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Deconstructing higher order clockwork gravity
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We consider the higher order clockwork theory of gravitational interactions, whereby a number of
gravitons are coupled together with TeV strength, but nevertheless generate a Planck scale coupling to
matter without the need for a dilaton. It is shown that the framework naturally lends itself to a five-
dimensional geometry, and we find the 5D continuum version of such deconstructed 4D gravitational
clockwork models. Moreover, the clockwork picture has matter coupled to particular gravitons, which in
the 5D framework looks like a braneworld model, with the Randall-Sundrum model being a special case.
More generally, the gravitational clockwork leads to a family of scalar-tensor braneworld models, where

the scalar is not a dilaton.
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I. INTRODUCTION

The large hierarchy of scales between electroweak
physics and gravitational physics remains somewhat of a
mystery. There are, however, mechanisms that are able to
generate such hierarchies. A well-known continuum model
was developed by Randall and Sundrum [1], whereby
codimension one branes were embedded in an anti—de
Sitter (AdS) spacetime, with the result that the effective
four-dimensional scale of gravity is a combination of the
AdS scale and the five-dimensional scale of gravity. In a
separate development, clockwork mechanisms were shown
to be able to generate exponential hierarchies between the
fundamental energy scale and the effective energy scale of
the low energy degrees of freedom [2,3]. This is achieved
by having a number of fields coupled together sequentially,
where the coupling between each pair of fields in the
sequence is O(1). Despite having such O(1) couplings, if
the sequence of fields is long enough one finds a zero mode
with an exponentially small energy scale compared to the
fundamental scale. In [4] it was shown that the mechanism
also applied to gravitational physics, at the linear level,
provided couplings were made exponentially site depen-
dent. In the deconstructed version of the theory, this site
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dependence translates into a coupling to a dilaton. The
framework of [5], which describes how multiple gravity
sectors may be coupled together consistently, was used in
[6] to create a model with a discrete number of gravitons,
coupled in a clockwork sense. This fully nonlinear theory
of gravity was also able to generate a hierarchy of scales,
this time between the single scale appearing in the clock-
work action and the Planck scale associated with the
massless graviton mode. In particular, this model does
not introduce parameter hierarchies at the nonlinear level
and as a result, it will not require the addition of a dilaton in
the continuum limit.

In this paper we follow the deconstruction philosophy of
[7] and consider this discrete set of four-dimensional
gravitons to simply be the gravitational field of a five-
dimension model at discrete locations along some fifth
extra dimension. Having made this identification we may
take the continuum limit to discover the continuum version
of the higher order gravitational clockwork. Following the
clockwork idea of placing matter at the end of the clock-
work chain we are led directly to braneworld models, the
simplest of which is the Randall-Sundrum model. More
generally we find a scalar-tensor model, but one where the
scalar is not a dilaton. As alluded to above, this has to be
contrasted with the linear gravitational clockwork proposed
in [4], which was shown to arise from dimensionally
deconstructing the linear dilaton model [8]. There, the
presence of the 5D dilaton was crucial for generating site-
dependent couplings in the 4D theory required to obtain the
standard clockwork mass matrix [9].

In the following we shall start with a brief recap of the
four-dimensional gravitational clockwork, then see how to
express it in the language of five-dimensional geometry.

Published by the American Physical Society
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Having done that we shall see how this naturally leads, in
the first instance, to the Randall-Sundrum model and, in
more generality, to scalar-tensor braneworld models.

II. DECONSTRUCTING CLOCKWORK GRAVITY

As described in [6], following [5], one may write a four-
dimensional multigravity theory with N metric fields g;),
withi =0,1,...,N — 1, in a neat way with kinetic Sx and
potential Sy terms in the action given by

M<24 N

== dx, /=90 Ry (1)

/ tjkleabcde() A €( /)b AN e( e A 6() (2)

where the constants T, determine the coupling of the

various multigravitons to each other, and ela = e(,i,)“dx”
with the vielbeins defined through g;),, = e(,l,)“e(,')bnab.
Going beyond pairwise coupling by including “loops,”
such as coupling e(!) — () 3) generically
leads to ghosts [10—12], and so we shall restrict ourselves,
as in [6], to nearest-neighbor interactions. Given
the motivation of this paper, namely to deconstruct the
gravitational clockwork model, this is natural, and the
nearest-neighbor interactions turn into derivatives of five-
dimensional quantities. This nearest-neighbor restriction
leads to

Sy = Z/ (Tiiii€apcac ™ A €0 A ele A elDd

+4Tiii.i+1€abcde(i)a A el A plile A plit1)d
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(3)
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Another nice property of taking only nearest-neighbor
interactions is that the Deser-van Nieuwenhuizen symmet-
ric vierbein condition is guaranteed by the field equations

[11],

e(i)/‘ae(i)#h = e(l’)/tbe(j)/m’ (5)
which will be useful later.

The idea now is to relate the terms in (4) to five-
dimensional quantities. For this, we need a 5D line element,
which we take to be

ds? = G (%, y)dxtdx” + dy?, (6)

where the p, v indices run over four dimensions. The
extrinsic curvature of constant-y surfaces then has the
following nonzero components:

1
K/,w = ang/w(xvy)' (7)

The way we have structured our potential (4) means that it
is more useful to express extrinsic curvature quantities in
terms of the Vierbein and if we note the usual relation
G = Navey'ey b (suppressing the multigraviton index) then
we find expressions such as the following for the trace of

KW:

1
= EQW/KMV = eM'd e,y (8)
The next step in the deconstruction process is to interpret
the indices i in (4) as corresponding to a location in the fifth
dimension, and we are led to introduce finite difference
expressions for derivatives in the y direction,

1 i i
Oyeual.y) = 5 e (x) = e (%), 9)

so the continuum y label is replaced with a discrete i label.

It is then a straightforward, albeit somewhat tedious,
process to rewrite (4), using the symmetric vierbein
condition (5), in the form

/de\/_[ R5 = 2A(5)(y) + o (V)M 5 K

"’QZ(y)M?s)K(Z) + a3(y>M(25)K(3) > (10)
where
_ sluslpa b
Ky = 818K KP, (11)
K = 64348 K%,k K7, (12)
24
205/ (v) = — (Tyiii + 4T i i1 + 6T 51 i1 i1

oy

FAT ;i1 i41,i41) (13)
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ay (Y>M?5) = =24(T i 01 + 3T i 101 = 3T i it ig1i1)s
(14)
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(15)

03()’)M%5) = —=246y°T; i1 i+1.i41- (16)
M2
3 4

My =5 (17)

Note that the above equations may be inverted to find the
clockwork couplings 7' in terms of the deconstructed
functions as

M2 ay M3 — M3
©) 27 5) ©) 4
§y2 -6 6y +4a1M(5),

(18)
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III. RANDALL-SUNDRUM BRANEWORLD

A key part of the clockwork picture is that matter is not
coupled to all of the gravitons, and then the gears of the
clockwork act such that the zero mode graviton is weakly
coupled to that matter. In the deconstructed framework we
are presenting, this has the natural interpretation as a
braneworld model, with branes living at discrete locations
in the fifth dimension. The classic example of this is the
Randall-Sundrum model [1], which we shall now see is
included as a special case in our model.

In general, the full action is taken to be

S= Sbulk + Sbranew (22)

where Sy, 1S given by (10) and

Sbranes = Z /d4x\/__7i{_o-i + 'C'm (y/iuu lIl[)} (23)

i=L.,R

The bulk metric is given by g,;, with corresponding Ricci
scalar, R(5), while the induced metric on each brane is given

by yl,. The label i = L, R, represents the left and the right
brane. Matter on the brane, ¥;, couples to the induced
metric via the Lagrangian £,,, with the vacuum contribu-
tion—or brane tensions—given explicitly by o;. To recover
the Randall-Sundrum model [1], one may now take the
simple case of the clockwork action (10) by setting
A(s) = constant, and a; = a; = a3 = 0.

IV. CLOCKWORK GRAVITY FROM GALILEONS

The clockwork-derived continuum model (10) contains
more than the Randall-Sundrum case, but we note that the
presence of extrinsic curvatures generically breaks
Poincaré invariance in the extra dimension. However, we
can understand this as a spontaneously broken symmetry
obtained from higher dimensional Horndeski theories
[13,14]. In particular, we imagine the Horndeski scalar
as a proxy for the coordinate dependence along the extra
dimension.

In this paper, we will focus on a braneworld setup in
which the bulk action is described by a subset of Horndeski
dubbed kinetic gravity braiding (KGB) [15]. To this end,
our generic action is given by (22) with bulk part

M,
Sbulk_/dsx\/—_g{P(fﬁ»X)—G3(¢7X)D¢+7R(s)}-

(24)

We have a single scalar ¢ and its kinetic operator
X = —3g"0,00,¢. Note that the gravitational coupling

in the bulk M?S

direct coupling between the scalar ¢ and the two branes.
These two conditions suggest that the scalar should not be
identified with a dilaton. It is in this important sense that we
offer a completely new direction to previous work (see e.g.,
[4,16,17]). We shall assume Z, symmetry across each of
the two branes.

To connect briefly with the deconstructed action (10),
consider the form of the action (22)—(23) for the following
ansatz:

) 1s assumed to be constant and there is no

ds? =N?(y)dy* +a*(y)7, (x)de'dx”,  p=¢(y)  (25)

with the branes located at y = y, , y and 7, (x) some four-
dimensional metric directed along slices of constant y. We
take ansatz (25) for the metric, and for the scalar we take

finding that
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5 Mis)
Spuik = | Fxy/=g TR(S) + P(¢, X)
- G3 (¢’ X) (¢nn + ¢nK)}’ (27)
where X = — —¢2 and the suffix n denotes derivatives

normal to constant y slices, 0, = 1{18y' As we saw
previously, K = K, is the trace of the extrinsic curvature,
K, = %En gy Of constant y slices. For this particular ansatz
we have K = 4%

We can locally choose a gauge such that N(y) = 1, in
which case the bulk action takes the form of (10)
with  P(.~142) = Gs(h. ~ 142" = ~2A(5)(y) and

G3(¢.—3¢”)¢' = —a, (y)M 5. The higher order couplings
including K ) and K3 are not generated from our KGB
action (24). They can be generated from more general
Horndeski interactions, although these will also alter the
kinetic structure for the graviton. For this reason we focus
our attention on the KGB subclass.

To proceed, we restore the generic gauge choice for the
lapse N(y), and note that

/dsx\/:g{...}_/d‘*x\/—_y/yj’e dyNa*{...}. (28

and in particular
M3
/d“x\/ )7/ dyNa* 2<5)

l D n 2 ann

where R is the four-dimensional Ricci scalar constructed
from 7,,. For the branes, we assume a vacuum configu-
ration since there is only tension, and so our ansatz gives

Sbranes = - Z O / d4X\/—_}761?, (30)

i=L.R

/dsx\/_

where a; = a(y;).

Without loss of generality, we can choose coordinates so
that y; = 0 and yp = /. When we normalize the scale factor
sothat a; = a(0) = 1, the left brane metric is just given by
7uw(x). If a(y) and N(y) satisfy the background equations
of motion, the metric (25) captures both background and
zero mode fluctuations. From (29), this allows us to
trivially read off the effective four-dimensional Planck
mass as seen by an observer on the left-hand brane. It is
given by

1
M2y = My /0 dyNa?. (31)

As in [18], we focus on vacua with flat slicings 7, = 1,
and exponential profiles for the lapse function and the warp
factor,

aly) = exp <3) N(y) = aly) exp (~2nky). (32)

Five-dimensional flat space corresponds to k = 0, warped
anti—de Sitter to n = %, and a conformally flat solution to
n = 0. The existence of these solutions will depend on a
judicious choice of P and G; and will not require us to
introduce a dilaton, in contrast to [18]. In any event,

the four-dimensional Planck mass can now be obtained
explicitly,

M
M2 = 2kl(1-n) _ 1). 33
@ 7 2k(1 - n) (e ) (33)

Provided n < 1 and k > 0, we get an exponential enhance-
ment of scales and a solution to the hierarchy problem that
generalizes the one found in [1]. We now demonstrate that
these profiles can be obtained from simple KGB theories.

A. Cubic Galileon

We begin with a bulk theory described by the cubic
Galileon [19],

P(X) = uM3, X,

(5) Gg(X) == I/M(5)X, (34)

where y, v are dimensionless constants and we have taken ¢
to be dimensionless. The bulk equations of motion now

give
M3 2 N 2 M !
O |, (N MO 4 (F\ g | —

M3 M /
S PRV A |

with the generalized Israel junction conditions [20,21]
giving the following boundary conditions at the branes:

3 4 ¢’ _ 3o
o et () ], =%
a A%
9M3 —l—vM ( )} =
|: (5) (5) N -

M3 /
( / ) a_ 2 — 0, 36
[ N il <a>¢ :|y0.l (3¢6c)

where we assumed orbifold boundary conditions for a(y)

and ¢(y).

o8
Sk
=

. (36b)
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This system is solved by a linear scalar ¢) = ¢y in an anti—

de Sitter geometry, N = 1,a = e (for y > 0). The AdS
curvature scale is given by I3}g = 2k/3 = M%S),u /(4vq) and

the gradient of the scalar by' ¢ = Mis [<3u/(402))s. The
boundary conditions impose a tuning on the tensions,
Op = —0p = SM?S)k/ 3, corresponding to slight deforma-
tion of the Randall-Sundrum tuning [1] o = —0; =
4M?5)k. Notice that a real profile for ¢ requires u < 0.

This is the opposite sign to the one we normally take for a
canonical scalar and so it will render the trivial, translation-
ally invariant vacuum unstable to ghostlike instabilities.
However, the vacuum we are interested in here is nontrivial,
analogous to the self-accelerating vacua found in four-
dimensional Galileon cosmologies [19]. We call it self-
AdS, since the anti—de Sitter geometry is inherited from a
nontrivial Galileon profile, as opposed to a bulk cosmologi-
cal constant (see [22] for similar ideas in a different context).
For u < 0, we can quickly check the stability of the self-AdS
vacuum by considering scalar fluctuations of the form
¢ = qy+ @(y,t). To leading order, the bulk Lagrangian
now gives

1 2

M (37)

which is indeed compatible with stability, although it is
understood that a more complete statement requires the
inclusion of metric perturbations.

B. Log Galileon

In order to observe something with a different structure
to the Randall-Sundrum case, we now turn our attention to
a bulk theory described by the log Galileon

P(X) = uM3. X,

X

)

Once again we have y, v being dimensionless constants.
The field equations in the bulk are now given by

M3 2 N\ 2 /
51,27 (4 @l
V2 {,u 5 6((1) + 8ug a] 0, (39a)

ay{a“ [—Afj <,bt¢/ + 8112/)] } =0, (39b)

with the following boundary conditions at the branes:

(40a)

'"We will see later that we need the positive root.

6 !/ /
{“ — 4 d’] =R (40b)
N a Nl M 5)
M3 '
5) ( e @ _
—— | ug' + 8v —ﬂ =0. (40c¢)
|: N a y=0,l
Provided u = —1612/3, we can obtain the whole family of

solutions given by (32), alongside a linear profile for the
scalar ¢p = ¢qy. The curvature scale in the metric is related to
the scalar gradient as 2 = —ug/(8v). There is no further
restriction on the choice of ¢ and n suggesting a multi-
parameter family of solutions with enhanced symmetry.
Using (40a) and (40b), we find that the brane tensions have
to vanish, o; = ox =0, which corresponds again to a
tuning.

We also note that once again the kinetic term for the
scalar has the “wrong sign” around ¢ = constant vacua.
As before, this is of no concern to us since the vacuum of
interest has a nontrivial scalar gradient. To quickly check if
our vacuum is stable against scalar ghosts, we again
consider fluctuations of the form ¢ = gy + @(y,1).
To leading order, the bulk Lagrangian gives

1 9,02
ceff:_ﬂMgs)( ;f) ¥ (41)

n

which as before is compatible with stability as y < 0.

V. CONCLUSIONS

We have constructed the continuum version of the higher
order clockwork gravity model presented in [6]. This gives
rise to a novel class of extra-dimensional models to address
the electroweak hierarchy problem. They are distinct from
the linear dilaton model, which deconstructs the linear
clockwork proposed in [4].

It was shown that when deconstructed from four to five
dimensions, the theory consists of an action containing a
standard Ricci scalar term, along with various powers of the
extrinsic curvature (10). This means that explicit Poincaré
symmetry is apparently lost in the general higher dimen-
sional model. However, when viewed as spontaneous
breaking we see that the deconstructed model is a (non-
dilaton) scalar-tensor theory, and the vacuum profile of the
scalar is what leads to the appearance of the extrinsic
curvature terms.

The philosophy of the clockwork paradigm, whereby
matter is placed at only a few sites, translates naturally to
the braneworld picture in the continuum five-dimensional
model. The Randall-Sundrum model was discovered to be
included in the deconstructed gravitational clockwork as the
simplest case, but we also examined a kinetic gravity braiding
model consisting of a standard kinetic term along with a
cubic and log Galileon interaction, confirming that there are
regions of parameter space where a hierarchy of scales is
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generated. A first check of the stability of the scalar sector has
been performed for both the cubic and log Galileon case. A
full discussion of the stability of the radion field, controlling
the size of the extra dimension, is left for future work and
would likely involve a stabilization mechanism a la
Goldberger-Wise [23]. It would also be interesting to study
the phenomenology of these models and the implications for
the search for new physics at colliders.
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