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1. Introduction

Navier-Stokes equations (NSE), both deterministic and stochastic, are important for a num-
ber of applications and, consequently, development and analysis of numerical methods for simu-
lation of NSE are of significant interest. The theory and applications of stochastic NSE (SNSE)
can be found, e.g. in [10,16,19]. The literature on numerics for deterministic NSE is exten-
sive [12,27,29] (see also references therein) while the literature on numerics for SNSE is still
rather sparse, let us mention [2-6,8,9,25]. In comparison with the previous works [2-6, 9, 25]
where strong approximation of SNSE in velocity formulation was considered, we here deal with
the vorticity-velocity formulation, and, as far as we know, this is the first work in this direction.
In [8] a similar setting to ours was used but in the context of weak approximation.

In this paper we consider two-dimensional incompressible NSE in the vorticity-velocity for-
mulation with periodic boundary conditions and additive noise (see, e.g. [13]). In majority of
papers on numerical approximation of SNSE [2-6,9] the case of multiplicative noise is consid-
ered. The NSE with additive noise deserves a special attention due to its interesting proper-
ties [13,16,18]. Also, we know [23] that mean-square order of convergence of numerical meth-
ods for ordinary stochastic differential equations (SDEs) with additive noise is typically higher
than with multiplicative one, which led to special consideration of SDEs with additive noise in
stochastic numerics. Here we follow this path in the case of SNSE.

We propose and study time discretization of SNSE in the vorticity-velocity formulation,
which is based on freezing the velocity at every time step. Consequently, at every step we just
need to solve a linear parabolic stochastic PDE, which is a much simpler object than SNSE.
To compute the velocity, we express it via the vorticity, i.e. via a periodic version of Biot-
Savart’s law (see e.g. [15]). We prove properties, including first-order mean-square convergence,
of the suggested approximation. Since we work in the vorticity-velocity formulation and aimed
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at reaching a higher order of mean-square convergence for the method considered, we require
higher spatial smoothness of the velocity in our proofs than e.g. in [3] where mean-square
convergence of fully and semi-implicit Euler schemes from [6] for SNSE with multiplicative and
additive noise in the velocity formulation was considered. In the case of an additive noise, the
authors of [3] proved mean-square convergence with a polynomial rate (up to 1/4) in the time
mesh. To obtain this result, they used some exponential moments bounds of the SNSE solutions
analogous to the ones from [13]. Here to prove first-order mean-square convergence of our new
method for SNSE in the vorticity-velocity formulation, we exploit some exponential moments
bounds for vorticity.

The benefit of working within the vorticity-velocity formulation is that we do not need to
deal with the divergence free condition imposed on the velocity. We remark that, as it is usual
in numerical analysis, the suggested approximation can be used in practice even if the regularity
conditions required for the proofs are not satisfied. In this paper our main objective is to
propose a new approximation for SNSE and to prove its highest possible mean-square order of
convergence under some regularity assumptions on the solution. Alternatively, one can pose the
question of establishing a convergence of the proposed method under prescribed low regularity
conditions, this is a topic for a possible future work (see also Remark 5.1 at the end of the
paper).

The paper is organised as follows. In Section 2, after introducing the SNSE in velocity
formulation, we recall function spaces required. Then we write the SNSE in the vorticity-velocity
formulation (Section 2.2) and prove two auxiliary lemmas (Section 2.3) about its solution. These
lemmas are of independent interest. The lemmas are later used in proving properties of the
proposed approximation. We consider a one-step approximation of vorticity and its properties
in Section 3. We introduce the numerical method for vorticity and prove boundedness of its
moments in Section 4. We note that to turn the proposed method into a numerical algorithm
one needs to approximate a linear SPDE at every step. Various approaches can be used for this
purpose as we discuss in the end of the paper, and their detailed error analysis is a subject of a
future work. We prove first-order mean-square convergence of the method in Section 5. Ideas
used in the proof of the convergence theorem are of potential interest for convergence analysis
of numerical methods for a wider class of semilinear SPDEs.

2. Preliminaries

Let (€, F,P) be a probability space and (w(t),F;) = ((wi(t),...,we(t))T,F:) be a g-
dimensional standard Wiener process, where {F;, 0 < t < T}, is an increasing family of o-
subalgebras of F induced by w(t). We consider the system of SNSE with additive noise for
velocity v and pressure p in a viscous incompressible flow:

du(t) = U;Av — (v.V)v—Vp+ f(tjx)} dt + zq:%(t,az)dwr(t), (2.1)
r=1
0<t<T, ze€R>
dive =0, (2.2)
with spatial periodic conditions
v(t,x + Le;)) = w(t,z), p(t,z+ Le;) = p(t, x), (2.3)

0 < t<T, i=1,2,

and the initial condition
0(0,2) = o(a). (2.4)
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In (2.1)-(2.3), v, f, and =, are two-dimensional functions; v.V = vla%l + ’UQ%; the pressure p

is a scalar; {e;} is the canonical basis in R? and L > 0 is the period. For simplicity in writing,
the periods in both directions are taken to be equal. The functions f = f(¢,z) and 7, (¢, z) are
assumed to be spatial periodic as well. Further, we require that ,(¢,x) are divergence free:

divy,(t,z) =0, r=1,...,q. (2.5)

For simplicity of proofs, we assume that the number of noises ¢ is finite but it can be shown
that the theoretical results of this paper are also valid when ¢ is infinite if ||, (¢, x)||,, for some
m > 0 decay exponentially fast with increase of r (here m is as in Asumption 2.1 below). Note
that if we omit the condition (2.5) then (2.1) should be modified to include additional gradient
of pressure terms Vp, for each dw,.

2.1. Function spaces

We shall consider spatial periodic vector functions u(z) = (u'(z),u?(x))": u(x + Le;) =
u(x), i = 1,2, where L > 0 is the period in ith direction. Denote by Q = (0, L]? the square of
the period. We denote by L?(Q) the Hilbert space of functions on @ with the scalar product
and the norm

= - — /
u,v uiazvixdx, u 'LL,UlQ.

We keep the notation | - | for the absolute value of numbers and for the length of vectors, for
example,

Ju(@)] = [(u' (@) + (u(2))*] /2.

We denote by H;”(Q), m =0,1,..., the Sobolev space of functions which are in L2(Q), together
with all their derivatives of order less than or equal to m, and which are periodic functions with
the period ). The space H;”(Q) is a Hilbert space with the scalar product and the norm

2
(ol = [ 37 3 D @)D v @), [l = ()] (26)
Q=1 [af]<m
where o = (af,ab), of € {0,...,m}, [a'] = af + ab, and

ole']

DM:D?%D;&: — el
O(zt)10(x?)2

i=1,2.

Note that H)(Q) = L*(Q).
Introduce the Hilbert subspaces of H;*(Q) :
VvV, ={v: ve H}(Q), dive =0}, m >0,

Vg = the closure of V7', m > 0 in L*(Q).

Denote by P the orthogonal projection in HJ'(Q) onto V' (we omit m in the notation
P here). The operator P is often called the Leray projection. Due to the Helmholtz-Hodge
decomposition, any function u € Hzl(Q) can be represented as

u = Pu+ Vg, div Pu =0,

where g = g(z) is a scalar @-periodic function such that Vg € H}*(Q). It is natural to introduce
the notation Ptu := Vg and hence write

u= Pu+ Ptu
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with Pu e (VI'): = {v: v € HI(Q), v = Vg}.

Let
u(.T) = Z unei(Qﬂ-/L)(ILm)’ g(x) fy Z gnei(Zw/L)(n,m)’ gO = 07 (27)
DEZ2 neZQ
Pu(z) = Z (Pu)nei(Qﬂ/L)(n,x)7 PLu(x) = Vg(z) = Z (PLu)nez‘(Qﬂ/L)(n,x)
n6Z2 neZQ

be the Fourier expansions of u, g, Pu, and Ptu = Vg. Here up, (Pu)n, and (P u)n = (Vg)n
are two-dimensional vectors and gy, are scalars. We note that gg can be any real number but for
definiteness we set go = 0 without loss of generality [11]. The coefficients (Pu)n, (P*u)n, and
gn can be easily expressed in terms of uy, :

T T
U T 27 U T
(Pu)p = upn — |r111|2 n, (Plu)n = zfgnn = |r111|2 n, (2.8)
L u/n
gn:_2%|3’27 U#O,QOZO-

We have
Vei@r/L)na) _ poir/L)ng) ;2T
I
hence upe @™/ L) m2) ¢ V¢ if and only if (un,n) = 0. We obtain from here that the orthogonal
basis of the subspace (V;)”)l consists of ne!m/L)(e) 1y e 72 n # 0; and the orthogonal basis
of V' consists of vectors (for n # 0):

[ —nN2 ] ei(zw/L)(n,m)7 n— (nl’m)T’ (2.9)

ni
which are orthogonal to n.

In the rest of the paper all functions u € Hj'(Q) will be assumed to have zero space average
(see e.g. [11]), i.e.

/ u(z) =0. (2.10)
Q

In this case the Fourier series expansion for u(z) does not contain the constant term and 3
in (2.7) can be replaced by 3,72 o, Which in what follows we will write as simply 3.
We recall Parseval’s identity

neZ?

2 = /Q (@) Pdz = L2 3 Junf?. (2.11)

We also note the following two relationships. Since the vector field u = u(z) is real valued, we
have
Uy =TUn, NEZ? n#0,

where u,, denotes the complex conjugate of u,. The divergence-free condition reads

2

ugn = (up,n) = Zuﬁnk =0.
k=1

We will need the following estimate for the tri-linear form (see [7, p. 50, eq. (6.10)] or [28, p.
12, eq. (2.29)]):
(-9, )| < Kol el 119 (2.12)
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where K > 0 is a constant, my, mg and mg are such that mj +mo+mg > 1 and (my, mo, mg) #
(0,0,1), (0,1,0), (1,0,0), and u, v, g are arbitrary functions from the corresponding spaces.
Further, we recall the standard interpolation inequality for Sobolev spaces (see e.g. [28, p. 11]):

letll < lfaallzay ell (2.13)

ma?

max(mi,ma)

where m = (1 —1)my +Ima, my, mg > 0,1 € (0,1), and v € H, (Q). For any ¢ > 0, we
get from (2.13) and Young’s inequality:

-2l l _1
lullz < ull lully, < (0= Dcllullz, + =7 lullf,,. (2.14)

mi

Let us take m; = 1, mg = 0 and m3 = 1/2 in (2.12), then we get (see also [13, p. 1028, eq.
(A6)]) for any ¢; > 0 and ¢ > 0:

K2
[((v-V)u,9)l < Klolllullillgll/z < 4—61!\91\?/2+61HUH?H1LH? (2.15)
2
2 2 2
< E\I9\|1/2+01||U\I1IIUH1
< 2_|_ 2+ 2 2,
< el + g lol? + ex ol

where we used (2.14) with m = 1/2, m1 = 1, mg = 0 and [ = 1/2 (fractional H;*(Q) spaces are
defined in the usual way via the Fourier series expansions, see e.g. [28, pp. 7-8]).
We also recall (see e.g. [11, p. 20 eq. (4.14) ]) Poincare’s inequality for functions u € H}(Q)
satisfying (2.10):
[lull < a[Vul| (2.16)

for some constant o > 0 which depends only on the period L. We note that here and in what
follows: when u(z) is a vector, Vu(z) means the matrix with elements Ou’/dz/ and ||Vu|| means
L2-norm of the Frobenius norm of the matrix Vu(x).

We make the following assumption for the NSE problem (2.1)-(2.4).

Assumption 2.1. We assume that the coefficients f(t,x) and v.(s,z), r =1,...,q, belong to
H'"1(Q) and the initial condition ¢(x) belongs to H'*2(Q) for some m > 0.

Under this assumption the problem (2.1)-(2.4) has a unique solution v(t,z), p(t,x), (t,z) €
[0,T] x R2, so that for [ > 2 [16,17]:

Elv(t, )2 < K, (2.17)

where K > 0 may depend on I, m, T, f(t,z), v-(t,x), and @(x). The solution v(¢,z), p(t,x),
(t,x) € [0,T]x R, to (2.1)-(2.4) is Fe-adaptive, v(t, ) € V"2 and Vp(t,-) € (VI'+2)+ for every
t € [0,7] and w € Q. We note that if we were interested in variational solutions of (2.1)-(2.4)
then it is more natural to put m > —1 in Assumption 2.1; but here our focus is on the vorticity
formulation and then it is natural to require more, m > 0. Consequently, we are dealing with
the setting in which the solution of (2.1)-(2.4) is analytically (i.e., PDE-wise) strong.

2.2. Equation for vorticity

Introduce the vorticity w :

ov? ot
w(z) = curlv = @(x) - @(1‘) .
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Note that w(x) is a scalar. Analogously to (2.7), we write the Fourier expansion for w :
Zw e 27r/L(nx+na:)

where

2.1 12)‘

wn = i—(vpn

T =
It is known (see, e.g. [15, p. 50]) that v is expressed through w as
1 i(27r/L)(n x) 2

v(z) = LZ [ 2 |n\ wWnll

Z ‘ QTF/L (n7x)wnn1 = U(U (218)

Taking the curl of (2.1) gives the evolution equation for the vorticity w = curlv :

2 q

dw = [‘;Aw — (v.V)w + g(t, 1:)] dt+ > pr(t, z)dw,(t), (2.19)
r=1

where g = curl f and p, = curlvy,. The vorticity satisfies the initial and periodic boundary

conditions

w(0,z) = curl p(z) := ¢(x) (2.20)
and spatial periodic conditions
w(t,x + Le;) =w(t,x), i=1,2, 0<t <T. (2.21)
Using the linear operator U from (2.18), we can re-write (2.19) as (see e.g. [13]):
dw = U;Aw — (Uw.Vw + ¢g(t, ac)] dt + Eq:ur(t, x)dw,(t). (2.22)
r=1

Similarly to the solution v(¢,x) of (2.1)-(2.4), the solution w(t,z) to the vorticity problem
(2.19)-(2.21) under Assumption 2.1 is so that for p > 2:

Ellw(t, ) < (2.23)

where K > 0 depends on p, m, g, i, and ¢. Note that under Assumption 2.1 the coefficients
g(t,z) and p(s,z), 7 = 1,...,q, belong to H}*(Q) and the initial condition ¢(z) belongs to
H;,”“(Q). As it is clear from the context, we are dealing here with solutions understood in the
strong sense probabilistically.

In future we will need the following estimates. One can obtain from (2.18) that for m > 1

V]l = [IUw[lm < Kl|w[[m-1 (2.24)
for some K > 0. Further, we note that
lwllf = [lw]]* + [[Vw|[? (2.25)
and then by (2.16)
lwllf < K[Vl (2:26)

for some K > 0. Using (2.15), (2.24), (2.25) and (2.26), we get for w, v, g from appropriate
spaces and arbitrary ¢; > 0 and ¢ > 0 :

K4
(UwV)v,9)| < ellgli + ==—lgll* + | Uw|F]lv]I} (2.27)
64cica
2 K* 2 2 2
< allVoll + e+ gl + Keallwl |V

= cl|VlP* + Kllgl* + csl|wl|*| Vo],

where in the third line ¢3 > 0 is an arbitrary constant and K > 0 is some constant dependent
on ¢o and cg (it differs from K > 0 in the first and second line but this should not cause any
confusion).



2.3. Two technical lemmas

For proving convergence of the numerical method in Section 5, we need two further properties
of the solution w(t, x) to the SNSE (2.19)-(2.21) formulated in the next two lemmas, which are

of independent interest.

It is convenient to introduce the notation for the solution w(¢, z) of the problem (2.19)-(2.21),

which reflects its dependence on the initial condition ¢(x) prescribed at time s < t:

w(t,r) = w(t, z;s,9).

Let us prove a technical lemma on exponential moments bounds for vorticity, which is related

to Lemmas 4.10(1) and A.1 from [13].

Lemma 2.1. Let Assumption 2.1 hold with m = 0. There exist constants 3y > 0 and o > 0

such that for any B € (0,60] and 0 <t <t+h <T:

0.2 t+h
Eexp (5 e+ st )P = 161P] + 8% [ V(s it ds)

t+h
<exp</3/t (am H2+Z||Mr H2>ds)-

Proof. By the Ito formula, integration by parts and using divv(t,z) = 0, we obtain

1 o2
gdHW(s,-)HQ = —;HVW(S,-)HQHQ(&- Z\Iur \2] ds

+ > (pe(s, ), w(s, ))dwy(s), t<s<t+h,
r=1

[lw(t, II* = llgl?.

Using the elementary inequality, we get for any a > 0 :

1
Sdlle(s. |

o? 1
< —7IIVW(S,-)|I2+@IIQ( NI+ *a\lw NP+ 5 ZHW P | d

+ ) (r(s, ), w(s, ) )dwy (s).

r=1
By Poincare’s inequality (2.16), for some a > 0, we have
IV (t,)* > aflw(t, ).
y (2.31), we obtain

o? o? 2
dllw(s,)|I? < [—IVw(& NP - - (s, P+ ~o2llaCs, P
+Z [l (s, )7 | ds + 22 pir (s, -),w(s, ) )dwy(s),

then for any ¢ > 0

t+h
lhott + b =l + e T [ 19t s

7
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(2.30)

(2.31)
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t+h ) )
—c/t 2 llgs, +Z|\ur SRR

t+h 4 o2 t+h
< 2 [l st Ndu(s) —a%pe [t )P
Let

M(t,t") = 20/ Z(ur(s,-),w(s,-))dwr(s)
tor=1

which is a continuous L?-martingale with the quadratic variation

t 4

<M>@ﬂ:M/§]M@M@M%.
top=1

There exists a constant 9 > 0 (independent of h and ¢) so that for all g € (0, So] :

2 t/
JQ/HM MRds > 2 < M s ).
1¢), 2%
Hence
) ) 0.2 t+h )
dW@+M?HdWH*Ch/ [[Vw(s,-)|[7ds (2.34)
t+h ) )
o [ szllotsl +Z\|u,« 7 ds

< M(t,t+h)—%<M>(t,t+h).

For ¢ = (3, the right-hand side of (2.34) is logarithm of a local exponential martingale and
therefore

) ) 0.2 t+hATh )
Eexp [mrwumw,-)u — 3¢l +6/ [Ves(s, ) |[2ds

t+hATh ) )
—5/ 2 llgts, H+Z|mr ) ds

where 7, = inf{s > ¢t :< M > (t,s) > n} for a natural number n. Tending n to infinity, we
arrive at (2.28). Lemma 2.1 is proved.

7

It follows from (2.28) that
o2 t+h
Boxp (87 [ V(o st.0)|Pas) (2.35)
t
2 w2 2 : 2
< o (Aol 48 [ Zllals I+ X sl ) ds )
r=1

We also pay attention that the proof of Lemma 2.1 is not relying on smallness of the time step
h, and after replacing ¢ with 0 and ¢ + h with T the result remains valid:

2 T
poxp (57 [ IVu(s,50.0)Fas) (2.36)
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< exp<m\¢u2+/3/< —5llgts. \|2+Z\|Mr H2>ds>.

We now prove the next lemma which gives us dependence of the solution w(s, x;t,¢) on the
initial data.

Lemma 2.2. Let Assumption 2.1 hold with m = 3 and ¢;(t,x), i = 1,2, be Fy-measurable
processes satisfying (2.23) with m = 3. There exists a constant c¢o > 0 such that for every
¢ € (0,cp) there is a sufficiently small h > 0 so that we have fort < s <t+h:

(5,258, 61(t,)) — (5,33, 6(t, ) = D1(8,2) — ba(t, 2) + (5, 2) (2.37)
for which
llw(s, 8, 01) —w(s, 5t d2)|” (2.38)
< o) = o Pesp (K6 = 0+ ¢ [0l st onte DI )

where K > 0 s a constant.
The process 1(s) satisfies the following estimate

(s, )1 < (s = )l (t, ) = da(t, )] + Cls,w)(s = 1)°, (2.39)
where C(s,w) > 0 is an Fs-adapted process with bounded moments of a sufficiently high order.

Proof. Let
9(8,1’) = W(S,l';t, ¢1) - O)(S,l’;t, ¢2)

We have
dm&@:[fAe—wavw@ma¢g—am@,m¢ng}mt<sgt+m
0(t,z) = ¢1(t, z) — Pa(t, x).
Then
3105, |12 = |=S1IV8(s, |2 = (UO(s, ). Vheols, 8, 61),6(s, )| ds,  (240)

t<s<t+h,
10, P = llo1(t,-) — palt, )]

Using the inequality (2.27) with ca = 02/4, we obtain that there exists K > 0 such that for any
c>0

0,2
2[((Ub(s, ). V)w(s, -5 t,¢1),0(s, )| < *5HV9EVNP-%KN9®wNP (2.41)

| [V (s, -5 8, 01)|P[6(s, )|

and hence
d||6(s,)||* < [K +c||Vw(s, -5 t,01)|P] [|0(s, -)||ds, t <s <t+h,

which implies

\W@r)PSH¢ﬂt0—¢ﬂtﬂf®®<K®—¢)+{ZHW@®CﬁL%@wMP%>- (2.42)
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Thus we have proved the inequality (2.38).
Let us now prove (2.39). We have

s 2
n(s,z) = / [UZAQ —(UOV)w(s' z;t, 1) — (Uw(s',2;t,¢2).V)0| ds', t < s <t+h, (2.43)
t

which together with (2.17) and (2.23) implies that
[In(s, 2)[| < C(s,w)(s — 1), (2.44)

where C(s,w) > 0 is an Fg-adapted process with bounded moments of a sufficiently high order.
Differentiate (2.43)

s 2
n(s,x) —/t [UQA 8.9 4 (UO.V)w (s’,x;t,¢1)—ii(Uw(s’,x;t, $2).V)0| ds', (2.45)

oz’ oz’ ozt oz

and observe that, again due to (2.17) and (2.23), the inequality (2.44) is also valid for ||Vn(s, z)|| :
IVn(s, 2)[| < C(s,w)(s = 1). (2.46)
By further differentiating (2.45) and using (2.17) and (2.23), we can get
1An(s, 2)]| < Cs,w)(s — 1) (2.47)

Note that we need m = 3 in the conditions of the lemma to obtain (2.47).
We have

d||77(5,a IE)HQ = [(02A0377) - 2(( 0. V)w(sla iz @1), 77) - 2((UW(Sla 5t ¢2)V)9, 77)] ds'
< [0V (@1(t,) = ¢2(t,) , V) = 2((UO.V)w(s', 5L, 61),m)
—2((Uw(s', 11, 62). V)0, n)]ds’

Using integration by parts, (2.38), and (2.47), we get

(0 (¢1(t,) = d2(t,-)) . V)| = 0*|(91(t, ) — pa(t, ), An)| < O(s',w) (s = t)ll6a(t, ) — d2(t, ).
By (2.12) with m; = 1, ma = 0, and m3 = 1, and using (2.24), (2.23), (2.38), (2.44) and (2.46),

we obtain

2((U0.V)w(s, 5, ¢1),1)] K(UO[[a]lwlillnlle < KNOI[[|w([1][n]]x

C(s',w)(s" = D)ll1(t, ) — da(t,)]l.
And by (2.12) with m; = 2, mg = 0, and mg = 0, and using (2.24), (2.23), (2.38), (2.44) and

(2.46), we arrive at

2((Uw(s’,5t,02). V)0, )| = 2/(Uw(s', 11, ¢2).V)n, 0)| < Kl[w|[1][n][1]|0]]
< O w)(s' = tlloa(t, ) = da(t, )]

<
<

Then we have

dlln(s',2)|? < C(s,w)(s = t)l[@1(t, ) — a(t,-)||ds’

2(
lontt.) — oate )l Pas’ + S (¢ ppay

IN

from which (2.39) follows. Lemma 2.2 is proved.
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3. One-step approximation

Let us introduce a uniform partition of the time interval [0,T]: 0 = tg < t; < -+ < ty =
T and the time step h = T/N (we restrict ourselves to the uniform time discretization for
simplicity only). In this section we derive a one-step approximation for the vorticity and study
its properties.

We can approximate SNSE (2.19)-(2.21) by freezing the velocity:

v(t,x) = o(t,x) == v(tg, x) == 0(x), t <t <tryr, (3.1)
and obtain an approximation w(t,x) of w(t,x) on tp <t < tri1, as follows

dio = |G AD — (0.V)@ + g(t, @) | dt + 0, pr(t, 2)dw, (1), tr < t < try1, (3.2)
O(ty, x) = w(tg, x), @(tg,z+ Lej) =w(tg,z), j=1,2. (3.3)

It is not difficult to see that the local error 6, (¢, z) = @(t,z) —w(t, z), tx <t < tg4+1, for the
approximation @(t, z) of the solution w(t, z) of SNSE (2.19)-(2.21) satisfies the problem

ds, = [(’;Aaw — (Vo — ((v—8).V)@| dt, (3.4)
8oty ) = 0. (3.5)

Moments of ||@||3 (and hence of ||d,||3) up to a sufficiently high order are bounded under
Assumption 2.1 with m = 2: for ¢ <t <tgy; andp>1:

El|a(t, )5 < K, (3.6)

where K > 0 is a constant. This boundedness (3.6) can be proved by arguments similar to
boundedness of moments of the global approximation (see Theorems 4.1 and 4.2).
To obtain estimates for the one-step error §,,, we first prove the following lemma.

Lemma 3.1. Let Assumption 2.1 hold with m = 1. For v(t,z) from (2.1)-(2.4), v(z) from (3.1),
and @&(t,z) from (3.2)-(3.3), we have for t;, <t < tr11 and sufficiently small h >0 :

1E[((v = 2). V)&l Fy ]Il < Cltg, w)h, (3.7)

(Ello—o|)"/* < K2, p>1, (3.8)

where C(ty,w) > 0 is an Fy, -measurable random variable with moments of a sufficiently high
order bounded by a constant independent of h and K > 0 is a constant independent of h.

Proof. From (2.1) and (3.1), we have for t, <t < tg4q:

t 2 t 4q
v(t,z) — 0(z) = / [(;Av — (v.V)v—Vp+ f(s,:p)} ds + Z%(s,x)dwr(s). (3.9)
23 le p=1
Then it is not difficult to obtain the estimate (3.8) using (2.17) and the assumptions on f and

Vr-
From (3.9) and (3.2), we have

2

(v—3).V)o = (/t: BAU — (0.V)v — Vp+ f(s, x)] ds.V) o(t, z)
" ( /t:iw<s,m>dwr<s>-V>

r=1
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{&)(tk,x) —i—/t: |:O;A(:)— (0.V)o+g(s,x ] ds+/ Z“’” (s,z)dw, (s }

tk p=1
from which it is not difficult to see that the inequality (3.7) holds. Lemma 3.1 is proved.

Now we proceed to proving estimates for the one-step error of (¢, x).

Theorem 3.1. Let Assumption 2.1 hold with m = 2. The one-step error of @(t,z), t <t <
tk+1, which solves (3.2)-(3.3), has the following bounds for t <t < txy1 and sufficiently small
h>0:

1B (t, I F]Il < Ctr,w)h?, (3.10)

(Bllu(t.)11)? < Ew2, (3.11)
where C(tg,w) > 0 is an Fy, -measurable random variable with moments of a sufficiently high
order bounded by a constant independent of h and K > 0 is a constant independent of h.

Proof. Taking scalar product of (3.4) and d,(¢, ), using integration by parts and the property
divu(t,z) = 0, we get

0.2
%dH%(tr)Hz = 5 (Adu(t,-),0u(t, ))dt — ((v(t,)-V)du(t, ), du(t, -))dt (3.12)
—(((v(t,) = 0(-))-V)w(t, ), 0u(t, -))dt
2

= _7‘|V6w(t7 NPt = (((o(t,-) = 9()-V)@(L, ), 0 (t, -) ).
Then
o2
%dEHfSw(t? NP = —5 BlIVéu(t, MNPt — B(((v(t,-) = 8(:)).-V)@(t, ), 0u(t, -))dt. (3.13)

For the last term in (3.13), we get

B((v(t,-) — 9()).V)ad(t, ), 8ult, )| (3.14)
< KEu(t, ) — ()| - l6(t, I3 - 16w ()
< K (Bllo(t,) — o()|2 - 1160t )B) Y (Bl ) P)
< K (Elo(t,) - <mﬂ“mmwn@“ﬂmmmﬂﬂ”
< K2 (Bl )7)",

where for the first line we used the inequality (2.12) with m; = 0, mg = 2, m3 = 0; we applied
the Cauchy-Bunyakovski inequality twice to arrive at the pre-last line; and we used the error
estimate (3.8) with p = 2 and boundedness of the moment E||@(t,-)||3 (see (3.6)) to obtain the
last line.

Thus

1 1/2
S BB < K2 (BlJau(t, )| P) "/ di

and since 4y, (tg, x) = 0, we arrive at

L1 dE||0u(s, )2
/ 2(E|‘(5|l(s(-)|’)2|)|1/2 — (Bl (t,)|?)'? < Kn?/?

confirming (3.11).
12



Now we are to prove (3.10). Using (3.4), we write the equation for dE[d,(t, z)|F,] and,
after taking scalar product of the components of this equation and E[d,(t,z)|F:, | and doing
integration by parts, we arrive

SAIED(5, )7 1P (3.15)
o2
= — S IVERL (N FIPd = (B[(u(t,)-V)du(t, )| Fue]  Bldw(t, )| F )t
—(E((v(t,) = 0()-V)w(t, )| Fr ], El0w(t, )| Fe)dt.
By (3.7), we get for the third term in (3.15):

(B [((v(t, ) = 0().V)w(t, ) Fr ] Eldw(t, )| Fi, )] (3.16)

HE[((v(t, ) = 0(-)-V)w(t, ) Fe ][] - [|1E[0w ()| Fe ]l

<
< Cltr, w)h|[E[0w (¢, )| Fr ]l

where C(tx,w) > 0 is an Fy, -measurable random variable which has moments up to a sufficiently
high order and does not depend on h.

By simple manipulations and using (2.12) m; = 2, ma = 0, mg = 0 as well as (2.26), the
Cauchy-Bunyakovski inequality, (2.23), a conditional version of (3.11), and (3.6), we obtain for
the second term in (3.15):

(B [(v(t,).V)0u(t, )| F ), B (t, )| Fe )] (3.17)
= |E[((v(t,).V)du(t, ), Edw(t, )| F, )| Fr,] |
< E[((0(t,).V)ou(t, ), E[du(t, ) Fu D) 1 Fr]
= E[|((v(t,").V)E[0u(t, )| F,], 00 (t, )] [ F]
< KE[|o(t, )2 [1E[Bu(t, ) Fe - 110wt )] 1F,]
= K[| B[ (t, )NFLE o, )2 - 1t )] 1F,]
< K||VE[Bu (& )NFJIE [lw(t, ) - 6wt )] |F,]
< K||VE[8u (& )NFJIE [lw(t, )17 )2 E (16,0, )21 F, )Y
< C(tr, w)h*?(|VE[Su(t, )| F I,

where C(tx,w) > 0 is an F3, -measurable random variable which has moments up to a sufficiently
high order and does not depend on h.
Combining (3.15)-(3.17), we arrive at

1 o2
§dHE[5w(tw)!ftk]H2 < —;IIVE[M@~)|ftd||2dt+
+C (b, w) B 2|V E[b0y (£, )| Fe ]| dt + Ctr, w)h| | E [0 (¢, )| Fo, |t
1 C(ts, 2 C2(ty,
= — (UHVE[ w(t, ~)|Ftk]ll(§w)h3/2) dt+§’2“)h3dt

+CO(tk, WA E[0,(t, )| F, ]| dE

Cz(tkv W)

9252 hgdt—l-C(tk7w)h”E[5w(t>')|Ftk]”dt'

Then, for some F;,-measurable independent of i random variable C(ty,w) > 0, we have
1
d||E[du(t, )| FeJ||? < C(ty, w)h’dt + 7 IIEDw(t, )| Fa] |2,

from which (3.10) follows taking into account that ||E[d,(tg, -)|Ft.]|| = 0. Theorem 3.1 is proved.
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We define
o(t,x) = Ut x), tr <t <tp, (3.18)

where the operator U is from (2.18).
We prove the following corollary to Theorem 3.1.

Corollary 3.1. The one-step error §,(t,x) := v(t,x) — 0(t,z) = Ud,(t,x) of v(t,x), tp <t <
trx11, has the following bounds for ty, <t < tgiq:

|ES,(t, )| < Kh?, (3.19)
(BIIS (6P < KR¥2, (3.20)

where K > 0 is independent of h.
Proof. Let the Fourier coefficients for (¢, z) be (dy(t,))n, i-€.

Oult,m) =D (0u(t,"))ne E/ D)0,

Hence by (2.18) we get

1L 1 . n2
_ N i@n/L)(n) :
LY e Gt | ],
i.e., the Fourier coefficients for d,(¢,z) are
iL 1 n?
(Bt = ez @alt D | 1 |-

Then, by Parseval’s identity (2.11), we have
oo = 237 6t D (3.21)

L4 2 ()" + (n?)°
= 32 1@t )al T

(00 (£, ))n?

- 47r2 Z |n]2 - 47r2 Z|
- 47r2/ Bt ) e = 1ot )l

which together with (3.11) implies (3.20).
Let us now prove (3.19). We have

10w (¢, )12

7 n2
EGo(t, Nn = £ L B6u(t, ) [ 1 }

27 |n|?

and hence
1Bt )| = /Q B8, (t,)Pde = L* " |E(3,(t, ))al?

()" + (n)"

L4
= HZ’E(&J(@'))H‘Q |n‘4

L2
S gl Bt )l

which together with (3.10) implies (3.19). Corollary 3.1 is proved.
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4. The method

Based on the one-step approximation (3.1)-(3.3), we construct the global approximation
@(t,x) for SNSE (2.19)-(2.21) as follows.
On the first step of the method we set

O(to, x) = curlv(tp, z) = ¢(x) = curl p(x)
and
bo(z) := v(to, z) = ¢().

Then we solve the linear SPDE (3.2)-(3.3) with 0(z) = 0g(z) on [tg, t1] to obtain &(¢,x) and to
construct

f[}l( ) Ua)(tb )
On the second step we solve (3.2)-(3.3) on [t1,t2] having &(t1, z) and setting 0(z) = 01(z). As a
result, we obtain w(t, z) on [t1,ts] and v9(x) = Ud(t2,x), and so on. Proceeding in this way, we

(t2,
obtain on the N-th step the approximation w(t,z) on [ty_1,tn] for w(t,z) having O(ty_1,x)
and 0(x) = On_1(z) = Uo(tn-1,x). Finally, on(z) = Uo(T, z) which approximates the velocity
(T, x).
In order to realise the approximation process described above, it is sufficient that on every
time interval [tg,tg41], K =0,..., N — 1, there exists a solution of the linear SPDE (3.2)-(3.3).
We denote this solution as wi (¢, x). It satisfies the condition

- _ curl p(z), k =
(,Uk<tk,$) - { f:)k:fl(tkax); k= 1 ]\/*7 (41)

and the time-independent coefficient 0(x) in (3.2)-(3.3) is defined within each interval (g, t541]
as
f)(l’) = @k(a:) = U(:Jk(tk,x), e <t <7tky1. (4.2)

Clearly, 0(x) used in (3.2) are different on the time intervals (¢, tx41].
Before considering the global error of the approximation in Section 5, we now prove bound-
edness of the approximation’s moments.

Theorem 4.1. Let Assumption 2.1 hold with m = 0. The moments of the global approximation
Wk (tg, x) and O (z) are uniformly bounded in h and k :

B|@k(t1, )P < (OO + 5[5 (llg (s, I + 320yl (s, ) *7) ds, (4.3)
Ellox()I* < K El|ar(tr, )|, (4.4)

where K > 0 is independent of h and t; but depends on p > 1.

Proof. For every sufficiently large integer n, define the stopping time
7o =inf{0 <t <T:||@()]* >n}.

Using the Ito formula, doing integration by parts and taking into account that oy (x) is
divergence free, we obtain

d||@(t, )P = 2p||@(t, -)IIQ(”_” (4.5)
SNV (t, )2 + (gt ) @u(t, ) + 22 0 (e ()]

+2p| @k (t, )PP S (e (t, ), On(t, ) dwe (t), ti ATy << iyt ATy,
ok (s PP = [|cp—1(t, -)||*-
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We have
AB||3e(t A 7, )
0'2 ~ _ ~
= 29|~ 5B (I81(t A 7, MPP DNV AT )

B (1@t A 7y PP (Gt A Ty ), Gt A Ty )

2p

q
D Pe-D Z [ r(E A T, ')Hzl dt, tp <t < tgi1,
r=1

Bl|@k (tk A sy )P = Bll@r-1(te A 7y )|
By Poincare’s inequality (2.16) and doing simple re-arrangements, we arrive at

AB||@x(t A T, )17
2 2
o - o - 1
<2 | —ag Bkt A, )| +azEHwk(t/\Tn, NP+ —5llg(t A7, -)1\2

2
o ) + 22— 2
o Ella(E AT )P + = oo § It (£ A 7, )

We note that the constant o > 0 in the above expression is due to Poincare’s inequality (2.16)
and it is, of course, independent of h and k. Hence

dE||@(t A 7, )| < K [Hg(MTn, I+

ZHMT £ AT, |!2] ]

where the constant K > 0 depends on p but independent of h and k. The previous inequality
implies

El@n(trer Ao, NP < Ell@g—1(ti Ay )|

tk+1/\Tn 2
+KE g (s, " +

t\Tn

Znur H2]>ds
< Euqﬁ()\?pw/m"(mrg( I+ 3 o >W>

r=1

and letting n — oo we arrive at (4.3). The estimate (4.4) is an evident consequence of (4.3) (cf.
e.g. (2.18)). Theorem 4.1 is proved.

Remark 4.1. It is not difficult to see that repeating the proof of Lemma 2.1 word by word, we
can get that the exponential moment for ||y (ter1,-)||? is bounded, more precisely, the estimate
of the form (2.28) holds for ||0k(txr1,-)||? under Assumption 2.1 with m = 0.

Now we consider uniform bounds for moments of higher Sobolev norms of @y.
Theorem 4.2. Let Assumption 2.1 hold with m > 0. Then for p > 1
Bll@w (s, M < 0O + K, (4.6)
where K > 0 s independent of h and ty,.
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Proof. The proof is by induction. To this end, we assume that for all [ < m — 1 the moments
E||@n(t, )| ;. are bounded (uniformly in k and h) and for sufficiently large p > 1 (note that
Theorem 4.1 guarantees their boundedness for m = 0).

We will be adapting recipes from [28, Section 4.1] and [16, Section 3.4]. Let the operator A
be such that A2 = —A. We can obtain for an integer m > 1:

dllaw(t, )|l —[ Dr (8, M Bt + SR P + @), 9t )

— 2 (). V)@g (8, ), A¥ @y (t, ) | dt
+ Zgzl(luﬁ"(t? ')7wk(t7 '))mdwT(t)a e N <t < tk’-i—l A Tn,
1Ok (ks [ = NOk—1 (ks ) [

Here 7, is
7o =inf{0 <t <T:||Qt, )% >n}

Then for m > 1 and p > 1, we have

(e, NI = 20t N [~ 510t B + F1I2n(E, )] (4.7)
@), 9t N — Sy (060).V)@k(E, ) ADE(1,)) + 252 0 (1,3

1 -
+2pl@(t, )1 S0 (8, ) Dk (E, ) mdwy (£),
tk/\Tn <t< thrl/\Tn?

[t I = w1 (tas )l

Let us analyze terms in the right-hand side of (4.7). We obtain for some K > 0 dependent
onp:

o2 o2
*ll%( MoV @w(t, )P < T6||Wk( N+ Ko, )1 (4.8)
We have (e.g. see [28, Eq. (4.4)]):

@t 25906 Donl < 11gs 2808
2
< Sllgtt By + S (e Mg
and
K? (16 Pt
Rt N gty < 5 () e N+ Tl
hence
2
BNV @it ). gl | < KNt + Tt )2 (49)
2
A [N O [ [ [0

Also, for some K > 0 dependent on p :

p 2
g -
|| e leur Nk SK(ZHW |!2> TGIIWk(t,')Hif- (4.10)
Let us now estimate the trilinear-form:

> (0 ()-V)ak(t, <), A y(t, )] (4.11)
17
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K s Y e (D0().9) D1 (1), DVt )]
[a] l]—.j l
SE YT Yami D1 & et 1D k() [[[D=1Gk(E, )2 D¥ @x (2, ) 1

[ _i]=5—1

< K30 S ot )l irsyall@n(t, )+

< K@k (tes m—1110k (5 ) lmg1 /21 @n (&5 ) lm+1
4 7/4
< K||@w(t, )12 Nawt, 1

< B2 ()T Gty IOy + %10 ()2

where for the second line we used integration by parts (see this recipe in [28, pp. 29-30]); for
the third — the inequality (2.12) with m; = 0, m; = 1/2, m3 = 1; for the fourth line — (2.6);
for the fifth line — (2.24) and that ||u(:)||m; < ||u(*)||m, for mo > mq; the sixth line is obtained
using (2.13); and the final line follows from Young’s inequality. Note that the constants K > 0
are changing from line to line. Further,

Kant, M ane, )| (1.12)
KP 8p Pl
< B o2r) et + Tl

Combining (4.7) with (4.8)-(4.12), we can write for some K > 0 :

2
(e, )2 szp[—uwk( RPN B + Tl I

2
K ||@r (I + Kllg(t, -y

14
+K (lew H2> + KBty )1, | dt

q

+2pl[@k (t, )2 D (r(ts ), Dt ) mdwy (1)

r=1
e AT St <t ATy |5t |12 = |1 (e, )72

Thus (note that —||@k(¢,-)||2,41 < —||@k(t, -)||2,), for some K >0
dE||@k(t A 7o, )17

. [EH‘Dk(t AT PP+ 119 (8 AT, oy + Bl (b A s )l

+ (Z | (8 A T )||3n>
r=1

tr <t < tg41,
E||@g(tk A Toy )22 = E|@p—1(tk A 7o, )| |22

)

By Assumption 2.1 and the induction assumption at the start of the proof, we get
dB||@y(t Aty )| < Kdt, ty ST < g,
Bllak(ti Ao, ot = Bll@k—1(tk A 7o, )|

and
E||@k (trs1 A oy 122 < E|l@p—1(tx A 7oy )| + Kh,

from which (4.6) follows by the standard arguments. Theorem 4.2 is proved.
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5. Mean-square convergence theorem

To prove the global convergence of @ (tx, ), we use the idea of the proof of the fundamental
theorem of mean-square convergence for SDEs [21] (see also [23, Section 1.1]).

Theorem 5.1. Let Assumption 2.1 hold with m = 3. The global approzimation @k (tgs1,x) for
the problem (2.19)-(2.21) has the first mean-square order accuracy, i.e., for a sufficiently small
h >0
~ oy 1/2
(EHw(thrl: ) - wk(tk+lv )H ) < Khv k= 07 . 'aN - 17

where K > 0 is a constant independent of k and h.
Proof. We note that in the proof we shall again use letters K and C(-,w) to denote various
deterministic constants and random variables, respectively, which are independent of h and k;

their values may change from line to line.
We have

R(tit1,2) : = w(tgyr, z) — Op(tgs, ) (5.1)

(th+1, 730, 0) — Wk (tpt1, 230, 9)

W(tt1, T3ty Wt *)) — O (b1, @3ty Wk (s -))

= (w(tkt1, T3t W(tk, ) — wths1, 3tk Ok (tr, -)))
H(w(trt1, T th, Ok (tr, ) — Ok (trr1, T3tk Ok (tr, )

= W

where - reflects function dependence of solutions on the initial conditions. The first difference
in the right-hand side of (5.1) is the error of the solution arising due to the error in the initial
data at time t;, accumulated at the k-th step. The second difference is the one-step error at the
(k + 1)-step:

Ow (thg1, ) = W(thgr, o5 g, O (ths ) — Ok (trs1, 5 tes Ok (th, ) (5.2)

for which estimates are given in Theorem 3.1 taking into account that Theorems 4.1 and 4.2
guarantees boundedness of moments of ||wg (tx, -)||3 under the conditions of this theorem. Taking
the L?-norm of both sides of (5.1), we obtain

HR(tk—l—l")HQ = Hw(tk-‘rlvvtk‘vw(tk’)) 7w(tk‘+17';tkawk(tk7' )H2 (53)
+H50J(tk+17 )H2 + Q(W(tk-l-l) 3 tk,(&)(tk, )) - W(tk+1, B tkva)k(tku ))a 5w(tk+17 )))

where the first - in each w or @y reflects that we took L?-norm.
Using (3.11) from Theorem 3.1 together with Theorems 4.1 and 4.2, we obtain for the second
term in (5.3):
100 (t1, )P < Cltgr, )i, (5.4)
where C(try1,w) > 0 is an Fy, , -measurable with bounded second moment.

By (2.38) from Lemma 2.2 together with Theorems 4.1 and 4.2, we get for the first term in
(5.3):

e (trgt, sty w(th, -) — w(trgt, 3ty Dk (b, )| (5.5)
tet1
< IR Pesp (Kn+c [ 90l st w DIPas).
173

The difference w(tyy1, z;tk, w(ty, ) — w(tkt1, z; tk, Ok (tk, -)) in the last summand in (5.3) can
be treated using (2.37) from Lemma 2.2:

W(tht1, T3t w(ty, -)) — w(tkyr, T te, Ok (tr, ) = R(tk, ) + n(ty, ) .
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Using a conditional version of (3.11) from Theorem 3.1 and (2.39) from Lemma 2.2 together

with Theorems 4.1 and 4.2, we get

|((77(tk7')75w(tk+17'))‘ < H"?(tkv‘)H|’5w(tk+17')H
1
<t P + St I
< hHR(tkv')HQ+C(tk+1aw)h37

where C(tg41,w) > 0 is an Fy, ,,-measurable with bounded second moment.
Combining the above, we arrive at

tet+1
IRt )P < |R(t, )P exp (Kh+c / HW(s',-;tk,wak,u)u%s')

tg

R Rtk I? + (Rt ), 0wty ) + Cltrgr, w)h®.

Since [|R(0,-)|| = 0, summing (5.7) from k = 0 to n, we get

IR (tsr, )2
n tht1
< SO|IR( )| [exp (Kh+c / ||w<s',-;tk,w@k,-))H?ds’) 14 h]
k=1 b
—i—hng(tkH, —i—Z (tks )s O (tht1, 7))
k=0
n (7]
< SO|IR( )| [exp (Kh+c / ||w<sc-;tk,w@k,-))H?ds’) - 1]
k=1 b

—i—hng(tkH, —i—Z (tks ), 0w (trt1, 7))

k=0

From which, by a version of Gronwall’s lemma (see, e.g. [1,14]), we obtain
n
|‘R(tn+17')||2 < Fn+ZFk—1

P tet1
oo (B e [T IV st DI Pas ) -1

ty
n tit1 2
T e (Khre [V s st DI )
j=k+1 b
where
k k
Fo=h*Y " Cltja,w) + (R (tj4157))-
j=0 J=1
We have

[1R(tnr1, )1 < Fu

n tht1
3 A [ (R e [T VL st IR ) -1

k=1 tk
tnt1 ' 25
- exp K(tn+1 — tk—i—l) + C/ HVW(S s Tkt w(tk+1, ))H ds
tot1
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n tn+1
= F,+ Z Fi_q- |:eXp <K(tn+1 — tk) + C/ HV&)(S/, . tk,w(tk, '))||2d8/>

k=1 tk

tn+1
—exp (K(tn+1 — tg+1) + C/ IVw(s', -5 thyr, w(tesr, '))HQdS,)]

tet1

n tn+1
= Z (Fy, — F—1) exp (K(th —tgy1) + c/ IVw(s, s tpr1, w(tert, .))H2d5/>

k=1 trt1
tn+1

#C( @) exp (Kt —t) e [ Va5t )Py ).
t1

For the last term in the right-hand side of (5.9), we obtain using the Cauchy-Bunyakovski
inequality and Lemma 2.1:

E {h30(t1,w) exp (K(tn+1 —t1) + c/tn+1 [Vw(s, -;0,¢(-))|]2ds') } < Kh3. (5.10)

tet1

Consider now the first term in the right-hand side of (5.9). We have

o1
(Fk —Fk,l)exp (K(tn_H _tk+1> —|—C/ HVw(s',~;tk+1,w(tk+1,-))H2ds'> (511)

let1

tn+1
= exp (K(tn—H —tg+1) + C/ IVw(s', 5 thyr, w(trst, '))HQd5/>

% [WC(tp1,w) + (Rltr, ), 8ultisr. )]

Expectation of the first term from the right-hand side of (5.11) is estimated by Kh? as in (5.10).
Let us now consider the second term in (5.11). By the martingale representation theorem
and Lemma 2.1, we can obtain

tn+1
E | exp (K(thrl —tp41) + C/ V(s 5 thyr, w(tar, '))|2d5/> ‘ ‘Ftk+1] (5.12)
tet1
bt ' 25
= FE|exp| K(tnt1 — tg+1) + c/ [|IVw(s', 5 tkr1,w(trrr,))||*ds
tkt1

tk+1

—i—Z/ r(8)dw,(s),

where )\, (s) are Fs-adapted square-integrable stochastic processes.
Using (3.10) and a conditional version of (3.11) from Theorem 3.1 together with Theorems 4.1
and 4.2 and also using Lemma 2.1 and (5.12), we arrive at

tn+1
E {GXP <K(tn+1 — k1) + C/ V(s 5 o1, Wty '))H2d3/>

tet1

(R(t, ), bt )| o }|

tn+1
= | (R(tk7 -), E {exp (K(tn—H - tk+1) + C/ HVW(S/7 Stk W(tk+1, .))H2d3/>

I

0w (tkt1,-)
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tn+1
< IR, I || B {GXP <K(tn+1 —tpy1) + C/ [Vw(s', -5 trgr, w(trr, '))\|2d8'>
th+1
0w (tt1, )| F }) H
= [|[R(tx, )l

tot+1

+ Z /Othrl )\r(s)dwr> 5w(tk+17 )| ]:tk}

r=1

tn+1
exp (K(tn+1 —tpt1) + c/ IVw(s', 5 thg1, w(tpst, .))H2ds/>]

tn+1
< |[R(tk,)||E |exp (K(tn+1—tk+1)+c/ ||VW(8/,';tk+17w(tk+1,'))|2d3/>]
trp41
q te+1
NE{ 0w (trt1s ) F I+ [| R, I | B 5w(tk+1,-)2/0 Ar(8)dwy | Fy,
r=1
2 [t
< IR NIO el + 1RO S [ Al Bt )| i)
r=1
2 1/2
Rty ) (B [I] 0w (tiosrs )1 Feo])
q thet1 2 1/2
Z(E {/ )\r(s)dwr} }'tk>
r=1 23
2 2 P
< (1Bt MO, w)h™ < B[R, )7 + - C% (tr, w).
Therefore,

tn+1
E {(Fk — Fi—1) exp (K(tn—H — tht1) + C/ V(s thgr, Wty '))HQdS/) } (5.13)

tr4+1

< RE||R(t, )| + Kb
From (5.9), (5.10), and (5.13), we obtain
E||R(tos1, )| < b)Y El|R(ty, )| + KR,

k=1

from which it follows by a version of Gronwall’s lemma that
B||R(tnt1,)|]” < Kh?
as required. Theorem 5.1 is proved.

The following corollary to Theorem 5.1 can be proved using the same approach as used in
the proof of Corollary 3.1.

Corollary 5.1. Under the conditions of Theorem 5.1, the global approzimation vy (x) := Uy (t, x)
of the velocity v(ty, x) has the first mean-square order accuracy, i.e., for a sufficiently small h > 0

(Ello(t, ) — o)) < Kb, k=1,....N,
where K > 0 s a constant independent of k and h.
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Remark 5.1. As we mentioned in the Introduction, in this paper we aimed to prove the highest
possible mean-square order of convergence (i.e., the first order in time step) for the proposed
method from Section 4 under strong regularity assumptions on the solution: Theorem 5.1 is
proved for the case when the SNSE solution v(t,-) of (2.1)-(2.4) belongs to V) (i.e., m =3 in
Assumption 2.1), and consequently the vorticity w(t,-) € Hé. In other papers (see e.g. [3,6]), one
typically establishes a convergence of methods under some prescribed, lower regularity conditions.
Convergence of the method proposed in this paper under a lower regularity assumption is of
interest and it can be a topic of future work. At the same time, let us observe the following.
The higher regularity (m = 3) was needed to prove (2.39) of Lemma 2.2 and (m = 2) to prove
Theorem 3.1 on the one-step error. It is possible to derive weaker versions of (2.39) and of
Theorem 3.1 under m = 1 (i.e., w(t,-) € H2), based on which an analogue of Theorem 5.1
giving just mean-square order 1/4 can be proved. We also recall that existence of variational
solutions of (2.1)-(2.4) requires m = —1 in Assumption 2.1 (i.e., v(t,-) € V1), while the vorticity
formulation (2.19)-(2.21) requires m = 0 (i.e., w(t,-) € Hy). The benefit of the vorticity-velocity
formulation is in avoidance of dealing with the divergence free condition imposed on the velocity
v, with the price for that being the requirement for higher smoothness of the coefficients and the
initial condition.

Remark 5.2. Various approaches can be used to turn the method, introduced at the start of
Section 4 for the problem (2.19)-(2.21), into a numerical algorithm. To obtain a constructive
numerical algorithm, we need to approximate the linear SPDE (3.2)-(3.3) at every step in the
mean-square sense, which is a much simpler problem than solving the SNSE (2.19)-(2.21). To
this end, for instance, we can discretize this SPDE in space using the spectral method based on
the Fourier expansion and use a finite difference for time discretization (see such an algorithm in
the deterministic setting in e.g. [27]). Alternatively, we can apply the method based on averaging
characteristics to (3.2)-(3.3) [24]. It is not difficult to construct such fully discrete algorithms,
and we leave their analysis and testing for a future work.

Remark 5.3. In the preprint [26] we also considered deterministic (both two-dimensional and
three-dimensional) incompressible NSE in the vorticity-velocity formulation with periodic bound-
ary conditions, for which we proposed an approrimation of vorticity similarly to the one con-
structed in this paper for SNSE. To compute the velocity, we derived a periodic version of Biot-
Savart’s law in the three dimensional case, which is analogous to the result for two-dimensional
flows as e.g. in [15, p. 50 and p. 71] and also (2.18) here. Further, in the deterministic
case we suggested to use probabilistic representations together with ideas of weak-sense numeri-
cal integration of SDFEs for solving the system of linear parabolic PDEs arising at every step of
the vorticity approximation. We derived probabilistic representations appropriate for this task,
which are based on [20] (see also [22,23]), and in the three-dimensional case these NSE-related
representations are new.
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