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Abstract— This paper presents a five-phase permanent 

magnet (PM) vernier machine topology equipped with a two-slot 

pitch winding. The two-slot pitch winding provides a trade-off 

between fractional slots concentrated winding (FSCW) and 

integrated slot distributed winding (ISDW) PM vernier 

machines. First, the development and basic structure of the five-

phase PM vernier machine with auxiliary teeth are depicted. 

Then, the PM vernier machine with proposed two-slot pitch 

fractional slot winding is explained. Finally, the five-phase PM 

vernier machines with conventional ISDW and FSCW 

configuration are analyzed and compared with the proposed 

PM vernier machines with two-slot pitch fractional slot winding. 

The benefits of introducing two-slot pitch windings are 

quantitatively analyzed and verified by finite-element analysis 

(FEA). This analysis confirms that a higher back EMF and 

torque density can be achieved in this topology while keeping a 

reasonable power factor. 

Keywords— Five-phase, gear ratio, permanent magnet (PM) 

vernier machine, space harmonics, two-slot pitch winding 

I. INTRODUCTION 

Permanent magnet (PM) vernier machines have become 
promising candidates in low-speed high torque applications 
due to their high torque density and suitability for low speed 
operation [1] [2]. 

The PM vernier machine can be seen as a single airgap 
field-modulated machine, which was firstly studied in [1] [2], 
where the design and operational principle have been 
presented; and their higher torque density capability due to the 
field modulation or magnetic gearing effect has been 
explained. However, a general characteristic of poor power 
factor was also identified for these machines. An analysis of 
torque quality and capability was undertaken in [3]. In 
addition, extensive studies have been explored to the further 
increase torque density [4]-[6]. In [6], a novel PM vernier 
machine with unevenly distributed auxiliary teeth has been 
proposed which gives extra working harmonics to generate 
higher back EMF and consequently a higher output torque. 
Serval novel PM vernier machine topologies have been 
proposed to improve the power factor. A PM vernier machine 
topology with flux barrier in the spoke-array PM rotor is 
investigated in [7], which provides an extra flux route for the 
fundamental harmonic and consequently improves the output 
torque.  

There have been several papers working on improving the 
power factor [7]-[9]. In [9], a double stator spoke-array PM 

vernier machine was presented and a power factor of 0.85 can 
be achieved. Generally, the power factor could be improved 
to 0.8 or even 0.9 if a spoke-array rotor topology is used. This 
is attributing to their flux-concentrated effect improving back 
EMF and a thicker magnet thickness gives a lower reactance. 

However, the extensive usage of rare earth magnets causes 
a significant challenge in terms of cost and manufacturing 
complexity for industry. Consequent-pole or spoke–array with 
ferrite magnet becomes popular in dealing with the cost issue 
[7] [10]. A comparable torque capability can be achieved but 
with the compromise of relatively poor power factor [10]. 

On the other hand, the winding configuration has a 
significant effect on the gear ratio of the PM vernier machine 
which in turn will impact the torque capability and power 
factor [11] [12]. In [11], the effects of the gear ratio and the 
winding pole pair numbers on the torque capacity and power 
factor have been studied, revealing the significant influence of 
gear ratio on the performance and optimal design parameters. 
A PM vernier machine comparison between fractional slots 
concentrated winding (FSCW) and integrated slot distributed 
winding (ISDW) was presented [12], which indicates that the 
ISDW configuration features a much higher torque density. 

In this paper, a five-phase permanent magnet (PM) vernier 
machine topology equipped with two-slot pitch winding is 
proposed, which can be regarded as a compromise solution 
between the FSCW and ISDW PM vernier machine. The 
development and operational principle of PM vernier machine 
will be introduced before presenting the novel two-slot pitch 
fractional slot winding configuration. Several applicable 
combinations will be summarized. The performance 
comparison with conventional ISDW and FSCW 
configuration will be studied to demonstrate the superiority of 
the proposed PM vernier machine with two-slot pitch winding 
in terms of torque capability and power factor. 

II. PM VERNIER MACHINE TOPOLOGY AND 

THEORETICAL ANALYSIS 

A. Development of PM Vernier Machine with Evenly 

Distributed Auxiliary Teeth 

A double airgap magnetically geared (MG) or field-
modulated machine is shown in Fig. 1. The iron pole-piece 
ring and PM ring can be rotating or static. Depending on the 
different motion type, a double rotor or double stator FM 
machine can be obtained. For the double stator configuration, 



the inner stator can be either iron pole-piece ring or PM ring. 
If both the slotted stator and iron pole-piece ring are static, a 
PM vernier with auxiliary teeth is achieved when removing 
the outer airgap and combining the iron pole-piece with slotted 
stator. Therefore, a PM vernier machine can be recognized as 
a single-airgap field-modulated machine, where all the iron 
pole-pieces are combined with the slotted stator. 
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Fig. 1. (a) Five-phase double airgap field modulated PM machine 
(b) Five-phase PM vernier machine with auxiliary teeth. 
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Fig. 2. MMF of rotor PM. 
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Fig. 3. Airgap permeance due to auxiliary teeth (na=2). 

Table 1 CHARACTERISTICS OF OPEN-CIRCUIT MAGNETIC FIELD 

Harmonic Orders Rotating speed 

nr wr 

nf - nr 
    nrwr     

nf - nr 
 

nf - nr 
    nrwr     

   nf + nr   
 

 

Fig. 1(b) shows a 6-slot PM vernier machine with 12 
auxiliary teeth. Similarly, the number of auxiliary teeth na 
connected to each stator main tooth can be three, four or five. 
Therefore, the total number of auxiliary teeth or field-
modulated teeth nf equals to na*Q, where Q is the number of 
primary slots for the winding. It should be noted that the 
number of PM rotor pole-pairs nr and stator winding pole-pair 
number ns has a set relationship. The following relation has to 
be met. 

𝑛𝑓 = 𝑛𝑎 ∗ 𝑄                                      (1) 

𝑛𝑠 = 𝑛𝑓 ± 𝑛𝑟                                    (2) 

The working principle of PM vernier machine is based on 
the field modulation effect, with the auxiliary teeth acting as 

the field modulator. According to the analysis in [1], a higher 
torque would be generated if the constraint of ns= nf-nr can be 
met. A simple MMF-Permeance model is used for illustrating 
the field modulation effect in the PM vernier machine. 

The Magnetic Motive Force (MMF) generated by the PM 

rotor shown in Fig. 2, whose Fourier series can be written as 

𝐹(𝜃, 𝑡) = ∑ 𝐹𝑃𝑀𝑖sin [𝑛𝑟𝑤𝑟𝑡 − (2𝑖 − 1)𝑛𝑟𝜃]

∞

𝑖=1

  (3) 

where FPMi is the amplitude of i-th harmonic; θ is the 
mechanical angle; wr is the mechanical speed. 

For a regualr PM vernier machine with evenly distributed 
auxiliary teeth, the airgap permeance of field modulation teeth 
is evenly distributed, as in Fig. 3. Hence, the airgap permeance 
can be expressed as Fourie series.  

𝑃(𝜃) = 𝑃0 + ∑ 𝑃𝑗cos (𝑗𝑛𝑓𝜃)

∞

𝑗=1

            (4) 

where P0 is the average airgap permeance while Pj  is the 
amplitude of i-th harmonic airgap permeance; θ0 is the initial 
mechanical angle. 

Therefore, due to the modulation of  auxiliary teeth, a 
complex magnetic field with rich space harmonics is 
generated.  By multiplying the airgap permeance and MMF 
generated by the PM rotor, the open-circuit magnetic field can 
be deduced. 

𝐵(𝜃, 𝑡) = 𝑃0 ∑ 𝐹𝑃𝑀𝑖 sin[𝑛𝑟𝑤𝑟𝑡 − (2𝑖 − 1)𝑛𝑟𝜃]

∞

𝑖=1

 

                  + ∑ 𝐹𝑃𝑀𝑖sin [𝑛𝑟𝑤𝑟𝑡 − (2𝑖 − 1)𝑛𝑟𝜃]

∞

𝑖=1

 

          ∗ ∑ 𝑃𝑗cos (𝑗𝑛𝑓𝜃)

∞

𝑗=1

                                (5) 

When ignoring the higher order harmonics, the airgap 
magnetic field can be formulated as 

𝐵(𝜃, 𝑡) = 𝑃0𝐹𝑃𝑀1 sin[𝑛𝑟𝑤𝑟𝑡 − 𝑛𝑟𝜃] 

+
1

2
𝐹𝑃𝑀1𝑃1(sin 𝛼1 + sin 𝛼2)                              (6) 

where  

𝛼1 = 𝑛𝑟𝑤𝑟𝑡 + (𝑛𝑓 − 𝑛𝑟)𝜃 

𝛼2 = 𝑛𝑟𝑤𝑟𝑡 − (𝑛𝑓 − 𝑛𝑟)𝜃 

It can be obervered that three field harmonics of nr, 𝑛𝑓 −
𝑛𝑟 and 𝑛𝑓 + 𝑛𝑟are produced, and they are rotating in different 

directions. All the field harmonics have been summarized in 
Table 1. 

B. Open-Circuit Back-EMF and Electromagnetic Torque 

According to the winding function, the no-load flux 

linkage and winding function can be written as 

  

𝜑𝑚 = 𝑟𝑔𝐿𝑒𝑓 ∫ 𝐵(𝜃, 𝑡)𝑁(𝜃)𝑑𝜃
2𝜋

0

                    (7) 



𝑁(𝜃) = ∑
2𝑁𝑠𝑘𝑤𝑣

𝑣𝜋
cos(𝑣𝜃)

∞

𝑣=1

                         (8) 

where rg and Lef is the airgap radius and effective axial length 

of the machine, respectively; kwv is the winding factor of vth 

harmonic, Ns is the number of series turns per phase. 

By substituting (6) and (8) into (7), the instantaneous open-

circuit flux linkage per-phase winding can therefore be 

formalized as 

𝜑𝑚 = 𝜑𝑚1 + 𝜑𝑚2                                    (9) 

where 

 

𝜑𝑚1 = 2𝑟𝑔𝐿𝑒𝑓𝑁𝑠𝐹𝑃𝑀𝑖𝑃0

𝑘𝑤𝑛𝑟

𝑛𝑟

sin( 𝑛𝑟𝑤𝑟𝑡) 

 

𝜑𝑚2 = 𝑟𝑔𝐿𝑒𝑓𝑁𝑠𝐹𝑃𝑀1𝑃1 (
𝑘𝑤(𝑛𝑓−𝑛𝑟)

𝑛𝑓 − 𝑛𝑟

−
𝑘𝑤(𝑛𝑓+𝑛𝑟)

𝑛𝑓 + 𝑛𝑟

) sin( 𝑛𝑟𝑤𝑟𝑡) 

Therefore, the instantaneous open-circuit back EMF 

induced in each phase can be expressed as  

𝑒(𝑡) = 𝑟𝑔𝐿𝑒𝑓𝑁𝑠𝑤𝑟𝐹𝑃𝑀1 cos( 𝑛𝑟𝑤𝑟𝑡) (2𝑘𝑤𝑛𝑟
𝑃0 +

𝑛𝑟

𝑛𝑠

𝑘𝑤𝑛𝑠
𝑃1

−
𝑛𝑟

𝑛𝑓 + 𝑛𝑟

𝑘𝑤(𝑛𝑓+𝑛𝑟)𝑃1)                        (10). 

 

 Since the higher the harmonic order, the lower the 

amplitude, the high order harmonics EMF can be neglected. 

Hence, the back EMF is written as 

𝑒(𝑡) = 𝑟𝑔𝐿𝑒𝑓𝑁𝑠𝑤𝑟 cos( 𝑛𝑟𝑤𝑟𝑡){2𝑘𝑤𝑛𝑟
𝐹𝑃𝑀1𝑃0 +

𝐺𝑟𝑘𝑤𝑛𝑠
𝐹𝑃𝑀1𝑃1}                                      (11)  

where Gr is the gear ratio of the PM vernier machine. 

𝐺𝑟 =
𝑛𝑟

𝑛𝑠

                                    (12). 

Thus, the electromagnetic torque can be expressed as 

𝑇 =
5

2
𝑟𝑔𝐿𝑒𝑓𝑁𝑠𝑤𝑟{2𝑘𝑤𝑛𝑟

𝐹𝑃𝑀1𝑃0 + 𝐺𝑟𝑘𝑤𝑛𝑠
𝐹𝑃𝑀1𝑃1}    (13). 

Compared with conventioanl PM synchronous machine, 
an additional component in both EMF and electromagnetic 
torque has been generated and their amplitude is proportional 
to the gear ratio. This is the inherent reason that the PM vernier 
machine has a higher toque than the conventional PM 
synchronous machine. 

III. PROPOSED PMV MACHINE WITH FRACTIONAL SLOT 

TWO-SLOT PITCH WINDING 

It has been derived from the previous section that the EMF 
and electromagnetic torque are propotional to the gear ratio 
and winding factor of each harmonic component. For a 
specific number of field-modulated teeth nf, the conventional 
ISDW PM vernier machine would have the highest gear ratio 
and consequently highest torque due to their lower winding 
pole numbers, while FSCW PM vernier machine is 
characterized by the lowest gear ratio and consequently lowest 
torque due to their higher winding pole numbers. The higher 
the gear ratio, the higher the output torque.  

Fig. 4 shows the phasor diagram of conventional surface-
mounted PM machine with a rotor pole-pair number of nr 
under Id=0 control method, where Lq and E0 is the inductance 
and back EMF, respectively. If the influence of the stator 
resistance is neglected, the power factor can be expressed as 
(14). For a PM vernier machine with the same rotor, its 
inductance is nr/ns*Lq (GrLq) which can be derived from the 
winding function method, and its back EMF is kcE0, where kc 
is the EMF amplification factor. The factor kc is normally less 
than 2 and usually smaller than gear ratio Gr. This is mainly 
because of two reasons. First, the magnitude of space 
harmonics after field modulation is relatively low; second, the 
flux leakage between poles is significant due to the high rotor 
pole number and open slot structure. Therefore, the power 
factor of the PM vernier machine with a rotor pole-pair 
number of nr can be expressed in (15). An extra factor of Gr/kc, 
normally higher than 2, is added to an item in the denominator. 
It is obvious that the power factor has an inversely 
proportional relationship with gear ratio, which means the 
higher the gear ratio, the lower the power factor. 

𝑐𝑜𝑠𝜑 =
𝐸0

√𝐸0
2 + (𝑤𝐿𝑞𝐼𝑞)2

=
1

√1 + (
𝑤𝐿𝑞𝐼𝑞

𝐸0
)2

      (14). 

𝑐𝑜𝑠𝜑 =
1

√1 + (
𝐺𝑟𝑤𝐿𝑞𝐼𝑞

𝑘𝑐𝐸0
)2

=
1

√1 + (
𝐺𝑟

𝑘𝑐

𝑤𝐿𝑞𝐼𝑞

𝐸0
)2

  (15). 

 

The PM vernier machine with ISDW configuration has a 
higher gear ratio and consequently higher output torque but 
with a lower power factor while the PM vernier machine with 
FSCW configuration is the on the contrary. Therefore, in this 
section, a five-phase PM vernier machine with fractional-slot 
two-slot pitch winding is proposed, which provides a trade-off 
between FSCW and ISDW configuration. Fig. 5 shows the 
five-phase PM vernier machine with a stator pole-pair number 
of 2. The two-slot pitch winding configuration is derived from 
the stator shifting concept and can be obtained by doubling the 
slot numbers of the conventional five-phase FSCW 
configuration [13] [14]. Several applicable slot-pole 
combinations for a balanced five-phase PM vernier machie 
with two-slot pitch fractional-slot winding can be 
summarized, as in Table 2 and Table 3. 

Taking the proposed 10S-4P PM vernier machine in Fig. 
5, which means Q=10, nf=20, nr =18, ns =2, as an example, the 
open-circuit air-gap flux density is calculated and its FFT 
distribution is studied, as in Fig. 6 and Fig. 7. It is seen that the 
primary harmonics developed are the 2nd, 18th, and 38th, which 
is in accordance with the theoretical analysis. 
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(a)                                                (b) 
Fig. 4. Phasor diagram (a) conventional PM machine with a rotor 

pole-pair number of nr  (b) PM vernier machine with a rotor pole-

pair number of nr   



Table 2 APPLICABLE SLOT-POLE COMBINATIONS FOR FIVE-PHASE 

PM VERNIER MACHINE WITH Q=10 

 Q=10 

 nf=20 nf=30 

ns nr kw GR nr kw GR 

2 18 0.904 9 28 0.904 14 

3 17 0.939 5.7 27 0.939 9 

 

Table 3 APPLICABLE SLOT-POLE COMBINATIONS FOR FIVE-PHASE 

PM VERNIER MACHINE WITH Q=20 

 Q=20 

 nf=40 nf=60 

ns nr kw GR nr kw GR 

4 36 0.904 9 56 0.904 14 

6 34 0.939 5.7 54 0.939 9 

 

Table 4 COMBINATION OF SLOT-POLE/WINDING 

 Combinations nf ns nr kw GR 

ISDW 10S-2P 20 1 19 0.95 19 

Proposed two-

slot pitch  

10S-4P 20 2 18 0.90 9 

10S-6P 20 3 17 0.94 5.7 

FSCW 
10S-8P 20 4 16 0.95 4 

10S-12P 20 6 14 0.95 2.3 
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Fig. 5 Proposed 10S-4P Five-phase PM vernier machine with two-

slot pitch winding (nf =20, nr =18, ns =2, ys=2) 

 

 

Fig. 6 Flux density of 10/20/18/2 FEA model 

Fig. 8 illustrates the variation of open-circuit back EMF 
versus the magnet thickness. It is seen that the EMF does not 
keep increasing when magnet thickness increases. The high 
magnet thickness may result in EMF reduction. This is 
different from the case of conventional PM synchronous 
machine. In fact, this phenomenon is reasonable, as the airgap 
permeance is inversely proportioanl to the magnet thickness, 
a higher magnet thickness may reduce the fundamental airgap 
permeance. A similar trend can be found in the 
electromagnetic torque, as in Fig. 9. An optimal magnet 
thickness of 2mm exists in terms of generating high back EMF 
and output torque. 

 

 

Fig. 7 FFT distribution of flux density of 10/20/18/2 FEA model 

 

Fig. 8 Open-circuit back EMF versus magnet thickness 

for10/20/18/2 PM vernier machine 

 

 

Fig. 9 Electromagnetic torque versus magnet thickness 

for10/20/18/2 PM vernier machine 



IV. PERFORMANCE COMPARISON OF PM VERNIER 

MACHINES WITH DIFFERENT WINDING CONFIGURATIONS 

In this section, the PM vernier machines with conventional 
ISDW and FSCW are analyzed and compared with the 
proposed PM vernier machines with two-slot pitch fractional 
slot winding, as illustrated in Fig. 10. Five PM vernier 
machine topologies will be studied, and their gear ratio 
features are summaried in Table 4. The design speficiations 
are summarized in Table 5. 

To make a fair comparison, the slot numbers and main 
dimensions such as outer diameter and stack length are kept 
the same. The rotor diameter, pole ratio of auxiliary teeth, and 
magnet thickness are optimised under the same current 
density. 

The open-circuit back EMFs of these five PM vernier 
machines are given in Fig. 11. It is seen that the amplitude of 
EMF is directly proportional to the gear ratio. The higher the 
gear ratio (the stronger the field modulation effect), the higher 
the back EMF. The 10S-2P ISDW PM vernier machine 
topology has the highest back EMF due to its highest gear 
ratio, while the conventional 10S-12P FSCW PM vernier 
machine has the lowest back EMF. However, the proposed 
PM vernier machine with two-slot pitch winding such as 10S-
4P and 10S-6P have relatively higher EMF. 

 

       
                         (a)                                            (b) 

         
                         (c)                                            (d) 
Fig. 10 Several PM vernier machines with different winding 

configurations (a) 10S-2P, nf=20, nr=19, ns =1, ys=5 (ys is slot pitch); 

(b) proposed 10S-6P, nf=20, nr=17, ns =3, ys=2; (c) 10S-8P, nf=20, 

nr=16, ns =4, ys=1; (d) 10S-12P, nf=20, nr=14, ns =6, ys=1; 

Table 5 DESIGN SPECIFICATION OF THE PM VERNIER MACHINES 

Parameter Data Parameter Data 

Stator outer 

diameter (mm) 
130 Stator core  DW315-50 

Stack length 

(mm) 
85 Rotor core  DW315-50 

Airgap length 

(mm) 
0.8 Magnet N45SH 

Rated speed 

(rpm) 
600 

Rated current 

density (A/mm2) 
5 

 

 

 

Fig. 11 Back EMF waveforms of the five PM vernier machines 

 

Fig. 12 Electromagnetic torque of the five PM vernier machines 

under rated current 

 

 

Fig. 13 Average torque versus current for the five PM vernier 

machines 

Fig. 12 shows the electromagnetic torque waveforms 
under rated current of 10A (rated current density of 5A/m2). A 
similar trend as EMF can be found. The higher the gear ratio, 
the higher the output torque. One can note that the 
conventional 10S-2P ISDW and the proposed 10S-4P PM 
vernier machine have almost the same average torque of 27 
Nm, although the former has a much higher gear ratio and 
open-circuit EMF. The PM vernier machine with FSCW have 
lower torque while the proposed PM vernier machines have 
relatively higher torque. In addition, the average torque of 
these PM vernier machine versus the current are shown in Fig. 
13. It can be observed that saturation level is related with gear 
ratio. The higher the gear ratio, the higher the saturation level. 
The ISDW PM vernier machine with highest gear ratio goes 
into deep saturation when the current increases, implying a 



poor overload capability. The proposed PM vernier machines 
with two-slot pitch winding such as 10S-4P and 10S-6P have 
a medium saturation level while keeping a higher output 
torque. 

The power factor variations with current are illustrated in 
Fig. 14. It can be found that the higher the gear ratio, the lower 
the power factor. The proposed PM vernier machines with 
two-slot pitch winding such as 10S-4P and 10S-6P have a 
medium power factor of about 0.46. 

Table 6 summarized the performance comparison between 
the five combinations. In all, it can be concluded that the 
proposed PM vernier machines with two-slot pitch winding 
such as 10S-4P and 10S-6P are promising candidates in the 
PM vernier machine topologies. It has a relatively higher 
output torque while still keeping a slightly higher power 
factor. Therefore, the proposed PM vernier machines with 
two-slot pitch winding can be seen as a trade-off solution 
between conventional ISDW and FSCW PM vernier 
machines. 

 

 

Fig. 14 Power factor of the five PM vernier machines 

 

Table 6 Comparison of performance under rated current 

 Combinations Average 

torque (Nm) 

Power 

factor 

ISDW 10S-2P 25.9 0.25 

Proposed two-

slot pitch  

10S-4P 26.3 0.46 

10S-6P 19.5 0.45 

FSCW 
10S-8P 17.5 0.64 

10S-12P 16.1 0.48 

 

V. CONCLUSIONS 

This paper proposed a five-phase PM vernier machine 
with two-slot pitch fractional slot winding. The operational 
principle and theoretical equations have been derived. The PM 
vernier machines performance comparison between proposed 
two-slot pitch winding and conventional ISDW and FSCW 
configuration demonstrated the superiority of the proposed 
PM vernier machine with two-slot pitch winding in terms of 
torque capability and power factor. This proves that the 

proposed PM vernier machines with two-slot pitch winding is 
a trade-off solution between ISDW and FSCW configuration 
PM vernier machine. 
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