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1 Introduction

In recent years there has been significant work on the role of the Volkov-Akulov (VA) gold-
stino in the spontaneous breaking of local supersymmetry and the generation of a positive
contribution to the cosmological constant in supergravity [3–8]. In [4] the construction
of dS supergravity is based on a constrained (nilpotent) superfield description of the VA
action as described for example in [9–13]. In the nilpotent superfield description, the
scalar partners of the goldstino are not elementary but composed from goldstino bilinears.
An alternative approach to constructing four-dimensional supergravity with spontaneously
broken supersymmetry allowing for de Sitter vacua was considered in [2]. The authors
considered a locally supersymmetric generalisation of the VA goldstino action describing
the dynamics of a space-filling non-BPS 3-brane in 4D N = 1 superspace coupled to the
superspace action of minimal N = 1 4D supergravity. They then show that to quadratic
order in the goldstino field the action they get coincides with the supergravity constructions
using nilpotent superfields.

In [1] three of us took another, very different, approach to dS solutions in supergravity.
Specifically, we considered a non-trivial generalisation of unimodular gravity to minimal
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N = 1 4D supergravity,1 which allowed for de Sitter solutions. In particular, we formulated
a superspace version of the Stückelberg mechanism, which then restored diffeomorphism
and local supersymmetry invariance. The cosmological constant and gravitino mass then
arise naturally as the vacuum expectation values (vevs) of the components of a Lagrange
multiplier superfield after imposing the super-unimodularity condition. At first sight our
work [1] is qualitatively different from the constructions using the goldstino brane or equiv-
alently the nilpotent superfield constructions [2, 4]. However, it is natural to ask if there is
a relationship between our approach and that of [2, 4]. This is a step towards understand-
ing whether there is a unique action describing dS in pure supergravity. In this paper we
set about answering this question. Although these constructions are all non-perturbative,
a direct comparison at that level is very difficult. Therefore, we will do this perturbatively
up to the third order in the relevant fields.

In the next section, we briefly highlight the main results of the construction in [2],
which we use to connect the results from unimodular supergravity constructions to pure dS
supergravity constructions. We then present a brief review of our unimodular supergravity
construction [1] in section 3. In section 4 we perturb the unimodular supergravity action
up to the cubic order. In section 5 we describe the goldstino dynamics up to the cubic
order in unimodular supergravity, which is compared with the goldstino brane action in [2].
We summarise and discuss our results in section 6. Our conventions are summarised in the
appendices.

2 The goldstino brane action in supergravity

In this section we briefly highlight the main results of the construction of dS supergravity
in [2]. The approach there was to couple a local generalisation of the VA action to minimal
N = 1 supergravity formulated in superspace [18–20]. The starting action in superspace
was given by2

SB = − 3
2κ2

∫
d8zBerE − 2m(B)

κ2

(∫
d6ζLE + h.c.

)
− f2

∫
d4ξ detE(z(ξ)) , (2.1)

where κ2 = 8πGN and GN is the gravitational constant, zM = (xµ, θα, θ̄β̇) are the co-
ordinates of superspace whose curved geometry is described by the supervielbein EA =
dzMEAM (z), which contains the fields of the minimal supergravity multiplet [19] and Ber
E is the Berezinian of EAM . The superscript (B) denotes the fields used in [2]. This is done
to differentiate them from the fields used in our work [1], and the dictionary between the
two is given in appendix A. In (2.1), the first term is the action of standard old minimal
supergravity, while the second term gives the anti-de-Sitter cosmological constant term and
E is the volume measure of the chiral subspace, ζML = (xµL,Θα). The third term in (2.1) is
the generalisation of the VA goldstino action, giving the full non-linear contribution of the
3-brane. Its coupling to supergravity is given via its embedding in the bulk superspace as

ξi → zM (ξ) = (xµ(ξ), θα(ξ), θ̄β̇(ξ)) , (2.2)
1For other supersymmetric extensions of the unimodular theory see [14–17].
2There is an overall minus sign difference with [2] also used in [21].
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where ξi are the 3-brane worldvolume coordinates with i = 0, 1, 2, 3. Finally, detE(z(ξ))
denotes the determinant of the pullback of the vector supervielbein, Ea(z) = dzMEaM , that
is, Eai (z(ξ)) ≡ ∂iE

a(z(ξ)), while the parameter f2 denotes the 3-brane tension, giving a
positive contribution to the cosmological constant.

Action (2.1) can be rewritten in chiral subspace using the identity
∫
d6ζLE =

2
∫
d8zBerE

R , where R is the superspace curvature superfield (see appendix B for its com-
ponents), as follows:

SB = − 1
κ2

∫
d6ζLE

(
6R+ 2m(B) + h.c.

)
− f2

∫
d4ξ detE(z(ξ)) , (2.3)

where the explicit expression for E is shown later in eqs. (3.8). The component form of
action (2.1) can be derived by integrating the first two terms over the Grassmann odd co-
ordinates and fixing the static-gauge xµ(ξ) = δµi ξ

i on the 3-brane. This gives the action [2]

SB = SSG + SV A , (2.4)

with

SSG = − 1
2κ2

∫
d4x e

[
R(B) − 4 e−1εµνηλ

(
Dνψ(B)

η σλψ̄
(B)
µ + ψ(B)

µ σνDρψ̄(B)
λ

)
− 4m(B)(ψ̄(B)aσabψ̄

(B)b + ψ(B)aσabψ
(B)b) + 3

32 b
(B)
a b(B) a

+ 3
8
(
4m(B) +M (B)

) (
4m(B) + M̄ (B)

)
− 6(m(B))2

]
, (2.5)

SV A = −f2
∫
d4x detE(x, θ(x), θ̄(x)) . (2.6)

The coupling of the VA goldstino to the supergravity fields is encoded in SV A, where
θα(x) is the VA goldstino. SSG gives standard AdS supergravity, where e = det eaµ, eaµ(x)
is the spacetime vielbein, ψ(B)

µ (x) is the gravitino, R(B) is the scalar curvature, Dµ denotes
the covariant derivative and b(B)

a and M (B) are the minimal supergravity auxiliary fields.
Computation of SV A up to the quadratic order in the fermionic fields gives

SV A = −f2
∫
d4x e

[
1 + 2i

(
θσaψ̄(B)

a − ψ(B)
a σaθ̄

)
+ i

(
θσaDaθ̄ −Daθσaθ̄

)
− 1

8b
(B)
a θσaθ̄

+ 1
2
(
θθM̄ (B) + θ̄θ̄M (B)

)
+ . . .

]
(2.7)

Substituting this into (2.4) and varying with respect to the auxiliary fields b(B)
a and M (B),

one can find the solutions to their field equations. Substituting these solutions back into
action (2.4) one finally gets, up to the second order in the fermions [2]:

SB = −
∫
d4x e

{ 1
2κ2 [R(B) − 4 e−1 εµνηλ(Dνψ(B)

η σλψ̄
(B)
µ + ψ(B)

µ σνDρψ̄(B)
λ ) (2.8)

− 4m(B)(ψ̄(B)aσabψ̄
(B)b + ψ(B)aσabψ

(B)b)] +
(
f2 − 3(m(B))2

κ2

)
+ f2

[
2i(θσaψ̄(B)

a − ψ(B)
a σaθ̄) + i

(
θσaDaθ̄ −Daθσaθ̄

)
− 2m(B)

(
θ2 + θ̄2

)]
+ . . .

}
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In order to compare our results in [1] with those of [2, 4], we perturb this action up to the
3rd order in all the field fluctuations, which gives:

S = 1
2κ2

∫
d4x

[{
− eR(B) + 4 εµνηλ(ψ(B)

µ σνDηψ̄(B)
λ + h.c.)

}(3)
− {e(2κ2f2 − 6(m(B))2)}(3)

+
{
− 4m(B)ψ̄(B)aσabψ̄

(B)b − f2(2iθσaψ̄(B)
a + iθσaDaθ̄ − 2m(B)θ2)

+ 2hm(B)ψ(B)
a σabψ

(B)
b + 4m(B)ψ(B)

a hc
[aσb]cψ

(B)
b + 2κ2f2

(
− ihθσaψ̄(B)

a

+ iθhabσ
bψ̄(B)

a − i

2hθσ
aDaθ̄ + i

2θh
a
bσ
bDaθ̄ + iθσaω̄(1)

a θ̄ + hm(B)θ2
)

+ h.c.

}]
, (2.9)

where Dµ is the covariant derivative on the background and we use {. . .}(3) to denote
a perturbation up to the cubic order. We use this notation throughout the paper for
the perturbation of the standard part of supergravity. Using the dictionary between the
notations in [1] and [2] given in appendix A, we get the following action:

S = 1
2κ2

∫
d4x

[{√
−g R− εµνρλ

(
ψµσνDρψ̄λ + h.c.

)}(3)
−
{

2
√
−g

(
Λ2 −

m2

3

)}(3)

+
{2

3mψµσ
µνψν + 2iΛ2Ğσµψ̄µ − 2iΛ2ĞσµDµ

¯̆G + 4
3mΛ2Ğ2

+ 1
3hmψµσ

µνψν + 2
3mψµhρ

[µσν]ρψν + Λ2

(
ihĞσµψ̄µ − iĞhµνσνψ̄µ

− ihĞσµDµ
¯̆G + iĞhµνσνDµ

¯̆G + 2iĞσµω̄(1)
µ

¯̆G + 2
3hmĞ

2
)

+ h.c.

}]
, (2.10)

where we have used
√
−g = e. This is the action with which we will compare our final

result in section 5, where the relations of the fields and parameters in (2.9) and (2.10) will
become clear. For example, Λ2, the vev of the F-term of the Lagrange multiplier in [1],
will be identified with κ2f2 from [2] and Ğ is the goldstino.

3 Review of unimodular supergravity

3.1 Unimodular gravity and the Stückelberg procedure

The Stückelberg procedure [22] is a method for reinstating a broken symmetry into the ac-
tion at the cost of introducing new fields on which the symmetry is realised nonlinearly. We
will first illustrate it here in the setting of unimodular gravity which constitutes the start-
ing point for our construction in [1]. Unimodular gravity [23–30] is a restricted version of
Einstein-Hilbert gravity, in which the determinant of the metric is fixed to a constant. The
most significant difference between unimodular gravity and GR is the way the cosmological
constant enters the theory: as an integration constant rather than appearing directly in
the action. The action for unimodular gravity in the absence of matter can be written as

S = 1
16πGN

∫
d4x

[√
−gR− 2Λ(x)

(√
−g − ε0

)]
, (3.1)
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with ε0 being a constant (traditionally set to unity, hence the name “unimodular”). Here
Λ(x) is a Lagrange multiplier field, imposing a local constraint on the determinant of the
metric. This version of the Lagrangian is not invariant under the full diffeomorphism group
(Diff) but only under a subgroup of transformations called transverse diffeomorphisms
(TDiff), whose parameter3 ξTµ satisfies ∇µξTµ = 0. Since the Lagrange multiplier, Λ(x),
transforms like a scalar, it is obvious that Diffs are broken by the last term

∫
d4xΛε0.

We now perform the Stückelberg trick by transforming the Lagrange multiplier under
the full group of diffeomorphisms. The transformation rule, written perturbatively in the
transformation parameter ξµ, is:

Λ→ Λ′ = Λ− ξµ∂µΛ + 1
2ξ

ν∂ν (ξµ∂µΛ) + . . . (3.2)

As explained above, the action will not be invariant under this, i.e. S[Λ′] will be a function
of ξµ. We now promote the transformation parameter to a field: ξµ → φµ. The Lagrangian
can then be constructed order by order in the Stückelberg field φµ:

Sφ = 1
16πGN

∫
d4x (3.3)

×
[√
−gR− 2Λ

√
−g + 2Λε0

[
1 + ∂µφ

µ + 1
2φ

ν∂ν∂µφ
µ + 1

2 (∂µφµ) (∂νφν) + . . .

]]
,

and it will be invariant, up to the relevant order, when φµ transforms as:4

δφµ = −ξµ − 1
2ξ

ν∂νφ
µ + 1

2φ
ν∂νξ

µ + . . . (3.4)

We note that the Stückelberg trick above was performed via an active transformation - i.e.
we are transforming the fields and keeping the coordinates fixed. One could alternatively
do it via a passive transformation. Non-pertubatively, this involves sending the coordinates

xµ → x̂µ(x) Stückelberg−−−−−−−→ sµ(x) (3.5)

and the Stückelberged action will be

Ss = 1
16πGN

∫
d4x

[√
−gR− 2Λ

(√
−g −Det

(
∂s

∂x

)
ε0

)]
, (3.6)

Of course, upon writing sµ = xµ + φµ we find that actions (3.6) and (3.3) are identical
order by order in φµ.

3.2 Unimodular supergravity and the super-Stückelberg procedure

We are working in the conventions of [19] (see also appendix B). We find it convenient to
work in chiral superspace, where the action of pure N = 1 supergravity is given by

S = − 6
8πGN

∫
d4x d2Θ ER+ h.c. (3.7)

3Not to be confused with the brane coordinate used in the previous section!
4Note that we are using ξ again to denote the transformation parameter, after performing the Stückelberg

trick.
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The components of R are given in appendix B and

E = F0 +
√

2 ΘF1 + ΘΘF2, with

F0 = 1
2e ,

F1 = i
√

2
4 eσµψ̄µ ,

F2 = −1
2eM

∗ − 1
8eψ̄µ (σ̄µσν − σ̄νσµ) ψ̄ν ,

(3.8)

where e = det eaµ, with eaµ the vielbein, ψµ the gravitino and M the scalar auxiliary field in
the old minimal supergravity model. We note that E is the natural supersymmetrisation of
the measure

√
−g. It is a chiral density superfield, characterised by the transformation law

δE = −∂N
[
(−1)N ηNE

]
, where (−1)N =

{
1, N = µ

−1, N = α
(3.9)

and
ηµ(ε) = Θβyµ1β(ε) + Θ2yµ2 (ε) ,

ηα(ε) = εα + ΘβΓα1β(ε) + Θ2Γα2 (ε) ,
(3.10)

where ε is the parameter of local SUSY transformations. For conciseness, we introduced
the following notation

yµ1α(ε) = 2i (σµε̄)α ,
yµ2 (ε) = ψ̄ν σ̄

µσν ε̄ ,

Γα1β (ε) = −i (σµε̄)β ψ
α
µ ,

Γα2 (ε) = −iωαβµ (σµε̄)β + 1
3M

∗εα − 1
2ψ

α
ν

(
ψ̄µσ̄

νσµε̄
)

+ 1
6bµ (εσµε̄)α ,

(3.11)

where ωαβµ is the spin connection and bµ is the vector auxiliary field in the old minimal
model.

We define the unimodular supergravity action to be:

S = − 6
8πGN

∫
d4x d2Θ

[
E R+ 1

6Λ (E − E0)
]

+ h.c. (3.12)

where
Λ = Λ0 +

√
2 ΘΛ1 + Λ2Θ2 (3.13)

is now a Lagrange multiplier chiral superfield, and we defined

E0 = ε0 −
1
2mΘ2 , (3.14)

where ε0 and m are real constants and the spinor component of E0 was set to zero for
simplicity. Varying over Λ, we get

E = E0 . (3.15)

Action (3.12) is invariant under a restricted set of SUSY and diffeomorphism transfor-
mations such that they preserve condition (3.15). We remark here that the constraints
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imposed in eq. (3.15) amount to more than a gauge fixing; in this sense, unimodular su-
pergravity is more than a naive supersymmetrisation of the unimodular gravity model in
eq. (3.1). As a consequence, even though the space of solutions of unimodular gravity
matches that of standard Einstein gravity with a cosmological constant, it will not be the
case for our model. As we will see in subsection 3.3, we are no longer restricted to AdS
and flat space backgrounds as one is in standard pure supergravity. Finally, we impose the
following boundary conditions on the components of our Lagrange multiplier superfield:

Λ0
∣∣
∞ = K0 , Λ1

∣∣
∞ = 0 , Λ2

∣∣
∞ = K2 , (3.16)

where K0 and K2 are some constants. We will see in subsection 3.3 how K0 and K2 become
intimately linked with the cosmological constant in our model.

We are now ready to perform the Stückelberg trick in a manner analogous to subsec-
tion 3.1. In components, the symmetry breaking terms following from action (3.12) are:

1
16πGN

∫
d4x [2Λ2ε0 −mΛ0 + h.c.] ⊂ S . (3.17)

We want to perform the Super-Stückelberg trick up to the 2nd order in the SUSY and
diffeomorphism transformation parameters, so we need to know the 2nd order transforma-
tion of the chiral superfield in curved space. This was derived in [1] (working up to the
2nd order in the fermions):

δΛ0 =−ξµ∂µΛ0−
√

2εΛ1+ 1
2ξ

ν∂ν (ξµ∂µΛ0)+ 1
2εy

µ
1 (ε)∂µΛ0+

√
2

2 ξµ∂µ(εΛ1)

+
√

2
2 ξµε∂µΛ1+Λ2ε

2 ,

δΛ1 =−ξµ∂µΛ1−
√

2
2 yµ1 (ε)∂µΛ0−

√
2Λ2ε+

√
2

4 ξν∂ν (yµ1 (ε)∂µΛ0)+
√

2
4 yν1 (ε)∂ν (ξµ∂µΛ0)

+ 1
2ξ

ν∂ν (ξµ∂µΛ1)+
√

2
2 ξν∂ν (εΛ2)+

√
2

2 εξµ∂µΛ2

+
[
i
√

2
2 ξν∂ν [σµ]ε̄−

√
2

4 ∂νξ
µyν1 (ε)

]
∂µΛ0 ,

δΛ2 =−ξµ∂µΛ2+
√

2
2 yµ1 (ε)∂µΛ1−yµ2 (ε)∂µΛ0−Tr(Γ1(ε))Λ2−

√
2Γ2(ε)Λ1

+ 1
2ξ

ν∂ν

[
ξµ∂µΛ2−

√
2

2 yµ1 (ε)∂µΛ1+yµ2 (ε)∂µΛ0+Tr(Γ1(ε))Λ2+
√

2Γ2(ε)Λ1

]
− 1

4y
ν
1 (ε)∂ν

[√
2ξµ∂µΛ1+yµ1 (ε)∂µΛ0+2εΛ2

]
+ 1

2y
ν
2 (ε)∂ν [φµ∂µΛ0]+ 1

2Tr(Γ1(ε))[ξµ∂µΛ2]

+
√

2
2 Γ2(ε)ξµ∂µΛ1+

√
2

4
[
−ξη∂η

[
2iσµ

]
ε̄+∂νξµyν1 (ε)

]
∂µΛ1a−

1
2

[
− 1

2y
ν
1 (ε)Dνyµ1 (ε)

−ξν∂ν
[
ψ̄ν σ̄

µσν
]
ε̄+∂νξµyν2 (ε)− 4i

3 M
∗εσµε̄−ibν ε̄σ̄µσν ε̄+ibν ε̄σ̄νσµε̄

]
∂µΛ0

+ 1
2
[
∂µεy

µ
1 (ε)+ξν∂ν

[
iψµσ

µ]ε̄+ 2
3M

∗ε2+ 4
3Mε̄2

]
Λ2−

√
2

2

[
ξν∂ν

[
iωµσ

µ]ε̄− 1
3ξ

ν∂νM
∗ε

− 1
6ξ

ν∂ν
[
bµεσ

µ]ε̄]Λ1 . (3.18)
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Then, sending ξµ → φµ and ε → ζ we obtain the following action,5 which is given up
to the second order in the Stückelberg fields by:

S= 1
16πGN

∫
d4x

[√
−g
[
R− 2

3M
∗M+ 2

3b
µbµ+εµνηλ(ψ̄µσ̄νDηψλ−ψµσνDηψ̄λ)

]
+ 1

2
√
−g
[
−2Λ2+

√
2iΛ1σ

µψ̄µ+2Λ0
(
ψ̄µσ̄

µνψ̄ν+M∗
)

+h.c.
]

+
{[

Λ0
(
∂µy

µ
2 (ζ)−m−m∂µφµ

)
−Λ1

(√2
2 ∂µy

µ
1 (ζ)+

√
2Γ2(ζ)−

√
2mζ

)
+Λ2[1+∂µφµ−Tr(Γ1(ζ))]

]
+Λ2

[1
2∂µ(φµ∂νφν−φµTr(Γ1(ζ)))

− 1
2∂µφ

µTr(Γ1(ζ))+ 1
2∂µ(ζyµ1 (ζ))+ 1

2φ
ν∂ν(iψµσµ)ζ̄+ 1

3M
∗ζ2+ 2

3Mζ̄2

−mζ2
]
−
√

2
2 Λ1

[1
2∂µ

(
φµ∂νy

ν
1 (ζ)+yµ1 (ζ)∂νφν+2φµΓ2(ζ)

)
+Γ2(ζ)∂µφµ

− 1
2∂µ[φν∂ν(2iσµ)ζ̄−∂νφµyν1 (ζ)]−φν∂ν [−iεωµ(σµ]ζ̄)− 1

3φ
ν∂νM

∗ζ

− 1
6φ

ν∂ν(bµεσµ)ζ̄−mζ∂µφµ−m∂µ(ζφµ)
]
+ 1

2Λ0∂µ[φµ∂νyν2 (ζ)+yµ2 (ζ)∂νφν

− 1
2y

µ
1 (ζ)∂νyν1 (ζ)−2(Dν ζ̄)σ̄µσν ζ̄−2(εσµζ̄)ωνσν ζ̄−φη∂η(ψ̄ν σ̄µσν)ζ̄

+∂νφµyν2 (ζ)− 4i
3 M

∗ζσµζ̄−ibν ζ̄σ̄µσν ζ̄+ibν ζ̄σ̄νσµζ̄−mφµ∂νφν

+mζyµ1 (ζ)]+h.c.
}

+...
]
, (3.19)

where the “. . . ” stand for terms at higher orders in the Stückelberg fields ζ and φµ. The
action is now invariant under diffeomorphisms and SUSY transformations, provided the
Stückelberg fields transform analogously to superspace coordinates (see [1] for details). We
remark that the Stückelberg trick can alternatively be applied via passive transformations,
in which case the action can be written in the form

S = − 6
8πGN

∫
d4xd2Θ

[
ER+ 1

6Λ
(
E − Ber

(
∂Φ
∂X

)
E0 (Φ)

)]
+ h.c. , (3.20)

where Ber
(
∂Φ
∂X

)
is the Berezinian for the transformation of the superspace coordinates XA

as XA → X ′A
Stückelberg−−−−−−−→ ΦA (see [1] for details). Of course, upon expanding action (3.20),

it will coincide with action (3.19) order-by-order in the Stückelberg fields.
Finally, we note that, upon application of the Stückelberg procedure, the boundary

conditions (3.16) are modified (to linear order in the Stückelberg fields) as:[
Λ0−φµ∂µΛ0−

√
2ζΛ1

]∣∣
∞=K0 ,[

Λ1−φµ∂µΛ1−
√

2ζΛ2 +
√

2
2 yµ1 (ζ)∂µΛ0

]∣∣
∞= 0 ,[

Λ2−φµ∂µΛ2−
√

2
2 yµ1 (ζ)∂µΛ1−

√
2Γ2(ζ)Λ1−Tr(Γ1(ζ))Λ2−yµ2 (ζ)∂µΛ0

]∣∣
∞=K2 , (3.21)

and are now invariant under diffeomorphisms and SUSY transformations.
5For simplicity we have set ε0 = 1

2 .
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3.3 Cosmological constant and boundary conditions

We are now interested in the backgrounds allowed by our model, in particular the range
of values taken by the cosmological constant. Upon computing the equations of motion
following from action (3.19), we find that they admit the solution

〈gµν〉 = ḡµν , with
√
−ḡ = 1 ,

〈M〉 = m,

〈Λ0〉 = 2
3m = K0 ,

〈Λ2〉 = Λ2 = K2, with Im(Λ2) = 0 , (3.22)

with all other fields vanishing. The cosmological constant is

c.c. = Λ2 −
1
3m

2 = K2 −
3
4K

2
0 . (3.23)

Thus, our model allows for a cosmological constant of either sign, similar to the results
in the constrained superfield literature [2–6, 8, 21, 31–33]. However, we emphasise that
in our approach the cosmological constant appears as the combination of the vevs of the
Lagrange multiplier superfield components Λ0 and Λ2, which are nothing but the boundary
conditions imposed in eqs. (3.21) (note that for our solution the Stückelberg fields vanish
on the background).

4 Unimodular supergravity at cubic order

In this section, we connect the goldstino brane/nilpotent superfield approach to dS vacua,
and unimodular supergravity. To this end we perturb the unimodular supersymmetric
action shown in eq. (3.19) around the background solution (3.22), up to 3rd order in field
fluctuations.

The fluctuations of the fields around the background solution (3.22) are:

gµν = gµν + hµν ,

ωµ
αβ = ωµ

αβ + ω(1)
µ

αβ ,

ψαµ = 0 + ψαµ ,

bµ = 0 + bµ ,

M = m+M ,

Λ0 = 2
3m+ λ0 ,

Λ1 = 0 + λ1 ,

Λ2 = Λ2 + λ2, Im(Λ2) = 0 ,
φµ = 0 + tµ ,

ζ = 0 + χ .

(4.1)

The fluctuations of
√
−g and of the Pauli matrices, derived from the above fluctuations,

can be found at the end of appendix B.
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4.1 Terms cubic in Stückelberg fields

We now use (4.1) to perturb the unimodular supergravity action (3.19) up to the cubic
order in fluctuations. That action will contain terms of the kind L(t3) and L(tχ2), which
are cubic in the Stückelberg fluctuations. These terms could be computed by extending
the non-perturbative action (3.19) up to the cubic order in the Stückelberg fields and then
perturbing it. This turns out to be quite cumbersome.

However, as we will see below, this proves unnecessary as it is possible to prove that
the cubic fluctuations of these terms vanish perturbatively.
L(t3) denotes terms cubic in the fluctuation tµ, and L(tχ2) denotes terms linear in tµ and

quadratic in the fermionic Stückelberg field χ, together with their hermitian conjugates.
L(t3) is the cubic fluctuation of the subset of the Stückelberg action coming from the
diffeomorphism transformation. This can easily be computed explicitly and shown to
reduce to a total derivative in the perturbatve expansion (remembering that the vevs
of Λ0 and Λ2 are constant). Taking tµ to vanish on the boundary, we have∫

d4xL(t3) = 0 . (4.2)

Now let us look at L(tχ2). It is of the form

L(tχ2) = LA(tµ, χ, χ) + LB(tµ, χ, χ̄) + h.c. (4.3)

where the most general expressions for LA(tµ, χ, χ)6 and LB(tµ, χ, χ̄) are given by:

LA(tµ, χ, χ) = A1t
µDµ(χχ) +A2t

µDµDνχDνχ+A3t
µ�χDµχ+A4t

µ(�Dµχ)χ ,
LB(tµ, χ, χ̄) = B1 t

µχσµχ̄+B2t
µDνχσµDνχ̄+B3t

µ�χσµχ̄+B4t
µDµχσ

νDνχ̄

+B5t
µDµDνχσ

νχ̄ . (4.4)

Here Ai with i = 1, . . . 4 and Bi with i = 1, . . . 5 are a priori arbitrary constants. However,
as can be seen from eq. (3.20) the Stückelberg fields (appearing inside the Berezinian) are
always multiplied by Λ in the non-perturbative action. This implies that Ai and Bi must
be proportional to either m or Λ2, which are the vevs of the components of the Lagrange
multiplier superfield Λ. Given that [m] = 1 and [Λ2] = 2, we get [Ai] ≥ 1 and [Bi] ≥ 1,
with [X] denoting the mass dimension of X. This forbids higher derivative terms in LA

and LB in (4.4). For example, candidate terms in LB consisting of four derivatives will
have massless coupling constants. Therefore terms of this type are not allowed in LB.
L(tχ2) transforms under SUSY transformations as

δL(tχ2) = −LA(tµ, ε, χ)− LA(tµ, ε̄, χ̄)− LB(tµ, ε, χ̄)− LB(tµ, ε̄, χ) +O(4) (4.5)

Let the Lagrangian in (3.19) perturbed up to the cubic order in fluctuations be denoted
by L. Since the full action up to the 3rd order in fluctuations,

∫
d4x(L+ L(t3) + L(tχ2)) =∫

d4x(L+ L(tχ2)) , is supersymmetric, δL(tχ2) should cancel those terms in δL which have
tensor structures as in eq. (4.5). Denoting those terms by δL′(tχ2), we thus require

δL(tχ2) + δL′(tχ2) = 0 . (4.6)
6Other possible terms either vanish or reduce to the ones shown by using Pauli matrix identities.
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It can be checked by explicit computation that

δL′(tχ2) = 0 , (4.7)

and therefore,
δL(tχ2) = 0 . (4.8)

One can check that δLA(tµ, χ, χ) + δLB(tµ, χ, χ̄) 6= 0 and also δLA(tµ, χ, χ) 6= 0 6=
δLB(tµ, χ, χ̄). So δL(tχ2) can be 0 only if LA(tµ, χ, χ) = LB(tµ, χ, χ̄) = 0. Hence we
see that terms cubic in Stückelberg fields are not present in the cubic action.

4.2 Perturbing the action up to the cubic order

In [1] we identified the goldstino, denoted by G, at quadratic order with the combination

G = 1
2

(
χ+

√
2

2Λ2
λ1

)
, (4.9)

and the orthogonal mode to G, denoted by τ , as

τ = 1
2

(
χ−

√
2

2Λ2
λ1

)
. (4.10)

Using these identifications and perturbing action (3.19) by the fluctuations (4.1) up to the
3rd order, we obtain the action

S= 1
16πGN

∫
d4x

[(√
−g
[
R− 2

3M
∗M+ 2

3b
µbµ+εµνηλ

(
ψ̄µσ̄νDηψλ−ψµσνDηψ̄λ

)])(3)

+
{
−
(

2
√
−g
(

Λ2−
2
3m

2
))(3)

+ 2
3mψµσ

µνψν+2iΛ2Gσµψ̄µ

−2iΛ2GσµDµḠ+ 4
3mΛ2G2+2iΛ2τσ

µDµτ̄−
4
3mΛ2τ

2+λ2

(
∂µt

µ− 1
2h
)

+λ0

[
M∗−m

(
∂µt

µ− 1
2h
)]

+ 1
2

(1
2h

2−hµνhµν
)(1

3mM
∗+ 1

2λ0m−
1
2λ2

)
+ i

2Λ2(G−τ)(hσµ−hµηση)ψ̄µ+
(
λ0+ 1

3hm
)
ψ̄µσ̄

µνψ̄ν

+ 2
3mψ̄µh

[µ
ησ̄

ν]ηψ̄ν+ 1
2hλ0M

∗+λ0∂µ[ψ̄ν σ̄µσν(Ḡ+τ̄)]

+ i

2Λ2[ψµ−2∂µ(G−τ)]hµηση(Ḡ+τ̄)−iλ2ψµσ
µ(Ḡ+τ̄)

−2Λ2(G−τ)
[
i

2 ωµh
µ
ησ

η(Ḡ+τ̄))−iω(1)
µ σµ(Ḡ+τ̄)+ 1

3M
∗(G+τ)

+ 1
6bµσ

µ(Ḡ+τ̄)
]
+ 1

2(λ2−λ0m)∂µ(tµ∂νtν)+ i

2Λ2[tµ∂µ(ψηση)(Ḡ+τ̄)

−∂µtµ
(
ψσ(Ḡ+τ̄)

)]
+
(Λ2

6 bµ−i∂µλ2

)
(G+τ)σµ(Ḡ+τ̄)

+ 1
3(Λ2M

∗−2λ2m)(G+τ)2+ 2
3(Λ2M+λ2m)(Ḡ+τ̄)2
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−iΛ2(G−τ)
[
∂µ
(
2∂νtνσµ(Ḡ+τ̄)+tνσµ∂ν(Ḡ+τ̄)−tµ(ωησ

η(Ḡ+τ̄))
)

−∂µtµωησ
η(Ḡ+τ̄)

]
+ 2

3Λ2m(G−τ)[2∂µtµ(G+τ)+tµ∂µ(G+τ))]

−iΛ2(G−τ)tη∂η(ωµσ
µ)(Ḡ+τ̄)−λ0∂µ

[
(Ḡ+τ̄)σ̄µ∂ν

(
σν(Ḡ+τ̄)

)
−(Dν(Ḡ+τ̄))σ̄µσν(Ḡ+τ̄)−(σµ(Ḡ+τ̄))ωνσ

ν(Ḡ+τ̄)

+ i

3m(G+τ)σµ(Ḡ+τ̄)
]
+h.c.

}]
. (4.11)

This action (4.11) is invariant under the following diffeomorphic transformations (per-
turbed up to the 2nd order in fluctuations):

δhµν = −∇̄µξν − ∇̄µξν − ξη∇̄ηhµν + ξη∇̄µhνη + ξη∇̄νhµη ,
δψµ = − ξν∂νψµ + ∂νξ

µψν ,

δM = − ξµ∂µM ,

δλ0 = − ξµ∂µλ0

δλ2 = − ξµ∂µλ2 ,

δG = − ξµ∂µG ,

δtµ = − ξµ + hµνξν −
1
2ξ

ν∂νt
µ + 1

2 t
ν∂νξ

µ ,

δτ = − ξµ∂µτ . (4.12)

Furthermore, action (4.11) is also invariant under the following supersymmetry transfor-
mations (perturbed up to the 2nd order in fluctuations):

δhµν = 0+2i(ψ(µσν)ε̄−εσ(µψ̄ν)) ,

δψµ =−2Dµε+ i

3m(εσµε̄)−2εω(1)
µ + i

3M (εσµε̄)+ i

6mh
ν
µ (εσν ε̄)+ ibµε+ i

3b
νεσν σ̄µ ,

δM = 0−εσασ̄βψαβ+ imεσαψ̄α ,

δbαα̇ = 0+εδ
(3

4 ψ̄
γ̇

α δγ̇α̇+ 1
4εδαψ̄

γγ̇
γα̇γ̇−

i

2mψαα̇δ
)
− ε̄
(3

4ψ
γ

δ̇γα̇α
+ 1

4εδ̇α̇ψ
γ̇γ

α γ̇γ + i

2mψ̄αα̇δ̇
)
,

δλ0 = 0−
√

2ελ1 ,

δλ2 = 0+
√

2i∂µλ1σ
µε̄− iΛ2ψµσ

µε̄+
√

2iλ1ωµσ
µε̄−

√
2

3 mελ1 ,

δtµ = 0+ i(G+τ)σµε̄− iεσµ(Ḡ+ τ̄) ,

δG=−ε+ 1
4 t
µ∂µε−

1
2Λ2

(iσµε̄∂µλ0 +λ2ε) ,

δτ = 0+ 1
4 t
µ∂µε+ 1

2Λ2
(iσµε̄∂µλ0 +λ2ε) . (4.13)

4.3 Boundary conditions and field redefinitions

We next look at the perturbations of the boundary conditions, (3.21). Using K0 = 2
3m

and K2 = Λ2 from the background solution (3.22), and the fluctuations (4.1), up to the
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2nd order, we obtain: [
λ0 − tµ∂µλ0 + Λ2(−G2 + 2Gτ + 3 τ2)

]
|∞ = 0 ,[

τ + 1
4 t
µ∂µ(G − 3τ) + 1

2Λ2
λ2(G + τ) + i

2Λ2
σµ(Ḡ + τ̄)∂µλ0

]
|∞ = 0 ,[

λ2 − tµ∂µλ2 + 2iΛ2σ
µ(Ḡ + τ̄)∂µ(G − τ)− iΛ2ψµ

α(σµ(Ḡ + τ̄))α

+2 iΛ2 ωµ
α(σµ(Ḡ + τ̄))α(G − τ) + mΛ2

3 (−G2 + 2Gτ + 3 τ2 + 2 (Ḡ + τ̄)2)
]
|∞ = 0 .

(4.14)

These suggest the following field redefinitions:

r0 ≡ λ0 − tµ∂µλ0 + Λ2(−G2 + 2Gτ + 3 τ2) ,

ρ1 ≡ τ + 1
4 t
µ∂µ(G − 3τ) + 1

2Λ2
λ2(G + τ) + i

2Λ2
σµ(Ḡ + τ̄)∂µλ0 ,

r2 ≡ λ2 − tµ∂µλ2 + 2iΛ2σ
µ(Ḡ + τ̄)∂µ(G − τ)− iΛ2ψµ

α(σµ(Ḡ + τ̄))α

+ 2 iΛ2 ωµ
α(σµ(Ḡ + τ̄))α(G − τ) + mΛ2

3 (−G2 + 2Gτ + 3 τ2 + 2 (Ḡ + τ̄)2) ,

(4.15)

so that the boundary conditions can now be expressed more simply as

r0|∞ = 0, ρ1|∞ = 0, r2|∞ = 0 . (4.16)

We need to substitute the old fields λ0, τ and λ2 by the new fields r0, ρ1 and r2. So we
invert relations (4.15) up to the 2nd order, and get,

λ0 ≡ r0 + tµ∂µr0 + Λ2(G2 − 2Gρ1 − 3 ρ2
1) ,

τ ≡ ρ1 −
1
4 t
µ∂µ(G − 3ρ1)− 1

2Λ2
r2(G + ρ1)− i

2Λ2
σµ(Ḡ + ρ̄1)∂µr0 ,

λ2 ≡ r2 + tµ∂µr2 − 2iΛ2∂µ(G − ρ1)σµ(Ḡ + ρ̄1) + iΛ2ψµσ
µ(Ḡ + ρ̄1)

− 2 iΛ2 (G − ρ1)ωµ(σµ(Ḡ + ρ̄1)) + mΛ2
3 (G2 − 2Gρ1 − 3 ρ2

1 − 2 (Ḡ + ρ̄1)2) . (4.17)

Plugging these expressions for the fields λ0, τ and λ2 into the cubic action (4.11), we get
the following action

S= 1
2κ2

∫
d4x

{[(√
−g
[
R− 2

3M
∗M+ 2

3b
µbµ+εµνηλ

(
ψ̄µσ̄νDηψλ−ψµσνDηψ̄λ

)]}(3)

+
{
−
(

2
√
−g

(
Λ2−

2
3m

2
))(3)

+ 2
3mψµσ

µνψν +2iΛ2Gσµ(ψ̄µ−∂µḠ)

+ 4
3mΛ2(G2−ρ2

1)+2iΛ2ρ1σ
µ∂µρ̄1 +(−mr0 +r2)

(
∂νt

ν− 1
2h
)

+r0M
∗

+ iΛ2

[
(G−3ρ1)∂ν(tνσµ∂µρ̄1)−∂ν(tν∂µ(G−ρ1))σµ(Ḡ+ ρ̄1)

+ tν∂ν(G−3ρ1)σµω̄µρ̄1 + 2
Λ2

r2(G+ρ1)σµω̄µρ̄1−
2 i
Λ2

(G+ρ1)σ̄ν∂νr0σ
µω̄µρ̄1

]
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+ ir2(G+ρ1)σµ∂µ(Ḡ − ρ̄1)+ ir2∂µ(G+ρ1)σµ(Ḡ+ ρ̄1)

+(G+ρ1)σ̄µ∂µr0σ
ν∂ν(Ḡ − ρ̄1)+ 2

3mΛ2

[
∂µt

µ
(1

2G
2 +3ρ2

1 +Gρ1

)
−∂µGtµρ1

]
− 2

3mr2[(G2−ρ2
1)−(Ḡ+ ρ̄1)2]− 1

3mi(G−3ρ1)σµ(Ḡ+ ρ̄1)∂µr0

−M∗r0

(
∂νt

ν− 1
2h
)
− 2

3mΛ2(G+ρ1)2∂νt
ν + 2

3mhΛ2(G2−ρ2
1)

+ iΛ2∂µ(G−ρ1)(hσµ−hµνσν)
(
σµ(Ḡ+ ρ̄1)

)
− 1

2ht
µ∂µr2 + ihΛ2Gσµψ̄

− i

2Λ2t
µψρσ

ρ∂µ
(
Ḡ+ ρ̄1

)
+ 2

3Λ2
(
G2−2Gρ1−3ρ2

1

)
M∗− tµr0∂µM

∗

− 1
2mt

µ∂µr0(∂νtν−h)+ 1
2

(1
2h

2−hµνhµν
)(1

3mM
∗+ 1

2r0m−
1
2r2

)
+ iΛ2ψµh

µ
νσ

ν Ḡ+
(
r0 + 1

3hm
)
ψ̄µσ̄

µνψ̄ν + 2
3mψ̄µh

[µ
ρσ̄

ν]ρψ̄ν

+r0∂µ[ψ̄ν σ̄µσν(Ḡ+ ρ̄1)]− ir2ψµσ
µ(Ḡ+ ρ̄1)−2Λ2(G−ρ1)

[
i

2 ωµh
µ
ρσ

ρ(Ḡ+ ρ̄1)

− iω(1)
µ σµ(Ḡ+ ρ̄1)

]
− 1

2r2∂µ(tµ∂νtν)− 1
6Λ2bµσ

µ(GḠ+Gρ̄1−3ρ1Ḡ −3ρ1ρ̄1)

+ 2
3Λ2M(Ḡ+ ρ̄1)2 + iΛ2(G−ρ1)

[
∂µ
(
tµωρσ

ρ(Ḡ+ ρ̄1)
)
+∂µt

µωρσ
ρ(Ḡ+ ρ̄1)

]
− iΛ2(G−ρ1)tν∂ν(ωµσ

µ)(Ḡ+ ρ̄1)−r0∂µ[(Dν(Ḡ+ ρ̄1))σ̄µσν(Ḡ+ ρ̄1)

−(Ḡ+ ρ̄1)σ̄µωνσ
ν(Ḡ+ ρ̄1)]+h.c.

}
. (4.18)

5 Goldstino dynamics

In order to zoom in on the goldstino dynamics in action (4.18), we integrate out
the auxiliary fields bµ,M , M∗ and the Lagrange multipliers r0, r

∗
0, ρ1, ρ̄1, r2 and r∗2. To

simplify the process of integrating out the fields, we first perform suitable field redefinitions.

We start by redefining the field bµ as follows:

bµ = Bµ −
1
4Bµh+ 1

4Λ2GσµḠ −
1
4Λ2ρ1σµḠ −

1
4Λ2Gσµρ̄1 −

3
4Λ2ρ1σµρ̄1 , (5.1)

such that the equation of motion of Bµ is

Bµ = 0 +O(3) . (5.2)

Next, we redefine M as follows:

M =M− 1
4hM+ 2Λ2G2 − 2Λ2ρ

2
1 + 3

2 t
µ∂µ + 3

2r0 , (5.3)

and the equation of motion forM then becomes:

M = 0 +O(3) . (5.4)
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Next redefine r2 as:
r2 = R2 +mr0 . (5.5)

Because of the boundary conditions (4.16), R2 vanishes at the boundary:

R2|∞ = 0 . (5.6)

Then the equation of motion of r0 becomes

3
2r
∗
0 + 3

2r
∗
0

(1
2h− ∂µt

µ
)

+ F̂ [r0] = 0 , (5.7)

where

F̂ [r0] = 2m2

3 (Ḡ + ρ̄1)2 − 2m2

3 (G2 − ρ2
1) + 2Λ2(Ḡ2 − ρ̄2

1)− imψµσµ(Ḡ + ρ̄1) (5.8)

+ 4im
3 ∂µGσµ(Ḡ + ρ̄1) + 2im

3 Gσ
µ∂µ(2Ḡ − ρ̄1)− 2imρ1σ

µ∂µρ̄1 + ψ̄µσ̄
µνψ̄ν

+ ∂µ
[
ψ̄ν σ̄

µσν(Ḡ + ρ̄1)
]

+ �[(Ḡ + ρ̄1)2] + ∂µ[2(Ḡ + ρ̄1)σ̄µσν∂ν ρ̄1

− (Ḡ + ρ̄1)σ̄µ(∂νσν)(Ḡ + ρ̄1)− (Ḡ + ρ̄1)ω̄ν σ̄
µσν(Ḡ + ρ̄1)]

− ∂µ
[
(Ḡ + ρ̄1)σ̄µωνσ

ν(Ḡ − ρ̄1)
]

+ 4
3 imGωµσ

µ(Ḡ + ρ̄1)− 2
3 imGσ

µω̄µ(2Ḡ − ρ̄1) .

Now we redefine r0 as

r0 = R0 −
1
2

(1
2h− ∂µt

µ
)
R0 −

2
3 F̂2[r∗0] , (5.9)

and the equation of motion for R0 is

R0 = 0 +O(3) , (5.10)

with the boundary condition
F̂2[r0]|∞ = 0 . (5.11)

Next, we find that the following field redefinitions serve to completely decouple tµ from the
fermions:

G = Ğ − 1
4 t
µ∂µ(Ğ + ρ1)− 1

2Λ2
R2(Ğ + ρ1) ,

ρ1 = P1 − tµ∂µP1 .

(5.12)

From the boundary conditions (4.16) we get

P1|∞ = 0 . (5.13)

The field tµ is redefined as follows:

t̃µ = tµ + 1
2ht

µ − tµ∂νtν . (5.14)

and the equation of motion for t̃µ is

∂µRe[R2] = 0 . (5.15)
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Then using boundary condition (5.6) we get

Re[R2] = 0 . (5.16)

R2 and R∗2 have the same equation of motion which is

∂µt̃
µ − 1

2h−
1
4

(1
2h

2 − hµνhµν
)

(5.17)

−
[2m

3 (Ğ2 − P2
1 ) + i∂µ(Ğ − P1)σµ( ¯̆G + P̄1) + i(Ğ − P1)ωµσ

µ( ¯̆G + P̄1) + h.c.

]
= 0 .

The e.o.m. for R2 being the same as that of R∗2 implies that the imaginary part of R2
drops out of the action (which can also be checked explicitly). Now we look at the e.o.m.
of P1. It is

4Λ2

(
iσµDµP̄1 −

2
3mP1

)
+ F̌1[P1, hµν ] + F̌2[P̄1, hµν ] = 0 , (5.18)

where

F̌1[P1, hµν ] = − 4
3mΛ2hP1

F̌2[P̄1, hµν ] = 2iΛ2hσ
µDµP̄1 − 2iΛ2hµνσ

µDνP̄1 − 4iΛ2σ
µω̄(1)

µ P̄1 (5.19)

Then we see that because of the boundary condition (5.13), we get

P1 = 0 +O(3) . (5.20)

Now we plug the solutions for the auxiliary fields Bµ,M andM∗, and the solutions for the
Lagrange multipliers R0, R∗0, P1, P̄1 and Re[R2], into the action (4.18). Upon doing so
the diffeomorphism Stückelberg field tµ automatically drops out of the action. We finally
arrive at the following action:

S = 1
2κ2

∫
d4x

[{√
−g R− εµνρλ

(
ψµσνDρψ̄λ + h.c.

)}(3)
−
{

2
√
−g

(
Λ2 −

m2

3

)}(3)

+
{2

3mψµσ
µνψν + 2iΛ2Ğσµψ̄µ − 2iΛ2ĞσµDµ

¯̆G + 4
3mΛ2Ğ2

+ 1
3hmψµσ

µνψν + 2
3mψµhρ

[µσν]ρψν + Λ2

(
ihĞσµψ̄µ − iĞhµνσνψ̄µ

− ihĞσµDµ
¯̆G + iĞhµνσνDµ

¯̆G + 2iĞσµω̄(1)
µ

¯̆G + 2
3hmĞ

2
)

+ h.c.

}]
. (5.21)

This is the same as action (2.10) which was obtained from [2]. This shows that up to the
cubic order in fluctuations the minimal supergravity actions derived from the unimodular
and nilpotent superfield approaches, are the same.

Action (5.21) has terms only up to the leading order derivatives of the goldstino. We
note that other combinations of terms realising supersymmetry nonlinearly can in principle
be added to this supergravity action, while keeping it minimal (i.e. without coupling to
matter fields). However, they are expected to contain higher order derivatives of the
goldstino [34], and may introduce ghost degrees of freedom.
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6 Discussion

In this paper, we have initiated a comparison between two very different approaches to
de Sitter supergravity. On the one hand, we have the earlier construction using nilpotent
superfields [4], and their elegant realisation as a spacetime filling 3-brane coupled to the
minimal N = 1 4D supergravity [2]. On the other hand, we have the supersymmetric
generalisation of unimodular gravity proposed in [1]. This includes a Lagrange multiplier
chiral superfield that imposes a constraint on the chiral superspace. Supersymmetry is
spontaneously broken when the F-term in the Lagrange multiplier picks up a vev, allowing
us to source a positive cosmological constant. At first glance, the two formulations are very
different. For example, in the former the goldstino of the low energy effective theory is
added explicitly. In the latter, it emerges implicitly through the excitations of a Stuckelberg
field when the symmetry is spontaneously broken. But then as we showed in section 5, at
least up to the cubic order in fluctuations the two actions are related via field redefinitions.

To better understand the similarities and differences between the two models in [1]
and [2], it is instructive to look at the superfield version of the action for unimodular
supergravity [1]:

S = − 6
8πGN

∫
d4x d2Θ

[
ER+ 1

6Λ
(
E − Ber

(
∂Φ
∂X

)
E0 (Φ)

)]
+ h.c. , (6.1)

where
Λ = Λ0 +

√
2 ΘΛ1 + Λ2Θ2 . (6.2)

The background solutions computed in (3.22) suggest that we can define

Λ̂ = Λ0 −
2m
3 +

√
2 ΘΛ1 + Λ2Θ2 , (6.3)

such that
Λ = Λ̂ + 2m

3 . (6.4)

Up to a constant term, the action can now be written as

S = − 12
2κ2

∫
d4x d2Θ

[
E
(
R+ m

9

)
+ 1

6Λ̂
(
E − Ber

(
∂Φ
∂X

)
E0 (Φ)

)]
+ h.c. , (6.5)

This should be compared with (2.3) upon use of the relations in appendix A. In each
case, the first terms describe pure AdS supergravity, whereas the second gives the posi-
tive contributions to the cosmological constant. The supersymmetry breaking terms look
very different, although we have now seen how they are equivalent up to cubic order in
perturbations about the de Sitter vacuum solution, as shown in section 4 and section 5.

Given the manifestly distinct starting points for the different constructions, this is
an intriguing result. Moreover, in general, a locally supersymmetric action giving rise
to dS solutions is not expected to be unique. An example of a term not present in our
construction is: √

ẽ g̃µνψ̃µψ̃ν , (6.6)
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where we used the invariant vielbein and gravitino combinations

ẽaµ = eaµ + D̃µXa + 2iθσaψ̄µ − 2iψµσaθ̄ + iθσaD̃µθ̄ − iD̃µθσaθ̄ ,
ψ̃µ = ψµ + D̃µθ .

(6.7)

These are constructed by Volkov-Soroka as in [35–37], where D̃ denotes a covariant deriva-
tive w.r.t. an independent connection ω̃µ(x) introduced in [35–37]. Note that Xa is the
Stückelberg field for local Poincaré translations. However, term (6.6) is expected to con-
tain a ghost degree of freedom (as can be seen by looking at the linearised approximation
in [38]). The fact that both models failed to produce any of these (potentially pathological)
terms might suggest a common origin in terms of a consistent underlying theory.

The equivalence between the two theories remains to be shown to higher order. If
equivalence can be shown, there would be compelling evidence for a more comprehensive
(and perhaps more natural) construction, either at higher energies or higher N . These su-
perficially distinct formulations would be understood as following from different procedures
for going to lower energies or (spontaneously) breaking the SUSY, but ultimately leading to
the same physics. This putative theory would then have the potential to give an explanation
at a more fundamental level for the different constraints employed in the models we looked
at in this paper. On the other hand, if higher order effects reveal a fundamental difference
in the two set-ups, it would be interesting to explore the phenomenological consequences
in greater detail. We note with interest the recent application of nilpotent superfields as a
natural way to project out certain Standard Model contributions to the vacuum energy [39].
Could these methods also be adapted to a super-unimodular framework?
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A Dictionary between [1] and [2]

Here we give the dictionary between our notation which follows that of [1], and the notation
used in [2], which we denote with a superscript (B). Note that we have different conventions:

R = −R(B) ,

ηµν = − ηµν (B) , (A.1)

– 18 –



J
H
E
P
0
1
(
2
0
2
1
)
1
4
6

and we use the map

bµ = 3
8 bµ

(B) ,

M = −3
4 M

(B) ,

σµ = −σµ(B) ,

σµν = 1
2 σµν

(B) ,

ψµ = − 2ψµ(B) ,

ε = ε(B) (where ε can have Lorentz, tangent space or spinor indices) ,

m = 3m(B) ,

Λ2 = κ2f2 ,

Ğ = θ . (A.2)

B Notations and conventions

Here we show our conventions, which follow those in [19]. We work with the mostly plus
signature metric ηµν = diag(−1, 1, 1, 1). α, β, γ, ζ, α̇, β̇, γ̇, ζ̇ are spinor indices taking values
1 or 2. All other Greek indices are Lorentz indices.

Charge conjugation matrices.

εαβ = − εαβ = εα̇β̇ = − εα̇β̇ =
( 0 1
−1 0

)
, (B.1)

εαβεβγ = δαγ , εα̇β̇εβ̇γ̇ = δα̇γ̇ . (B.2)

Pauli matrices.

σ0 =
(−1 0

0 −1
)
, σ1 =

( 0 1
1 0
)
, σ2 =

( 0 −i
i 0

)
, σ3 =

( 1 0
0 −1

)
, (B.3)

and

σ̄0 = σ0, σ̄1 = −σ1,2,3 , (B.4)
σµ = σµαβ̇ , σ̄µ = σ̄µα̇β . (B.5)

Spin connection.

ωµ ≡ ω β
µα , ω̄µ ≡ ω̄ α̇

µ β̇
, (B.6)

ωµα
β = − 1

2 ωµνρ (σνρ)αβ = − 1
4 ωµνρ σαα̇

ν σ̄ρα̇β . (B.7)

We note that we have the following symmetry when both the spinor indices are at the same
level (see (B.7) in [19]):

ωµαβ = ωµβα , ωµα̇β̇ = ωµβ̇α̇ . (B.8)

– 19 –



J
H
E
P
0
1
(
2
0
2
1
)
1
4
6

Raising and lowering of spinor indices.

χα = εαβχβ , χα = εαβχ
β , χ̄α̇ = εα̇β̇ χ̄

β̇ , χ̄α̇ = εα̇β̇χ̄β̇ , (B.9)

σ̄µα̇β = εα̇ζ̇εβγσµγζ̇ , σµαβ̇ = εαζ εβ̇γ̇ σ̄
µγ̇ζ , (B.10)

ωµ
α
β = εαγ ωµγβ = εαγ ωµβγ = ωµβ

α

= εβγ ωµ
αγ = εβγ ωµ

γα = ωµβ
α , (B.11)

ω̄µα̇
β̇ = εβ̇γ̇ ω̄µα̇γ̇ = εβ̇γ̇ ω̄µγ̇α̇ = ω̄µ

β̇
α̇

= εα̇γ̇ ω̄µ
γ̇β̇ = εα̇γ̇ ω̄µ

β̇γ̇ = ω̄µ
β̇
α̇ , (B.12)

Some identities:
χσµψ̄ = − ψ̄σ̄µχ , χσµσ̄νψ = ψσν σ̄µχ . (B.13)

Hermitian conjugation.

χ =
[
χ1
χ2

]
, χ∗ =

[
χ∗1
χ∗2

]
, χ† = (χ∗)T =

[
χ∗1 χ

∗
2

]
, (B.14)

(χα)∗ = χ̄α̇ , (χ̄α̇)∗ = χα , (χα)∗ = χ̄α̇ , (χ̄α̇)∗ = χα , (B.15)
(χψ)† = (χαψα)† = (χαψα)∗ = ψ∗α χ

α∗ = ψ̄α̇ χ̄
α̇ = ψ̄χ̄ , (B.16)

(σµαβ̇)∗ = σµβα̇ , (σ̄µα̇β)∗ = σ̄µβ̇α , (B.17)

(ω β
µα )∗ = − ω̄µβ̇α̇ , (ω̄µβ̇α̇)∗ = −ω β

µα . (B.18)

Some identities:

(χσµψ̄)† = ψσµχ̄ = − χ̄σ̄µψ , (χσµσ̄νψ)† = ψ̄σ̄νσµχ̄ = χ̄σ̄µσνψ̄ , (B.19)
(ψ ωµσµ χ̄)† = −χσµω̄µ ψ̄ . (B.20)

Covariant derivative.

Dµχα = ∂µχ
α + χβω α

µβ ≡ ∂µχ+ χωµ ,

Dµχ̄α̇ = ∂µχ̄α̇ + χ̄β̇ω̄
β̇
µ α̇ ≡ ∂µχ̄+ χ̄ω̄µ .

(B.21)

Following are the expressions for the opposite positions of the spinor index:

Dµχα = ∂µχα + χβωµβα = ∂µχα + ωµαβχ
β = ∂µχα − ω β

µα χβ ≡ ∂µχ− ωµχ ,

Dµχ̄α̇ = ∂µχ̄
α̇ + χ̄β̇ω̄

β̇α̇
µ = ∂µχ̄

α̇ + ω̄ α̇β̇
µ χ̄β̇ = ∂µχ̄

α̇ − ω̄ α̇
µ β̇

χ̄β̇ ≡ ∂µχ̄− ω̄µχ̄ .
(B.22)

Covariant derivative of Pauli matrix. The covariant derivative of the Pauli matrix
vanishes. Using the identities above, we can write it as

Dµσν = ∇µσν − ωµσν + σν ω̄µ = 0 , (B.23)

with ∇ = ∂ + Γ. Taking the trace of the above, and using identity (7.113) from [40]
√
−g∇µV µ = ∂µ

(√
−g V µ) , (B.24)
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together with the unimodularity condition, we have, at zeroth order in pertubation:

Dµσ
µ = ∂µσ

µ − ωµσ
µ + σµω̄µ = 0 , (B.25)

and at first order:
1
2 (∂νh− ∂µhµν )σν − 1

2h
µ
ρ (∂µσρ − ωµσ

ρ + σρω̄µ)− ω(1)
µ σµ + σµω̄(1)

µ = 0 . (B.26)

Superfield R. The chiral supergravity superfield R in component form is:

R = −1
6

{
M + Θ(σµσ̄νψµν − iσµψ̄µM + iψµb

µ) + Θ2
[1

2R+ iψ̄µσ̄νψµν + 2
3MM∗ + 1

3b
µbµ

− ieµa Dµba + 1
2 ψ̄ψ̄M −

1
2ψµσ

µψ̄νb
ν + 1

8ε
µνρσ(ψ̄µσ̄νψρσ + ψµσνψ̄ρσ)

]}
. (B.27)

Secondary fluctuations. Following are the fluctuations used in this work that are de-
rived from the primary fluctuations shown in (4.1):

√
−g = 1 + 1

2h+ 1
4

(1
2h

2 − hµνhµν
)
,

σµ = σµ + 1
2 hµ

ρσρ ,

σµ = σµ − 1
2 h

µ
ρσ

ρ ,

σµν = σµν − h[µ
ρσν]ρ ,

σµν = σµν + h[µ
ρσ

ν]ρ .

(B.28)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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