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ABSTRACT: Recent progress in understanding de Sitter spacetime in supergravity and
string theory has led to the development of a four dimensional supergravity with sponta-
neously broken supersymmetry allowing for de Sitter vacua, also called de Sitter supergrav-
ity. One approach makes use of constrained (nilpotent) superfields, while an alternative
one couples supergravity to a locally supersymmetric generalization of the Volkov-Akulov
goldstino action. These two approaches have been shown to give rise to the same 4D ac-
tion. A novel approach to de Sitter vacua in supergravity involves the generalisation of
unimodular gravity to supergravity using a super-Stiickelberg mechanism. In this paper,
we make a connection between this new approach and the previous two which are in the
context of nilpotent superfields and the goldstino brane. We show that upon appropriate
field redefinitions, the 4D actions match up to the cubic order in the fields. This points
at the possible existence of a more general framework to obtain de Sitter spacetimes from
high-energy theories.
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1 Introduction

In recent years there has been significant work on the role of the Volkov-Akulov (VA) gold-
stino in the spontaneous breaking of local supersymmetry and the generation of a positive
contribution to the cosmological constant in supergravity [3-8]. In [4] the construction
of dS supergravity is based on a constrained (nilpotent) superfield description of the VA
action as described for example in [9-13]. In the nilpotent superfield description, the
scalar partners of the goldstino are not elementary but composed from goldstino bilinears.
An alternative approach to constructing four-dimensional supergravity with spontaneously
broken supersymmetry allowing for de Sitter vacua was considered in [2]. The authors
considered a locally supersymmetric generalisation of the VA goldstino action describing
the dynamics of a space-filling non-BPS 3-brane in 4D N = 1 superspace coupled to the
superspace action of minimal N' = 1 4D supergravity. They then show that to quadratic
order in the goldstino field the action they get coincides with the supergravity constructions
using nilpotent superfields.

In [1] three of us took another, very different, approach to dS solutions in supergravity.
Specifically, we considered a non-trivial generalisation of unimodular gravity to minimal



N = 14D supergravity," which allowed for de Sitter solutions. In particular, we formulated
a superspace version of the Stiickelberg mechanism, which then restored diffeomorphism
and local supersymmetry invariance. The cosmological constant and gravitino mass then
arise naturally as the vacuum expectation values (vevs) of the components of a Lagrange
multiplier superfield after imposing the super-unimodularity condition. At first sight our
work [1] is qualitatively different from the constructions using the goldstino brane or equiv-
alently the nilpotent superfield constructions [2, 4]. However, it is natural to ask if there is
a relationship between our approach and that of [2, 4]. This is a step towards understand-
ing whether there is a unique action describing dS in pure supergravity. In this paper we
set about answering this question. Although these constructions are all non-perturbative,
a direct comparison at that level is very difficult. Therefore, we will do this perturbatively
up to the third order in the relevant fields.

In the next section, we briefly highlight the main results of the construction in [2],
which we use to connect the results from unimodular supergravity constructions to pure dS
supergravity constructions. We then present a brief review of our unimodular supergravity
construction [1] in section 3. In section 4 we perturb the unimodular supergravity action
up to the cubic order. In section 5 we describe the goldstino dynamics up to the cubic
order in unimodular supergravity, which is compared with the goldstino brane action in [2].
We summarise and discuss our results in section 6. Our conventions are summarised in the
appendices.

2 The goldstino brane action in supergravity

In this section we briefly highlight the main results of the construction of dS supergravity
in [2]. The approach there was to couple a local generalisation of the VA action to minimal
N =1 supergravity formulated in superspace [18-20]. The starting action in superspace
was given by?

2mB)

K2

Sp = —% /d‘ngerE — (/ dS¢réE + h.c.) — f2/ d*¢ detR(z(€)), (2.1)
where k2 = 87Gy and Gy is the gravitational constant, zM = (m",@a,ég) are the co-
ordinates of superspace whose curved geometry is described by the supervielbein E4 =
dzM E]‘e[ (z), which contains the fields of the minimal supergravity multiplet [19] and Ber
E is the Berezinian of E{}. The superscript (?) denotes the fields used in [2]. This is done
to differentiate them from the fields used in our work [1], and the dictionary between the
two is given in appendix A. In (2.1), the first term is the action of standard old minimal
supergravity, while the second term gives the anti-de-Sitter cosmological constant term and
& is the volume measure of the chiral subspace, (' = (o, ©%). The third term in (2.1) is
the generalisation of the VA goldstino action, giving the full non-linear contribution of the
3-brane. Its coupling to supergravity is given via its embedding in the bulk superspace as

¢ — 2M () = (a"(),07(),6°(€)) , (2.2)

LFor other supersymmetric extensions of the unimodular theory see [14-17].
2There is an overall minus sign difference with [2] also used in [21].




where ¢ are the 3-brane worldvolume coordinates with i = 0,1,2,3. Finally, detE(z(€))
denotes the determinant of the pullback of the vector supervielbein, E*(z) = d=M Ef,, that
is, E¢(2(€)) = 0;E%(2(€)), while the parameter f? denotes the 3-brane tension, giving a
positive contribution to the cosmological constant.

Action (2.1) can be rewritten in chiral subspace using the identity [d®(;,& =

2f dng‘;‘éE , where R is the superspace curvature superfield (see appendix B for its com-
ponents), as follows:

Sp = —% / d5¢€ (673 +2mB) 4 h.c.) — f? / d*¢ detE(z(€)), (2.3)

where the explicit expression for £ is shown later in egs. (3.8). The component form of
action (2.1) can be derived by integrating the first two terms over the Grassmann odd co-
ordinates and fixing the static-gauge z#(£) = 6!'¢" on the 3-brane. This gives the action [2]

Sp=Ssag+ Sva, (2.4)
with

1 4 B —1_pwnA B) _ (B B “(B)
Ss = —@/d ze [R( )= a7t (DyPlayi®P) + v(Plo, D,i\”)
_ _ 3
— 4mB) (p(Blagp(BIb oy (Blag 0 (BIbY 4 5 p(B)p(B)a
+ % (4m® + M) (4m®) 4 M) — 6(m(B))2} . (25)

Sya = —f2/d4x det E(z, 0(z), 6()) . (2.6)

The coupling of the VA goldstino to the supergravity fields is encoded in Sy 4, where

6%(z) is the VA goldstino. Ssi gives standard AdS supergravity, where e = det ej, ej ()

is the spacetime vielbein, w,SB) (x) is the gravitino, R®) is the scalar curvature, D,, denotes

the covariant derivative and bgB) and M®) are the minimal supergravity auxiliary fields.

Computation of Sy 4 up to the quadratic order in the fermionic fields gives
_ _ _ . 1 _
Sya = —f2 / d*ze {1 +2i (0007 — {P)0"0) + i (05°Dull — Dabo®9) — 07000
1 _ __
+ 5 (0031® + 600 ®)) . } (2.7)

Substituting this into (2.4) and varying with respect to the auxiliary fields b((zB) and M5,
one can find the solutions to their field equations. Substituting these solutions back into
action (2.4) one finally gets, up to the second order in the fermions [2]:

1 - _
Sp = — /d4$€ {2/@2 [R(B) — 4! 5“1”7)\(’1)1/7!}7(]3)0_)\1/};(?) + ¢LB>UVD,)1!JE\B)) (2.8)

B)\2
— 4m®B) (pBag p B 1 p(Blag y(BIb)) <f2 - 3(”1;2))>

+ f? [22’(90&@33) — B9 + i (90”7),19_ — Da00a9_> —2m(P) (92 + 52)} +... }



In order to compare our results in [1] with those of [2, 4], we perturb this action up to the
3rd order in all the field fluctuations, which gives:

1 4
S_Eﬁ/dx

+ { — 4mPBlpBag p (B _ £2(9i05%)(P) 4 i05"D,0 — 2m P)6?)

_ &)
{ = eB® 4 a2 Po, D + he) )™ — fe(2? 2 - 6(m D))}

+ 2B (Bl o®yP) 1 am BB p lagleyP) 4 ok f2( — ihfo P
+ i0h% ot (B) — %hHJ“Daﬁ_ - %Qh“babDaﬁ_ + 0@ (Mo + hm(B)92> + h.c.H . (2.9)

where D, is the covariant derivative on the background and we use {.. 13) to denote
a perturbation up to the cubic order. We use this notation throughout the paper for
the perturbation of the standard part of supergravity. Using the dictionary between the
notations in [1] and [2] given in appendix A, we get the following action:

1 _ 3) m2\ ) G
S = @/d% H\/TgR _ P (WUVDPW + h.c.) } - {2\/Tg (A2 - 3>}
n {gmwua‘“’wy + 2iAaGor i, — 2iAaGo" DG + gmAQG2
b g, & im0, + Ao (ihG0" i~ iGH
— ihGo"D,G + G, 0" DG + 2iGo0(VG + ghm§2> + h.c.H . (2.10)

where we have used \/—¢g = e. This is the action with which we will compare our final
result in section 5, where the relations of the fields and parameters in (2.9) and (2.10) will
become clear. For example, Ao, the vev of the F-term of the Lagrange multiplier in [1],
will be identified with x2f2 from [2] and G is the goldstino.

3 Review of unimodular supergravity

3.1 Unimodular gravity and the Stiickelberg procedure

The Stiickelberg procedure [22] is a method for reinstating a broken symmetry into the ac-
tion at the cost of introducing new fields on which the symmetry is realised nonlinearly. We
will first illustrate it here in the setting of unimodular gravity which constitutes the start-
ing point for our construction in [1]. Unimodular gravity [23-30] is a restricted version of
Einstein-Hilbert gravity, in which the determinant of the metric is fixed to a constant. The
most significant difference between unimodular gravity and GR is the way the cosmological
constant enters the theory: as an integration constant rather than appearing directly in
the action. The action for unimodular gravity in the absence of matter can be written as

5= o [ e V=R~ 20@) (V=9 - )] (3.1)



with €y being a constant (traditionally set to unity, hence the name “unimodular”). Here
A(x) is a Lagrange multiplier field, imposing a local constraint on the determinant of the
metric. This version of the Lagrangian is not invariant under the full diffeomorphism group
(Diff) but only under a subgroup of transformations called transverse diffeomorphisms
(TDiff), whose parameter? 5;{ satisfies vugf = 0. Since the Lagrange multiplier, A(z),
transforms like a scalar, it is obvious that Diffs are broken by the last term [ d*zAeg.

We now perform the Stiickelberg trick by transforming the Lagrange multiplier under
the full group of diffeomorphisms. The transformation rule, written perturbatively in the
transformation parameter &, is:

1 14
A A= A= 9N+ 3670, (€"9u0) + ... (3.2)

As explained above, the action will not be invariant under this, i.e. S[A’] will be a function
of £&*. We now promote the transformation parameter to a field: £&# — ¢*. The Lagrangian
can then be constructed order by order in the Stiickelberg field ¢*:

1
= d* :
5o 167G N / v (3:3)

X |VEIR = 20775 + 20eo |14 0,0 + 50°0,0,0" + 5 (0,6) 0,0") + .||

and it will be invariant, up to the relevant order, when ¢* transforms as:*

St = —€r — %g”ayw + %qsvaygﬂ T (3.4)

We note that the Stiickelberg trick above was performed via an active transformation - i.e.
we are transforming the fields and keeping the coordinates fixed. One could alternatively
do it via a passive transformation. Non-pertubatively, this involves sending the coordinates

t — M (x) Stickelbers, st (z) (3.5)

and the Stiickelberged action will be

Sy = 1673GN /d4x [\/ng —2A <\/Tg — Det, <§;) 60>] : (3.6)

Of course, upon writing s# = z# 4+ ¢* we find that actions (3.6) and (3.3) are identical
order by order in ¢*.

3.2 Unimodular supergravity and the super-Stiickelberg procedure

We are working in the conventions of [19] (see also appendix B). We find it convenient to
work in chiral superspace, where the action of pure N/ = 1 supergravity is given by

_ 6 4 2
S — 87TGN/dxd OER + hec. (3.7)

3Not to be confused with the brane coordinate used in the previous section!
4Note that we are using & again to denote the transformation parameter, after performing the Stiickelberg
trick.



The components of R are given in appendix B and

E=Fy + V20F, + OOF,, with

1
.F() = 56, ( )
3.8
iv2
fl T@O"walu,
1 * L - v ~V 7
Fo = f§eM - gedju (cto” —a"at) 9, ,

where e = det e};, with €}, the vielbein, ¢, the gravitino and M the scalar auxiliary field in
the old minimal supergravity model. We note that £ is the natural supersymmetrisation of
the measure /—g. It is a chiral density superfield, characterised by the transformation law

1, N=ypu

3.9
-1, N=«a (39)

0 = 0N {(—1)N nNE} . where (-1)V = {
and
' (e) = O7yl(e) + O%h (e)
1%(e) = * + O°T{4(e) + T4 (),

where € is the parameter of local SUSY transformations. For conciseness, we introduced

(3.10)

the following notation

(),

yotae,
( ) 1/’# 7 (3.11)
—iwy G ol'e)g + %M*ea - %wﬁ‘ (¢MO' ote ) + b (eate)™

Yial€
5 (e

15 (€

I'5(

) =
) =
) =
€) =
where w/‘j‘ﬁ is the spin connection and b, is the vector auxiliary field in the old minimal
model.

We define the unimodular supergravity action to be:

6 1
=— d*z d? [ —A (€ - } h.c. 12
s 87TGN/a;@57e+6 (€ — &)| + hoe (3.12)
where

A=Ag+ \/§@A1 -+ A2@2 (3.13)

is now a Lagrange multiplier chiral superfield, and we defined

1

80 = €0 — §m€)2, (3.14)

where €y and m are real constants and the spinor component of & was set to zero for
simplicity. Varying over A, we get
E=&. (3.15)

Action (3.12) is invariant under a restricted set of SUSY and diffeomorphism transfor-
mations such that they preserve condition (3.15). We remark here that the constraints



imposed in eq. (3.15) amount to more than a gauge fixing; in this sense, unimodular su-
pergravity is more than a naive supersymmetrisation of the unimodular gravity model in
eq. (3.1). As a consequence, even though the space of solutions of unimodular gravity
matches that of standard Einstein gravity with a cosmological constant, it will not be the
case for our model. As we will see in subsection 3.3, we are no longer restricted to AdS
and flat space backgrounds as one is in standard pure supergravity. Finally, we impose the
following boundary conditions on the components of our Lagrange multiplier superfield:

AO‘Oo:KO, Al‘oozo’ A2|oo:K2> (3.16)

where Ky and Ky are some constants. We will see in subsection 3.3 how Ky and K5 become
intimately linked with the cosmological constant in our model.

We are now ready to perform the Stiickelberg trick in a manner analogous to subsec-
tion 3.1. In components, the symmetry breaking terms following from action (3.12) are:

4
— .C. . 1
167rGN/d x[2Aoeg —mAg+ h.c] C S (3.17)

We want to perform the Super-Stiickelberg trick up to the 2" order in the SUSY and
diffeomorphism transformation parameters, so we need to know the 2°¢ order transforma-
tion of the chiral superfield in curved space. This was derived in [1] (working up to the
2°d order in the fermions):

1 1 2
580 =—€" Ao~V 2eh1 + 360, (g#aqu)+26y5(e)aqu+‘ggﬂau (eAr)

2
+ {é-#eauAl +A2€2a

=9~ LA (0 M~ VENae+ e, (00o) + Y (0, (€0, 0)

+ 15”81, (&'0u A1)+ \ff”&, (eA2)+ \geg“(‘)MAg

[\[51’6 [a”“]e—\fauf y1(€) | Guho,

2
6N =—E"0, Ay + \gyf(e)auAl —yb(€)0 Mo —Tr(T1(e)) Az — V22 (e) Ay

+ %gyau [fuauAQ - ?y?(e)a,uAl +y5(6)8ﬂA0 +TT(F1 (6))1\2 +\/§F2(6)A1:|

1 1
- zyly(e)au [\/ifuauAl +y?(€)8uA0 +2€A2] -+ 5

(060, + Y (€10, [2io? |4 L€ () Opaa 5 | - St PO

Ya(€)0u[¢"0 Ao]+2T7‘( 1(€))[6" 0]

_ 45
—£Y0, [wy5”a”]€+8yf“y§’(e)—§z]\/[ eote—ib,ect o’ e+ibea” ote ]8 Ao

—|—1 [0eyl (€)+&7 0, [iYp 0] E+§M*e2+§M€2]A2— ? [5”8,, [iwua“]é—%gl’&,M*e

—75 Oy [bueo’|€| A1 (3.18)



Then, sending £ — ¢ and € — ( we obtain the following action,® which is given up
to the second order in the Stiickelberg fields by:

P I 2 L ]
— _ _7M*M Iy N urn VD o VD
S 167TGN/d l'|: g |:R 3 +3b bl‘+€ (wﬂa— 7’]77/))\ qu rﬂﬁ/\)}

+%\/Tg [—2A2+\@Am%u+2/\o (%WWZﬁM*) +h-0-}

+{ [Ao(auyg(@—m—mauw) A <\f

uy’i‘<<>+ﬁr2<c>—ﬁmc)
+A2[1+a“¢u_Tr(F1(())]} LAy Bau(wayéu_(ﬁuw(n(g)))

2 TH OO+ 50 (G () 38 ulio) T4 S M4 M

3
me?| fm 300 (0" B, (C) ()00 + 20 To(O) +T2(0) 00"

— 5000, 210" )T 0,0 ()]~ 60y [—iewn(0")0) — 567D, M7
— 500, (o) G0~ (C0) | +5 000100, () + (00"

- %y’f(C)@ny(C) —2(D,¢)a" "¢ ~2(e0" Qw0 ¢~ "0y (5 0”')C

+8V¢“y§(g)—%M*Ca’f—ibyg_z}"a’f—i—ibyf&”a’“‘g_—m¢“8V¢”
—l—m(yf(C)]th.c.} +... } , (3.19)

where the “...” stand for terms at higher orders in the Stiickelberg fields ¢ and ¢*. The
action is now invariant under diffeomorphisms and SUSY transformations, provided the
Stiickelberg fields transform analogously to superspace coordinates (see [1] for details). We
remark that the Stiickelberg trick can alternatively be applied via passive transformations,
in which case the action can be written in the form

_ 6 4.2 { 1(_ <8<I>> )}
5= SFGN/dxd@ ER+ ZA(€ —Ber( 5+ ) & (®))] +hec., (3.20)

where Ber(g—j{;) is the Berezinian for the transformation of the superspace coordinates X4

as XA — x4 Stickelberg, g4 (see [1] for details). Of course, upon expanding action (3.20),
it will coincide with action (3.19) order-by-order in the Stiickelberg fields.

Finally, we note that, upon application of the Stiickelberg procedure, the boundary
conditions (3.16) are modified (to linear order in the Stiickelberg fields) as:

[Ao— 8o — V2(M ]| = Ko,

Ay — PO, A —V2C Ao + ?%(C)%AO] |0 =0,

AQ — (Zﬁl‘auAg — \fylf(C)auAl — \/§F2(€)A1 —TT(Fl(C))AQ —yg(C)aqu] |oo =Ky , (3.21)

and are now invariant under diffeomorphisms and SUSY transformations.

1

S5For simplicity we have set ¢g = 3



3.3 Cosmological constant and boundary conditions

We are now interested in the backgrounds allowed by our model, in particular the range
of values taken by the cosmological constant. Upon computing the equations of motion
following from action (3.19), we find that they admit the solution

(Guv) = Guv» with /—g=1,
<M> =m,
2
<A0> = gm = KO y
<A2> = A2 = KQ, with Im(Az) = 0, (322)
with all other fields vanishing. The cosmological constant is
L 5 3.2
c.c.= Ny — 3m = Ky — ZKO . (3.23)

Thus, our model allows for a cosmological constant of either sign, similar to the results
in the constrained superfield literature [2-6, 8, 21, 31-33]. However, we emphasise that
in our approach the cosmological constant appears as the combination of the vevs of the
Lagrange multiplier superfield components Ag and As, which are nothing but the boundary
conditions imposed in egs. (3.21) (note that for our solution the Stiickelberg fields vanish
on the background).

4 Unimodular supergravity at cubic order

In this section, we connect the goldstino brane/nilpotent superfield approach to dS vacua,
and unimodular supergravity. To this end we perturb the unimodular supersymmetric
action shown in eq. (3.19) around the background solution (3.22), up to 3'¢ order in field
fluctuations.

The fluctuations of the fields around the background solution (3.22) are:

g,ul/ = g,u,l/ + h,u«l/ ’

wuo‘ﬁ = wuo‘ﬁ + w,(})o‘ﬁ,

Yy =0+,

by, =0+b,,

M=m+M,

2 (4.1)

Ao:gm-i-)\o,

A1:O+)\17

Ay = Ag + Ao, Im(AQ) =0,

Pt =0+t",

¢=0+x.

The fluctuations of \/—¢g and of the Pauli matrices, derived from the above fluctuations,
can be found at the end of appendix B.



4.1 Terms cubic in Stiickelberg fields

We now use (4.1) to perturb the unimodular supergravity action (3.19) up to the cubic
order in fluctuations. That action will contain terms of the kind L3y and L2, which
are cubic in the Stiickelberg fluctuations. These terms could be computed by extending
the non-perturbative action (3.19) up to the cubic order in the Stiickelberg fields and then
perturbing it. This turns out to be quite cumbersome.

However, as we will see below, this proves unnecessary as it is possible to prove that
the cubic fluctuations of these terms vanish perturbatively.

L 43y denotes terms cubic in the fluctuation t#, and L2y denotes terms linear in # and
quadratic in the fermionic Stiickelberg field y, together with their hermitian conjugates.
L3y is the cubic fluctuation of the subset of the Stiickelberg action coming from the
diffeomorphism transformation. This can easily be computed explicitly and shown to
reduce to a total derivative in the perturbatve expansion (remembering that the vevs
of Ag and Ay are constant). Taking ¢t to vanish on the boundary, we have

/ d'z L) =0. (4.2)
Now let us look at L;,2). It is of the form
Lz = LA, x x) + L2, x,X) + hc. (4.3)
where the most general expressions for £4 (", x, x)® and LB (t*, x, x) are given by:

LA, x,X) = Ait" Dy (xX) + Agt" DDy XD x + Ast'OxD,x + Ast* (0D, x)x
,CB(#‘, X, X) = Bittxo,x + Bat' D" xo, D, x + Bst'Oxoux + Bat!'D,xo"D,x
+ Bst"D,D,x0" ¥ . (4.4)

Here A; with i =1,...4 and B; with ¢ = 1,...5 are a priori arbitrary constants. However,
as can be seen from eq. (3.20) the Stiickelberg fields (appearing inside the Berezinian) are
always multiplied by A in the non-perturbative action. This implies that A; and B; must
be proportional to either m or Ao, which are the vevs of the components of the Lagrange
multiplier superfield A. Given that [m] = 1 and [A2] = 2, we get [A;] > 1 and [B;] > 1,
with [X] denoting the mass dimension of X. This forbids higher derivative terms in £4
and £P in (4.4). For example, candidate terms in £P consisting of four derivatives will
have massless coupling constants. Therefore terms of this type are not allowed in £5.
L 4y2) transforms under SUSY transformations as

0Lyzy = =LA e, x) = LA, €, x) = L (1", e,x) = L (", € x) + O(4) (4.5)

Let the Lagrangian in (3.19) perturbed up to the cubic order in fluctuations be denoted
by L. Since the full action up to the 3" order in fluctuations, [d*z(L + L3y + E(txz)) =
[d*z(L + L(y2)) ; is supersymmetric, L ;,2) should cancel those terms in 6£ which have

tensor structures as in eq. (4.5). Denoting those terms by 6£/(tX2), we thus require

0L (1y2) + 0L{;2) = 0. (4.6)

50Other possible terms either vanish or reduce to the ones shown by using Pauli matrix identities.

~10 -



It can be checked by explicit computation that

0Ly =0, (4.7)
and therefore,

0L1y2) = 0. (4.8)
One can check that 6LA(t*, x,x) + 0LB(t*,x,X) # 0 and also SLA(tH, x,x) # 0 #
SLB(t*, x,x). So 0L 1y2) can be 0 only if LA, x,x) = LB(t*,x,X) = 0. Hence we
see that terms cubic in Stickelberg fields are not present in the cubic action.

4.2 Perturbing the action up to the cubic order

In [1] we identified the goldstino, denoted by G, at quadratic order with the combination

1 V2
65 (v 3en) (49
and the orthogonal mode to G, denoted by 7, as
1 V2

Using these identifications and perturbing action (3.19) by the fluctuations (4.1) up to the
3' order, we obtain the action

1 2 2 g B
=i /d4x{<\/fg[3—3M Mot 20, et nx(wg,,pnw—w#aypnw)]>
®

+ {— (2\/—7 <A2 - §m2>) + gmwuo“wywngawu

_ 4 4 1
—2iA2G0"D G+ gmA2g2+2iA27'O"uDlﬂ_'— gmA27-2+)\2 <3Mtu_ 2h>
1

. 1
+Xo {M —m(@ut”—2h>}—l—2

1 AN/l 1 1
(577t ) (Gmae+ 320m =3 )

45 AT T)(ho" = Wyo"D+ (Mot ghm ) 5,0,

2 - - 1 - _
+§m1/zuh[“n5”]"¢y+§h)\oM*+)\08M [,a" 0" (G+T)]

5 Aol —20,(G— 7)o" (GH7) —idathuot (G +7)

—2A5(G—7) [;wuh“na”(g_—}—T))—iwﬁl)au(g_—f-T)ﬂL;M*(Q—FT)
+ébua“(g+7’)} +%()\2—)\om)au(t‘uaytu)-i-%AQ[tuau(wnUn)(g+%)
— Ot (Yo (G+7))] + (’?bu—iwz) (G+7)o"(G+7)

3 (A —20m) (G474 5 (A M+ Agm) (G+7)7
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—iA2(G—7)[0,(20,1" 0" (G+7) /0" 8, (G+7T) —tH (wyo(G+T7)))
— Ot wno"(G+7)] + %Am(g —7)[20,M(G+7) + 1", (G+7))]

— iAo (G—7)t"0p (w0 ) (G+T) — oDy [(g‘ +7)5"0, (0¥ (G+7))
—(Du(G+7))5" 0" (G+T) — (0"(G+7))wyo” (G+T)

+;m(g+7)a“(g_+7)]+h.c.H. (4.11)

This action (4.11) is invariant under the following diffeomorphic transformations (per-
turbed up to the 2°¢ order in fluctuations):

Shyw = =Vu&y = V& — €'Vl + €'V yhuy + 'V |
ot = =0, + 0,8

SM = — "9, M |,
5o = — £\
Shg = —EMD, g,
5G = — 19,6,

St = — € 4 HE, — L0 1D,
o1 = = &1o,T. (4.12)

Furthermore, action (4.11) is also invariant under the following supersymmetry transfor-
mations (perturbed up to the 2" order in fluctuations):

5huy = 0+2i(¢(MUV)E— 60(//‘/_]1/)) R
oty =—2D e+ %m (e0u€) — 2ew/(}) + %M (eou€) + %mh“” (eo,€)+ibye+ %b”ea,/&M ,
5M:0—eaa56¢a5+imeaa1ﬂa,

3 - 4 1 s 1 (3 1 : T -
(Sbad = 0+66 (4 a’y&'yd—i_ Z€5a7,/)77,yd,~y — 2m’¢aa5> —€ (w’y(;'ydoz_‘_ ngdwaww,;w‘i‘ 2m¢aa6> N

4
X0 =0—v2e\,

: . s _ V2
SAg =04 V/2i0, M\ 0"E—iAgth, o e+ 2iMw, o — 5 meA,
Sth =0+1i(G+T1)ote—iect (G+T),

9A, (iUMEaM/\O + )\26) ,

0G =—€+ it“ﬁue —

9A, (iUMEaM)\O + )\26) . (4.13)

1
oTt=0 + Zt“(%,ﬁ +

4.3 Boundary conditions and field redefinitions

We next look at the perturbations of the boundary conditions, (3.21). Using Ko = %m
and Ko = Ay from the background solution (3.22), and the fluctuations (4.1), up to the
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2nd order, we obtain:
Mo — t"0p Mo + Az(— G2+ 267 + 37| =0,

{H L ,(G — 37) + ﬁAz(g b4 Kaﬂ(g +7)0, Ao] o = 0,

_ _ (4.14)
{AQ — "9 X2 + 2iA20M(G + T)0u(G — 7) — iA2, " (0"(G + 7))a
. al e = mAsg 2 2 5 | =\2 _
+2iA2 w,“("(G+T7))a(G—T) + (=G°+2G7+37°+2(G+7)7) ||l =0.
These suggest the following field redefinitions:
ro = Ao — 1N + Ag(— G2 +2QT+372)
1
p1=T+ t“@ (G —37) + 7)\2(‘.7 +7)+ 70“((] + 7)Mo,
2A5 2A5 (4.15)
r9 = Mg — t“aﬂ)\g + QZAQO'M(Q + 7’) u(g — 7') — ’LAzlb# (Ju(g + 7‘))&
_ A _
+2iAgw, ("G +7))al(G —7) + 2(=G2 + 207 + 372+ 2(G +7)2)
so that the boundary conditions can now be expressed more simply as
TO‘oo =0, pl‘oo =0, 7"2’00 =0. (4.16)

We need to substitute the old fields Ao, 7 and Ao by the new fields 7o, p1 and r3. So we
invert relations (4.15) up to the 2°¢ order, and get,

Ao = 7o + t#0,ur0 + Aa(G* —2Gp1 — 3p7),
1 1 )
_ o tuu _ Lt v =
T = p1 4t 8M(g Spl) 2A2T2(g+p1) 2A20- (g+p1)8ﬂro7
Xy = o+ tFO,ry — 2iA20,(G — p1)o* (G + p1) + iAatpo™ (G + pr)

_ A _
= 2iAs (G = p)wu(0"(G + 1) + (G =20 —3p} —2(G+ 1)), (417)

Plugging these expressions for the fields Ag, 7 and A2 into the cubic action (4.11), we get
the following action

2 (3)
2 53 /d4 {[( [R—M*M—l- bub +€MV77 (lb,uUz/ 17¢A_w,uau nw/\):|}
2 ) 9 _ _
+ { — (2\/—9 (AQ ~3 m2) > + §m¢u‘7w¢'/ +2iA2Go" (1, — 0,G)
4 1
+ gmAz(g2 — )+ 2iA2p10"0,p1 4+ (—mro+12) (&,t” — 2h) +roM*
+ika| (G390 0" D,m) - O(t'0,(G— p1))o"(G-+ )
2 21
+170,(G —3p1)ot@w,p1 + —r2(G+p1)ot@up1 — ITZ(Q +P1)5"3u7’00”07!#ﬁl]

Ay
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+ira(G+ 1)t 0u(G — p1) +ir20,(G +p1)at (G + i)

+(G+p1)5" 000" 0, (G — p1) + %mm {8,#‘ (;QQ +3p7+ Qp1> - augt“pl]
—Smnal(G7 — )~ (G + 1))~ 5 mi(G ~3p1)™ (G +p1)yro

— M*rg <8Vt” - ;h) - gmAz(g +p1)2 0,1 + gmhz\Q(g2 —p%)

_ 1 _
+iA28#(g—p1)(ha“—h“l,a”)(a“(g+ﬁl)) —ihtualﬂ“g—l-ihAng'Nw

1

- 2
— 5 Aatr,0°0, (G4 1) + 5A2 (67 ~2Gp1 =307 M — 100, M

1 V 1/1 N/1 1 1
—imtﬂaﬂo(&/t —h)+2<2h2—hwh“ )<3mM +2r0m—2r2)

5 1 - -2 - -
+iAotp bty 0" G+ (ro + 3hm) VM, + 3 ma, ¥ 57174,

+70 [y 0" (G + p1)] — im0 (G + p1) — 2 A2(G — p1) [;wuhupap(g+ﬁl)
_ 1 _ _
—iwio(G +Pl)} - %7“2 O (tr,t") — 6A2bu0“(gg +Gp1—3p1G —3p1p1)
2 ~ _ _
+ §A2M(Q+,61)2 +iAs(G —p1) [0, (t'w,0” (G + p1)) + Outt'w ,0” (G + p1)]
—iA2(G — p1)t' 0, (wuo™) (G + p1) —r0du (D (G + p1)) 5" (G+ pr)

(G4 p1)5 w0 (G +p1)] +h.c.} . (4.18)

5 Goldstino dynamics

In order to zoom in on the goldstino dynamics in action (4.18), we integrate out
the auxiliary fields b,, M, M* and the Lagrange multipliers rg, g, p1,p1,72 and 5. To
simplify the process of integrating out the fields, we first perform suitable field redefinitions.

We start by redefining the field b, as follows:

b, =B, — %Buh + %AQQGMQ_ — iAgploug_ — imga“pl — gAgpla#ﬁl , (5.1)
such that the equation of motion of B, is
B,=0+0(3). (5.2)
Next, we redefine M as follows:

1 3
M =M~ (hM+ 2A5G? — 2A5p7 + gt“au + 570, (5.3)

and the equation of motion for M then becomes:

M=0+0(3). (5.4)
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Next redefine r9 as:
=TRo+mrg. (5.5)

Because of the boundary conditions (4.16), Ro vanishes at the boundary:
Roloo =0. (5.6)

Then the equation of motion of g becomes

Sr+ oy (;h - aﬂtﬂ) L Flrg) =0, (5.7)
where
Pl = 220G+ 1) = 2GR — D)+ 2Ma(G = D) — iy G+ ) (5
4zm 2im

+—5-9 LGt (G + 1) + —5 97"0, (2G — p1) — 2imp1*8up1 + Yut Y,
u[wya V(G + )] + 000G + 7)) + 0u[2(G + pr)a"0 0

— (G + )" (0,0")(G + p1) = (G + pr)@,5"0” (G + p1)]

— O [(Q + p)dtwyo” (G — ﬁl)] + %imgwuaﬂ(g_ + 1) — gz’mga#%@g‘ —p1).

Now we redefine ro as

1/1 2 .
o = RO — 5 <2h — 3##‘) RO - gFQ[TS] s (59)

and the equation of motion for Ry is

Ro=0+0O(3), (5.10)
with the boundary condition
FQ[T’()”OO =0. (5.11)
Next, we find that the following field redefinitions serve to completely decouple t# from the
fermions: 1
G=G— t"9u(G + p1) — 57— Ra(G + p1),
1 0u(G +p1) oA, 2(G + p1) (5.12)
=P — t”a,[f% .
From the boundary conditions (4.16) we get
Piloo =0. (5.13)
The field t* is redefined as follows:
- 1
=t Chtt — 0,1 (5.14)
and the equation of motion for ¢* is
OuRe[R2] = 0. (5.15)
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Then using boundary condition (5.6) we get
Re[Ry] = 0. (5.16)

R2 and Rj3 have the same equation of motion which is

o 1 171
Ot = 5h— 7 <2h2 - h“”hw,) (5.17)

2m v . v o — Ly vt —
B {3(g2 — P+ i0,(G — P1)o" (G + P1) +i(G — P1)wuo"(G+P1)+ hc.| =0.
The e.o.m. for Ry being the same as that of R5 implies that the imaginary part of Ro

drops out of the action (which can also be checked explicitly). Now we look at the e.o.m.
of P1. It is

= 2 Y L
4A5 (iU“Dupl — 3m771) + F1[P1, hyw) + Fo[P1,hyw] =0, (5.18)
where
. 4
Fi[Pi, | = — gmAthl
Fo[Py, hyw) = 2iAsha? D, Pr — 2iAzh,,o" DV Pr — 4iAso” NPy (5.19)
Then we see that because of the boundary condition (5.13), we get
Pi=0+0(3). (5.20)

Now we plug the solutions for the auxiliary fields B,,, M and M?*, and the solutions for the
Lagrange multipliers Ro, R, P1, P1 and Re[Rg], into the action (4.18). Upon doing so
the diffeomorphism Stiickelberg field t* automatically drops out of the action. We finally
arrive at the following action:

5= 222/d4x {{\/TQR — e (quVD;ﬂ/_JA + h.c.) }(3) - {QJTg (A2 _ nj) }(3)

2 o _ o o 4 o
+ {3m¢uaﬂ”wy + 2iA2Gat), — 2iA2Ga* DG + gmAzg2
1 2 L _
+ ghmia! iy, + §m¢uhp[‘u0'l/}p7/)u + As (ihga#wu — iGh*, ",
o < o z o < 2 o
— ihGo"D,,G + iGh* 0D ,G + 2iGo* & NG + Shmg2) + h.c.H . (5.21)

This is the same as action (2.10) which was obtained from [2]. This shows that up to the
cubic order in fluctuations the minimal supergravity actions derived from the unimodular
and nilpotent superfield approaches, are the same.

Action (5.21) has terms only up to the leading order derivatives of the goldstino. We
note that other combinations of terms realising supersymmetry nonlinearly can in principle
be added to this supergravity action, while keeping it minimal (i.e. without coupling to
matter fields). However, they are expected to contain higher order derivatives of the
goldstino [34], and may introduce ghost degrees of freedom.
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6 Discussion

In this paper, we have initiated a comparison between two very different approaches to
de Sitter supergravity. On the one hand, we have the earlier construction using nilpotent
superfields [4], and their elegant realisation as a spacetime filling 3-brane coupled to the
minimal A" = 1 4D supergravity [2]. On the other hand, we have the supersymmetric
generalisation of unimodular gravity proposed in [1]. This includes a Lagrange multiplier
chiral superfield that imposes a constraint on the chiral superspace. Supersymmetry is
spontaneously broken when the F-term in the Lagrange multiplier picks up a vev, allowing
us to source a positive cosmological constant. At first glance, the two formulations are very
different. For example, in the former the goldstino of the low energy effective theory is
added explicitly. In the latter, it emerges implicitly through the excitations of a Stuckelberg
field when the symmetry is spontaneously broken. But then as we showed in section 5, at
least up to the cubic order in fluctuations the two actions are related via field redefinitions.

To better understand the similarities and differences between the two models in [1]
and [2], it is instructive to look at the superfield version of the action for unimodular
supergravity [1]:

= — A€ — Ber| =—— ¢ .C. 1
S 87TGN/da;d@€72+6 € — Ber 5x & (D)) + hec., (6.1)
where

A =Ag+V20A; + A0%. (6.2)

The background solutions computed in (3.22) suggest that we can define

A 2
A:AO—?m+\/§®A1+A2@2, (6.3)
such that 5
A:A+?m. (6.4)
Up to a constant term, the action can now be written as
[ daeols(Roe )+ GA(e - pa(Ge ) v
=—— — —A(€ — Ber| — i) .C. .
s W/dxd@emrg + 2R (&~ Ber( 50 ) &0 (®))| +he, (6.5)

This should be compared with (2.3) upon use of the relations in appendix A. In each
case, the first terms describe pure AdS supergravity, whereas the second gives the posi-
tive contributions to the cosmological constant. The supersymmetry breaking terms look
very different, although we have now seen how they are equivalent up to cubic order in
perturbations about the de Sitter vacuum solution, as shown in section 4 and section 5.

Given the manifestly distinct starting points for the different constructions, this is
an intriguing result. Moreover, in general, a locally supersymmetric action giving rise
to dS solutions is not expected to be unique. An example of a term not present in our
construction is:

VEG bty , (6.6)
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where we used the invariant vielbein and gravitino combinations

&) = e% + D X® + 2i00%Y,, — 2ith,0°0 + i00°D,f — D000 ,

- ! (6.7)

Yy =Y, +Dyb.
These are constructed by Volkov-Soroka as in [35-37], where D denotes a covariant deriva-
tive w.r.t. an independent connection @,(x) introduced in [35-37]. Note that X® is the
Stiickelberg field for local Poincaré translations. However, term (6.6) is expected to con-
tain a ghost degree of freedom (as can be seen by looking at the linearised approximation
in [38]). The fact that both models failed to produce any of these (potentially pathological)
terms might suggest a common origin in terms of a consistent underlying theory.

The equivalence between the two theories remains to be shown to higher order. If
equivalence can be shown, there would be compelling evidence for a more comprehensive
(and perhaps more natural) construction, either at higher energies or higher A/. These su-
perficially distinct formulations would be understood as following from different procedures
for going to lower energies or (spontaneously) breaking the SUSY, but ultimately leading to
the same physics. This putative theory would then have the potential to give an explanation
at a more fundamental level for the different constraints employed in the models we looked
at in this paper. On the other hand, if higher order effects reveal a fundamental difference
in the two set-ups, it would be interesting to explore the phenomenological consequences
in greater detail. We note with interest the recent application of nilpotent superfields as a
natural way to project out certain Standard Model contributions to the vacuum energy [39].
Could these methods also be adapted to a super-unimodular framework?
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A Dictionary between [1] and [2]

Here we give the dictionary between our notation which follows that of [1], and the notation
used in [2], which we denote with a superscript (B). Note that we have different conventions:

R=—-R®

Ny = — nuu(B) ) (Al)
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and we use the map

3
by = 3 bu(B) 7
3 /(B
M=—2 DB
4 9
S—
1
Opy = 5 U;LV(B) )
B
¢u = - 27/’;1( ) )
e=¢ebB) (where ¢ can have Lorentz, tangent space or spinor indices) ,
m = 3mP) ,
A2 = K‘Qfg )
Gg=20 (A.2)

B Notations and conventions

Here we show our conventions, which follow those in [19]. We work with the mostly plus
signature metric 7, = diag(—1,1,1,1). o, 5,7,(, &, 8,4, ¢ are spinor indices taking values
1 or 2. All other Greek indices are Lorentz indices.

Charge conjugation matrices.

e = —cag =¥ = —e¥ = (4}), (B.1)
e, = 05 5d355,.y = (52‘ (B.2)
Pauli matrices.
o= (7 %) o =(00), =005 ot =(5), (B.3)
and
70 =", gl = —oh?3, (B.4)
ot =d" 4, ot = ghah (B.5)
Spin connection.
Wy = wuaﬁ, Wy = @Md IE (B.6)
wwﬂ =— %Wul/p (pr)aﬁ = — %ww/p Ooi” 777 . (B.7)

We note that we have the following symmetry when both the spinor indices are at the same

level (see (B.7) in [19]):

WpaB = WpBa s Wuas = Wa4 - (B.8)
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Raising and lowering of spinor indices.

X*=¢"x5, Xa=¢eapx’, Xa=ceapx’, X*=e"%5, (B.9)
FHaB _ 5d¢5570“7¢, o5 = Eac € FHi< (B.10)
wu'p = € Wuys = €7 Wypy = wig”
= ey w7 = ey wp Y = wyp”, (B.11)
Oue” = 7 Bpas = 7 By = 0%
= €ay (I)M;YB = €4y @uﬂ"y = @uﬂd , (B.12)
Some identities:
ot = —apaty, xore'y =po’aty. (B.13)
Hermitian conjugation.
X1 X1 .
=" =100 =00 = (B.14)
X2 X2
) =x% (X=x" ()" =Xa» (X&) =Xa> (B.15)
) = (*a)’ = (X*a)™ = ¥5X™ = Ya X* = ¥X, (B.16)
(0"p)" =0 ga, (a#0) =m0, (B.17)
(w,u,aﬂ)* = - ‘Duﬁd ) (@uﬂd)* = - Wﬂaﬁ . (B18)
Some identities:
(xo")! = oty = —xaty,  (xo"3"y)! = 5 oty = X", (B.19)
(¢ wy ot O =—x ot 1. (B.20)
Covariant derivative.
D,x® = 0ux* + Xﬂwwo‘ = OuX + XWu
B B _ o (B.21)
DuXa = OuXa + XgW, ¢ = OuX + XWp -
Following are the expressions for the opposite positions of the spinor index:
D,uXa = a,uXa + Xﬁwuﬁa = OuXa + W;wa/o’Xﬁ = OpuXa — Wuaﬁx,é’ = 6pX — WuX, (B 22)
Dux® = 0uX™ + X0, = X +0,2x5 = 0ux* — 0, ;17 = 0ux — W

Covariant derivative of Pauli matrix. The covariant derivative of the Pauli matrix
vanishes. Using the identities above, we can write it as

D,o" =V 0" —wyo” +0"w, =0, (B.23)
with V = 0 4+ I'. Taking the trace of the above, and using identity (7.113) from [40]

V=gV V¥ =0,(V—gV"), (B.24)
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together with the unimodularity condition, we have, at zeroth order in pertubation:
D,o" = 0,0 —wy ot +ot'w, =0, (B.25)
and at first order:
% (Oyh — Ouht) 0¥ — %hg (Opo? —wyo?f +ofi,) — w&l)a“ + U“@/gl) =0. (B.26)

Superfield R. The chiral supergravity superfield R in component form is:

1 . 1 . 2 1
R = —G{M + 007 Yy — i M + it b) + O | SR A iH 5 + S MM+ VD,

: a L 1 YRR NZ 1 vpo (. = N
- 26’5 Dub + §¢¢M - 5%0’%% + gglt p (d},uo-z/‘l}pa + wumﬂ/}pa)] } . (B'27>

Secondary fluctuations. Following are the fluctuations used in this work that are de-
rived from the primary fluctuations shown in (4.1):

1, 1/1
\/Tg:1+2h+<2h2—hwh“”> ,

4
1 p
Uu:Uu+§hu o,,
ot = gt — lhup(,p (B'28)
2 9

— _h P
O = O = Mo,

ot = g 1 h[“pa”]p.
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