) has
only limited predictive power in practice. First, it is
inapplicable if the time-reversed process cannot be realized.
Second, since it involves only the symmeterized variable
o + &, it cannot be used to bound the entropy production ¢
of the actual transport process. Third, if JX = —J2%, as is the
case for J” in the setup of the quantum generator for
Ap = 0, Eq. (93d) reduces to the trivial bound ¢ + & > 0.
By contrast, our relation (90) still yields a nontrivial lower
bound on ¢ in this situation.

In summary, our case study shows that the new bounds
(78), (87), and (89), which fully incorporate quantum
effects and do not rely on special symmetries, go beyond
the earlier results (93). In particular, Eq. (89) provides a
universal bound on entropy production that depends only
on parameters that can be measured in a given setup
without having to realize the time-reversed transport
process.

F. Autonomous systems

In the previous section, we considered our far-from-
equilibrium bounds on coherent transport in the context of
earlier results for periodically driven thermodynamic proc-
esses. However, our theory also has profound implications
for autonomous systems, which can be established as
follows. If no time-dependent fields are applied to the
sample, the driving correction (86) is zero. The bounds (87)
and (88) then imply the new relation:

P P 2
U(Pcy)f/z) = olehf + 5

>yt (95)

This result shows that Pauli blocking as a source of
precision can be incorporated into the classical uncertainty
relation (82), which otherwise can be violated in the
quantum regime [47,91,92], through the universal correc-
tion 62/2(J%)?. Quite remarkably, this quantum shift does
not depend on any additional parameters. As a result, the
relation (95) leads to a bound on entropy production,

o> || (\/Fa oy - |Fa|), (%)

that involves only the current J% and the standard zero-
frequency Fano factor F, = P.),/J5. Like the relation (90),
this bound holds for any coherent multiterminal conductor,
arbitrary electric and thermal biases, and in presence of
external magnetic fields.

Finally, we note that, because the bound (88) on the
driving corrections € is independent of the driving
strength, the relations (95) and (96) cannot be recovered
from their more general counterparts Egs. (89) and (90).
This observation may indicate that the bounds (89) and (90)
can be further optimized. We leave it to future research to
probe whether such refined bounds exist. Furthermore, it
remains yet an open problem whether operationally acces-
sible bounds on entropy production, similar to the ones
given in Egs. (90) and (96), can be formulated in terms of
individual heat currents.

VII. SUMMARY

Starting from the scattering approach to quantum
transport, we have developed a universal thermodynamic
framework for coherent conductors that are driven by
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thermochemical gradients and periodically changing
electromagnetic fields, whose frequency plays the role of
an additional thermodynamic force. Focusing on the linear-
response regime, we have shown that this framework can be
equipped with consistent generalizations of the Onsager-
Casimir relations and the fluctuation-dissipation theorem.
As our first key result, we have derived a family of
thermodynamic bounds on matter and heat currents, which
go beyond the second law, hold for arbitrary samples and
driving protocols, and involve only experimentally acces-
sible quantities.

From a conceptual point of view, these bounds prove that
transport without dissipation is impossible in conventional
coherent conductors, even in the presence of reversible
currents, which generically occur in systems with broken
time-reversal symmetry and do not contribute to the
average entropy production. From a practical perspective,
they provide powerful tools of thermodynamic inference. In
particular, they make it possible to determine model-
independent lower bounds on the total dissipation rate,
which is generally difficult to access experimentally, by
measuring the electric currents in the individual terminals
of the conductor.

When applied to mesoscopic devices, our bounds lead to
nontrivial relations between key figures of merit, which
provide both universal benchmarks for theoretical models
and a new avenue to estimate the performance of exper-
imental realizations of nanomachines, whose output or input
cannot be measured directly. We have illustrated this method
for parametric quantum pumps and adiabatic quantum
motors, where in both cases a mechanical quantity was
bounded in terms of an easy-to-measure electric current.
Beyond these examples, our results are applicable to any
system that can be described as a coherent multiterminal
conductor, including thermoelectric heat engines and refrig-
erators, which have gained much attention in recent years
[36—49]. Our work thus provides a versatile toolbox for both
theoretical and experimental studies seeking to develop
powerful and efficient quantum transport devices.

Going beyond the linear-response regime, in the second
part of this article, we have derived a family of thermo-
dynamic bounds on matter and heat currents that hold for
arbitrary thermochemical gradients and driving frequen-
cies. These relations imply a thermodynamic uncertainty
relation for coherent transport, which accounts for quantum
effects and periodic driving in a unified manner, and a fully
universal bound on entropy production that depends only
on experimentally accessible parameters. This bound,
which is our second key result, can be directly used for
thermodynamic inference far from equilibrium. In fact, it
can be determined by measuring a single electric current, its
zero-frequency noise, and, for systems with periodic
driving, the temperature of the corresponding reservoir.
Thus, we are now able to pass the baton to the experimen-
talists to test our theoretical results and to utilize their

wide-ranging applicability to further explore the quantum
thermodynamics of coherent transport devices.
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APPENDIX A: KINETIC COEFFICIENTS

In this Appendix, we derive the formulas (22) for the
linear-response coefficients in the frequency picture, that is,
with the driving frequency playing the role of an additional
affinity. We then compare this approach with the amplitude
picture, where the mechanical affinity corresponds to the
strength of the applied periodic fields.

1. Frequency picture

We first recall that the thermochemical currents and the
photon current are given by

1 & X, X, Q) :
V=g | S € bt = IS ) with
g n

CICZ(X :C)Ii“_équFg7 (Ala)
=05 =6, T(Fo—nF”), and
1 [e N
Jo — EA dE> > " n|SE o PrE. (Alb)

affp n

where (=1, (L =E -y, and {* = 1/w. Inserting the
expansion of the Fermi function (20) and the expansions

TF®
Z|S%Z,E2:XO+TX1’ (A2a)

p TF”
Z”|SE/:[.E|2 :yo+Ty1’ (A2b)

n
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and collecting first-order contributions in the affinities then
yields F}, and F” yields

1

Lz% = Z/) dEC)éC\E(éaﬂ - XO)fIEv (A3a)

T (e
mo=-1 /0 dEzﬂ:(zyoaxq +{3X))fE, (A3D)

1 o
Ly :EA dEgEza:yof%7 (A3c)
poo =T / TAES wif (A3d)
" 2h Jy A

Note that the zeroth-order terms vanish, as can be shown
with the help of the unitarity conditions (37) for the frozen
scattering amplitudes.

Upon inserting the expressions (B2a)-(B2d) for X, X,
Yo, and Y in Egs. (A3), we arrive at

1

Ly = | AL~ (SN (Ada)
T «© C a %
T Z(zcwlm[«S%ﬁ O

—4cERe[<<8“ VALY + L0 Im[( STV SEI) f

T o af*
T /0 dE Z(C‘”Im[<<55/,”v55’.’v>>]5xq

+ aEc"aEIm[«S“” ST fe

5 [T B S SIS (Aab)
0 p
1 © ok
Ly =+ A dEgggvaﬁ:Im [(SEvSI, (Adc)
w0 _ T *© ) '(l/ a/}
= |7 s S i AL
+ 00 (ISP f &
1
=21, " aE(g) Z«IS VIV E- (A4d)

Here, we have used the sum rule,

4ZR <<Sa/}* Aa/}» lélw Z 8E<<S(1/3* S(x V»

= —C‘”Z@Elm

PSTN. (AS)

which follows from Eq. (B4b), in the first step of Eq. (A4b);
in the second step, we have applied an integration
by parts with respect to E noting that 9g{y = J,, and
Opfr = —f%/T. In Eq. (A4d), we have used that

> Im[(SEVAT Y = (A6)
af

as a consequence of the sum rule (B4c) and the fact that
the period average is a linear operation; finally, we have
integrated the remaining term by parts.

2. Amplitude picture

The amplitude picture provides an alternative way of
extending the framework of irreversible thermodynamics to
periodically driven coherent conductors. This theory, which
is complementary to the one discussed in Sec. III, can be
developed along the same lines as for stochastic systems;
see Refs. [58-61]. We first divide the single-carrier
Hamiltonian that describes the dynamics inside the con-
ductor into two contributions,

H,=Hy,+ AU,, (A7)
where the free Hamiltonian H, is time independent, the
dynamical scattering potential U, = U,, 7 accounts for
the periodic driving, and the parameter A denotes to the
amplitude of this perturbation. The Floquet scattering
amplitudes can thus be decomposed as

SZ"/jz.E = 5nOS%ﬁ + AZ%/;;,E’

(A8)
with the first contribution describing elastic scattering
events and the second one accounting for inelastic events,
which are induced by the time-dependent driving. We now
introduce the affinity F = A/T and the work flux,

wo— _A 2 P
retga=g [ OHILATANCY

where the second expression is obtained by inserting
Eq. (A8) into Eq. (11). With these definitions, the total
rate of entropy production (16) assumes the canonical
bilinear form:

(A10)

o=J"F"+Y Y JiFs.
a X

The frequency and the amplitude picture are equivalent
on the general level. Their corresponding linear-response
theories, however, describe two physically different
regimes, where either the speed or the strength of the
periodic driving is small. This difference becomes particu-
larly clear from the kinetic coefficients in the amplitude
picture, which are given by [106]
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.x 1 i 10
Gy =0 ik = A dECLEL (Bup— ISP ) fpe (All)

Gy = 0pdi]og = 0, (Al1b)

G = 0" |oq =0, (Allc)
ww w T

G =0p "l =7 | dEZn|ZEnE| fe.  (Alld)

with Z”n £= Zj;/i £la—o- Hence, the thermochemical var-
iables, F, and J}, decouple from the mechanical ones, F"
and J%, in the weak-driving regime. By contrast, this
coupling persists in slow-driving regime, provided that
the driving protocols are not symmetric under time reversal,
cf. Sec. III C.

APPENDIX B: SOME USEFUL LEMMAS

In this Appendix, we collect a series of sum rules for the
Floquet scattering amplitudes in the slow-driving regime
along with sketches of their proofs. Further details on the
derivations may be found in Refs. [7,32].

Lemma 1.—Let S%/n £ be the Floquet scattering ampli-
tudes of a multiterminal conductor that is subject to the
periodic driving fields V with frequency w = 2z/7, then

. hw
Z ‘S;E[;)L,EP =Xy + &1,

2
D onlSi el = yo+—y1, (BI)
up to second-order corrections in Aw, with
Xy = (ISEy 2, (B2a)
X, = dRe[(SYVAY )] —faEIm[«s Si)l.  (B2b)
1 o, afpx
Yo = _Elm[«SEéVSEéV»]’ (B2c)
cafx aq 1 o)
m{(SEVAL N + 5 Os(ISEy Y- (B2d)

Here, S%ﬂ y denotes the frozen scattering amplitudes, .A%ﬁ
the nonadiabatic corrections defined in Eq. (21), and (- - -)
indicates the time average over one period 7.
Proof.—Insert the low-frequency expansion (21) for
S}ifi r and collect all zeroth- and first-order terms in Aw.
Perform the sum over all integers n by using the symbolic

identity,

) T
an mmt t - (la))k 855[—f7 (B3)

where k =0, 1,...and 7,7 € [0, 7). Integrate by parts with

respect to ¢ as needed. [
Lemma 2.—The frozen scattering amplitudes and the

nonadiabatic corrections obey the joint sum rules,

. ofp a}/* oy * a/}
2iw Z(S(EA,VI + S(Et EVt)
a

= Z(S%ﬂVtaESZjét - S%}./;taESE Vt) (B4a)

2iw Z SeviAiy + SeviAey)
= Z SlyEoiftaESEo,th - SED,CVtaESyE?éz% (B4b)
Z Im [SZﬂétA%ﬁz] =0, (B4c)

af

for any t € [0, 7).

Proof.—We begin with the sum rule (B4a). Inserting the
expansion (21) into the unitarity condition (8a), collecting
first-order terms in Aw, and carrying out the sum over n
using Eq. (B3) shows that

T .
[ a{ S estonszi

_ le(S%ﬂVtAa}’* Z}/:’IA ))} imwt _ 0’

SE VzaE SaEy;F/z + SZ{Q}I&E SE Vi
(B5)

for every integer m and any indices f and y. This condition
can be met only if the expression inside the curly brackets
vanishes for every ¢ € [0,7), that is, if

2io(ATS + AST) = 28'1S + §TS + STS,  (B6)

where we introduced the matrices S and A with elements

(S)os = =SY rv, and (A),; = A% to simplify the notation
and primes indicate derlvatlves with respect to E. Next,
we note that the matrix S is unitary, i.e., S'S = SS™ = 1,
owing to the conditions (37). Therefore, we have
0,0;S'S = 0, and writing out the derivatives gives
-s"§ - §'s.

STS +S'S = (B7)

Inserting this relation into Eq. (B6) yields the result

2im(ATS + AST) = §''S - §'S, (B8)
which is equivalent to the first sum rule (B4a). The second
sum rule (B4b) can be derived along the same lines starting

with the unitarity condition (8b).
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To derive the third sum rule (B4c), we first note that

2121m5;ﬂ3t ] = t{S'A - ATS}

= tr{AS'SST — ATSSTS}

= tr{(STA + ATS)S'S}, (B9)

where we have used that SST = —SS7, since S is unitary.
Second, eliminating the matrix A with the help of the
relation (B8) gives

—4e Z Im[SYy, AL ] = u{(S"'$ - §'s)§'s}
= u{(S'S'S'Ss - §'S)S’S}
=0, (B10)

where the second line follows by noting that S§'" = —S§'S'
and §ST = -SS'. .

Lemma 3.—The frozen scattering amplitudes can be
chosen such that they obey the sum rule,

S (SLSE) = (B11)
af

Proof.—The frozen scattering matrix admits the spectral
decomposition S = >, |¢y) (¢i|e'?*, where the ¢, are real
and the |¢,) are normalized orthogonal eigenvectors. Since
S is a 7 -periodic function of time, the phases ¢, further
have to obey the condition (¢, )) = @M, with M, being an
integer. It follows that

D USINSEV) = (ur{SST}H)

aff
= z iy + 0Pl i) )
k

=iwY M= ioM. (B12)
k

Thus, the sum rules (B11) can be enforced by applying the
gauge transformation SPy — Syye ™' to the frozen

scattering amphtudes =

Lemma 4.—Let S enp D€ a set of Floquet scattering
amplitudes that obey the unitarity conditions (8) and f% the
Fermi function (5), then

GE_/ dEZZ( Ma_ET'uﬂ)SEnEzfg
_h/ dE;ZLS'EnE )2'

n

(B13)

Proof.—We first observe that, using the conditions (8), ¢
can be expressed as [8]

0:_/0 dEZZ|SEnE|2HEnEv (B14)
aff n
with
H e = 0lf 5] =0l gl = [f5)(F%, — f2). (BIS)
n[x] = —xIn[x] = (1 —x)In[l1 — x|, and primes indicating

derivatives. Next, we note that, by Taylor’s theorem, there

exists a g between f%, and f/;, such that

n"[g]

Hip == (f5 = TE) (B16)
Since the Fermi function (5) takes only values between
0 and 1, it follows that g € [0, 1]. Therefore, we have

—i"lg) = 1/g+1/(1—g) >4 and HY, ; > 2(f%, — f3)>
Inserting this bound 1nt0 Eq. (B14) completes the proof.m

Lemma 5.—Let S¥ En.p be a set of Floquet scattering
amplitudes that obey the unitarity conditions (8) and f the

Fermi function (5). Then, for S%QE = (1 = 6,0005) S

and f'% = f%(1 — f%), we have
1 c
PP =_ dE s <= (B17
P, EE S R <5 ®1)
and
2T,
= [" 4w SIS B
where o is defined in Eq. (B13).
Proof.—For Eq. (B17), observe that
2
2wy <5 [ B S S S P 11
[T st - @19
aff n

and use Lemma 4. For Eq. (B18), note that f'% >0

and, by the unitarity conditions (8), >, |§%ZE|2 <
25 2n |57 engl> =1, such that
2 2T, ¢, _2T
W<y ) e Te < e (B0
h/ T = h 14+¢,” h ( )
where ¢, = expl,/T,]- .
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APPENDIX C: THERMODYNAMIC
UNCERTAINTY RELATION IN
LINEAR RESPONSE

In this Appendix, we show that the thermodynamic
uncertainty relation,

XX
oP}

B N Y C1
(Jift - a)aa)']f!)2 - ( )

which was derived in Ref. [98] for periodically driven

Markov jump processes, holds for coherent transport in

linear response if the frozen scattering amplitudes obey the
symmetry

Sy = S (C2)

We first recall Sec. III B and note that the symmetry (C2)

implies L}” = —L%*. As a result, the total rate of entropy

production (18) can be divided into two contributions,
0 = Oy + Oy, With

on=>_ > LiyFiF}

aff  xy
1 aff
=3 /. dE%j (SEV PP S 20, (Ca)
G = L7 (F?)? > 0, (C3b)
Saf (1 _ aff aff _ X (FX _
where Sy = (1 = 344)Sgy, Y =D, §p(Fy — Fj), and

the second line in Eq. (C3a) follows by using the unltanty
conditions (37). We now consider the quadratic form,

=X =0y, + 2G Z Z Ly Fy+ G*L%,

_ L dEZ{Z«IS ALY

p#a N y#a

T 2(18L GG + Y } 2 (c4)

where G is real and otherwise arbitrary. The second
expression in Eq. (C4), which follows from the unitarity
conditions (37) and the symmetry (C2), proves that =} is
positive semidefinite. Next, recalling the kinetic equa-
tions (24) and the fluctuation-dissipation theorem (34),
yields

ZZLX) Fy

Inserting these identities into the definition of =} and
noting that oy, < ¢ since o,. > 0 shows that

_waa)‘ljovu L)(%t = Pz()t;|eq/2' (CS)

6 +2G(J — 09, J5) + G Pyl /2255 20 (C6)

for any G. Minimizing the left-hand side of this inequality
with respect to G finally gives the thermodynamic uncer-
tainty relation (C1).

APPENDIX D: QUANTUM GENERATOR

In this Appendix, we derive the exact Floquet scattering
amplitudes for the quantum generator discussed in
Secs. VA and VID by solving the corresponding Floquet-
Schrodinger equation in position representation [8]. We
further provide explicit formulas for the quantities entering
the relations (93) and (92).

1. Scattering amplitudes

The system is parametrized according to Fig. 7. An
incoming carrier with energy E > 0 in the terminal « is
described by the scattering state [¢% ). On the leads, the
wave function of this state is given by

la
§ Cen, EWEn r]

¢Et[72] = 5a2WE I"z + Z CEn EWEn[rz]e_mwl,

—m(ut
9

i) = 8uwg[r] (Dla)

(D1b)

where the summations run over all integers, the C%i g are
yet undetermined complex coefficients, and

wE[r] = wg exp[Likgr] (D2)

denotes a normalized incoming (—) or outgoing (+) plane
wave with wgp = \/M/2nkgh?> and ky = \/2ME/h* [8];
we recall that M denotes the carrier mass. On the loop, the
scattering wave function obeys the Floquet-Schrodinger
equation,

0.75
Tg ]
— _—
0.5 — //
p (2 ///
0.25),
01 /
n [ 2
070 0 25 50
hw/E
FIG. 7. Scattering theory of a quantum generator. The system

consists of two leads, an ideal beam splitter, and a loop with
length /, which is subject to the magnetic flux ®. The leads and
the loop are parametrized in terms of the coordinates ry,r, €
[0,00) and p € [0,]]. Incoming waves on the leads 1 and 2
enter the loop at the positions p = 0 and p = [, respectively;
clockwise and counterclockwise propagating waves on the loop
exit at the positions p = [ and p = 0 and become outgoing waves
on the leads 1 and 2, respectively. The plot shows how the
transmission function (D16b) depends on the driving frequency
w, i.e., the rate at which the magnetic flux ® changes, for E/€ =
29/10,...,23/10 from top to bottom.
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2
Edt lp) = =537 0, = it/ 14 [p] = 0 [p], (D3)

with respect to the boundary conditions,

DraPlp—0 = we + Z ChneWene™ "™, (D4a)
Gralpllomr =D Chhpwne™™, (D4b)

Pk [p] |p—0 = Wi — Z Chn W™, (D4c)
P lpllpmr = Z ChnpWene ", (D4d)

and

Gralll—o =D CB pwine™™", (D5a)

¢%.lp] ot = wg + Z Ci pwene™ ™", (D5b)

Pz lpllp0 = - Z ChnpWene ™", (D5c)

Pz [p) =t = —Wg + Z ChneWene ", (D5d)

where w), = wgpky and P, = —i0, — wt/l. Here, we assume
that the magnetic flux ® increases linearly in time; that is,
@, = hwct/e, where ¢ denotes the speed of light and e the
carrier charge. The parameter E corresponds to the Floquet
energy on the loop. The boundary conditions (D4) and (D5)
are determined by the beam splitter that connects the loop
with the leads [107].

A general solution of Eq. (D3) that is compatible with the
boundary conditions (D4) and (D5) is given by

P.lpl =D (aiAig,[p] + biBig, [p]) e’/ I=met

n

(D6)

where af and b¢ are arbitrary complex coefficients. The
modified Airy functions are thereby defined as

Xig|p]

in terms of the standard Airy functions Xi = Ai, Bi [108].
The parameter £ = h?/2MI? sets the natural energy scale
of the system. Inserting the solution (D6) into the boundary
conditions (D4) and (D5) and collecting Fourier compo-
nents yields two sets of linear equations, which can be
written compactly as

= Xi[(h/€)'(p/1 - E/hw)] (D7)

AEna}l = 51101 + C%?ln,Ei’ (Dga)

Ap_iay, = Cp_y g1, (D8b)
and
Apnay = CE i, (D%a)
Apyia2 =81+ C2_ 1 (D9b)
Here, we have used the relation Xig,[l|=Xig,_[0].

Furthermore, we have introduced the vectors a%= (a%,b%)",

1=(1,1), 1=(1,-1)" and the matrix
_ 1 ( Aig[0]  Big[0]
A= <—iAijE[O] B [0 ) o)
where
Xiglp] = 0,Xiglp]/ke
= (hw/&)'(E/E)'*X{[(ha /€)' (p/1 - E/hw)],
(D11)

with Xi’ = Ai’, Bi’ denoting the derivatives of the standard
Airy functions [108].
Solving the linear systems (D8) and (D9) yields

2

CEn E — 1 — ’ (Dlza)
Ont-1) I'AAZL 1
1'AzAZL 1
Cop =80t D12b
En.E n0 ltAEAEI_I 1 ( )
C22 == 1 % (DIZC)
BB A A
1'AzAZ1
CRp =0,z L. (D12d)
‘ 1'AzAZI

The Floquet scattering amplitudes can now be determined
by inserting these expressions into the ansatz (D1) and
comparing the result with the asymptotic boundary con-
ditions for the Floquet scattering wave functions [8], which
are given by

—ll’la)t

¢%,t[r1”r1—>oo = alWE rl + Z SEn ijz:n ’

(D13a)

= SaaWglra] + ) 53 pwi,[rale ",

n

¢%,t [1’2} |r2—>oo
(D13b)

Upon observing that the outgoing plane waves become
decaying exponentials for negative energies, that is,

wi [r] « exp[—kjg 7] for E <0, we thus arrive at
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Skng =0, Sitne = Chnr (E < hw), (Dl4a)
Sene= Chnps SlelnE:C%EInE (E>hw), (D14b)
Stne=Chr SEe=Chur (E>0). (D14c)
This result leads to the compact expressions,
|Skn£l” = On(-1)@r1RE_1. (D15a)
|SE El* = 8u0 + 620051 (Tp—1 — 1), (D15b)
|SEne” = 6 RE, (D15c)
1SEnel” = 6u0TEs (D15d)

for the reflection and transmission probabilities, which
were used in Sec. VI D. Here, ® denotes the Heaviside step
function, and the reflection and transmission functions are
given by

. 4 B 4
ET AL AR TAAZL P

(D16a)

_ 1AL AL TP _
- 1'Ag AE'1

1'AAL i|2
|itAEAE%i|2 ’

(D16b)

and obey the sum rule 7z + Rz = 1. Using this relation, it
is straightforward to verify that the Floquet scattering
amplitudes (D14) obey the unitarity conditions (8). For
illustration, the transmission function 7', is plotted in Fig. 7
for different energies.

2. Thermodynamic quantities

Upon inserting the scattering amplitudes (D14) into the
general expressions (4), it is now straightforward to
determine the mean values of the matter currents J% and
the heat currents J¢ = J¢ — u,J%, which are given by

1

R=ti=y [TaBU - Retl - Tert). @179
1 ©
s=y [T aE - Refl - Ter). O1)

Jg_%AWdE{C%’Z( —fE) + CERe(f — f3))-

(D17¢)

Analogously, the expressions (6a) yields the thermal

fluctuations of the matter and heat currents, D, and
DZ’Z = Zuv(éus - /’taéup)(éve - /’laéﬂp)Dgé}c’

p oo L[ 1 ” /
DY} = D) = A dE{f% + Tef% — Refr (D18a)

1 o0

Dff = |7 dEC €8 71+ TupE - Rafl)
— 2hwRy 4}, (D18b)
1 oo

DY = [ aB{(hopRes? - (¢ Res,
PR+ Ter). (D180

Finally, the shot-noise contributions to the current fluctua-
tions, Roe and R = >, (8ue = Habup) (e = Habyp) Rises
are obtained from Eq. (6b) as

0 ), 1 o
R =8RG = [T TRl - 2 (D19)

1 o0

Rl = [ B TR - 127, (D190)
1 o0

R = [T ABCEPTR - £ (D19)

In order to evaluate the coefficient (93d) for x = p and
a = 1, we further need the mean currents .7?; as well as the
thermal and shot-noise fluctuations D/ and R? for the
time-reversed system. These quantities, which are found by
replacing S, , with TgTyS% ., = 4, in Egs. (4) and
(6), are given by

U T
H=-T=s A dE{Tpf+ Rpff — i}, (D20a)
- 1 [
74 :E/o dE{C;I;’l( - f3)+¢F RE(fEl -fB)}
(D20b)

1 [
J3 = EA dECE {3 — Refhy — Tef k). (D20c)
and

1 [

o= A dE{f2 +Tef} - Reff}.  (D2la)

- 1 [

Ry = [ BT - £ (D21b)
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